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—— Abstract

The effectful forcing technique allows one to show that the denotation of a closed System T term
of type (v = ¢) = ¢ in the set-theoretical model is a continuous function (N — N) — N. For this
purpose, an alternative dialogue-tree semantics is defined and related to the set-theoretical semantics
by a logical relation. In this paper, we apply effectful forcing to show that the dialogue tree of a
System T term is itself System T-definable, using the Church encoding of trees.
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1 Introduction

It is well known that the System T-definable functions (N — N) — N are continuous and
that, moreover, their moduli of continuity are themselves System T-definable [24]. Effectful
forcing [12] was generalised by Xu [27] to give an alternative proof of this fact. Effectful
forcing gives a dialogue-tree semantics, and relates it to the set-theoretical semantics by
a logical relation. In this paper, we strengthen this by showing that the dialogue trees
are themselves System T-definable, using Church encoding. Dialogue trees are equivalent
variants of Brouwer trees [10, 22]

From a constructive point of view, dialogue trees give more information than moduli
of continuity. Given a dialogue tree, it is possible to derive a modulus of continuity, but
the converse is only known to be possible in the presence of additional assumptions. For
example, Ghani, Hancock and Pattison [15] show that if a function doesn’t have a Brouwer
tree, then it isn’t continuous, using dependent choice, while Capretta and Uustalu [4] use the
assumption of bar induction to show that every function with a stable modulus of continuity
has a Brouwer tree. Our result does not assume dependent choice or bar induction, and,
moreover, establishes the System T-definability of a dialogue tree of any closed term of
type (L =) = ¢.

Related work. Continuity is a key concept in mathematics, and in particular in constructive
mathematics where it is often accepted that all real-valued functions on the unit interval
are uniformly continuous. Prominent work in the area was done by Brouwer, who gave the
first argument for the previous result, relying on his continuity principle for numbers, which
states that all functions on the Baire space are continuous, as well as the Fan Theorem [23, 8].
Brouwer’s continuity principle said that the values of a function F : (N — N) — N on the
Baire space could only rely on a finite amount of its inputs. More precisely, F' was said to be
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continuous if for all a : N — N, there existed some n : N such that for any inputs §: N — N
which agreed on the first n entries with o we would have F(«a) = F(8). When the value of n
could be picked independently of «, then F' was said to be uniformly continuous. Since then,
more fine-grained ways of capturing continuity information have been devised, such as using
trees to keep track of the specific entries of o that F'(a) might depend on. These ideas were
used by Kleene in his study of recursive functions of higher types [17], by Brouwer in his
study of his bar theorem [23], and many others, including [13, 15, 14, 12, 4, 22, 3, 5, 2].

Starting with Troelstra’s work [24, p.158] for N-HA® the definable functions of various
other systems have been shown to be continuous. Among these we have: System T [12],
MLTT [6, 7, 26], CTT [21], BTT [3], and TTEI [5]. However, the existence of a modulus of
continuity operator tends to be inconsistent with function extensionality as first shown for
HA%p by Kreisel [18, p.154] and later for N-HA® by Troelstra [25, Thm.3.1(IIA)]. In the
case of MLTT we don’t even need function extensionality to get an inconsistency as shown
by Escardé and Xu [11, 26]. Further related work is discussed in Sec. 7.

Main contributions. (1) We strengthen the above work to show that not only the modulus
of continuity of a System T-definable function is itself System T-definable, but also its
dialogue tree is System T-definable, where we implemented trees in System T using Church
encoding. (2) We prove the correctness of this translation with a logical relation. (3) We
show how to compute moduli of continuity and uniform continuity internally, and prove the
correctness of this construction. (4) The original presentation of effectful forcing [12] extends
System T with an oracle, and here we show that this extension is not necessary and we can
work directly with System T without oracles.

Organisation. Sec. 2 recalls System T’s syntax as well as its set semantics [—]gq. Sec. 3
presents a simplified version of effectful forcing using the inductive dialogue translation [—]p
and a modified version of the logical relation o F z =~ y € o. Sec. 4 presents the Church
encodings of dialogue trees, the resulting internal dialogue translation [—],r and the logical
relation  ~ y € o linking inductive dialogue trees and internal Church encoded dialogue
trees. Finally, Secs. 5 and 6 explain how to compute moduli of continuity and uniform
moduli of continuity inside System T from these dialogue trees. These translations and
logical relations are summarised in the following diagram:

Termg (1) [-1r

[Iset

[-1»

N <ai:~:w> D(N) <~:a> Termg(DI‘(L))

Metatheory. Our metatheory is a spartan version of MLTT featuring [[-types, Y -types,
inductive types, and a universe. All of our reasoning is constructive and we don’t rely on
function extensionality. We will fix some notation for the rest of the paper: we denote the
type of natural numbers by N, its zero element by 0, given a natural number n we write
1+ n for its successor, and we let Natrec: (N -+ X — X) - X — N — N be its recursor.



M. H. Escardd, B. da Rocha Paiva, V. Rahli, and A. Tosun

o : Type' 7: Type' I:Ctx' (x:0)¢T
v: Type' o =7 : Type' o Ctx" I(x:0): Ctx'
z:0)el t:TermTI‘,L
Term' (I, 0) ( )T e ( - )
z: Term (T, 0) Zero : Term (T, ) Succ(t) : Term (T, ¢)
t:Term (T,1 = 0 = 0) p:Term' (T, 0) q: Term"(T,0) t:Term" (0,2 : 0,7)
Rec, (t,p,q) : Term' (I, o) Xz :o). t:Term (T,0 = 7)

t:Term (I',o = 7) p:Term' (', 0)
t(p) : Term' (T, 7)

Figure 1 The syntax of intrinsically typed System T.

Formalisation. The results of this paper have been formalised in AGDA and we have tried
to keep the presentation faithful to the formalisation [9]. The main difference is the use of
variables for clarity, while the formalisation uses de Bruijn indices for System T.

2 System T

System T features three notions: contexts, types and terms. It has a single base type ¢ of
natural numbers as well as a type of functions o = 7. Contexts are lists of paired variables
and types. Terms are built up inductively from variables, a zero constant Zero, a successor
operation Succ, a recursion operator Rec, lambda abstraction and function application. More
formally, we have the following definitions.

» Definition 1 (/). The types (1) of System T types Type'; (2) of System T contexts Ctx';
and (3) given a System T context T : Ctx' and a System T type o : Type', of System T terms
of type o in context I, denoted TermT(I‘,a), are defined in Fig. 1. We fix the shorthand
Term (o) for Term' (o, 0).

Given contexts I',X : Cth, a substitution from I' to ¥ is an assignment of terms
t: Term' (', o) to each variable (z : o) € A. Though we don’t formally define it here, we
assume we have a capture-free substitution of System T terms. Given a term ¢ : TermT(F, o)
and substitution p from A to T, we denote the substituted term by (t){p} : Term' (A, o).

At this point one would usually introduce the reduction rules associated with System T, or
the corresponding notion of conversion of terms. As we will see later, the dialogue semantics
of System T do not respect conversion of terms in general, hence we omit these rules. With
that said though, we now introduce the set model [24] of System T, sometimes also called the
functional model [1]. In this model we interpret ¢ as the metatheoretic natural numbers N
and function types = as the metatheoretic function space —. A context I is then interpreted
as the type of assignments from the context variables to elements of the translated types. A
term ¢ : Term' (T, o) is interpreted as a metatheoretic function from the interpretation of T'
to the interpretation of o.
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[]set : Term" (T, 0) — [[lset — [o]set

[~Iset : Type' — Type [2]det = ()
[t]set ;=N [Zero]d., :=0
lo = Tlset := [o]set — [T]set [Succ(t)]des =1+ [t]des
[Reco (t1,t2,t3)]get = Natrec(ﬂtlﬂget)([[tQ]]get)([t3ﬂget)

s’

[[X(% : U)' tﬂ;et = AZC [[U]]Set Ht]]Set
[t1(t2)13et := [t1] g0t ([t2]dee)

[—]set : Ctx' — Type
[Cset :=(z:0) €T = [o]set

Figure 2 Set model of System T.

» Definition 2 (/). The set interpretation of types, contexts and terms of System T is
defined in Fig. 2. When defining the interpretation of terms we let v range over [I'|get. We fix
the notation v, (x — ') to extend an assignment of [['set to an assignment of [T', (x : 0)]set-

Each natural number can be encoded as a System T term in the standard manner.

» Definition 3 (/). Given a natural number n we may define a System T term n : Term{ (1)
by induction on n according to the rules 0 :== Zero and 1 4+ n := Succ(n).

» Proposition 4 (/). For alln : N, we have n = [n]gq-

3 Oracle-less Effectful Forcing

The original presentation of effectful forcing [12] works with System T extended with an
oracle. Here we show that this extension is not necessary, and we can work directly with
System T.

3.1 Dialogue Trees and Continuity

Effectful forcing starts by noting that a function f: (I — O) — X can be thought of as an
effectful term ¢y : X with access to an oracle a: I — O. The use of an oracle can be seen as
an algebraic effect with the operation questiony (i: ) (k: O — X) : X, which prompts
the oracle with question ¢ and passes the oracle’s answer to the continuation k eventually
producing an element of X. Looking for the monad corresponding to oracle computations
we find dialogue trees.

» Definition 5 (7). The inductive type Dial(I)(O)(X) of (I,0,X)-dialogue trees is
defined by

x: X ¢: 0 — Dial(I)(0)(X) i1
n(z) : Dial(1)(0)(X) p(¢)(i) : Dial(I)(0)(X)

In the case where the oracle input and output are N, we write D(X) for Dial(N)(N)(X).

Justifying this view, each (I, O, X)-dialogue tree encodes a function of type (I — O) — X.

» Definition 6 (/). The dialogue between a dialogue tree and an oracle is given by

)-
dialogue : Dial(I)(O)(X) - (I - O) = X
dialogue(n(z))(a) =«

dialogue(5(¢)(2))(a) := dialogue(¢(a(i)))(c)
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» Definition 7 ({/). Given a function f : (I — O) — X we say it is:
dialogue continuous if 3d : Dial(I)(0)(X),Va: I — O, f(a) = dialogue(d)(a).

When the oracle input is I =N, so we have f : (N = O) = X, we also say [ is
continuous ifVa:N— O0,3n: NV :N—= O,a =, 8 = f(a) = f(B).
uniformly continuous if In:N,Va,8:N— O,a=, = f(a) = f(8).

where we have used o =, 8 to mean that o and B share the same initial segment of length n.

» Remark 8. Due to their inductive nature, any path along a dialogue tree must reach a leaf
node in a finite number of steps and hence query the oracle a finite number of times. This
means that given a dialogue tree d : Dial(N)(O)(X), the function dialogue(d) : (N - O) - X
must be continuous. Further assuming that the type O is finite, for example in the case of B,
then the dialogue tree d can even be fully searched for the largest query over all paths, in
which case dialogue(d) will also be uniformly continuous.

3.2 A Dialogue Tree Translation of System T

As mentioned, dialogue trees form a monad and it is this structure that allows us to define
the dialogue tree translation of System T.

» Definition 9 (/). The Kleisli extension of dialogue trees is defined inductively by
kleisli-ext : (X — Dial(X)(0)(Y)) — Dial(X)(0)(X) — Dial(1)(0)(Y)

kleisli-ext(f)(n(z)) := f(x)
kleisli-ext(f)(8(¢)(2)) := B(Ax. kleisli-ext(f)(¢p(x)))(4)

The Kleisli extension of a function f will apply it at the leaves and graft in the resulting
trees, leaving intermediate nodes unchanged. With this we may define the functorial action.

» Definition 10 ({*/). The functorial action of dialogue trees is defined by

D-functor : (X —Y) — Dial(I)(0)(X) — Dial(I)(O)(Y)
D-functor(f) := kleisli-ext(n o f)

To interpret the higher-order recursion in System T there are two possible approaches.

In one, we choose to interpret System T types as algebras over the dialogue tree monad,
as done in [22]. Alternatively, one may interpret System T types as metatheoretic types
(akin to the set model) and use a generalised Kleisli extension to interpret higher-order
recursion. The former gives a compositional semantics which is simpler to define, but as
we are extending the formalisation of [12], we choose the latter. The following definition
refers to the translation of System T types, which can be found in Fig. 3. One should see
generalised Kleisli extension as a pointwise version of Kleisli extension.

» Definition 11 ({/). The generalised Kleisli extension of dialogue trees is defined
by induction on System T types as follows

Kleisli-ext, : (X — [o]p) = D(X) — [o]p

Kleisli-ext, := kleisli-ext

Kleisli-ext,, o, := Af. Ad. As. Kleisli-ext,, (Az. f(z)(s))(d)

For the dialogue interpretation, we will interpret the ground type ¢ as the type D(N) of

dialogue trees over the natural numbers, and the function type = is, as in the set model,
interpreted by the metatheoretic function type —.

19:5
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[-15 : Term" (T, o) = [[]o — [o]o

[~Io : Type" — Type [z]% = ~(z)
[l> :=D(N) [zero]}, := 1(0)
[oo = o1lp := [o0]p = [oulp [Succ(t)],, := D-functor(1+4)([t]5)

[Reco (t1,t2,t3)]3 = Kleisli-ext, (Natrec([t1]7 o ) ([t2]25)) ([ts]5)
Az :0). ]} = Az : [o]p. [[t]]%,(sz’)
[t1(t2)]% = [t B ([t2]%)

[-]o : Ctx" — Type
[Ilp :=(z:0) el = [o]p

Figure 3 Dialogue interpretation of System T.

» Definition 12 ({/). The dialogue interpretation of types, contexts and terms of
System T is defined in Fig. 3. When defining the interpretation of terms we let v range
over [I'|p. We fix the notation -y, (x — ') to extend an assignment of [I']p to an assignment

of [T, (z : o)]p.

This translation differs from the one in [12] in two ways. The first is that we are no
longer using a combinator version of System T. The inclusion of variables aids in internalizing
metatheoretic functions, which we will do frequently in future sections, hence it is desirable
even if it complicates the formalisation. Aside from this, we also do not extend System T
with an oracle, which as we will note later, turns out to be unnecessary.

The final piece of the puzzle for effectful forcing is the existence of a generic sequence
in this new interpretation. To compute dialogue trees we require the existence of a generic
sequence, that is, we need f : D(N) — D(N) such that for all « : N — N, the following
commutes

D(N) — L D(N)
dialogue(—) (a ldialogue(*)(oc)
N

)
N——
» Definition 13 ({). The generic sequence is defined as the following Kleisli extension:

generic : D(N) — D(N)
generic := kleisli-ext(3(n))

We can show this sequence to indeed satisfy the mentioned commuting diagram.
» Definition 14 ({/). We define the dialogue tree operator by

dialogue-tree : Term ((¢ = ) = 1) — D(N)
dialogue-tree(t) := [[t] »(generic)

In its original formulation, a new oracle term € : Term] (. = 1) was added to Sys-
tem T. Under the dialogue translation, this term was interpreted by generic and given
t: Termg ((t = ¢) = ¢) we could compute dialogue tree for ¢ by taking the dialogue transla-
tion of ¢(€2). This extension turns out to be unnecessary, using instead the above definition
of dialogue-tree and modifying the logical relation used to prove correctness.
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» Definition 15 (/). Given a System T type o, a sequence o : N = N, and elements x :
[o]set and y : [o]p, we define the effectful forcing logical relation by induction on o:

n = dialogue(d)(«)
aFn~de.

Va:[o1]set, Vy: [oi]p, (aFzrycor) = (akF f(x)=g(y) € o2)
aFE fxg€o =09

From this relation’s fundamental lemma we can derive the correctness result from [12].

» Theorem 16 ({/ Correctness of dialogue-tree). For all sequences oo : N — N and closed
terms t : Term) ((1 = 1) = ¢) we have [t]g., (o) = dialogue(dialogue-tree(t))(a).

This result shows that any System T-definable functionals F': (N — N) — N are dialogue
continuous and hence continuous. Furthermore, by encoding B in System T, we also see that
any functionals F': (N — B) — N definable in System T must be uniformly continuous.

As observed in [22, 3], this translation is not a model of System T as the dialogue
interpretation of Rec does not satisfy the usual System T equations. For example, it
does not validate the conversion Rec,(f,z,Succ(n)) = f(n)(Rec,(f,z,n)) under the context
(f:v=1=1),(x :1),(n: ) due to the existence of effectful terms. As a result,
convertible terms may be assigned completely different dialogue trees, but this doesn’t affect
the correctness of our claims.

4 Internalising Dialogue Trees in System T

We now work on recreating the translation of Sec. 3.2 internally to System T using the
Church encodings of dialogue trees. The main difference from the inductive case is that due
to the use of Church encodings, we must now parameterise the translation by a System T
type: that is, the motive for the elimination principle of the Church encoded dialogue trees.
For the purpose of defining moduli of continuity it suffices to use the motive A := (v = 1) = .
With this we could then define the dialogue tree following Sec. 4.1 and compute a modulus of
continuity according to Sec. 5. The insufficiency of considering a single motive reveals itself
only when proving the correctness of the Church encoded translation. For the correctness
proof we require multiple motives, for example A := ¢ is used in the Rec case of Lem. 33.

4.1 Church-Encoded Trees in System T

For the rest of this subsection we fix a motive A : TypeT and give the corresponding internal
dialogue translation. We will also be slightly less general with the internal definitions of
dialogue trees as we will only need to talk about the internalisation of D(N).

» Definition 17 (/). Given o : Type', we define internal o-dialogue trees as:

Dl (o) : Type"
Di(o)=(c=A)=(t=A4)=1=>A)=A

The constructors corresponding to n) and (3 are the functions ny and B} defined as

nk : Term{ (¢ = DY (o)) BT Term{ (1 = D} (o)) = + = D] (o))
nl = Az. Xe. Ab. e(2) Bl = Ag. Ax. Xe. Xb. Ay. p(y)(e)(b)

19:7
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[]pr : Type" — Type' [-]4r : Ctx" — Cix"
[5r := DA() [o]pr =0
[o0 = o1]ar = [oolar = [o1]r [T, ( : o)]pr = [T, (= : [o]pr)

[-1Ar : Term™ (D, 0) — Term" ([T, [0]27)
[«]pr :
[[Zero]]gT = 77£ (Zero)
[[Succ(t)]]gT = D-functorl—;(Succ)([[t]]gT)
[Reco (t1,ta,t3)]pr = Kleisli-ext, 4(Rec,(Az. [t1]ar (na(x)))([t2]a7)) ([ta]dr)
Xz : 0). thpr := Az : [o]pr)- [t]pr
[t (t2)] 57 := [ta]pr ([t pr)

T

Figure 4 Internal dialogue translation of System T with motive A : Type'.

» Definition 18 ({/). The internal Kleisli extension is the following closed System T term
kleisli-ext) : Term( ((t = D4 (1)) = DL(1) = DL (1))
kleisli-extl := Xf. Ad. An/. AB'. d(XM(z :0). f(z)(n")(B)(B)

» Definition 19 (/). The internal functor action is the following closed System T term
D-functory : Term{ (¢t = ¢) = D4 () = DL(1))
D-functor ) := Xf. kleisli-exty(Az. n}(f(x)))
For the following definition we use the translation of types defined ahead in Fig. 4.

» Definition 20 (/). The generalised internal Kleisli extension is a family of closed
System T terms indexed by o : TypeT. These are defined by induction on the structure of .
Kleisli-ext] 4 : (o : Type') — Term, ((¢ = [o]pr) = DLY(1) = [o]r)
Kleisli—eXtIA = kleisli—extg
A = Af. Ad. As. Kleisli-eXtIZ7A(7\x. f(x)(s))(d)

. . T
Kleisli-ext, .,

As made clear from the type signature, Kleisli—extl 4 depends on the System T type o,
which is only available in the metatheory. During the internal translation we will always
know what o at which point we get a fixed System T term. With this we are now able to
define the internal translation and the associated dialogue tree operators.

» Definition 21 ({/). The internal dialogue translation of System T is defined in Fig. 4.
» Definition 22 ({/). The internal generic sequence is given by the term
genericl : Term{ (D] (1) = D (1))
genericl :=kleisli-ext (3} (n}))
» Definition 23 ({/). The internal dialogue tree operator is the metatheoretic function
dialogue-treel; : Termg ((¢ = 1) = 1) — Term( (D} (1))
dialogue-treely(t) := [t]r (generich)

As made explicit in the type signature, this operator lives in the metatheory but for
any term t : Termg ((¢ = 1) = ) gives another term dialogue-treel(t) : Termg (D} (¢)). Of
course, if we could fully internalise this dialogue operator then we could further implement a
moduli of continuity operator inside System T, which as we discussed, is impossible.
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4.2 Avoiding Function Extensionality

Without functional extensionality in the metatheory, it is not provable that the metatheoretical
equality and extensional equality of functions coincide. The correctness results we are
interested, e.g. Thm. 37, are about equalities of natural numbers, so intuitively they should
not rely crucially on function extensionality. It is not so simple however, for in the proofs
of said results we will quickly encounter cases where we must reason about equality of
higher-order functions. The solution is to use hereditarily extensional equality [24] instead of
the metatheoretic or general extensional equality.

» Definition 24 (/). Given a System T type o and elements x,y : [0]set, we define the
hereditarily extensionally equality by induction on o:

When clear from context we omit the type annotation from the relation symbol. At ¢, we
can see that hereditarily extensional equality coincides with with equality of natural numbers,
and at ¢ = ¢ it coincides with extensional equality of functions N — N. As we look at higher
types it diverges from extensional equality of functions and in general we will not be able to
prove it reflexive. Fortunately, all functions we need are provably well-behaved.

n=nm any: Hal]]Setvxzdl y—>f(1') Ny g(y)

n =, m [ Roim0, g

» Lemma 25 (/). For all System T types o, the binary relation =, is symmetric and
transitive. Furthermore, if o is of the shape o ::= 1 | « = o then it is also reflexive.

» Lemma 26 (7). For all closed t : Termg (o), we have that [t]se; ~o [tset-

4.3 Correctness of the Syntactic Translation

For the correctness of the internal dialogue translation we expect it to agree with the more
familiar inductive dialogue translation, meaning we must somehow equate inductive dialogue
trees with their Church-encodings. We can already turn System T dialogue trees into
metatheoretic Church-encoded trees with the set semantics [—]go. For the inductive trees, it
suffices to use the following encoding function, from which we define the correctness relation.

» Definition 27 (/). Given a type A : Type' we define the following encode function by
induction

encode, : D(N) — [D](1)]set

encode4(n(2)) = [nh]set(2)

encode 4 (B()(x)) := [B4]set(encode 4 o ¢)(z)
» Definition 28 (// Dialogue Correctness Logical Relation). Given o : Type', z : [o]p and a

amily of closed terms y : (A : Type' ) — Termg ([o]57), we define the dialogue correctness
ly of closed A: Type') — Term{ ([o]4 d he dial t
logical relation by induction on o:

VA : Type', encode (d) =, ta

detcs

Va:[oi]p, Vy: (A: Type') = Term( ([o2]pr), @ ~y € o1 = f(x) ~ {ga(ya)} aryper € 02
f ~g€Eo] = 02

We extend this relation to act pointwise on contexts I' and denote this extension v, ~ 2 € .
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For a number of the proofs it will be important that normalisation preserves this relation.
For our purposes it suffices to compute in the Set model, once again avoiding conversion
rules.

» Lemma 29 (7). Fiz two family of terms t,s : (A : Type') — Termg([[o]]gT) and z : [o]p-
If for all A : Type" we have [t a]ge; Nlo14, [salser then x ~t € o implies z ~ s € 0.
D

Proof. We proceed by induction on the System T type o. If ¢ is of the form ¢ then the
result follows by symmetry and transitivity of ~. If ¢ is a function type then we apply the
inductive hypothesis pointwise. |

With this we can now prove some lemmas about the monadic operations of internal
dialogue trees. These will be used in the proof of the fundamental lemma, that is in Lem. 33.

» Lemma 30 (7). Given a type A : Type', a dialogue tree d : [\]p, and functions f : N —
[dlp and fo2 : N — [D}(0)]set, if for all n: N we have encode(f1(n)) ~p1 () fa(n) then we
have in addition encode (Kleisli-ext(f1)(d)) ~pr () [kleisli-ext|]go.(f2)(encodea(d)).

Proof. We proceed by induction on the dialogue tree d. In the case that d is of the form
7(n), then the left-hand-side computes to encode4(f1(n)) and the right side computes to
[f2(n)]gets but these are equal by our assumption. In the case that d is of the form 5(¢)(4),
then we can apply the inductive hypothesis to each subtree ¢(n). |

» Corollary 31 (7). Given a type A : Type', a dialogue tree d : D(N) and
functions g1,9o = N — N, if gi ~ go then encodes(D-functor(gz)(d)) =pr,

[D-functor ) ]ge. (91) (encode) (d) A.

Proof. Instantiate Lem. 30 with 7o g1 and [} ]ges © 92- <

» Lemma 32 ({4 Kleisli Lemma). Fiz a function f : N — [o]p, a dialogue tree n : D(N), and
families of terms g : (A : Type') — TermOT([[a]]gT) and m : (A : Type') — Term{ (D} (2)). If
n~méeand Vi: N, f(i) ~ g(i) € o then Kleisli-ext, (f)(n) ~ Kleisli—ext;A(g)(m) €o.

Proof. We proceed by induction on the System T type o. For the base case we must show for
all A: Type' that [kleisli-ext’(g4)(ma)]ge; ~ encode (kleisli-ext(f)(n)). By the assump-
tion that n ~ m € ¢, the left hand side equals [kleisli-ext ) ]got([94]get)(encodes(n)) and
by Lem. 30 this equals the right hand side. For the recursive step the inductive hypothesis
suffices since generalised Kleisli extension at o7 = 05 is defined in terms of o5. <

» Lemma 33 ({7 Fundamental Lemma). Given t : Term' (I, o), an assignment v, : [[]p
and a substitution v from o to [I]pr, if 71 ~ 2 €T then [t]] ~ ([t]pr){12} € 0.

Proof. We proceed by induction on t. We will often implicitly use Lem. 29 whenever we
must show a term satisfies the logical relation after some normalisation occurs. The variable
case follows from the assumption that «; ~ 75 € I'. The application case follows by induction
on both subterms and the lambda abstraction case follows by expanding the substitution
and applying the inductive hypothesis to the lambda body. The Zero case amounts to
showing that [n](Zero)]g.; ~ encodes(n(0)) which is seen to hold by expanding both
definitions. The Succ(t1) case follows by applying the inductive hypothesis to ¢; and using
Cor. 31 to commute the encode to the outside. Finally, the Rec,(t1,t2,t3) case follows
from Lem. 32 which has two assumptions: for the first, we show for all n by induction
that Natrec([t1]%5 )([t2]5)(n) ~ (Rec([ti]pr © nk, [t2]prs1)){12} € o using the inductive
hypothesis from the subterms ¢; and t5. The second assumption holds by the inductive
hypothesis from the subterm t¢3. <
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» Lemma 34 (¢ Dialogue tree agreement). Given A : Type' and t: Term{ ((¢ = 1) = 1), we
have [dialogue-treel (t)]ges ~p1 (,) encode 4 (dialogue-tree(t)).

Proof. It suffices to show [t]p(generic) ~ {[t]5r(generic})} oyper € ¢ By Lem. 33 we
know that [t]5 ~ [t]pr € (¢ = 1) = ¢, leaving us to show generic ~ generic), € ¢ = ¢. This
follows from Lem. 32 as both the generic sequences are defined with kleisli extension. <

» Definition 35 (/). We define the internal dialogue operator as the closed term

dialogue' : TermOT(D(TL:N):N(L) ==t =)
dialogue' := Ad. d(Xz. A_. 2)(A¢. Az. Ao d(a(z))(a))

» Lemma 36 (/). Given a dialogue tree d : D(N) and sequence o : N — N we have the fol-
lowing equality of natural numbers dialogue(d)(a) = [dialogue']g.,(encode( ., =, (d))(a).

» Theorem 37 ({4 Correctness of dialogue-treel). Given t : Term} ((1 = t) = ¢) and a
sequence o : N — N, we have [t]go (@) = [[dialogueT(dialogue—tree(TL:N):ﬂ(t))]]Set(a).

Proof. By Lem. 34 we know that [dialogue-treel(t)]ge; ~ encode(dialogue-tree(t)). and
by Lem. 26 we also have [dialogue']g., =~ [dialogue']g,;. Composing these we get
[dialogue’(dialogue-tree)y(t))]gey = [dialogue']g,(encode(,—,)=,(dialogue-tree(t))),
noting that we changed from ~ to the metatheoretic equality as they coincide for natural
numbers. Using Lem. 36 we can replace the right hand side by dialogue(dialogue-tree(t))(«)
and chaining this with Thm. 16 we get [t]gq(a) as needed. <

5 Computing Moduli of Continuity Internally

As we have previously explained, the fundamental idea of a dialogue tree is to encode

information on how a System T term of type (: = ¢) = ¢ interacts with a given argument

while computing a result. In Sec. 4, we presented the System T encodings of such dialogue

trees. We now proceed to define two System T operators that compute moduli of continuity

using the information contained in these internal trees:

1. One, presented in this section, that takes an N-branching dialogue tree and computes the
modulus of continuity of the function it encodes at a given point of the Baire space.

2. Another one, presented in Sec. 6, that takes a binary-branching dialogue tree and computes
the modulus of uniform continuity of the function that it encodes.

We assume we have a max function on natural numbers as well as a corresponding System T
term max ! : TermOT(L = 1 = 1), the details of which can be found in our formalisation.

The main content of our modulus operator is given by a function that we call max-q,
which computes the maximum question occurring on a given path of a dialogue tree. We
continue to follow our convention of implementing constructions involving dialogue trees in
two forms: on external inductive type encodings, and on internal Church encodings. This is
not only for the sake of clarity but also to enable the precise formulation of the lemmas that
we need for our main result. Accordingly, we define the following two functions:

1. max-q on external inductive type encodings.

2. max-q" on internal Church encodings, implemented in System T.
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» Definition 38 ({/). We define the max question along a path by induction on dia-
logue trees:

(a) := max(n)(max-q(¢(a(n)))(a))
» Definition 39 ({/). We define the internal max question along a path function as

max-q" : Term{ (D] (1) = (t = 1) = 1)
max-q' := Ad. Xa. d(X_. Zero)(Ag. Az. max' (x)(g(a(z))))

» Lemma 40 ({/). For all dialogue trees d : D(N) and sequences o : N — N, we have that
max-q(d)(a) = [max-q g, (encode, (d)) ().

We are now ready to define our modulus operators.

» Definition 41 ({f). We define the external and internal modulus operators as

modulus : D(N) - (N— N) - N modulus™ : Term{ (D] (1) = (1 = 1) = 1)
modulus(d)(a) := 1 + max-q(d)(«a) modulus' := Xd. Xa. Succ(max-qT(d)(a))

Before we proceed to prove the correctness of the internal modulus of continuity operator,
we first formally define the notion of modulus of continuity.

» Definition 42 ({*/ Modulus of continuity). Let f : (N — N) — N be a function on the Baire
space and let o : N — N be a point. A natural number m : N is a modulus of continuity
for f at « if the following holds: V3 : N = N. a =, 8 — f(a) = f(B).

We mentioned in Remark 8 that the computation encoded by any dialogue tree is
continuous. The function modulus, which we defined above, can be seen as the computational
content witnessing this fact.

» Lemma 43. Given any dialogue tree d : D(N) and any sequence o : N — N, modulus(d)(«)
is a modulus of continuity of the function dialogue(d) : (N = N) = N at point .

In order to prove the correctness of modulus', we also need to know that the internal
modulus operator agrees with the external modulus operator. In preparation for this, we
prove the following lemma connecting the internal and external processes of extracting moduli
of continuity from the respective encodings.

» Lemma 44 (7). For every term t : Term{ ((t = 1) = 1) and every point o : N — N of the
Baire space, we have [max-q' (dialogue-tree/ (t))]ge: (@) = max-q(dialogue-tree(t))(a).

Proof. Fix a term ¢ : Term{ ((+ = ¢) = ¢) and sequence « : N — N. We have the following

[max-q' (dialogue-tree| (t))]get ()

— [max-q" Jser ([dialogue-tree] (t)]se) (@) (by Det. 2)
= [max-q"]ge (encode, (dialogue-tree(t)))(a) (by Lem. 34)
= max-q(dialogue-tree(t))(«) (by Lem. 40)

which completes the proof. <
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The key step in the above proof is the use of Lem. 34, which relies on the logical relation
from Def. 28 and the hereditarily extensional equality relation from Def. 24. With Lem. 44
established, we may now proceed to prove our main result for functions on the Baire space:
modulus’ computes moduli of continuity for System T-definable functions on the Baire
space.

» Theorem 45 ({/ Correctness of modulus'). Lett: (1 => 1) = ¢ be a System T function on
the Baire space. The result [modulus' (t)]ge; 45 @ function giving a modulus of continuity for
[tlset : (N = N) — N at each point of the Baire space.

Proof. We know by Thm. 16 that ¢ can be encoded by the inductive dialogue tree

dialogue-tree(t), i.e. we have [t]g. () = dialogue(dialogue-tree(t))(c) for every a: N — N.

We therefore know, by Lem. 43, that modulus gives moduli of continuity for [t]ge:, which
is to say, we just have to show [modulusT (¢)]g. () = modulus(dialogue-tree(t))(a), for all
«a : N — N, and this follows from Lem. 44. |

6 Computing Moduli of Uniform Continuity Internally

We now extend our work from the previous section as to define an operator computing moduli
of uniform continuity of functions on the Cantor space. Our development here closely follows
that of Sec. 5: we implement an analogue of the max-q function from Def. 38, which we call
max-gz. This computes the maximum question in a B-branching dialogue tree. Unlike the
max-q operator, however, it performs this computation over the entire tree rather than a
specific path, exploiting the finiteness of the branching in the context of the Cantor space.
Once again, we start by defining two operators:
1. max-qy for external inductive type encodings.
2. max-qJ for internal Church encodings.

System T does not include a type of Booleans, so we cannot directly talk about the points
of the Cantor space in it i.e. functions of type a: N — B. To avoid extending System T with
another ground type, we work with the embedding of the Cantor space into the Baire space,
which we define below.

» Definition 46 (/). The embedding of the Cantor space into the Baire space is given by
the function embede : (N — B) — (N — N), defined as embedc () (i) = embedg( (7)), where
embedy denotes the function mapping false to 0 and true to 1.

The fact that we are working with such an embedding of the Cantor space implies

that we have to work with encodings of B-branching dialogue trees into N-branching ones.

Accordingly, we define a pruning function that converts a B-branching tree back into a
N-branching one.

» Definition 47 (7). We define a pruning operation by induction on dialogue trees by

where the embedp function maps false to 0 and true to 1.

We now proceed to define the binary versions of the max-q functions.
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» Definition 48 ({/). We define the function max-qz as follows:

max-qs : Dial(N)(B)(N) - N
max-gz2(n(n)) :=0
max-qz2(5(¢)(n)) := max(n)(max(max-q2(¢(0)))(max-q2(¢(1))))

» Definition 49 ({/). We define the internal Church encoding version of max-qa as

max-qs : Term{ (D] (1) = 1)
max-qp = Ad. d(X_. Zero)(Ag. Az. max' (z)(max ' (g(0))(g(1))))

» Lemma 50 ({/). Given a tree d : D(N), we have max-qz(prune(d)) =
[nax-q] [ goq (encode, (d)).

» Definition 51 ({7). We define the external and internal uniform modulus operat-
ors as:

modulusy : Dial(N)(B)(N) — N modulus] : Term] (D] (1) = 1)
modulusy(d) := 1 + max-qz(d) modulus] := Ad. Succ(max-qJ (d))

» Definition 52 ({/). Given a function on the Cantor space f : (N — B) — N, a natural
number m : N is said to be a modulus of uniform continuity for f if the following holds:

Vo, 3:N—=B. a=n 8 — f(a) = f(8).

From Remark 8, we also know that the computation encoded by any B-branching dialogue
tree is uniformly continuous. The function modulusy above can be seen as the computational
content of this fact.

» Lemma 53 (/). Given any dialogue tree d : Dial(N)(N)(N), the result modulusa(prune(d))
is a modulus of uniform continuity of the function dialogue(prune(d)) : (N — B) — N.

Towards proving the correctness of the internal modulus of uniform continuity operator in
Thm. 55, we now prove the following lemma, connecting the internal and external processes
of extracting moduli of uniform continuity from the respective encodings of dialogue trees.

» Lemma 54 (<7). For all terms t : Term{ ((t = 1) = 1), the external and internal uniform
maz questions agree, i.e. [max-qq (dialogue-tree/ (t))]ge; = max-qz2(prune(dialogue-tree(t))).

Proof. Let ¢ : Term{ ((: = ¢) = ¢) be a System T term.

[max-qJ (dialogue-tree| (t))]set

= [max-q, |get ([dialogue-tree] (t)]get) (by Def. 2)
= [max-qq Jge (encode, (dialogue-tree(t))) (by Lem. 34)
= max-qa(prune(dialogue-tree(t))) (by Lem. 50)

<

Similar to Lem. 44, the key step in the above proof is the use of Lem. 34, which relies on
the logical relation from Def. 28. With Lem. 54 established, we can now proceed to prove
our main result for functions on the Cantor space: modulus) computes moduli of uniform
continuity for System T-definable functions on the Cantor space.
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» Theorem 55 (<4 Correctness of modulus)). Let t : Term((t = 1) = ¢) be a System T
function on the Baire space. The result [modulusd (t)]ge: is @ modulus of uniform continuity
of the function [t]ge, © embedc.

Proof. Let ¢ : (t = ¢) = ¢ be a System T term. We know by Thm. 16 that ¢ can be
encoded by the inductive dialogue tree dialogue-tree(t). We therefore know that, as given by
Lem. 53, moduluss gives a modulus of uniform continuity for [t]g., which is to say that we
just have to show [[max—q;(dialogue—tree)T(t)]]Set = max-qz(prune(dialogue-tree(t))) which
is given by Lem. 54. <

7 Discussion and conclusion

This paper relies on and extends the work on effectful forcing by Escardé [12]. We present the
first constructive internalisation of the dialogue trees featured in this technique. In addition
to constructing such trees in System T, we define the operators that compute moduli of
continuity from dialogue trees inside of System T.

Further related work. Putting dialogue trees aside, other internalisations of effectful forcing
have been explored before. In [16] the authors provide a framework for internalising the
effectful forcing technique for System T. It abstracts away from dialogue trees to a postulated
type with enough structure to carry out the analogous translation. Due to System T’s
lack of polymorphism, there is a disconnection between Church encoded dialogue trees and
inductive dialogue trees. Namely, the type of the former is too big and will contain terms
that do not behave at all like dialogue trees. As a result it seems impossible to apply this
framework to the case of Churh encoded dialogue trees, requiring instead our more direct
approach. Similarly, in [27], with a nucleus as a parameter, a general translation from
System T into itself is developed. Assuming some suitable conditions on the parameters of
the translation, it is then proved sound through a logical relation With different instantiations
of this translation the author is able to derive System T-definable moduli of continuity,
as well as System T-definable bar recursion functionals. The present paper strengthens
this continuity result by showing that the dialogue tree of a System T function is itself
System T-definable.

In the literature one can also find different extensions of Escardd’s effectful forcing. In [22]
it is extended to prove that System T validates the realizable bar thesis, i.e., Brouwer’s bar
thesis such that the bar is System T-definable, which is equivalent to the dialogue continuity.
In [3] this technique is further generalised to handle dependent type theory, and to then show
that all functions on the Baire space of the dependent theory BTT [20] are continuous by
building external dialogue trees. The authors rely on a call-by-name interpretation, which as
opposed to [12, 22], gives rise to a dialogue-based model of the theory.

In [5] the authors use a different technique to prove the continuity of the TTS' functions
on the Baire and Cantor space. This technique consists of deriving Brouwer trees internally
to the theory using effects. TTE is an effectful and extensional variant of MLTT, which
therefore allows using effects to build such trees internally to the theory, using computations
introduced in [19]. While the techniques used in [12, 22, 3] build dialogue trees by induction
on terms, such inductive constructions are not internalizable without reflection mechanisms,
which are not supported by TTC':’. Therefore, [5] relies instead on classical logic to prove
finiteness of the computed trees and termination of the internal program.

The above line of work relies on the dialogue-based notion of continuity defined in Def. 7 to
derive the continuity of functions on the Baire space and the uniform continuity of functions
on the Cantor space.
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Open questions and further directions. It would interesting to determine whether the
assumptions of bar induction and stable moduli of continuity used by Capretta and Uustalu [4]
to prove the equivalence of continuity with the existence of Brouwer trees are strictly necessary
or not. Finally, we envisage some possible applications of our result, such as characterising
the System T-definable functions (N — N) — N in terms of the heights of the trees measured
by ordinal notations. For instance, it is natural to conjecture that the heights of such trees
are bounded by the ordinal €.
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