Higher-Dimensional Automata: Extension to
Infinite Tracks

Luc Passemard &4
IRIF & Université Paris Cité, Paris, France

Amazigh Amrane
EPITA Research Laboratory (LRE), Le Kremlin-Bicétre, France

Uli Fahrenberg
EPITA Research Laboratory (LRE), Le Kremlin-Bicétre, France

—— Abstract

We introduce higher-dimensional automata for infinite interval ipomsets (w-HDAs). We define key
concepts from different points of view, inspired from their finite counterparts. Then we explore
languages recognized by w-HDAs under Biichi and Muller semantics. We show that Muller acceptance
is more expressive than Biichi acceptance and, in contrast to the finite case, both semantics do not
yield languages closed under subsumption. Then, we adapt the original rational operations to deal
with w-HDAs and show that while languages of w-HDAs are w-rational, not all w-rational languages
can be expressed by w-HDAs.
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1 Introduction

Automata theory is fundamental for modeling and analyzing computational systems. It is
used to verify system correctness, infer models for unknown systems, synthesize components
from specifications, and develop decision procedures. Finite automata over words (Kleene
automata) model terminating sequential systems with finite memory, where accepted words
represent execution sequences. Their theory, backed by the Kleene, Biichi, and Myhill-Nerode
theorems, connects regular expressions, monadic second-order logic, and semigroups. For
concurrent systems, executions may be represented as pomsets (partially ordered multis-
ets) [40] instead of words. In a pomset, concurrent events are represented as labeled elements
that are not ordered relative to each other. Different classes of pomsets and their associated
automata models exist, reflecting diverse interpretations of concurrency. We can cite for
example branching automata and series-parallel pomsets [32-35], step transition systems
and local trace languages [23], communicating finite-state machines and message sequence
charts [27], asynchronous automata and Mazurkiewicz traces [46] or higher-dimensional
automata (HDAs) and interval pomsets [18].

In this paper, we focus on HDAs [41,42]. They are general models of concurrency that
extend, for example, event structures and safe Petri nets [6,43], asynchronous transition
systems [9,45] and obviously Kleene automata. Initially studied from a geometrical or
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categorical point of view, the language theory of HDAs has become another focus for research
in the past few years since [18]. Fahrenberg et al have now shown a Kleene theorem [19], a
Myhill-Nerode theorem [22] and a Biichi theorem [5]. Higher-dimensional timed automata
are introduced in [16] and their languages in [2]. HDAs consist of a collection of cells in
which events are running concurrently, connected by face maps which model the start and
termination of events. The language of an HDA is defined as a set of interval pomsets [25] with
interfaces (interval ipomsets or iipomsets) [20]. Interval pomsets are suitable for situations
where events in concurrent systems extend over time, such as producer-consumer systems,
which series-parallel pomsets cannot capture. Modelling executions with interval pomsets
supports partial-order reduction, with a representation that is exponentially smaller than
other alternatives.

The idea in an HDA is that each event in an execution P is a time interval of process
activity. The execution is built by joining elementary steps, each representing segments of P.
This gluing composition allows events to extend across segments, connecting one part to the
next. In addition, any order extension of P is also a valid behaviour for the HDA. We say
that the language is closed under subsumption. As an example, Fig. 1 shows Petri net and
HDA models for a system with two events, labeled a and b. The Petri net and HDA on the
left side model the (mutually exclusive) interleaving of a and b as either a.b or b.a; those to
the right model concurrent execution of a and b where the process a || b is a continuous path
(called track) through the surface of the filled-in square, starting at the top and terminating
at the bottom node. The shape of such a track defines the interval scheduling of a and b
where the intervals overlap.

Figure 1 Petri net and HDA models distinguishing interleaving (left) from non-interleaving (right)
concurrency. Left: models for a.b + b.a; right: models for a || b.

Muller [37] and Biichi [10] introduced automata recognizing w-words to study non-
terminating sequential machines and decision problems. McNaughton [36] later proved the
equivalence of these definitions and extended Kleene’s theorem to w-words through a non-
nested w-iteration. These automata also have logical [10] and algebraic [11] characterizations.
Beyond their theoretical significance, they and their variations (such as Rabin, Streett, and
parity automata) play a key role in specifying and verifying reactive systems [14]. This led
to the extension of automata models for concurrency to the infinite case, with fundamental
results carrying over. For instance, w-branching automata admit Kleene-like and Biichi-like
theorems [31], while similar developments apply to traces [12,15,26], leading to decision
procedures as corollaries.

In this paper we introduce higher-dimensional automata for w-interval pomsets: w-HDAs.
To do so, we first define a class of w-interval pomsets with interfaces suitable for w-HDAs
and extend the fundamental concepts to the infinite case. This may be effective for modelling
(and checking) reactive concurrent systems that may not terminate, especially when reasoning
about liveness properties. As in the finite case, we show that isomorphisms of w-ipomsets
are unique and that interval w-ipomsets admit several equivalent definitions and canonical
decompositions. Then we define languages of w-HDAs in terms of interval w-ipomsets by
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considering Biichi and Muller acceptances. We show that unlike HDAs, languages of w-HDAs
may not be closed under subsumption. Thus, we revise the rational operations defined in [19]
by ensuring that subsumption is not implicitly assumed and introduce an omega iteration to
define w-rational languages of iipomsets. We show by translating w-HDAs to w-automata
over discrete ipomsets, called ST-automata, that languages of w-HDAs are w-rational. On the
other hand, we show that, unlike w-automata, Biichi acceptance is less expressive than the
Muller one in w-HDAs. In addition, there are w-rational languages that cannot be recognized
by Muller w-automata. To address this, we initiate first steps towards characterizing the
subclass of omega-rational languages that are as expressive as Biichi or Muller w-HDAs. We
refer to the long version [38] for detailed proofs of our results.

2 Ipomsets

Ipomsets generalize pomsets [28,29,40]: a well-established model for non-interleaving concur-
rency. In this section, we review the fundamental definitions and extend them to the infinite
case.

2.1 Finite ipomsets

We fix a finite alphabet ¥. An ipomset (over X)) is a structure (P, <,--+,S,T, \) consisting
of a finite set of events P, two strict partial orders: < the precedence order, and --» the
event order, a set S C P of source interfaces, a set T C P of target interfaces such that
the elements of S are <-minimal and those of T" are <-maximal, and a labeling function
A: P — ¥. In addition, we require that the relation < U --+ is total, but not necessarily an
order. In fact, if we have < y and y --» =, then < U --» is not an order.

For the purpose of notation, we use g Pr for an ipomset (P, <,--+,S5,T,\), or refer to it
by its set of events P and to its components by adding the subscript p.

We highlight two special cases of ipomsets: conclists (U, --+,\) where Sy = Ty = 0
and <y= () hence --» total, with (I the set of conclists, and identities idy = y Uy where
Sy =Ty = U and <y= (), with Id the set of identities. We call idy the empty conclist/identity.
Note that for any ipomset P, Sp = (S, ~*SxS, )\15) and Tp = (T7 “TMTXT, )‘WT)v where “1 7
denotes restriction, are conclists. An ipomset P is said to be interval (called iipomset) if <p
is an interval order, i.e. if for all w,z,y,z € P, if w <y and = < z, then w < z or x < y.

Let P and @ be two ipomsets. We say that @ subsumes P (written P C @) if there is a
bijection f: P — @ (a subsumption) such that Ag o f = Ap, f(Sp) =S¢, and f(Tp) =Ty,
Va,y € P, f(z) <q f(y) = = <p y and Va,y € P such that v £p y and y £p x, we have
z--»>py= f(z)--+¢ f(y). Informally speaking, P is more precedence ordered than Q.

» Example 1. An example of subsumption is depicted in Fig. 2. Note that e; < ez when
the activity interval of e; finishes before the beginning of the one of es. When the activity
intervals of two events overlap, they are --+-ordered from top to bottom.

An isomorphism of ipomsets is an invertible subsumption (whose inverse is again a
subsumption); isomorphic ipomsets are denoted P = (). Due to the totality of < U --»,
isomorphisms between ipomsets are unique [4], so we may switch freely between ipomsets
and their isomorphism classes. The set of ipomsets is denoted iPoms, and the set of interval
ipomsets is written iiPoms.

In an ipomset P, a chain is a subset of P totally ordered by <p. An antichain A of
P is such that <p N (A x A) = (. Hence A is totally ordered by --»p. The width of P is
wd(P) = sup{|A| | 4 is an <-antichain of P}.
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Figure 2 Ipomsets (left) and their corresponding interval representations (right). Full arrows
indicate precedence order; dashed arrows indicate event order; bullets indicate interfaces.

2.2 The set of w-ipomsets

Similarly to ipomsets, an w-ipomset is a structure of the form (P, <,--+,5,A). The only
changes are that P is countably infinite and there is no target interface. However, let Qp
denote the set of all <p-maximal elements. This is not similar to a target interface: even if
Qp represents unfinished events, terminating them (by trying to glue an ipomset after P)
may cause chains greater than w.

For the remainder of the paper, we focus on a subclass of w-ipomsets.

» Definition 2 (Valid w-ipomset). A valid w-ipomset is an w-ipomset P such that
Va € P, {y | y <px} is finite;
every <p-antichain of P is finite.

The first point is here to forbid w-ipomsets with chains greater than w, and therefore extend
properly classical w-words and w-pomsets [31]. It is a classical property required in event
structures (see [44] for example). The second point is to avoid an infinite number of concurrent
events. This condition implies in particular that Sp and Qp are finite. Both conditions also
imply that <p is a well quasi-order, but the converse is not true. In the rest of this paper,
unless specified, we will talk about valid w-ipomsets, and will omit the word “valid”.

Let P and @ be two (valid) w-ipomsets. We define the subsumption P C @ as in the finite
case by preserving also the <p-maximal elements Qp. Again, isomorphisms of w-ipomsets
are invertible subsumptions (whose inverse is again a subsumption). The first result of this
paper is the unicity of these isomorphisms. The proof is similar to the finite case, using
pomset filtration (see [18, Lem. 34]):

» Proposition 3. Isomorphisms between w-ipomsets are unique.

Note that the proposition does not hold for general (non-valid) w-ipomsets: for example,
all shifts by n € Z are non-trivial automorphisms of Z. As in the finite case, we may now
switch freely between w-ipomsets and their isomorphism classes. The set of w-ipomsets is
denoted iPoms®, and we use the notation iPoms®™ := iPoms U iPoms®.

2.3 Operations on w-ipomsets

We extend here the operations * (gluing) and || (parallel composition) to w-ipomsets.

For (P, Q) € (iPoms™ x iPoms™) \ (iPoms x iPoms), the parallel composition P || Q (or
[5]) is the w-ipomset (P U Q, <p U <g, --*, Sp U S, Ap U Ag) where U is the disjoint
union and  --» y iff (z,y) e Px Qorx --»pyorz --+¢9 y.

The gluing composition P x @ (or PQ ) of (P,Q) € iPoms x iPoms® is defined if there
exists a unique! isomorphism f: Tp — S, by (PUQ) /s f(z) <;=—>, 5P, Ap UXg)?, where:

r<yiffe<py,z<gy,orze P\Tpandyec Q\ So;

--» is the transitive closure of ~-+p U -=2g on (P U Q) /g~ f(z)-

I Isomorphisms of conclists is a special case of ipomset isomorphisms. Unicity is ensured by event order.
2 (PUQ)z~ #(z) is the quotient of the disjoint union under the unique isomorphism f: Tp — Sq.
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Informally, the sources of () are attached to the targets of P.

Note that both * and || are associative and non-commutative. The non-commutativity of
|| is due to event order. The latter is crucial for isomorphism unicity and to define gluing
composition. Still, even if [§] # [°], both express that a and b are running concurrently.
Alur et al in [1] introduced a similar “ordered parallel composition” for application purposes.

We also introduce an infinite gluing of an w-sequence of ipomsets. Let (P;);en € iPoms!
such that for all i, Tp, = Sp,, ;. We define P = Py * Py *--- by (P,<,--»,Sp, Ap), where

P = (UiEN(Piai))/w~f(a:) where f : UieN(rfivi) - UieN(Shi) such that f(x,z) = (fl($),

i+ 1) with f; the unique isomorphism between Tp, and Sp,_;

Sp = Spo X {O};

(x,i) <p (y,7) if (i =jand x <p, y) or (i+1 < j, x € P;\Tp, and y € Piy1\ Sp,,,);

--»p is the transitive closure of UieN --p;;

Ap(x,i) = Ap,(x) for i € N and x € P;.

Note in particular that when P; € Id we have Py *--- %« P,_1 « Py *« Pjy1%---=FPy*--- %
P;,_1% P41 %---. We let denote by P the w-ipomset defined by the infinite gluing of the
constant sequence equal to P with Sp & Tp.

» Lemma 4. For (P;);en € iPoms' with Tp, =2 Sp,,,, P=Pyx Py x--- is valid if the number
of P; € iPoms\ Id is infinite and there exists m € N such that for all i € N, wd(P;) < m.

Intuitively, P is infinite since it is obtained by composing infinitely many non-identities,
finite past is a consequence of the infinite gluing definition, and finiteness of antichains is
due to width-boundedness of the operands. Note that this is not an equivalence condition.
The infinite gluing may define a valid w-ipomset even if wd(P;) are not bounded (see Fig. 3).
Finding an equivalence condition on (P;) is hard, because it has to consider event order. For
example, Fig. 6 exhibits two infinite products behaving differently with only a change of
event order.

pfa]e [] - [3] ¢ - : ; :
cas e ————————————————
Q—[a-}*['gi}*[-g:}* = —

Figure 3 Two unbounded infinite products giving a valid (up) and an invalid (down) w-ipomset.

2.4 Interval w-ipomsets

We will here only deal with interval w-ipomsets. An w-ipomset is interval (denoted w-iipomset)
if for all w,z,y,z € P, if w < y and = < z, then w < z or x < y. The set of all interval
w-ipomsets is denoted iiPoms® (and we use the notation iiPoms™ := iiPoms U iiPoms®).

There are multiple equivalent ways to define interval ipomsets [18, Lem. 39], and the
same goes for w-ipomsets.

We say that P € iPoms” admits an interval representation if there are two functions
b,e: P — NU{+o0} such that for all z,y € P, b(z) < e(x) and z <p y < e(x) < b(y).

As for finite pomsets and with similar arguments, the following holds:

31:5
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» Proposition 5. Let P be an w-ipomset, the following are equivalent:

1. P is an interval w-ipomset;

2. P has an interval representation;

3. the order < on maximal antichains of P defined by A < B iff A# B and ¥(a,b) € AX B,
b <p a is linear.

Establishing the equivalence between the first two items is a routine. The third item is
less intuitive, but it implies the second one by showing that the set of maximal antichains
equipped with < is isomorphic to (N, <). From that, to an event a € P we can associate the
interval going from the index of the first appearance of a in the antichains to the index of
the last appearance.

» Example 6. The minimal non-interval ipomset aa || bb can be generalized to the non-

eaae

interval w-ipomset a* || ¥, while (a || b)* € iiPoms“, as well as [*%**]* represented in
Fig. 4.

. « 1¢ | | | | |
o _ Cm Cm Ca Ca] Cm
Lo J' b 10 ba J/[0a JI[ b5 ]

{(117171} < {bl,ag} < {ag,bg} < {bg,ag,} < {a37b3} < {b3,a4} < {a47b4} < ..

Figure 4 Interval representation and linear order on antichains of the w-iipomset of Ex. 6.

2.5 Decomposition of w-iipomsets

A starter U is a discrete ipomset (i.e. <p is empty) with Ty = U (hence written sUp), and
a terminator U is a discrete ipomset with Sy = U (written yUr). We denote by = the set
of starters and terminators. Note that Id C 2. We say that U € Z is proper if U € Z\ Id. A
starter ;y_aUy will be written 4TU (meaning it contains the events in U and start the events
in A CU), and a terminator yUy_ 4 will be written U] 4. We call a step decomposition of
P € iPoms” a sequence of starters and terminators (U;);en such that P = Uy % Uy * - - -, and
a decomposition is said to be sparse if proper starters and terminators are alternating. As
for finite iipomsets [22], we can prove uniqueness of sparse decompositions of w-iipomsets:

» Theorem 7. FEvery interval w-ipomset has a unique sparse step decomposition.

eq —> Qe e
N ¥ = * * * * * * * e
b
Figure 5 Sparse decomposition of Ex. 6.

» Remark 8. In Th. 7, w-ipomsets are in iiPoms® so supposed valid, thus we do not have to
verify that the infinite product effectively gives a valid result. Indeed, an infinite product of
alternating proper starters and terminators may yield a non-valid w-ipomset (see Fig. 6).
Defining such a decomposition gives us a characterization of w-iipomsets in terms of their
prefixes. We say that A € iPoms is a (finite) prefix of P € iPoms™ if there is @ € iPoms™
such that P = AQ, and then write A < P. We call Pref(P) the set of all prefixes of P.
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R AR B —— ———
l l l —a

e ]

eas eas $“

sefm] [l [E][#]m | T
o - ===

Figure 6 Two sparse decompositions with different event orders, such that only R is valid.

» Remark 9. Unlike classical w-words theory, two prefixes of P may be incomparable, for
example as < [§] and bs < [§] but as £ be and bs £ as. But we still have the property that
for A € Pref(P) and © € A, if y <p = then y € A. Note that neither as nor be could be the

first step of the sparse decomposition of (a || b)“. Its only possible first step is [, ].

The following lemma is trivial in classical w-word theory, but here relies crucially on the
fact that we deal with valid w-ipomsets.

» Lemma 10. If (A;)ics is an infinite set of prefives of an w-ipomset P, and R is a finite
subset of P (seen as a set), then there is i € I such that R C A;.

Proof. Let (A;);cr € Pref(P)! (with I infinite), and = € R. We want to prove that the set
{A; | € A;} is infinite. Let 2 € P, and P™ be (the antichain of) the <-minimal elements
0f{x}U{p€P|x;{pandp;{m}, and Q := Pmu{peP‘p<x}. As P is valid, @ is
finite, and so there is a finite number of ipomsets included in ). Thus there is an infinite
number of A; s.t. A; N (P —Q) #0. In such A4;, let y; € A; N (P — Q). There is an element
z; € P™ s.t. z; < y;: either ¢ < y; (and so z; = x), or y; € {p € P | x £ pand p £} (and
so there is z; € P™ C @ such that z; < y;, and z; # y; as z; € Q and y; € Q). As A, is
a prefix of P, y; € A; implies that z; is necessarily in A, — T4,, and so ¢ € A; (otherwise

x € B;—Sp, with P = A;*B; and so z; < z, which is impossible because P™ is an antichain).

So there are infinitely many A; such that x € A;.

Then, we take (4;);cs’, an infinite set of prefixes of P that all contain x, and we iteratively
use the previous argument to get all elements of the (finite) set R. At the end we have
(4;)ics, an infinite set of prefixes of P that all contain R, and we conclude the proof by
taking anyone of them. <

» Remark 11. Note that P is not necessarily interval in Lem. 10. It only suffices to have an
infinite number of prefixes. However being an interval w-ipomset ensures the existence of an
infinite set of prefixes, see below. For example, P = a* || b* ¢ iiPoms” has a finite number
of prefixes: Pref(P) = {ae,bs, ]}, while Q = (aa || bb).c¥ ¢ iiPoms® has an infinite number
of prefixes: Pref(Q) 2 {(aa || bb).c" | n € N}.

From Lem. 10 follows a sequential characterization of interval w-ipomsets:

» Proposition 12. Let P be an w-ipomset, the following are equivalent:
1. P is an interval w-ipomset;

2. Pref(P) is infinite and for all A € Pref(P), A is an interval ipomset;
3. an infinite number of prefizes of P are interval ipomsets.

31:7
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In addition, from the last point of Prop. 12 along with the preservation of the interval
property by gluing composition (see [18, Lem. 41]) we have the following;:

» Corollary 13. If P = Py* Py % --- is a valid w-ipomset and Vi € N, P; € iiPoms, then
P € iiPoms®.

3 Higher-dimensional automata

In this section, we recall higher-dimensional automata (HDAs) over iipomsets [7,18,22] and
introduce w-HDAs. Recall that [0 denotes the set of conclists.

3.1 HDAs over finite ipomsets

A precubical set is a structure (X, ev, A) with:
a set of cells X;
a function ev : X — [0 which assigns to a cell its list of active events (for U € O we write
X[U] = {g € X | ev(a) = U});
face maps A = {69 1, 64 v | U €0, A C U} such that v 04y X[U] = X[U - A;
for A,BCUs.t. ANB =0 and u,v € {0,1}, we have the following precubical identities:
Sau-p°0Bu =08y -a°0y
We usually refer to a precubical set by its set of cells X, and for face maps we often omit the
second subscript U. The dimension of a cell ¢ € X is the size |ev(q)|. An upper face map &
terminates the events in A, whereas a lower face map (5% “unstarts” these events, that is, it
maps to a cell where the events of A are not yet started.
A higher-dimensional automaton is a tuple (X, Lx, Tx) where X is a finite precubical
set, and L x, Tx C X are the sets of starting and accepting cells. We may omit the subscripts
x if the context is clear, and refer to an HDA only by its precubical set.

» Example 14. Fig. 7 shows a two-dimensional HDA as a combinatorial object (left) and
in a geometric realisation (right). The arrows between the cells on the left representation
correspond to the face maps connecting them. It consists of nine cells: the corner cells
Xo = {x,y,v,w} in which no event is active (for all z € Xy, ev(z) = @), the transition cells
X1 ={g,h, f,e} in which one event is active (ev(f) = ev(e) = a and ev(g) = ev(h) = b), and
the square cell ¢ where ev(q) = [¢]. By convention, for a --+ b, we represent the event a
horizontally and the event b vertically.

X[0] = {v,w, 2, y}

x Yy
X[a] = {e, f} 2 R
X[b] = {g,h} .

9 q hl T+
X[[50) =A{a} e
Lx ={v,9} ¢
1 >

Tx ={h,y,g} v a w

Figure 7 A two-dimensional HDA X on ¥ = {a, b}, see Ex. 14.
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A track o in X is a sequence (qo, ©1,q1,-- -, Pn,qn) Where ¢; € X are cells and ¢; denote
face map types. That is, for all i < n, (g;, pi, ¢it1) is:

either an upstep: (69(qiv1), /7, qiv1) with A C ev(giy1),

or a downstep: (g, \uB,05(q:)) with B C ev(g;).
The source of « is src(a) = qo and its target is tgt(a) = ¢,. A track is accepting if src(a) € Lx
and tgt(a) € Tx. Note that tracks are concatenations (denoted using *) of upsteps and
downsteps. The language of an HDA is defined in terms of the event ipomsets of its accepting
tracks. Formally, the event ipomset of a track « (written ev(e)) is defined by:

ev((q)) = idey(q) (With ¢ € X and (g) a single-cell track)

ev((q, /4, p)) = atev(p) (the starter which starts events A)

ev((q, \ys,p)) = ev(q)dp (the terminator which terminates events B)

ev(ag * -+ x ) =ev(ay) * - - x ev(ay)
We say that two tracks a and 8 are equivalent, denoted a ~ 3, with ~ the relation generated
by the three cases (z /4 y /P 2) ~ (x /4YB 2), (x N\ua y \uB 2) ~ (z \auB 2), and
~yad ~ v50 whenever o ~ 3. Basically, two tracks are equivalent if their “contractions” into
sparse tracks (i.e. alternating upsteps and downsteps) and event ipomsets are equal.

» Example 15. The HDA X of Fig. 7 admits several accepting tracks with target h, for
example v % ¢\, h. This is a sparse track and equivalent to the non-sparse tracks v /¢
e /P g\ handv /g 7 g\, h. Their event ipomset is [%,]. The track v 7 e \ya
w 7P h is also accepting with event ipomset abe C [¢,]. In addition, since g is both a start
and accept cell, we have also g and v 7 ¢ as accepting tracks, with event ipomsets sbs and bs,
respectively. Note that tracks move forward along upper face maps but backward along lower
ones. X accept tracks whose ipomsets are in {be, ebe, abe, [£, ], [ 5], %0a, [ 2], ab,ba,[5]}.

The language of an HDA X is L(X) = {ev(a) | src(e) € Lx and tgt(a) € Tx}. The
following result about languages of HDAs is a fundamental property:

» Proposition 16 ([19, Prop. 10]). Languages of HDAs over finite ipomsets are closed under
subsumption (or down-closed).

For L C iPoms, we write L| = {P € iiPoms | 3Q € L, P C @} for the subsumption

closure of L. For example, the language of Ex. 14 is L(X) = {be, ebe, [4. ], [ee |5 [2], [ 2]}

Let us extend the notation to R C 2P°™ with R| = {L| | L € R}.

Previous work [19] defines down-closed rational operations U, *|, ||; and (Kleene plus) *+
for languages of finite iipomsets, as follows:

LxyM={PxQ|PecL, Qe M, Tp=>Sg},

LIy M=1{P|Q|PeL, QeM},

Lt =J,», L™, with L' = L and L™ = L« L™.
The class D-Rat of down-closed rational languages is then defined to be the smallest class
that contains 0, {idp}, {a}, {ea},{a-}, {+as} (for a € ¥), and is closed under the operations
above. Note that the explicit downclosure | of the operations above ensures that the built
languages contain only interval ipomsets.? We will below introduce rational operations
which do not apply down-closure; to distinguish them from the ones above we have added a
subscript | .

» Theorem 17 ([19]). A language in 2F°™ can be recognized by an HDA iff it is in D-Rat.

3 For L = {ac} and M = {ebds}, (ac || sbde) & L ||, M but, for example, the ipomsets of Fig 2 are in
L, M.
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3.2 w-higher-dimensional automata

An w-HDA is an HDA whose tracks are infinite. Formally, an w-track is an infinite sequence
o = (q0,91,q1,...) where ¢; € X and each (g;, ¢;,¢i+1) is an upstep or a downstep. The
event ipomset of an w-track is defined similarly using the infinite gluing. From this we may
directly introduce the classical acceptance conditions of w-automata theory:

Let Inf(e) = {qg € X | [{i | ¢; = q}| = +00} be the set of cells seen infinitely often by .
A Biichi w-HDA is an HDA (X, Lx, Tx) where Lx, Tx C X are the sets of starting and
accepting cells, and where an w-track a is accepting if src(a) € Lx and Inf(a) N Tx # 0.
Similarly, a Muller w-HDA is an HDA (X, Lx, Fx) where Lx C X is the set of starting
cells and Fy C 2% is the set of accepting sets of cells, and where an w-track « is accepting if
src(a) € Lx and Inf(a) € Fx.

» Example 18. Biichi w-HDAs X3, X5 and X3 are defined in Fig. 8. Cells of the same color
are identified in each w-HDA, and so are their respective faces (as required by the definition
of precubical sets). Observe that X7 and X5 form a torus and X3 a cylinder. Their languages
will be specified later in the paper (see Ex. 35 and Ex. 40).

» Example 19. Let X, be the torus HDA of Fig. 8 and assume lx, = {g} and Fx, =
{{90,9ab}}- Then (X4, L x,, Fx,) defines a Muller w-HDA. The w-track o = (o, /%, Gas \a
240, /" Gab, Naab, 905 Y, Qabs b, Q05 - - - ) Of event ev(a) = a - [$]” is accepting as Inf(a) =
{40, qav} € Fx,-

q0 qa q0
SR B

qo da q0
qo

. qab .
%0 X1:q - @ Xo: @ qab Qb
dab 7 qp
190 qa qo 1T90 qa
‘ o ¢ T g
qo 40
v @ Xs: @ Gab d

Figure 8 Biichi w-HDAs (left) and unfolded views (right). See Ex. 18.

The language of a Biichi w-HDA X is L(X) = {ev(a) | src(a) € Lx and Inf(a) N Tx # 0}
and we call Biichi w-regular such a language. Similarly, for a Muller w-HDA Y we have
L(Y) = {ev(a) ‘ src(a) € Ly and Inf(a) € Fy } and we call Muller w-regular such a language.
As in classical w-theory, a Biichi w-HDA Xpg can be seen as a Muller w-HDA X, where the
acceptance condition is modified to Fx,, = {4 C X | AN Tx # 0}. Hence Biichi w-regular
languages are Muller w-regular. However, unlike HDAs over finite ipomsets we have:

» Proposition 20. w-regular languages may not be down-closed.

Proof. In the Biichi w-HDA X of Ex. 18, we have [¢]” = ev(qo, /", qub, “ab> Q05 ---) €
L(X,) (as it goes infinitely many times through q,, € Tx,). But (ab)* C []“, and the
only w-track whose event is this w-ipomset is (qo, %, qa, s Q0> /%, @by \ub» @0, -..) Which is
not accepting. Thus (ab)¥ & L(X1). The same can be done for the Muller w-HDA X, of
Ex. 19. |
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4  w-rational languages

We want to extend the notion of rationality to languages of interval w-ipomsets and capture
the expressiveness of w-HDAs. Thus, we introduce a non-nested w-iteration over languages
of finite interval ipomsets. On the other hand, the rational operations defined in [19] take
subsumption into account. As languages of w-HDA are not down-closed, we cannot just
extend these to w-ipomsets, but need to redefine them without subsumption closure.

We define the w-rational operations over 21Foms™ hy:

For (L, M) C iiPoms™ x iiPoms®: L+ M = LUM

For (L, M) CiiPoms x iiPoms™: L« M = LM = {P xQ ‘ PeL Qe M, Tp=Sg}

For L CiiPoms: Lt =J,5, L™ (with L' = L and L"*!' = L+ L")

For L CiiPoms: L* = {Py % Py*--- | Vi, P; € L,Tp, = Sp,,, and [{i: P; ¢ Id}| = +oo}
As in the finite case, the Kleene iteration is the non-empty T instead of * because L° = Id is
not regular since it has infinite width. In addition, the operation || defined over languages of
finite interval ipomsets (and over finite [28] and w-series-parallel pomsets [31]) is not used
in our case. The reason is that it would typically not give interval w-ipomsets (a* || b* for
example). In [19, Prop. 16], it is shown that D-Rat may also be obtained from @) and E (the
set of starters and terminators over %) using down-closed rational operations without ||. We
define w-rational languages Rat™ as the smallest set such that:

() € Rat™ and for U € E, {U} € Rat™;

if L, M € Rat™, then L + M € Rat™;

if L, M € Rat™ and L C iPoms, then L * M € Rat™;

if L € Rat™ and L C iPoms, then Lt € Rat™ and LY € Rat™.
We will often use U instead of {U} for ease of reading. We define the width of a language L
by wd(L) = sup{wd(P) | P € L}. As they are built inductively from =, using finitely many
w-rational operations, all w-rational languages have finite width.

Pii1

» Proposition 21. For L € Rat™, wd(L) < +oo.

Thus, Prop. 21 and Lem. 4 imply that Rat™ C 21P°™s™ that is, w-rational operations
preserve validity. In addition, since = C iiPoms and by Cor. 13, we have:

» Proposition 22. For all L € Rat™, we have L C iiPoms®™.

We write Rat® = Rat™ N 2Po™s” for w-rational languages, and Rat = Rat™ N 2iFoms
for finite ones. Note that Rat is not the class of rational languages defined in [19] (that we
denote D-Rat for down-closed rational). For example, {[§e]} * {[:5]} = {[%]} € Rat as the
gluing of a starter and a terminator, but is not in D-Rat (because not down-closed). We
show in Prop. 36 that up to down-closure, both notions are equivalent in the finite case.

5  w-rationality vs. w-regularity

In this section, we explore the connections between w-rationality and w-regularity. We show
that w-regular languages are w-rational. The proof relies on a type of classical w-automata
derived from w-HDAs called ST-automata. On the other hand, the opposite does not hold.
Indeed, we show that Muller acceptance is more expressive than Biichi acceptance and that
there are w-rational languages that are not Muller w-regular.
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5.1 ST-automata for w-HDA

An ST-automaton is a plain (w-)automaton over =, with an additional labeling of states, that
can produce (w-)iipomsets if the letters are glued. It especially can mimic the behavior of an
(w-)HDA with a canonical translation. We use here the most recent definition of these objects,
introduced in [4], which subsumes other variants that have been used in [2,3,7,8,16,17,19].

We let = = (5,-,¢) denote the free monoid on = = = seen as an alphabet, using
concatenation instead of gluing and e for the empty word (which is different from the letter
idg € E)

An ST-automaton A is a finite labeled automaton (Q, F,I,F,)\) over the (infinite)
alphabet =, where @ is the set of states, £ C @ x (£\1d) x Q is the set of transitions, I C Q
are the initial states, F' is an acceptance condition and X : @ — O is a labeling of states that
is coherent with F, meaning that for all (p, sUr,q) € E, A(p) = S and A(q) = T.

A path © = (qo, €0,q1,€1,---,€n—1,Gs) in an ST-automaton A is an alternation of states
and transitions such that e; = (¢i, Pi, qiv1) € E. Its label is I(7) = idy) - Po - idxg,):

« Pp_1 - idy(g,) seen as a word. We say that 7 is accepting if go € I and ¢, € F. The
language of an ST-automaton A, denoted L(A), is the set of labels of its accepting paths. The
same can be done for w-paths, which are accepted according to a Biichi or Muller condition.

» Remark 23. Path labels of ST-automata are elements of Id - (Z - Id)* (or Id - (Z - Id)* in
the infinite case). In particular, the labeling of states and their consideration in the path
labels forbid to have the empty word e as the label of a path. Note also that labels of states
are not used twice: given m = (qo, €0, ---,€i—1,¢) and w3 = (¢i, €45 5. - €n—1,qn), We have
l(ﬂ'l) . l(ﬂ'g) = id/\(qo) . PO . id)\(ql) et 131'—1 . id)\(qi) ~Pi+1 et Pn—l . id/\(qn). We are thus only
able to concatenate [(m1) and [(mg) if the end of 7; has the same label as the start of mo. We
will consider (w-)rational expressions of ST-automata as classical (w-)rational expressions,
the only difference being that the concatenation operator behaves as stated above.

In the following, we build an ST-automaton ST(X) from an (w-)HDA X, following [4].
The intuition is that each cell (of any dimension) becomes a state, and for each upstep
(p = 0%(q), /4, q) resp. downstep (p, \up,d5(p) = ¢) in X, a transition is introduced from
the state corresponding to p to the one corresponding to ¢, labeled with 4fev(q) resp. ev(p)lg),
to mimic the behavior of the HDA. More formally, for an HDA (X, L x, Fix), we associate
the ST-automaton ST(X) = (Q, E, I, F, \) with:

QZX,IZLx,FZFx,AZEV,

E = {(6%(q), atev(q), ) | A C ev(g)} U {(g,ev(g)a, 04 (a)) | A S ev(q)}.
By construction, there is a one-to-one correspondence between tracks in X and paths in
ST(X): with a track a = (qo, ¢0, q1, ...) of X we associate the path ST («) = (qo, €0, 41, ---)
of ST(X) such that

(06,06, Gir1) = (0%, (Gi41), /Y, Giv1) = A C ev(qivr), €i = (i, ATeV(Gis1), Gip1) € E

(9i,pis qiv1) = (@5 a4, (6i) = Ai Cev(qi), ei = (¢i,ev(@i)da, s giv1) € B
This proves the following lemma;:

» Lemma 24. A track « is accepting in X if and only if ST («) is accepting in ST(X).

Since the labeling A is coherent with E, a word produced by an ST-automaton A is
coherent in the sense that if P -P,-. .. is the label of a path in A, then Tp, = Sp, | foralli > 0
(and thus it can be seen as the gluing of starters and terminators). To be more precise, the set

of coherent finite words over Z is denoted Coh™ (E) = {Uy -... U, | U; € &, Ty, = Sy, }-
For w-words we denote by Coh®(Z) the set of coherent infinite words over =, defined by
COhw(E) = {U1 Uy - ... | U, € E, #{Z 2 U; & |d} =400 and Ty, = SUl.Jrl}

and as usual we write Coh™(Z) = Coh™(Z) U Coh*(Z).
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Xo: b ST(X2):

1T

]
S

Xs3: b

1 a

Figure 9 ST-automata of X5 and X3 of Ex. 18. Cells of dimension 0 are in gray, dimension 1 in
yellow, and dimension 2 in green.

» Lemma 25. Let A be an ST-automaton.
If A accepts finite words then L(A) C Coh™ ().
If A accepts infinite words then L(A) C Coh”(E).

Thus, one can “glue” words accepted by an ST-automaton to obtain an (w-)iipomset. Let
U: Coh™(Z) — iPoms™ be the gluing function defined by W(P; - Py-...) = Pl * Py ....
For a set L C Coh™(E), we also define W(L) = {¥(P) | P € L}. In [4], the authors show the
following for ST-automata derived from HDAs over finite iipomsets:

» Proposition 26 ([4]). For any HDA X, L(X) = U(L(ST(X))).

We show that the proposition holds also for w-HDAs. First, since the labeling of states is
coherent with the transitions, we have the following by applying definitions.

» Lemma 27. For all w-tracks « of X, we have ev(a) = U(I(ST()).
We can now show the w-equivalent of Prop. 26, by combining Lem. 24 and Lem. 27:

» Proposition 28. For any (Biichi or Muller) w-HDA X, L(X) = W(L(ST(X))).

5.2 w-HDAs are w-rational

The formalism of ST-automata provides a strong tool for HDAs. It allows to use classical
theorems of w-automata. This helps in particular to show that w-regular languages are
w-rational as we will see in this section.

Indeed, the language of any ST-automaton A is also the one of a rational expression e 4,

*

using the operations +,.,* and letters U; € Z. Similarly, given an ST-automaton A’ over
infinite words, one can effectively build an equivalent w-rational expression e 4, [36].
A (w-)rational expression is said positive if it has no occurrences of * and e. Since ST-

automata do not accept €, ST-automata languages can be expressed by positive expressions:
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» Lemma 29. Any rational expression e of an ST-automaton can be transformed into a
positive rational expression € such that L(e) = L(€).

We define inductively a function ¥’ transforming a positive rational expression over =
into a set of ipomsets in the usual way by replacing - by *. We directly have:

» Lemma 30. Let e(Uy,...,U,) be a positive rational expression over =.
If e is rational, then U'(e) € Rat.
If e is w-rational, then ¥'(e) € Rat®.

In addition, we can show by induction that ¥’ preserves languages.
» Lemma 31. If e is an (w-)rational expression over =, then W'(e) = W(L(e))
Thus, languages of ST-automata are rational:

» Lemma 32. Let A be an ST-automaton.
If A accepts finite words, then W(L(A)) € Rat.
If A accepts infinite words, then W(L(A)) € Rat®.

» Theorem 33. Biichi and Muller w-regular languages are w-rational.

Proof. Let (X, Lx, Fx) be a Biichi or Muller w-HDA. By definition of w-HDAs, X is finite,
hence so is its ST-automaton ST(X). By Prop. 28, L(X) = U(L(ST(X))), and by Lem. 32,
U(L(ST(X))) € Rat”, thus all w-regular languages are w-rational. <

As a corollary of the above and Prop. 22 we have:
» Corollary 34. If L is an w-regular language, then wd(L) < +o0o and L C iiPoms®.

» Example 35. In Fig. 9 are represented two w-HDAs with their corresponding ST-automata.
From this we can directly compute their language in = (we omit the letters in Id), and then
use ¥ to compute the languages of the original Biichi w-HDAs:

L(ST(X2)) :(a°~°a+b°-°b+(a'-["iZH[ZZ} +oe- [ga]) - (87 ]-[5e] + (381 [82 D)

(5] e (5] (5] o)
L(ST(Xa)) =(bs-+8)" - (ae- [*52] 4 b+ [32)+ [82) - ((38°] - (752"

=

Languages in Coh® (Z) can be turned into the language of the original HDA using the function
U and Prop. 26. We just replace the occurrences of A* by AT + ¢ and develop the expression
to avoid the word e, then remove multiple occurrences of the same ipomset in unions:
L(X3) = W(L(ST(X2))) = (a+ b+ [§]+ [§0] = ([p] + ["5DF =[]
L(X3) = W(L(ST(X3))) = bF = [52]* [ ]” + [52]* [F]”

As we saw in the previous section, our definition of rational operations is different from
the original one [19] since we do not take subsumption closure into account. Nevertheless:

» Proposition 36. Rat] = D-Rat.

Proof. The inclusion Rat] C D-Rat is done by induction. The other follows from Lem. 32
and the fact that languages of D-Rat are closed under subsumption (see App. B for details).
<4
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5.3 Muller vs Biichi vs w-rational

In the classical w-theory, rational languages are as expressive as Muller and Biichi automata.

For w-HDA, these are no longer true. We describe and prove here some differences:
» Theorem 37. The Muller w-regular class is strictly bigger than the Biichi w-reqular class.

Proof. As for the classical w-theory, Biichi w-regular languages are Muller w-regular.
However, the converse is false. Take the Muller w-HDA X, of Ex. 19. The only cycle (up
to shift) using only states of Fx, is (g0, /", qab, \ab> 0, ---), S0 the language of Xy is such
that every accepted w-ipomset ends by [#]“. Assume that there is a Biichi w-HDA Y that
recognizes L(X4). Let o be an accepting w-track of Y, which exists because L(Xy) # (). We
have ev(a) = A x [$]” for some A € iiPoms. So a goes through Y[[#]] an infinite number
of times. However Y is finite, so there is p € Y[[§]] such that « goes through p an infinite
number of times. Thus there is a subtrack a,, := (6% (p), /%, p, \uab, 01, (p)) Which appears
an infinite number of times in «. (It may be a track equivalent to it, but as there is a finite
number of them, it suffices to choose one of them that is used an infinite number of times.)
As'Y is a precubical set, we can define the track of, = (62,(p), /%, 69 (p), \ua» 64 (85 (p)),
;04 (0), b, 044 (p)) with label ab, and then replace one in two occurrences of a, by . The
cells visited an infinite number of times by « are still visited an infinite number of times,
hence the new w-track is also accepting. However, its label does not end by [#]“ because ab
appears an infinite number of times. So L(X4) is not Biichi w-regular. <

» Theorem 38. Some languages of Rat” cannot be expressed by Muller w-HDA.

Proof. Let L, = ([f2]x[:2])¥ = [2]” € Rat®. Suppose that (X, L x, Fy) is a Muller w-HDA
such that L(X) = L,. An accepting w-track o (with label ev(a) = [¢]¥) in X must start
by a track (equivalent t0) ap = (02,(p), ™. p. s 81 (p)) with p € X[[§]]. As X is

precubical set, af, = (6%,(p), 7,8 (D), \ua» 04 (55 (P)), 7+ 64(P), \abs 03, (p)) is well-defined.

If 8 is such that & = «a, * 8, then o/ = a; * [ is a track in X which is accepting (as
Muller acceptance conditions only care about states seen an infinite number of times). Then
ev(a/) =ab[§]” € L(X) but ab[$]” € L,, and we conclude by contradiction. <

Note that defining w-rational operations with subsumption closure (following [19]) would
have made w-rational languages less expressive than w-HDAs. For example, as {[¢]} =
{ab, ba, [ %]}, the language L(X4) of Ex. 19 would then not be w-rational.

As Rat” is more expressive than Biichi and Muller w-HDAs, it is natural to inquire about
the form of languages of Rat® with the same expressiveness. As a first step, define a locally
down-closed lasso (ldl) w-language to be a language of the form Uign M|+ ((Rf)])« for
n € N and M;, R; € Rat for all i < n.

» Theorem 39. Any Biichi regular w-language is a locally down-closed lasso w-language.

Thus, w-HDAs allow local subsumptions in some finite factors coming from M; and R}

Using R instead of R; more accurately reflects the behaviour of Biichi w-HDAs. Indeed, for
R=A{[%]*[2]} and M =[§:], M and R are down-closed, but M *« R¥ = M| % (R})¥ =
{[#]¥} which cannot be recognized by a Biichi w-HDA as seen in the proof of Th. 37.

» Example 40. We can use again Ex. 35, and take L(X3) which is Biichi w-regular:
L(X3) = b% s+ [0+ [ B0 ]7 + (821 % [3n]7 = (0% +idg) # [52] + ([ ]T)”

For M = (b" +idy) * [4e] and R = [ 3. ], we have L(X3) = M| * ((RT)])~.
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Muller w-regular 1dl w-languages

Biichi w-regular

Figure 10 Inclusion of classes of w-languages, with Biichi C Muller C Rat”.

6 Conclusion and future work

We have defined interval w-pomsets with interfaces (w-iipomsets), shown that isomorphisms
between them are unique, and that they admit a unique sparse decomposition. Then, we have
introduced w-higher-dimensional automata (w-HDAs) over w-iipomsets as a generalization
of HDAs over finite iipomsets. We have studied their languages under Biichi and Muller
acceptance conditions and demonstrated that Muller is more expressive than Biichi.

Unlike in the finite case, languages of w-HDAs are not closed under subsumption. In
pursuit of a Kleene-like theorem, we have adapted the rational operations on finite iipomsets
to disregard subsumption, showing that up to subsumption, the notion of rational language
remains unchanged under this modification. We have also introduced a non-nested w-iteration
to these operations and defined w-rational languages over w-iipomsets. However, we show
that this natural class is bigger than the one of w-iipomset languages recognized by w-HDAs.
The diagram in Fig. 10 summarizes our results about w-HDAs and w-rational languages.
In the diagram, the inclusion of Biichi w-regular languages into locally down-closed lasso
w-languages is shown as strict (cf. Th. 39); but we conjecture it to be an equivalence.

The challenge in establishing a Kleene-like theorem arises from the precubical identities
that force some factors to be subsumption-closed. A solution may be found by passing to
the partial HDAs of [13,21]. Intuitively, partial HDAs relax the face maps to be partial
functions, satisfying precubical inclusions rather than precubical identities. However, while
the language theory of HDAs has seen much recent progress, partial HDAs remain largely
unexplored. The use of such objects is particularly relevant, as with our adapted rational
operations, we have shown that the language of any ST-automaton is (w-)rational, which is
not the case for the subsumption-closed rational operations of [19]. This notably implies that
“our” rational languages are closed under bounded-width complement, whereas the original
definition is only closed under bounded pseudocomplement [7].

This work represents a first step toward developing a theory of w-HDAs. Such a theory
should be well-suited for modeling non-terminating concurrent systems with dependence
and independence relations. In particular it would avoid some problems with state-space
explosion; for example, an infinite execution where event a must precede b is modeled as
the subsumption closure of the pomset with a < b and all other events occurring in parallel,
instead of considering all interleavings separately. Developing a logical characterization,
similar to the finite case [5], would also be of interest.
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A Complementary proofs of Section 2

Proof of Proposition 3. Let P be an w-ipomset and define Py as the set of <p-minimal
elements of P and P, the set of <p-minimal elements of P\ {F,..., P;} for all i < w. Note
that each P; is an <p-antichain and linearly ordered by --+p. Define the binary relation R p
by 2Rpy iff (x € P, y € Pjand ¢ < j) or (z,y € P, and « --+p y). Then (P, Rp) is a strict
well-order. In addition, an isomorphism between w-ipomsets P and @ is an isomorphism
between (P, Rp) and (Q,Rg). We conclude by noting that well-ordering isomorphisms are
unique (see [30, Lem. 6.2]). <

Proof of Lemma 4. Let (P;);en € iPoms such that Sp, = Tp,,,, I ={ieN| P ¢Id} is
infinite and there is m € N such that wd(P;) < m. We want to show that it is a valid

w-ipomset. It is routine to check that P = Py % Py % - -- is well-defined, however it can be a

finite ipomset (for example for a constant sequence in Id), or can define a not valid w-ipomset.

Infinity: By contradiction, suppose P is finite. If so, there is an index iy such that, for
i > i, P; does not start any event. Let ) = Py *...* P;, € iPoms. For i € I, P; & Id so it
has to start or finish at least one event. Let I’ =1N{i € N |i>ig}, as I is infinite, I’
is infinite. For i € I’, P; has to end at least one event of ). But |Q] is finite and I’ is
infinite, contradiction.
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Finite past: Let z € P, there is j s.t. z € P;. By definition of <p, if y <p z then there is
i < j such that y € P;. So the <p-predecessors of z are in (U;¢;(Pi:7)) /z~f(x) Which is
finite.
No infinite <p-antichain: Let A be an <p-antichain, then there is i such that A C P;.
So |A] < wd(P;) < m, so there is no infinite <p-antichain.

Thus, P is a valid w-ipomset. |

The following lemma is needed for the proof of Prop. 5 (see [38] for a proof):

» Lemma A.1l. Let P € iPoms® and E be its set of mazimal <p-antichains. If < is a linear
order on E, then (E,<) = (N, <).

Proof of Proposition 5. We want to prove the equivalence between (1) P is an interval

w-ipomset, (2) P has an interval representation and (3) the order <« on maximal antichains

is linear.
(2) = (1) : Let w,z,y,2z € P with w <p y and z <p z. By (2) we take an interval
representation b, e, then e(w) < b(y), e(z) < b(z). Suppose that w £p z, by (2)
e(w) £ b(z), as < is linear on N U {400}, b(z) < e(w), and thus e(z) < b(y) so by (2),
z <py. Thus, w <p zorx <puy.
(1) = (3) : Let A and B be two different maximal antichains and suppose that A & B
and B &« A. Then there is (z,y) € A x B such that x < y and (2/,y’) € A x B such that
y < a'. By (1) we have z < 2’ or ' < y, but A and B are <-antichains, contradiction.
(3) = (2) : By Lem. A.1, we can order the set F of maximal antichains of P such that
F = {1407 Al, AQ, } and AO < A1 < A2 < .... We define b(ﬂC) = |nf{z | T € Xl} and
e(x) = sup{i | € A;}. By definition we have b(z) < e(z). Let z,y € P s.t. # <p y, then
foralli < jifx € A, we have A; < Aj soy & A;, and y € A; (otherwise X is not
an antichain), thus e(z) < b(y). Let z,y € P s.t. x £p y. Either y <p z, then by the
previous point e(y) < b(z) and so b(y) < e(z), or we have y £p x thus {x,y} is include
in a maximal antichain of P, then there is ¢ such that =,y € A; and so b(y) <14 < e(x).
Thus = <p y < e(x) < b(y).

So we have (1) & (2) < (3). <

Before proving Th. 7 we need lemma that characterize the nature (starter versus
terminator) of the first element of the decomposition (Lem. A.3), and one that charac-
terise it solely from the P considered (Lem. A.4). We define P™ the <p-minimal ele-
ments of P (which can be seen as a conclist with the induced event order of P) and
Ps:={peP|VgeP—Pm p<q}CP™

» Lemma A.2. Let P = Py* Py *... be a sparse decomposition, then Py = P™ (seen as
conclists).

Proof of Lemma A.2. By definition, we already have that Py, C P™. Let’s show that
P — Py C P— P™ (which is equivalent to P™ C Py). Let © € P — Py, there is i > 1 s.t. z €
Pi — Spi.
If Py is a (proper) terminator: it exists y € Py — Tp, and thus y < x
If Py is a starter: then Pj is a (proper) terminator so it exists y € P, — Tp,, and ¢ > 2
(because Py = Sp,), thus y < x
In both cases there is an element before z so x ¢ P™, so P — Py C P — P™. <

» Lemma A.3. Let P = Pyx Py x... be a sparse decomposition, then Py is a starter iff
Sp C P™ (equivalently, Py is a terminator iff Sp = P™).
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Proof of Lemma A.3. Using Lem. A.2, Py = P™, and by definition Sp, = Sp. Then we
have that P, is a starter iff Sp = Sp, C Py = P™. <

» Lemma A.4. Let P = Py* P, x... be a sparse decomposition:
If Py is a starter, Py = pm_g ,tP™
If Py is a terminator, Py = P™] ps

Proof of Lemma A.4. Using Lem. A.2, Py = P™:
If Py is a starter, by Lem. A.3 Sp = Sp, C Py = P™ and so Py = Py—5p, 1 P0 =
pm_gpTP™.
If P is a terminator, we want to show that P* = P™ — Tp , thus Py = P™]p.. First
let p € Tp,, then p € Sp, C P;. P; is a (proper) starter so there is ¢ € P, — Sp, so
g¢ Po=P"andp £ gsop ¢ P*,thus P° C P —Tp,. Thenletp € P"—Tp, = Po—1hn,
and ¢ € P — P™ = P — Py, thus there is i > 1 s.t. ¢ € P, — Sp,, so p < q. Thus p € P*
and P™ —1Tp, C P°.

Which concludes the proof. |

We can now prove the fundamental decomposition of w-iipomsets:

Proof of Theorem 7. Let P € iiPoms®, by Lem. A.1, as < is linear by Prop. 5, we have
that Xo < X7 <« ... . Forall i € N, we can define E; = X; — Xi+1 and B; = Xi+1 — X;.
As X; are maximal antichains, the sets are not empty and V(z,y) € E; x B;,  <p y. We
then define Up; = X;lp, and Uziy1 = p1X;11 which are proper (the event order on Us;
and Usg;41 is the one induced by --+p). If Sp C Xy, we shift all indices by 1 and redefine

Uo = xy—5:1Xo. Thus Uy x Uy x Uz * ... is a sparse decomposition, and it is routine to check
that P = Uy % Uy x Uy ..., concluding of the existence of a sparse decomposition.
Let P=PyxPy*---=Qq*Q1*... be two different sparse decompositions. Without loss

of generality, we can delete the common prefix and consider that Py # Qq. If Sp & P™, by
Lem. A.3 Py and Qg are (proper) starters, and by Lem. A4, Py = pm_g tP™ = Qo. If Sp =
P™ by Lem. A.3 Py and Qg are (proper) terminators, and by Lem. A.4, Py = P™] p. = Qo,
so contradiction. |

Proof of Propoposition 12. We show the equivalence between (1) P is an interval w-ipomset,
(4) all prefixes of P are interval ipomsets and Pref(P) is infinite, and (5) an infinite number
of prefixes of P are interval ipomsets.

(1) = (4) : Suppose for all w,z,y,z € P where w < y and x < z, then w < z or z < y.

Then for all A € Pref(P), we have the same property for all w, x,y,z € A C P. Moreover,
Pref(P) is infinite as a direct consequence of the existence part of Th. 7.
(4) = (5) : Trivial.
(5) = (1) : Let (A;)ier be the infinite set of interval ipomsets in Pref(P). Let w, z,y, z € P
where w < y, © < z. By Lem. 10, there is a prefix A; with {w,z,y, 2z} C A;, which is an
interval ipomset, then w < y or z < z.

Which concludes the proof. |

B Complementary proofs of Section 5

Proof of Lemma 25. Let A= (Q, E, I, F, \) be an ST-automaton. As X is coherent with F,
all interfaces coincide in a word produced by A. Then it remains to show that the languages
does not contain not allowed words.

If A accepts finite words, then even for a path of one states g, the label contains at least
the letter idy(g). Thus £ & L(A), and L(A) C Coh™(E).
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If A accepts infinite words, then for every infinite path, one letter out of two is in = \ Id,
so there is an infinite number of non-identity letters, thus L(A) C Coh”(Z). <

Proof of Lemma 27. Let a = (qo, 0,41, ---) be an w-track in X and ST(«) = (qo, €0, ¢1, ---)
with e; = (i, Py, gi+1). By definition:

If (qi, 0ir qit1) = (0% (¢i+1), /*, qig1), then P = ev(qi, i, Gis1)

If (i, 06, Giv1) = (45, \ea,, 04, (i), then Py = ev(qs, @i, git1)
We recall that A is coherent, so for (g;,e;,qi+1) € E we have X(¢q;) = Tp,, AMqiy1) = Sp,,»
hence:

ev(a) = ev(qo, o, q1) ¥ ev(qi,p1,q2) * -~ = Pox Pk = idx(ge) * Po ¥ idxgy) * Pk -
= \I/(id)\(qo) . P(] . id/\(ql) . P1 LN ) = \II(Z(ST(OZ))) <

Proof of Lemma 29. For an expression e4 of finite words, we replace any occurrence of the
Kleene star with the formula L* = e+ L™, and “developp” the expression. For ST-automaton
A, e & L(A), the resulting expression after developing is such that there is no £ anymore.
For an w-rational expression e4:, we know that es. can be a finite union of the form
JX.Y* with X and Y rational sets of finite words (see Th. 3.2 of [39]). It suffices to show
that we can remove the occurrences of * and ¢ for an expression X.Y¥. We replace any
occurrences of the Kleene star by L* = ¢ + L. Then we develop the expression such that:
IfeeX, X=e+X' (witheg X')and XYY =Y*4+ X' Y¥=YY¥+ X' Y%
IfeeVY,Y =c+Y (withe ¢ Y’) and because of the definition of ¥, we have
Xyv=XYy'vw
Thus we can transform e4 into a positive expression €4 (resp. eas into €4+). For a formula
over infinite words, it is moreover still of the form | J X.Y¥. <

Proof of Lemma 32. Let A be an ST-automaton of finite words. The ST-automaton is
finite, so by the classical Kleene theorem, L(A) can be represented by a rational expression
ea(Ui,...,Upy), written ey for simplification. We have L(e4) = L(A). By Lem 29 , we can
suppose e4 to be positive, and by Lem 31, ¥(L(A)) = ¥(L(ea)) = ¥'(ea). By Lem 30,
U'(eq) € Rat, so U(L(A)) € Rat.

The same can be done for an ST-automaton of infinite words A’. By the w-Kleene theorem
(for example shown in [39]), L(A") can be represented by a w-rational positive expression
ea, with L(es) = L(A’), and we have U(L(A")) = U(L(ea) = V' (eas), and by Lem 30,
U(L(A")) € Rat®. <

The following results are needed for the induction part of the proof of Prop. 36:
» Lemma B.5. For L, M CiiPoms, (L + M)} = L{ x|, M|.

Proof of Lemma B.5. Let P € (L * M){, there is A € L and B € M such that PC A x B.
As L C Ll and M C M}, A*B € L« M| so P € (L} x M])] = L] %, M] and
(L* M)} C L M.

Let Q € L| %, M|, there is A € L] and B € M| such that Q C A B. Thereis A’ € L
such that A C A’ and B’ € M such that B C B’. By Lem. 48 of [18], Ax B C A’ x B’
and by transitivity, @ C A’ «* B’. But we have A’ « B’ € Lx M, so Q € (L M)] and
Li*, M} C (L*M)). <

» Corollary B.6. For L, M CiiPoms, (L*)] = (L{)™*.
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Proof of Proposition 36. We start by showing that Rat] C D-Rat by induction:

0} =0 € D-Rat

For U € E, {U}| = {U} (as <y is empty) and {U} € D-Rat (by a finite use of ||; and

{as} and {eas}, or {sa} and {eas}, for a € X))

For L, M € Rat, if L, M| € D-Rat, then (L + M)} = L| + M| € D-Rat

For L, M € Rat, it L], M| € D-Rat, then (L* M) = L]+, M| € D-Rat (by Lem. B.5)

For L € Rat, if L] € D-Rat, then (L*)] = (L})™ € D-Rat (by Cor. B.6)

Then by induction Rat] C D-Rat.

Next we show that D-Rat C Rat, which is just a more detailed version of the Remark 7.3
of [19]. Let L € D-Rat, by Th. 17 there is a HDA X such that L = L(X). Let ST(X) be
its ST-automata, by Prop. 26 L(X) = W(L(ST(X))), and by Lem. 32, U(L(ST(X))) € Rat.
Thus D-Rat C Rat.

But L € D-Rat, L is down-closed (by Prop. 16 and Th. 17) so as L € Rat, L = L] € Rat].
Then D-Rat C Rat]. |

Proof of Theorem 39. We use the key property that language of a classical Biichi auto-
maton A = (Q, E, I, F) is of the form quel,q‘feF W(qi,qr)-Wi(gys,qr)*, where W(p, q) is the
language of the Biichi automaton (Q, E, {p}, {q}) (see [24] for more details).

Let (X, Lx, Tx) be a Biichi w-HDA, and ST(X) = (Q, E, I, F, \) be its ST-automaton.
Thus L(ST(X)) = E(queI)qfeF Wi(gi,q7) W gy, qr)*). To simplify, we write Wy =
W(gi,qf) and Wo = W(gs,qr). As, Wo = (W)t + £ so we have L(ST(X)) =
LIUWr.(W2)7)«).

But £(W7) and L(W>) are languages of ST-automata from HDAs (over finite tracks), so
by Prop. 36 it exists X,Y C iiPoms such that U(L£(W;)) = X| and ¥ (L(W3)) =Y. Then:

L(X)=9Y(L(ST(X))) = ¥(L UWl' W2)+)“)) (Prop. 28)
= v le (W2)")*) = W' (Wr) * (' (Wa)*)~ (Lem. 31)
= Jwe (T(L(W2))H)* (Lem. 31)
= wa (Y)*)~
Which concludes the proof. <
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