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—— Abstract

Analyzing Maehara’s method for proving Craig’s interpolation theorem, we extract a “proof relevant”
interpolation theorem for first-order LL in the sense that if 7 is a cut-free sequent proof of A+ B,
we can find a formula C' in the common vocabulary of A and B and proofs 71,72 of A+ C and
C'+ B respectively such that 71 composed with 72 cut-reduces to . As a direct corollary, we get
similar proof relevant interpolation results for LJ and LK using linear translations. This refined
interpolation is then rephrased in terms of a cut-introduction process synthetizing the interpolant.

Finally, we analyze the computational content of interpolation by proving an interpolation result
for Curien and Herbelin’s Duality of Computation.
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1 “— Why Not a Proof-Relevant Interpolation Theorem?
— Introduce Cuts, Of Course!”

In the words of Solomon Feferman, “though deceptively simple and plausible on the face
of it, Craig’s interpolation theorem (...) has proved to be a central logical property that
has been used to reveal the deep harmony between the syntax and semantics of first order
logic” [17]. Indeed, Craig’s interpolation (which states that in the predicate calculus, if
Ak B, there exists a formula C built from the relation symbols occurring both in A and B
such that A+ C and C + B) and its developments suggest far deeper connections between
models and proofs than the simple correspondence between provability and validity given by
Godel completeness theorem. This could be argued to be in line with and pursue structural
proof-theoretic proofs of Godel completeness theorem such as Schiitte proof [35] or the more
recent analysis by Basaldella and Terui of completeness in Ludics [3, 2].

First of all, one should recall that while the original proof of interpolation by Craig [7, 8]
was proof-theoretic as well as Maehara’s method [25] its most striking applications were model-
theoretic results whether we consider standard model-theoretic results that are consequences
of interpolation, such as Beth definability theorem [4] or Robinson’s consistency theorem [33]
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or if we consider modern uses of interpolation in model-checking [21, 27]. Among the proof-
theoretical methods for proving interpolation, the success of Maehara’s method is probably
due to its wide applicability to a range of logics and proof-systems, from intuitionistic
logic [28, 35] to modal logics [18, 24, 1, 36] or in infinitary logics and abstract model
theory [17, 15].

While in most proof theory textbooks [20, 35, 39, 40] Craig’s interpolation theorem is
presented as an application of cut-elimination, one shall see here that it also has in fact
much to do with cut-introduction, giving a proof-relevant and computational content to
Interpolation theorem. This opens the way to an analysis of interpolation in terms of the
denotational semantics of proofs and programs.

Contributions and organization of the paper. More precisely, after providing background
on linear logic sequent calculus in Section 2, we state in Section 3 the following result for
first-order linear logic (LL in the following): For any first-order LL formulas A, B, if = proves
A B, there exists a formula C' in the common vocabulary (that refers to the subset of the
first-order language occurring in a formula, in terms of relation symbols, possibly taking
into account polarity constraints as in Lyndon’s interpolation) of A and B and proofs 7, 7o
of A+ C and C B respectively such that (cut)(71,72), that is m; composed with 7o, is
equivalent to 7 (by =, we refer to the congruence generated by the cut-reduction rules):

1 )
A-C CFB

(Cut) Teut A ﬁ B-
A+ B

Interpolation can therefore be achieved while preserving the computational / denotational
content of proofs, while factoring the computation through an interfacing, interpolant type
made only of the base types used in both the input and output types.

This result is then extended to classical and intuitionistic logics simply by means of linear
translations, which sheds an interesting light on the relationship between Lyndon and Craig’s
interpolation.

Then, by a further analysis of Maehara’s method, we show in Section 4 that the in-
terpolation process for a cut-free proof deriving A = B can be in fact decomposed in two
phases: (i) an ascending phase which equips each sequent of 7 with a splitting is followed by
(ii) a descending phase which solves the interpolation problem. This latter descending phase
happens to be a cut-introduction phase which provides a proof of the proof-relevant inter-
polation result of the previous section. In particular, the resulting proof is, by construction,
denotationally equal to .

Finally, in Section 5, we consider the computational content of interpolation and address
this question using the framework of the Duality of Computation introduced by Curien and
Herbelin: we consider the linear system L, a term calculus with typing rules very close to
that of the sequent calculus', and prove a computational interpolation result.

Related works. Surprisingly we could not find any occurrence in the literature analyzing
Maehara’s method in terms of cut-elimination (or rather, cut-introduction) even though all
ingredients were there since Maehara’s seminal work.

1 System L can be viewed as achieving a Curry-Howard correspondence with sequent calculus proofs —
while the A-calculus achieves a correspondence with natural deduction proofs
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On the other hand, another early proof-theoretic proof of interpolation theorem was pro-
posed by Prawitz for natural deduction [31]. Just like for Maehara’s method the strengthened,
proof-relevant interpolation result was at hand in this work as well and Cubri¢ actually
showed this in the setting of the simply typed A-calculus as well as a corresponding factoriza-
tion result for bicartesian closed categories in the early 90s [9, 10]. Sadly, Cubrié’s paper
as well as his PhD thesis supervised by Makkai, received too little attention and very few
following works refer to his results: we could only find less than 10 references to these works
among them only three truly consider the interpolation aspect [16, 26, 23]2. We hope that
the present work can contribute to foster interest in Cubrié¢ results.

Another related work is that of Carbone [6] where she establishes a strengthened form
of Machara’s interpolation paying great attention to the ancestor relation (formulated in
terms of flow graphs in that work) which allows her to get bounds on the complexity of the
interpolant but did not lead her to a study of proof-relevant interpolation, invariance by
cut-elimination nor interpolation as cut-introduction. Only few works consider interpolation
in (fragments of) linear logic, starting with Roorda [34]. In the framework of the calculus of
structure, Straflburger proves a decomposition theorem for MELL [37] that is advocated to
correspond to an interpolation theorem and may have a more fine-grained proof-theoretical
content. More recently, several papers investigated and formalized interpolation theorems in
substructural logics, including exponential-free linear logic [5, 14, 32].

2 Background on LL proof theory

In the following, we provide the necessary background on first-order LL.

As usual, we assume a first-order language £ (without equality nor function symbols). We
assume the set of atomic formulas to be equipped with an involution, inducing a partitioning
between positive atomic formulas, written a, and negative atomic formulas, written
a*. We introduce a language of first-order LL formulas:

» Definition 1. The grammar of first-order LL formulas is defined inductively as:

F o= at |L | T |F9F |F&F |VYo.F negative MALL formulas
| a |1 |0 |F®F |Fe&F |3x.F positive MALL formulas
| ?F |!F exponential formulas

Linear negation is defined as usual as an involution on LL formulas (changing a*, L,
T,7%, & VY, Tinto a, 1, 0, ®, ®, 3, ! respectively). A one-sided LL sequent is an ordered list
of LL formulas usually written = T to emphasize the sequent judgments.

» Definition 2 (LL sequent calculus). The inference rules of LL sequent calculus are given
in Figure 1. The inferences of Figure 1 show a relation between conclusion and premises
formulas, the ancestor relation (or sub-occurrence relation) that is extended by transitivity to
formulas of non consecutive sequents of a derivation. An LL proof of a sequent - T is a
finite tree rooted in b T' generated by the rules of Figure 1.

2 Matthes [26] extends Cubrié’ results to a natural deduction with general elimination rules and a
corresponding term calculus while Kanazawa [23] considers interpolation in purely implicational fragments
of intuitionistic logic and finds workarounds for the lack of interpolation in this setting. On the way,
he considers various sequent calculi and proves a result which has some similarities with our result
but is weaker both in terms of the logical language — which is restricted to implicative LJ— and of the
characterization of the equivalence between the interpolating proofs and the original proof.
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Figure 1 (a) Propositional MALL Inferences; (b) LL Exponential Inferences; (c) First-order
Inferences.

» Remark 3. The ancestor relation defined above is (implicitly) used in designing a cut-
reduction system and plays a crucial role in expressing the validity condition for non-
wellfounded and circular proofs as well as in the extension of Maehara’s method we will show
next, in order to propagate sequent splittings from conclusions to premises.

To state Craig-Lyndon interpolation, we need to make clear the required notion to express
the interpolation condition on the vocabulary:

» Definition 4 ((polarized) vocabulary of a formula). Given an LL formula F, Voc(F) is the
set of all predicate symbols occurring in F' together with their linear negations, while
Voc™(F) (resp. Voc™ (F)) is the set of positive (resp. negative) predicate symbols occurring
in F'. This is naturally lifted to lists of formulas.

In the present paper, we shall heavily rely on LL cut-reduction rules (and their symmetric,
cut-introduction rules). The cut-reduction relation (resp. its reflexive and transitive and its
reflexive, transitive and symmetric closures) is generically written —s¢¢ (resp. —2%,, and

:cut)-

3 Proof-relevant interpolation theorem

The following proof-relevant interpolation theorem can be established by refining Maehara’s
proof in order to take seriously into account the relations, not only between the interpolation
sequents, but also between the interpolating proofs.

» Theorem 5. Let T, A be lists of LL formulas and w + T'; A cut-free. There exists a LL
formula C such that Voc™ (C') C Voc™ (T') N Voct(A) and Voc™ (C) C Voct(T') N Voc™ (A)
and two cut-free proofs w1, my of ', C and - C+, A respectively such that

T s
FTe rota
FT,A

*
(Cut) Pcut T
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In the following sections, we will follow two approaches which we consider to be more
instructive from the computer science logic viewpoint, as they reveal the computational
content of proof-relevant interpolation. We will proceed by “introducing cuts” so that we

preserve the denotational equivalence of the interpolated proof with its interpolation (proofs).

But first, let us extend the proof-relevant interpolation result to LK and LJ. These results
could be obtained directly, by refining Maehara’s method or by following the cut-introduction
or computational approach of the following section. On the other hand, one can directly
deduce this result by using the linear embeddings of LK and LJ [19, 13] as a corollary of the
above theorem.

» Corollary 6. Let T', TV A, A’ be lists of LK formulas (resp. of L) formulas, with A being
empty and A’ of length at most 1) and 7 be a cut-free LK (resp. L)) proof of T, TV - A, A,

There exists a LK (resp. L)) formula C such that Voc™ (C') C Voc* (', A) N Voc™t (I, A’)
and Voc™ (C) C Voc™ (', A) N Voc™ (I, A") and two cut-free LK (resp. LJ) proofs w1, of

T T
T'FC,A and T',C - A’ respectively such that L~ Ga rcta (Cut) —ewt T
T FA A

Proof. We sketch this here in the case of LK.

First, it is a matter of a simple check that proof-relevant interpolation presented in the
above theorem also holds for the two-sided LL sequent calculus.

Second, a cut-free LK proof 7 (it would be similar for LJ) can be decorated with exponential
modalities and inferences in order to turn it into a cut-free LL proof =’.

After interpolating this proof (obtaining I’, 7] and 75), one can erase the linear information
of the interpolants and the two interpolating proofs (that is, taking the classical skeleton of
the proofs) and get back a pair of LK (resp. LJ) proofs 71, w2 together with a formula I in
LK (resp. LJ) that lives in the appropriate vocabulary.

The properties of the linear embeddings ensure that the skeleton of a cut-free proof
obtained from Cut(7],75) can be obtained by eliminating cuts from Cut(my, m2). <

4 Interpolation as cut-introduction

We will now show how the proof-relevant interpolation theorem stated in the previous section
can be established by exploiting the dynamics of cut-introduction that is, more precisely,
how the synthesis of the interpolant is in fact a cut-introduction process.

For this, we need to analyze and refine Maehara’s proof method.

4.1 Refining Maehara’s method

The usual statement and proof method for interpolation, made more informative in the
previous section, actually obfuscate the fact that the interpolating formula and proofs are
synthetized using a cut-introduction mechanism: this is due to the structure of the inductive
reasoning used to establish the interpolation theorem under Maehara’s method. Indeed,
the inductive structure of the reasoning amounts to inspecting the structure of the sequent
proofs until one reaches the base cases (the axiom and unit cases), after which the call to the
induction hypotheses synthetize the interpolant.

Analyzing what happens in constructing the interpolating formula and proofs, for a
cut-free proof 7, is made clearer by structuring the process in two phases, a bottom-up phase
and a top-down phase:

32:5
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Ascending phase. This first phase consists in traversing the initial proof = bottom-up, from
root (conclusion) to leaves (axioms), and building, for each visited sequent T, a splitting
(T”,T") inherited from the splitting of the conclusion of the proof by the ancestor relation.
In this way, each node of the proof is ultimately decorated with some additional information
on how to split the sequent labelling the node. We will use the red-blue colors throughout
the paper to represent such splittings, and from now on, enrich sequents with such
splitting information.

Ultimately, for each logical axiom rule - A+, A, we are in one of the following situations:
() (AT AL0): () (A} {4} (i) ({A}{A*}):  (v) (0.{A*, A}) which are
summed up with the color code as: F A+, A; F A+ A; AL A, F AL A (and
similarly for each axiom corresponding to some unit, T or 1.) This corresponds to the
various base cases of the inductive proof of the previous section.

Once every axiom has been reached, we switch to the descending phase, traversing again
the proof, top to bottom, in an asynchronous manner.

Descending phase. Equipped with the sequents splitting information one shall now apply
cut-introduction rules to axioms, progressively moving the cuts down and merging them
in such a way, ultimately, to reach the root sequent of the original proof. We call active a
sequent such that all its premises are concluded with cut inferences. (Initially, since 7 is
cut-free, only the conclusions of logical axioms or O-ary unit rules are active sequents.)

We apply cut-introductions to active sequents, maintaining the following two invariants:

when a sequent is active with splitting (I, "), the cut formulas of its premises are
interpolants for the premise sequents wrt. their splitting (Note that this condition is
trivially satisfied initially since the active axioms have no premise).

when an inference (r) has conclusion S which is active, we apply a (sequence of) cut-
introduction step(s) on this inference, in such a way that (i) S becomes the conclusion
of the introduced cut and (ii) the premises of this cut correspond to the splitting
associated with sequent S.

The descending phase therefore terminates when the cut reaches the root.
R

L T
Sequencing these phases, |- ﬂ A is interpolated as some FT%’ I FIHA
FT,A

(Cut) ~

Ultimately, one therefore builds a cut formula I and two cut-free proofs m; and 7y such
that I is an interpolant of the conclusion sequent with respect to the original splitting and
such that (cut)(my,m2) —%, 7, a condition which is satisfied by construction.

To state precisely the properties of the two phases, we introduce the following notions:

A decorated proof is an LL proof such that each sequent is equipped with a splitting.
A coherent decorated proof is such that for each node, the splitting of the conclusion
and of its premises is coherent with respect to the ancestor relation: a formula belonging
to the left (resp. right) component of the splitting has all its ancestors belonging to the

left (resp. right) component of the splitting. We shall now consider only such coherent
proofs.

With the above notions, the following lemma is clear by induction on the proof:

» Lemma 7. For any LL proof and any splitting of its conclusion sequent, the ascending
phase terminates with a coherent decorated proof.
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L 7TR L TI'R

7T1 1 7Tn n
UL R A 0, L LA,
(Cut) (Cut)
FTLA . FI., A,

FT,A

Figure 2 A PRIS— Proof-relevant Interpolation Situation.

4.2 PRIS: Proof-Relevant Interpolation Situation

We shall now focus on the top-down phase and, in order to make formal the discussion above,
we shall introduce a useful class of coherent decorated proofs, called PRIS for proof-relevant
interpolation situation; they are essentially partially solved interpolation problems:

» Definition 8 (Proof-relevant Interpolation Situation). A PRIS for (I', A) is the data of:

the goal, that is a cut-free LL proof m of conclusion - I'; A and with n > 0 open premises
(F Ty, Aj)1<i<n such that for each 1 <i <n the formulas in T'; (resp. A;) are ancestors
of formulas in T (resp. of A);

the partial interpolants, that is for each 1 < i < n, a formula I; st. Voc™(I;) C
Voc™(I';) N Voc™ (A;) and Voc™(I;) C Voc™(I';) N Voc™ (4A;) and;

the partial solutions, that is, for each 1 < i < n, derivations = (resp. w&) of
conclusion = Ty, I; (resp. & I+ A;).

A PRIS as given by the above definition will be graphically represented as in Figure 2.

In order to make clear our methodology of exploiting PRIS, we define some special cases
of PRIS which have a specific role in the forthcoming development:

» Definition 9 (Initial, solved, and elementary PRIS). We define the following cases of PRIS:
An initial PRIS is a PRIS with n = 0. It thus has the following form:

o~

FI,A

)

with w being a cut-free coherent decorated proof. This is the initial situation of an
interpolation problem.

A solved PRIS is a PRIS withn =1 and w being reduced to the trivial derivation constituted
only of an open premise node - T', A, of the form:

R

L
T
cotrn Fria
FT,A

(Cut)

A solved PRIS therefore corresponds to the solution of an interpolation problem, with Iy
being the interpolant and & nF being the interpolating proofs.
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An elementary PRIS is a PRIS such that its goal is reduced to an instance of a single
n-ary inference rule (r), together with n open premises: it is a PRIS where there remains
a single inference rule to solve in order to obtain a solution to an interpolation problem.

It thus has the form:
LeT it nk T
L FIE A F0,, 1, FLE A,
T = (Cut) (Cut)
S VAN FT,., A, .

FI,A

4.3 Solving PRIS

Our proof-relevant interpolation problem can therefore be rephrased as: How to relate initial
and solved PRIS via cut-introduction? The crucial step lies in the following lemma:

» Lemma 10. For any n-ary inference rule (r and any elementary PRIS 7 of the form:

7r1L W{% 7'(',,[1’ ﬂ-?{?
PTG R A FDo 0 I, A,
(Cut) (Cut)
[ VAN FT,,A,
FT.A ©
L Pt
there exist I, ", nf such that n' = gﬁ] It A (Cut) is a solved PRIS and m <7, '
FT,A

Since, each application of the above lemma reduces by one inference the size of the goal
part of an interpolation situation, each sequence of cut-introduction obtained by application
of Lemma 10 terminates in a solved PRIS, that is an interpolated proof. As a conclusion, we
obtain the following corollary:

» Corollary 11. Any initial PRIS can be reduced, by cut-expansions, to a solved PRIS.

As a conclusion, we obtain the expected main theorem (Theorem 5) by working in a
reversed way, using cut-introduction:

» Theorem 12. Let A, B be LL formulas and 7 be a cut-free LL proof of A+ B.
There exists a LL formula C such that Voct(C) C Voc™(A) N Voc™(B) and Voc™ (C) C
Voc™ (A) NVoc™ (B) and two cut-free LL proofs m,m2 of A+ C and C + B respectively such

st 2
that AFC CFB ox o
—— X (Cut) cut :
A+ B

4.4 Proof of Lemma 10

We now prove the main lemma (missing cases are treated in Section A) which proceed by a
case analysis on the elementary PRIS under consideration.

4.4.1 Axiom case

— (A —  (Ax r_ —— (Ax
Ifw:l—F,FJ- ( )7takeI:FJ-,7rl1:|_F7FJ_ ( )andﬂlzl—F,FJ- (A
The cut between 7} and 77 reduces to 7 by one cut-axiom reduction step.
Ifﬂ':'_FvFj_ (AX),onetakes]zJ.,m’izFF’Fl_’J_ (L) and ] = @ .

The cut of 7} and 7] reduces to m by a key 1/.L case.
The two other cases are treated similarly.
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4.4.2 Logical rules

We analyze the possible cases for a logical rule involved in an elementary PRIS. Note that
in each case, the principal formula may be part of the left or right part of the splitting; we
treat only one case each time since the other is symmetrical be taking the dual interpolant
and exchanging 7% and 7%.

mk it
FI'I +IY A AB
If the last rule is (), ie. if 7 = “T.AAD (Cut) then taking I' = I, 7l = nf
— = (®
FIT,A, A9B
m{t
and 7f = F I+, AJA B o Ve obtain a solved PRIS 7/ such that m <—, 7’ by a
FI- A A9B
commutative reduction of (Cut).
mF mf % 3
If the | | ¢ [ A 1 I—If—,AI,A 1o, 1o I—IQJ-,AQ,B
i i i = Cu Cu
the last rule 1s (®), le. 1II 7 CT,.ALA (Cut) 1,0, B (Cut) ,
FT1 00 AL Ay AG B )
L 3
I '_ﬂ'lL '_TI'QL R }_If‘,Al,A }_IQJ‘,AQ,B
; — —+Ty,T Ty, I — ®)
then setting I = [1QIs, 7 1,0 2,12 @ IR I AL A ASE
FI o, [ @1 (%)

F(L®L)Y, AL A, AR B
one gets a solved PRIS 7/ such that 7 +—},, 7’ by a commutative reduction of (cut) and

a key (®)/(s) case.

mk i
FEI0,L FLE?A
If the last rule is (!p), that is 7 = EEETUERN (Cut) | then by setting I = 7 I,
Fieerra P
i R
FE7T, I M
wl = m () and 7B =F L7, 7A (o)’ one gets that m cut-expands to 7'
PR RIETTA
R
5 <R = F,7T71Lr,11 ‘ - 11711,?A
FIERT L R 7 A e PRI Y TroA (te) SN
F1F?7T,7A o FFIT,7A (e
- !ﬁ,?r,m o)
7T1L Wf
F?R PR, FLLA
If the last rule is (?¢), ie. T = FOFIET.A (Cut) | by setting [ = I, 7 =
7 ED.A O
LSt
aftand nt =7 F T E T I s, One gets that 7 cut-expands to the solved PRIS ':
FoRT, T
L
L mlt I—?F.Z?T%FI RN
v—F?ET T FTHA e ] LT (aw =
TPTA (Cut) FIRTETA

F2FT,A
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L Pt

771 i
FF{y/z}, 0 FLT,A
FF{y/z}, T, A

3

FdzF T, A ©
tion Voc(I1) C Voc(F{y/z},T') N Voc(A). In this case, note that we treat only the case
of a FO language containing no function symbols. We reason by case on whether y occurs

If the last rule is (3), ie. ™ = (Cut) with the vocabulary condi-

inI', A:
L
If y occurs in both, then we simply take I = I; as interpolant, 7% = o (3 and
F3zF T
7t = 7. Since Voc(I) = Voc(I;) C Voc(F,T)NVoc(A) = Voc(IzF,T') N Voc(A), we
L Tk
have that ' = F 3zF 0,1 FIH A (Cut) is a solved PRIS to which 7 cut-expands
FdxF, T, A
via a cut-commutation rule.
T
If y occurs in T’ but not in A, then we set [ = 3y, 7' = + 32F T, 1, ' and
—— 3
FdxF, T, 3yl @
g oo L
R = FLTA w Ve have that 7/ = F3zF. I, I I+ A (cut) is a solved
FvylL A F3zF,T,A
PRIS to which 7 cut-expands via a cut-commutation rule and a key (3)/(v) rule:
sy nf Wf
) FF{y/z}, T, I, FF{y/z}, T, FL—A
R — N €
e A N T LT EFy/enTA -
ut -
FaeF T, A (@ FazF T, A ®
e
. FF{y/z}, T, I, n
i i = - (3 =
If y occurs in A but not in I, then we set I = Vyly, 7 EEMEEA (3 and 7w
—_—— (¥
FdxF, T, Vyly ©
R R
N N RV NI AN :
1 3 - One gets that 7’ = rhy L, vyl yii—, (cut) is a solved
F3yLt, A FdxF T, A
L
T
. FF{y/z}, T, 11 . ”f
cut FEIFF,Il FIl ,A
(Cut)
PRIS to which 7 cut-expands: ) F 3R, iR
FF‘{l//i}rvll FIliaA
Cut) =
e - F{y/«z},T,A o =
FdxF, T, A

Other cases are treated similarly.

4.5 Some consequences and extensions

In the same way as in the previous section, a similar development of LK-PRIS and LJ-PRIS
can be done, either from scratch or by means of linear embeddings which relates linear PRIS
to classicial or intuitionistic ones, this results in the following proposition:



A. Saurin

» Proposition 13. Any initial LK-PRIS (resp. LJ-PRIS) can be reduced, by cut-expansions,
to a solved LK-PRIS (resp. solved LJ-PRIS).

» Remark 14. In fact, the above theorem does not rely on the cut-freeness of m, only the
notion of interpolant does: the cut-introduction performed in solving PRIS can indeed be
extended to handle the cut-case, as long as one relaxes the conditions on the language for
the interpolant. This suggests an immediate generalization of proof-relevant Craig and
Lyndon’s interpolation for proofs with cuts in which each (pair of) cut-formula is assigned
to the left/right component of a splitting (in a consistent way for a given cut inference):
the language of the interpolant is then constructed by taking into account the language of
the cut-formulas depending on the choice of splitting. In that case, an additional degree of
freedom appears in the choice of the interpolant when assigning each cut to a component of
the splitting: strategies for optimizing the language of the interpolant could therefore be
investigated.

» Remark 15. Complementing on the previous remark, analytic cuts (that is cut formulas
that are subformula of some formula of the conclusion sequent) are of particular interest here.
Indeed, the above described procedure to work with PRIS containing cuts can be readily
applied to proofs with analytic cuts.

In a similar way, it would be interesting to consider extending our procedure to proofs
with cuts which are globally analytic (ie. simply requiring that every cut-formula is a
subformula of some formula in the conclusion sequent). While the vocabulary constraint
on interpolant is locally violated when encountering a globally-analytic cut, it is globally
satisfied when reaching a solved PRIS. Other weakenings on the conditions on cut-formulas
car be considered, such as the semi-analyticity conditions by Jalali and Tabatakai [38].

5 On the computational significance of the result: Interpolating
System L

Stated purely in terms of interpolating validity judgements, interpolation is not very mean-
ingful computationally of course. On the other hand, the refined statement investigated
in the present paper opens new perspectives: the interpolant formula can be viewed as a
an interface type I through which a computation can from data type A to data type B be
factored via type I. Let us focus on intuitionistic statement (say, in ILL or LJ):

If © proves I', A F C, there exists some formula I such that Voc(I) C Voc(I') N Voc(A, C)
and proofs m,my of I' F I and I, A F C respectively, such that (cut)(71, m2) —2,; 7.

Rephrased in terms of the A-calculus, that would mean in particular that: for any closed
term Ax.t : A — B there is a type C such that Voc(C') C Voc(A) N Voc(B) and terms
u:A— Candv:C — B such that A\x.t =g Az.(v(uz)). This is the content of the analysis
by Cubrié. Data type C' can therefore be viewed as an interface between types A and B
while processing computation ¢, involving only pieces of data involved in both A and B.

Of course, this interface depends in ¢t itself in the above proof, which would be different if
uniform interpolation is lifted to this proof-relevant framework. Indeed, in that case, the
data type for the interpolant only depend on A and the common vocabulary with the output
type. In that way, interpolation would express some generic preprocessing from A to the
interpolant type UI(A,V) depending only on formula A and type variables V, from which
any computation to a type B (sharing vocabulary V with A) can be performed. In the same
spirit, more precise results on interpolation (especially on polarity of occurrences of relational
symbols, etc.) would provide more information on data usage.
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We shall now outline a rephrasing of our previous results in a term calculus which
corresponds to sequent calculus as the A-calculus does to natural deduction. For uniformity,
this version is essentially inspired from the calculus designed by Munch-Maccagnoni [29, 30],
presented in a two-sided manner rather than one-sided to emphasize the input/output
behaviour and term/context duality, that we restrict to the purely linear (ie multiplicative
and additive setting).

» Definition 16 (Linear System L). As usual, the grammar and type system of linear system
L consists of three syntactic categories: commands, terms and contexts, defined by mutual
TeCUTSIon.:
cu=(t|e)
tu =z | pac| (s,t) | et | pla, Blc| ()| plle] ()| ()| plm(a) = c| m2(f) —
d) | tp
e.fu=alfiz.c|i(z,y)clt-elle fIIa0).cl[|mle)|mle) | il(x) = c|ia(x) —
d) | stop
This gives rise to three kinds of typing judgments: ¢: (TFA); TrHt: A|A; T|e:AFA
and the typing rules given in Figure 3.

» Remark 17. Notice that we use very similar notation for term and context constructs

(t/7, (u,v)/[e, f], ()/[], tp/stop), in order to emphasize the deep symmetry of the System L

framework we work with. This symmetry is exploited in the proof of our main theorem.
The calculus could actually be presented with one-sided typing judgments, see [29].

We provide some of the main reduction rules of this calculus, keeping in mind the invariant
that one reduces commands:

(uavc| €) —+, cfe/a)

p(mi(ar) = 1 | ma(ae) = e2) [ mi(e)) —g ciie/a;}
01 aQ.c) —nc

(
(
(
(
éLj(t) | @(e1(z1) = e1 | ta(x2) = c2)) —ra c{t/z;}
(
(ullell) —oc

Moreover, one shall consider in the development below the 7 rules for p and fi (which
respectively reduce terms and contexts):

poe(t | o) —y, t (if « is not free in t)

far|e) —,, e (if  is not free in e)

The above rules satisfy the expected subject reduction property. Moreover, we need to
reflect the splitting of sequents which will lead us to define a system L with a split typing
system to be detailed now.

» Definition 18 (System L with split typing judgements). We introduce split typing judgements
where types are enriched with a splitting information in the form of a labell € {L, R} carried
by each type occurring in the judgment, which are then of one of the following shape:

c:(xy AR, ARy BY s Bl
. Ak . Akm . Rl . nl . Rln
1t A Al E B g By o By
. Ak . Akm . Ak . Bl . Bln
21t AV By Aim et ARyt BYY, L o By

with k, 1k, ... ki1, .. 1 € {L, R}.
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Identity rules
c:Tha:AA)

I‘l—ua.c:A|AM
Axc c:(T,x: AFA)
I'|jpzc: AFA :
PHt:A|A T'|e:AFA
(tle): (O, T'EAA)
Multiplicative rules
'ks:A[A I"Ft:B[A" z: AFt:B|A
T T (50) ASB| AN © Traet:d—oB|A
c:TFa:AB:B,A)

Xt

m A Term formation

W Context formation

cut Command formation

Term formation

@T' 17 C(F"A) .
TF ulo, flc: AB | A 0F0:110 TFuflc: LA
c:(T,z:Ay: BEA) PHt:A|A T'|e:BFA
l —ol Context formation
| j(z,y).c: A BE A TV |t-e: A— BEAJA
Ile:AFA I"|f:BFA" | c: (T'FA) . 1L
, , , e U oopp:1ro
T | e, f]: A8BFAJA L|a0)e:1FA
Additive rules
PHt:A|A 't:B|A
i @5 Term formation
Pku():Ae Bl A I'Fw():AeB|A
c:Tha:AA) d:(THB:BA) . T"
TF pu(mi(a) = ¢ | ma(B) — d) : A&B | A Irep: TIA
Tle:AFA . Ple:BFA .
1 &y Context formation
' |m(e): ARBF A T | ma(e) : ARBF A
c:(lz:AFA) d:(I",z:BEA) | 0!

5>} .
D) a(u(z) —=clwly)—d:AeBFA I'[stop:0FA

Figure 3 Type derivation rules for System L.

By convention, to save space and ease the reading of judgements, we may use colors to
represent the labels: a labelled type T™ (resp. UR) may be written T' (resp. U ), shorthand
which will be extended to whole typing contexts sharing the same label: ' or T.

» Theorem 19. In what follows, t (resp. e, resp. ¢) is a normal L-term (resp. normal

L-context, resp. normal L-command). The following interpolating results hold:

1. Ifc: (T',Ts F Ay, Ay), there exist a type I € Voc(T'1, A1) NVoc(T'2,As) and t,e such
that Ty Ft:T| Ay and Ty |e: TH Ay, and (t]|e) —* c.

2. If T, Ta bt A| Ay, Ag, there exist a type I € Voc(I'1, A1, A)NVoc(T'2, Ag) and o, t', €
such that Ty Ft': Ala:I,Ay andTo | € : TF Ay, and t'{e'/a} —* t.

3. IfT'1,Ty | e: AE Ay, Ay, there exist a type I € Voc(I'1, Ay, A)NVoc(T'a, Az) and a, €', e”
such that Ty | e : Ala:I,A; and Ty | e’ : TF Ay, and e'{e"/a} —* e.

4. IfT\,Ta bt A| Ay, Ao, there exist a type I € Voc(T'1, A1) NVoc(T'2, Ao, A) and a, t',t”
such that Ty Ft" : T| Ay and Ta,x : TH 0 A| Ay, and t'{t" [z} —* t.

5. IfT'1, Ty | e: AF Ay, Ag, there exist a type I € Voc(T'1, A1) NVoc(T'2, Ag, A) and z, ¢, ¢
such that Ty Ht' : T | Ay and To,x: 1| e : A Ay, and €' {t'Jx} —* e.

32:13

FSCD 2025



32:14

Interpolation as Cut-Introduction

Proof. The result is proved by mutual induction on the structure of terms, contexts and
commands. We detail cases 1-3, case 4 (resp. 5) being essentially similar to cases 3 (resp. 2).

Case 1. If ¢ is a command in normal form, it is either of the form (z | e) (with z being
declared in T’y or T'g) or (t | B) (with « being declared in A; or A,). Depending on the case
and whether the variable is declared in the left or right component of the typing contexts,
we apply induction hypotheses for one of cases 2—4.

Let us assume for instance that ¢ = (z | e) and (z | e) : (I'1,T'3,2: AF Ay, Ay). Then, e
being structurally smaller than ¢, the induction hypothesis applied on I';,T's | e: A F Ay, Ay,
ensures the existence of a type I € Voc(I'y, A1) NVoc(Ty, Ag, A) as well as z, ', ¢’ such that
FibFt¢ T |Ayand To,x:I|e : AF Ay, and €'{t'/x} —* e.

Therefore (t' | fz.(z | €’)) —* ¢ and we indeed have Ty F ¢/ : T | A; and T'a,z : A |
fgx.(z | e) : I+ Ag. The other cases are similar.

Case 2. In that case, we make a case distinction based on the structure of ¢.

If t = pa.c and its typing judgment has shape 'y, Ta F pa.c: A | Ay, Ag; Tt follows that ¢
has typing judgment I';,T's F @ A, Ay, Ay and therefore by induction hypothesis, there
exist an interpolant type I, a term ¢ and a context e such that Ty F¢: 7| a: A, Ay and
Ty |e: IF Ay such that (¢|e) —* ¢. Let us then set I' =1, ¢ = pa.{t | 5) and ' = e
and one straightforwardly gets that t'{e’/8} —* pa.c.

If t = Az.u and its typing judgment has shape '\, Ts F Ax.u: A — B | Ay, As.

By induction hypothesis we find an interpolant type I for w which can be used to
interpolate ¢ as well: we have «,t’,¢’ such that I'y,x: A+ ¢ : B | «: I,A; and
Ty | e :TF Ay and t'{e’/a} —* u. Therefore \x.t'{e'/a} —* Az.u =t.

If t = (u,v) with typing judgment of shape I'1, T, T3, T) F (u,v) : A@ B | Ay, A}, Ag, Al

with Ty, ok u: A| Ay, Ay and T, T v B A A]
By induction hypothesis we find an interpolant type J for v and K for v that we can
combine to interpolate ¢ as well: we have o, u',e¢’ such that T'y F o' : A | a: J, A
and 'y | ¢ : J F Ay, and v'{e’/a} —* w and we have §,v', f such that T} F
v B | B K,Aand T | f/+ K F Al and v'{f'/a} —* v . Therefore we set
¢ = . (ulas AL, ) | 9) | 8) and we have ¢4[¢/, ) /8} = .l B (', ') | 7) |
S{1e!, )6} —* g (W Le fak, v (1B | 7) —* 17-(1, ) | 7) —y, (,0).

Other cases are treated similarly.

Case 3. The only case to consider is that of the applicative context, all the other case can
be directly retrieve from the previous item, dualizing terms and contexts.

If e = w - f with typing judgment of shape 'y, T}, 9, T, |u-f: A — BE Ay, A}, Ay, Al
Then we have I'1,To Fu: A| Ay, Ay and T, T% | f: BE A} AL,
By induction hypothesis we find an interpolant type J, together with u’, g, « for v and
an interpolant type K, together with f’, f”, 8 for f which satisfy:
Dybu Al Ao J;
Do|g:JE Ay
| f:BEA,B:K;
Ty | K F A
u{g/al —* u;

fRr7By — f.
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Therefore, we have I'|,T,| v/ - f/ : A— BF A, Alya: J,B: K and T2, T% | [g, f"] :
JeK F Ay, A, As a consequence, we have I'1, T} | gz (ula, f].(x | v'-f') |7): A — BF
Ay, Ay JRK. We thus set [ = 9K, e = . (u[a, Bl {z | v - ') | v) and e’ = [g, f"']
and we observe that

efe” /vy —* pr e [u{g/a}- f{1")BY) —* (x| u- f) —g, u-f=e

Case 4. These cases are treated similarly to 2, but for the fact that the interpolant lives in
the world of terms rather than of contexts but since we did not use connective — to build
an interpolant in 2, the symmetry of system L does the job.

Case 5. These cases are treated similarly to 3, but for the fact that the interpolant lives in
the world of terms rather than of contexts and the same justification as for the previous case
applies. |

» Remark 20. The above results could be extended to full LL, even though it would be more
adequate formally to move to the original calculus by Curien and Herbelin and prove a
corresponding result to proof-relevant interpolation for LK to avoid complexities in dealing
with structural rules.

In Curien-Herbelin’s setting, a particular attention should be paid to the reduction
rules that are needed in order to investigate to what account one can restrict to specific
evaluation strategies, such as call-by-name and call-by-value, in interpolating, in order to
avoid the computational critical-pair. Note that in the above development, this critical
pair is not problematic due to the linearity discipline that is enforced: the sequent calculus
non confluence does not induce a trivial equational theory (as is known from proof nets for
instance which precisely perform this quotient).

6 Conclusion

In this paper, we established a refined, proof-relevant, version of Craig-Lyndon interpolation
theorems for first-order linear logic and then deduced it, using completely standard tools of LL
proof theory, to LK and LJ. A most striking fact, in our opinion, is that the result was almost
there for decades, since the early proofs by Maehara (and its broad dissemination in proof
theory textbooks, not to speak of applications to broader logical frameworks) and Prawitz.
Borrowing Feferman’s words, “though deceptively simple and plausible on the face of it”, we
think that this approach to proof-relevant interpolation in sequent calculus emphasizes a deep
duality between interpolation and cut elimination : more specifically, the process of synthesis
of the interpolant and the two interpolating proofs is reformulated as a cut-introduction
process. Finally, we considered the computational content of the results by an analysis of the
results in system L.

While we think that interpolation as cut-introduction is both a new conceptual and
technical contribution of this work, a proof-relevant interpolation theorem has already been
established by Cubri¢ [9, 10] in the early 90’s for propositional intuitionistic natural deduction
in the form of an interpolation for the typed A-calculus and for bicartesian closed categories.
Similarly, our approach is subject to a computational interpretation in system L [11, 12] that
we plan to develop further in a future work. In fact we also hope that our interpolation-as-
cut-introduction can pave the way for a broader analysis of the computational content of
interpolation as a manner to factor computation through interfacing (that is, interpolating)
types. Indeed, while the computational interpretation of Cubrié¢’s result, stated in the
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A-calculus, is certainly more transparent than the sequent calculus that we presented here, it
has not been extended in more than 30 years, except once by Matthes [26]. A reason for this
might be that while both allows for a proof-relevant phrasing, Maehara’s method is more
modular and easily extensible than Prawitz as it rests on a logical framework, the sequent
calculus, that is inherently more modular that natural deduction. For instance, the results
of Section 5 can be easily extended to a computational version of interpolation holding for
classical System L (that is in a classical framework featuring continuations) and not only
it linear, multiplicative and additive restriction as discussed here, while it is not clear how
Cubri¢’ results can be extended beyond simply typed A-calculus, eg. to Parigot’s Au-calculus
or A-calculi with dependent types.

Among ongoing and future works that we plan to tackle, one can list the following

directions.

Extend our treatment of interpolation in System L from the multiplicative-additive

fragment to full LL as well as LK (with a focus on evaluation strategies in this latter case).

While Maehara’s method strongly relies on the inductive and tree structures of sequent

proofs as well as on the cut-freeness assumption, we believe that those assumptions can

be weakened to some extent, still allowing proof-relevant interpolation to go through. We
have several extensions in mind that will witness this fact:

Circular proofs First we are working at extending proof-relevant interpolation to provide
a treatment to circular proofs for LL with least and greatest fixed-points.

Proof-nets Second, we are investigating proof-relevant interpolation for LL proof nets,
which are a proof system satisfying strong canonicity properties akin to those of
intuitionistic natural deduction. In particular, it seems that interpolation as cut-
introduction in (multiplicative) proof-nets can be reformulated in terms of correctness
criteria.

Proof with cuts As discussed in Section 4.5, the assumption that is truly at work in
Maehara’s method is not really cut-freeness, nor the subformula property, but simply
a consequence of those properties, amounting to a sort of “sublanguage property”; it
is indeed possible to perform Maehara’s interpolation for proofs having cuts satisfying
some structural properties. In a similar way, our proof-relevant interpolation should
be extendable for PRIS with cuts of certain forms. In particular, it was shown recently
by Hetzl and Jalali [22] that interpolating proofs with cuts has useful consequences.
We therefore plan to follow the directions outlined in Remarks 14 and 15.

There is of course a denotational counter-part to proof-relevant interpolation, that was

already investigated by Cubri¢ for models of the simply typed lambda-calculus with pairs.

We plan to extend this to models of linear logic, establishing factorization properties for

models of LL.

An intrinsic advantage of sequent calculus over natural deduction, and therefore of our

approach over Cubrié’s, is that many more logics can be formulated as sequent calculi than

in natural deduction. Can we extend our results to other logics having cut-elimination?

We plan to reconsider Cubri¢’s results from the cut-introduction perspective and try and

extend them to various extensions of the simply typed A-calculus.

Finally, an important and difficult question that we would like to explore is whether

such a proof-relevant approach to interpolation can be extended to uniform interpolation.

That would mean that all computations that can be performed from a piece of data w in

a type A to data sharing with A only a fixed set £ of primitive datatypes can be factored

through a program that computes a value v in the uniform interpolant datatype build

from £ such that everything that can be computed from u can be computed from v as
well.
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A. Saurin

A Details on the Proof of the Main Lemma

We now provide the missing cases for the proof of Lemma 10 given in Section 4.4.

A.1 Axiom case

fr=pp FI (AX), one simply takes [ = F+ 7l = P pL A9 and T =

— (A9
FF Pt :
The cut between 7} and 77 reduces to 7 by one cut-axiom reduction step.

fr=_ p pt (A9 , the case is symmetrical taking I = F.

T
Ifﬂ'Zl_F’FL (AX),onetakeSI:J_, wﬁ:m (L) andw{:ﬁ )

The cut of w} and 7] reduces to m by a key 1/ case.

fr=_ppt (A9 , the case is symmetrical to the previous one, taking I = 1:
7r
mt=r7 M) and 7] :W L,

A.2 Logical rules

We analyze the possible cases for a logical rule involved in an elementary PRIS. Note that
in each case, the principal formula may be part of the left or right part of the splitting; we
treat only one case each time since the other is symmetrical be taking the dual interpolant
and exchanging 7” and 7%.

L T
FT L ot
If the last rule is (1) , that is if 7 = CT A (Cut) . By setting I = I}, 7l =
FLT,A
’/Tf 7'('L Ff
FI, 1 N and 7% = 7, one gets a solved PRIS #/ =~ L,ILT  FI+A (Cut)
FLT, L N RN

such that 7’ —,; ™ by a cut-commutation case.

If the last rule is (1) , that is if 7 =7 (@) (which is indeed both an initial PRIS and an

elementary PRIS), let I =1land nf =7 ) and 7ff = 11 (Ax)

PRIS 7’ such that 7w «—7,, 7’ by a key 1/L case.

. One gets a solved

L 7'('R
i
A S
FF.DA
FF@ BT, A

A

)

If the last rule is (&),¢ € {1,2} ,thatisif 7 = (Cut) , then setting
(@)

T
I=1I,st= FFIL . and 7f = 7 one gets a solved PRIS 7’ such that

@
FFe R4 )
m 2%, ™ by a commutative reduction of (Cut).
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32:20 Interpolation as Cut-Introduction

If the last rule is (&) , that is if 7 is has the following form

k mft ¥ Ty
FEbL FntA FGT, FLEA
(Cut) (Cut)
FET,A FG.T,A
&
FFaG.T,A &)
7TL 7TL
FEb L -6 o
then setting I = I & I, 7F = Frr Lol (@) WAL YA (@) and 7ft =
FFRG.T, I (&)
) 3
FLT, A R A &) one observes that
F &L, A
L R
FTor It A
(Cut)
FT.A
T T
FE b L G, T, I
— (@Y s — (&) i
., FFEI,I It A FG.T I It A
cut (Cut) (Cut)
FET,A G, T A
F FaG.T,A &)
3
7'('% Wf [ G7 712 (@2) 7TR
.. FEbEL FRTA G, I A
(Cut) (Cut)
FET,A N BYAN
FF&G.T, A . &)
wl Q ¥ 7T
FRb L Fnta Ot FLEA
Cu Cu =
T FELA (o FGT,A (o =
&
- FaG.T,A (&)

so that m indeed cut-expands to 7’.
If the last rule is (T) , that isif 7= T A M by setting I =0, 7% = FT.T.0 M
,L) R ’ )

and 7ff = FT A (M Then 7' = T il (Cut) is a solved PRIS to which 7 cut-
) FT.T,A
expands by a (T) commutation case.
7r1L Wf
) ) FET, L, FLT,A . .
If the last rule is (7d) , that is 7 = DA (Cut) | then setting [ = I, 7" =
——— (?d)
F?ET,A
T
P B ) and 7% = 7 one gets:
- @ 2d 1
F?F T, I
; n e ush
FeET T T A NN Lt A P
i cu ut) —
F7F T, A (o FET,A
i 2d
F?FET,A e

so that w indeed cut-expands to 7.
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e i
FT L Fnta
If the last rule is (?w) , that is 7 = T A (Cut) , then by setting I = I,
7 ow
F?ET,A v
i
b= FI.L sy @0d 7 =7{t, we ensure that, since Voc(I) € Voc(I') N Voc(A),
FYRT L
L Wf
x=F ?%v rLr rI1-,A (cut) is indeed a solved PRIS and that
F?ET,A
i it
/ FTL FnbA
™ —cut FT,A (Cut) = .
— (w
F?PET,A ()
by a cut commutation rule so that 7 indeed cut-expands to 7’ as expected.
L T
s 1
FYRTET, L LA
If the last rule is (?7¢) , that is 7 = 7 E 7 T.A (Cut) by setting I = I,
e L
2 FED.A O
al
ol =F ?Fa?]}?arall 2 and 7 = 7 one gets:
F?ET, T '
e m
L mlt 2F 7] 1
ﬂ-l:|_?7}'9’1_‘7] I—IJ‘,A N l‘.F,.F,F,Il "Il ,A ) —
(Cut) eut F?F?FT,A
F?FT,A ——— (9
F?ETA
so that 7’ is indeed a solved PRIS to which 7 cut-expands.
e Wf
Febn Fnta
If the last rule is (v) , that is 7 = FET.A (Cut) with z ¢ FV(T',A) and
a9
FVYeF T, A
al
FET L
Voc(I) € Voc(F,T)NVoc(A). By setting I = 31, nt = F AT 320, @  and 7f =
e E— T
FVeF, T, dx. 1y ©
of S
Fh, A ) » One gets that: o = FY2FT, 320, FVaht A (cuy 18 & solved
FveLt, A FvYaF, T, A
R
nf 7T
FED L -nta “
e — 3 -
PRIS to which 7 cut-expands: 7' —¢ - F, T, 3x.1; @ F Vm]lj‘, A —eut T
C
CET.A (o
oo ™
FVYeF, T, A
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