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—— Abstract

Cutting planes are crucial for the performance of branch-and-cut algorithms for solving mixed-integer
programming (MIP) problems, and linear row aggregation has been successfully applied to better
leverage the potential of several major families of MIP cutting planes. This paper formulates the
problem of finding good quality aggregations as an fp-norm minimization problem and employs
a combination of the lasso method and iterative reweighting to efficiently find sparse solutions
corresponding to good aggregations. A comparative analysis of the proposed algorithm and the
state-of-the-art greedy heuristic approach is presented, showing that the greedy heuristic implements
a stepwise selection algorithm for the £p-norm minimization problem. Further, we present an example
where our approach succeeds, whereas the standard heuristic fails to find an aggregation with desired
properties. The algorithm is implemented within the constraint integer programming solver SCIP,
and computational experiments on the MIPLIB 2017 benchmark show that although the algorithm
leads to slowdowns on relatively “easier” instances, our aggregation approach decreases the mean
running time on a subset of challenging instances and leads to smaller branch-and-bound trees.
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1 Introduction

Mixed integer programs (MIPs) are an important class of mathematical programs combining
continuous and discrete decision variables with linear objective functions and constraints.
The branch-and-cut algorithm is the backbone technique used in many MIP solvers, e.g.,
SCIP [10]. A critical component of the branch-and-cut algorithm’s success is the use of
cutting planes. There are rich classes of valid inequalities for the mixed-integer linear program
(MILP):
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min{c' x|z € QP x 29, Az — b < 0}, (1)

where Q denotes the set of rationals, Z denotes the set of integers, A € Qm*®+9) and
be Q™. .

In this paper, we investigate the common aggregation procedure [37] used in the generation
of valid inequalities for MILPs. We formulate the aggregation problem as a cardinality
optimization problem, and we exploit the sparse optimization technique called least absolute
shrinkage and selection operator (lasso) [42]. Our primary contribution is the development
of a sparsity-driven and optimization-based aggregation algorithm tailored for MILPs. This
allows us to derive more effective complemented Mixed-Integer-Rounding (c-MIR) cuts
[36, 40] than the previous heuristic [37].

We next review the aggregation procedure for MILPs. Aggregation constructs a single-row
surrogate relaxation, defined by the so-called base inequality, in the form: min{c'z |z €
QP x Z1, AT (Az — b) < 0}, where ) is a vector of non-negative factors. This surrogate
relaxation simplifies the structure of the original problem, facilitating the derivation of valid
inequalities. An illustrative example is the Chvatal-Gomory (CG) cut [20, 25]. For pure
integer linear programs (ILPs), CG cuts take the form of [AT AJz — [ATb| <0 with A € Q7,
and these cuts are a specific type of split inequality [21], inferred from the aggregated
single-row surrogate relaxation. Subclasses of CG cuts include zero-half cuts [15], where
factors of A are restricted to zero or one-half, and mod-k cuts [16], with factors of A in
{0,1/k,...,k — 1/k}. For general MILPs, projected CG cuts can be used. Similar to the
principles of Benders decomposition [7], Bonami et al. [11] proposed projecting out continuous
variables from MILPs to reduce them to ILPs, i.e., the first p elements of AT A corresponding
integer variables are zeros, then CG cuts can be applied effectively.

In addition to split cuts, Mixed-Integer-Rounding (MIR) cuts [40] form another funda-
mental class of valid inequalities, particularly relevant for single-row MIP models involving
continuous variables. While MIR cuts are mathematically equivalent to Gomory’s mixed-
integer cuts [28], split cuts, and a special case of disjunctive cuts [4], their separation
procedures differ significantly, particularly when combined with aggregation, resulting in
distinct implementations in optimization solvers. Aggregation is also used for generating
complemented MIR (c-MIR) cuts, as introduced in the heuristic by Marchand and Wolsey
(MW) [36, 37]. The MW heuristic has been shown to be effective in the computational studies
realized in SCIP [1, 44], MOPS [19], and CPLEX [29]. The MW heuristic uses a stepwise
selection process to create a sparse base inequality that has as few continuous variables as
possible, i.e., some continuous variables are greedily projected out. For MILP instances
with network structures, such as network design problems, a tailored heuristic [2] has been
proposed to find aggregations corresponding to sparse cut sets in networks, and the resulting
¢-MIR cuts are the well-known flow-cutset inequalities [3, 9]. Note that the technique of
projecting out continuous variables via row aggregations before applying c-MIR cuts is also
crucial for enabling other components, such as cut-based conflict analysis [38], to generate
conflict constraints in the presence of continuous variables.

Our innovation is centered on the use of sparse optimization to find aggregations. The
corresponding sparse optimization problem can be formulated as a cardinality optimization
problem [43] involving the nonconvex and non-differentiable fy-norm, which is a hard
combinatorial optimization problem. As a practical alternative to fp-norm minimization,
we employ approximations using sparsity-inducing convex norms. In the case of the /;-
norm, the approximation problem is lasso [42], which can be solved efficiently by linear
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programming (LP). Under specific conditions, the lasso’s solutions can exactly recover the
original £yp-norm solution [12, 18]. We refer to [5, 6, 23, 26, 31] for other (approximations of)
optimization-based separators, some of which have particular emphasis on sparsity.

The remaining part of this paper is organized as follows. In Sect. 2, we introduce the
notation and the definition of ¢c-MIR cuts. In Sect. 3, we revise the MW heuristic and its
implementation, and we show its limitations in an example. In Sect. 4, we provide the
cardinality optimization formulation of the aggregation, we show that the MW aggregation
heuristic is a stepwise selection heuristic, which is a relatively ancient approach in statistical
community [24, 32], and we introduce the lasso approximation of the cardinality optimization
problem. In Sect. 5, using the lasso approximation, we propose an aggregation algorithm
that solves several linear programs (LPs) to pursue a sparse aggregated base inequality and
project out integer variables. In Sect. 6, we present the experiment results. In Sect. 7, we
conclude this paper with the future research prospect. This perspective not only sheds light
on the structure of the aggregation process but also provides a foundation for our further
refinements.

2 Notation and c-MIR cuts

In this section, we provide the necessary notation and the definition of c-MIR cuts [37]. Let
[t1 : t2] denote the sequence (t1,...,t2), and let [t] be an abbreviation for [1 : t]. Denote
T = max(x,0). Let ||-|, and [-||; denote the £y-norm and ¢;-norm, respectively. Given
a matrix A € Q™*", A, ; is the entry at row index ¢ € [m] and column index j € [n]. To

index its submatrices, ¢ and/or j can be replaced with index sets I C [m] and/or J C [n].

Additionally, when using a matrix index, the symbol : denotes the full index set [m] or [n],
depending on the context.
Next, we define the c-MIR cut for the following mixed knapsack set:

X = (s,z)€@+xZi:Zajzj§b+s, zj <wjforjelq . (2)

j€ld]

Let (T,U) be a partition of [¢] and let the scaling parameter 6 > 0. We can complement
variables in U and scale the constraint )., a;z; < b+ s by dividing it by é. This results
in the single-row relaxation:

a; —a; b—2jevauj | s
X' = (S7Z)€Q+XZi:Z?JZj‘FZT](Uj_Zj)S%‘FE .3
JeT Jjeu
Then, the ¢-MIR inequality derived from X’ is as follows:
a; —aj S

2, GG s+ 2, G =) S LB+ 5y W

JeT jeu
where 8 = (b~ cryaju;)/0, f =B~ 8], and G(d) = (|d] + (fa— )T /(1 = f)) with fg =
d —|d|. The c-MIR inequality is valid for X’ (hence for X), and it becomes the so-called

MIR inequality when U = @ and § = 1 [37, 40]. The ¢-MIR inequalities can represent mixed
cover inequalities, residual capacity inequalities, and weight inequalities.

3 The Marchand-Wolsey Heuristic

In this section, we discuss the MW heuristic [37], a procedure designed to generate c-MIR
inequalities, and several enhancements of its implementations [19, 44].
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As we have mentioned, continuous variables are generally not preferred in the base
inequality, since a base inequality consisting solely of continuous variables does not yield
additional useful inequalities. Although continuous variables can be included when deriving
¢-MIR cuts (4), it is often beneficial to project out some continuous variables to enhance the
effectiveness of the cuts. If we enforce the use of a row in the aggregated base inequality, since
MILP instances are usually sparse, then there may be only a few nonzero continuous variables
in the enforced row to eliminate. Moreover, the complete elimination of continuous variables
is not necessary. This characteristic marks a key distinction from Benders decomposition.

The bound distance is a measure used in [37, 44] to determine “bad” continuous variables
that will be preferred for elimination. To illustrate this, we divide the linear constraints
Az — b < 0 of the MILP (1) into two parts: the bound constraint part and the normal
constraint part. For brevity, we denote p + ¢ by n. The bound constraints, which include
variable bounds and implied variable bounds, are expressed in the set

X, = {.’E c Qn : VJ S [n},x]— < Uj, and V] c [p],jl (S Jj,.’Ej < Wj ! +djj/xj/}7 (5)

where J; is a subset of [p+1 : p+¢|. For the sake of simplicity, we only consider upper bounds
on variables, and our results are applicable for variables with lower bounds as well. The
remaining normal constraints define the set Xy = {z € Q", A’z — b’ < 0}, where A’ = A; .
and b’ = by with I C I being the index set for the remaining constraints. Thus, the MILP
(1) reads as mingegrxze zex,nx, ¢ . Given a point i to separate, for j € [p], the bound
distance of Z; is defined as

bdd(;’f]) = mm({uj} @] {Ujj/ —+ djj’jj/}j’el7) - i‘j. (6)

In the heuristic, eliminating continuous variables with large bound distances is preferred,
which we will explain later. A continuous variable with a nonzero bound distance is called a
“bad variable”. We next revise the three basic steps of the MW heuristic, which was presented
at a high level in [37]:

1. Normal constraint aggregation: The MW heuristic identifies bad continuous variables,
then it employs a stepwise selection algorithm to determine a few nonzero factors Az.
The aggregated inequality )\}F(A' x — b") <0 should be sparse, and some bad continuous
variables are projected out.

2. Bound substitution: Each remaining continuous variable z; in the aggregated inequality
is substituted by an expression of its bound and a nonnegative continuous slack variable
Yji Tj =U; —Y; OF Tj = U;;» + dj;j25 — y;. This yields the inequality defining the mixed
knapsack set X, where s in (2) is taken as the weighted sum of all continuous variables y,
and z in (2) contains all integer variables present in the base inequality.

3. Separation: The parameters (7, U) and § are determined, and the associated ¢-MIR
inequality (4) is generated.

The MW heuristic’s preference for eliminating continuous variables with large bound
distances is explained as follows. We can reduce the set X’ in (3) to a simple two-variable
mixed-integer set {(0,() € Q1 X Z : { < 8+ o}, and the ¢-MIR inequality reduces to the
split inequality ¢ < |8] + /(1 — (8 — |B])) valid for this set [22, 37]. See Fig. 1 for an
example. The gray area indicates the set of nonnegative points satisfying ¢ < 3 + o, and the
vertical lines represent sets of integer feasible solutions. The line passing through (0,1) and
(2,0.6) shows the boundary of the set of solutions satisfying the split inequality.

Observe that feasible solutions of the LP relaxation that are cut off by the split inequality
have relatively small values of . Further, the smaller the value of o, the larger the
corresponding interval that is cut off. In the extreme case, consider a point (&, ¢ ). If 6
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is zero (i.e., at its bound) and the base inequality ¢ < 8 + o has zero slack (i.e., é = B),
then the point is cut off by the split inequality. An aggregation that eliminates continuous
variables with large bound distances, followed by the substitution of remaining continuous
variables using their bounds, represents a shift into a space where the remaining nonnegative
continuous variable (o in the example above) tends to be close to 0. This results in a higher
likelihood that a strongly violated MIR inequality will be found.

a

1

0:5

Figure 1 Example of a split cut.

The MW heuristic differentiates between normal constraints and variable bound con-
straints. However, the second bound substitution step can be interpreted as a specialized
constraint aggregation procedure applied to variable bound constraints, where the absolute
values of the corresponding factors are restricted to either zero or one by the MW heuristic.
We will show that, in Sect. 5, our aggregation algorithm can unify the aggregation of two
types of constraints, so the algorithm has no restrictions on factors for bounds.

SCIP’s implementation of the aggregation algorithm includes several enhancements,
such as preprocessing and the use of row scores. Normal constraints’ rows containing bad
variables are identified as “useful rows” (that is, useful for eliminating bad variables). The
preprocessing step reduces the LP’s rows to these useful rows, effectively pruning the search
space of \. Row scores are used to select rows to combine. The score of a row is a weighted
sum of its dual value, density, slack, fractionalities of its integer variables, and “fractionalities’
of its continuous variables defined through slacks of implied variable bounds.

Y

Algorithm 1 The preprocessing algorithm.
Require: the LP data (A,b).

1: compute bound distances of continuous variables;

2: identify the index set J of bad variables and the index set I of useful rows;
3: compute scores of useful rows;
4
5

. sort the indices of bad variables in decreasing order of bound distance;
: sort the indices of useful rows in decreasing order of score;

The whole preprocessing algorithm is presented in Algorithm 1. Finally, we outline SCIP’s
implementation of the MW aggregation heuristic in Algorithm 2.

The MW heuristic cannot adjust the factor \; after the row r; is added into the aggregated
row. Consequently, it cannot explore all possible combinations of rows. The following example
illustrates a limitation of the MW heuristic, where it fails to eliminate all bad variables, even
if there exists such an aggregation.

27:5
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Algorithm 2 The MW aggregation heuristic.

Require: relaxation solution Z, the LP data (A,b), the starting row index i, and the
maximum round MAXAGGR of aggregations.

1: call the preprocessing Algorithm 1;

2: in the aggregated constraint ax — 8 < 0, set a + A;,. and 3 < b;,

3: set the aggregation counter ¢ < 0;

4: set the set I’ of used rows to {ig};

5: set the set J’ of eliminated bad variables empty;

6: for each sorted index j € J ~ J' of bad variables do

T for each sorted index i € I \ I’ of useful rows for which A4;; # 0 do

8: find the factor A; such that the coefficient vector o™V = a + A; A4, ; has a?ew = 0;
9: if there exists j € J’ such that o™ # 0 then

10: continue ; > do not add rows that reintroduce eliminated bad variables
11: end if

12: update: a < o™V, B+ [+ Nb;, I' < I'U{i}, J < J U{j}, and c < c+ 1;
13: try bound substitution and separation on the aggregated constraint o' 2 — 3 < 0;
14: if ¢ < MAXAGGR then

15: break ; > proceed to next bad variable
16: else

17: return ;

18: end if

19: end for
20: end for

» Example 1. Consider the MILP’s constraint Az < b,z > 0 as follows:

1/3x1 + x2 — 2/3x3 <1, (7a)

2/3x1 — 1/3x2 — 4/3x3 + x4 <1, (7b)
—1/3x9 + x5 <1, (7¢)

x >0, (7d)

where all rows are useful, x5 and x3 are bad continuous variables, x; and x4 are integer
variables. Assume that the objective of the MILP is min Zje[4] —x;. Thus, the solution to
the LP relaxation is (0,2.143,1.714,4), and the slacks of constraints are all zeros. A vector
A =(1,1,2) exists such that the corresponding aggregated inequality x1 + 24 < 4 eliminates
all bad variables. However, the MW heuristic cannot find a projected inequality starting
from any row. For example, starting from the first row (7a), assume that the MW heuristic
chooses the second row (7b) to eliminate xo. In this case, the heuristic greedily selects the
factor 3 for (7b) and does not select any factor for (7c), then we obtain the aggregated
inequality 7/3z1 — 14/3x3 + 3z4 < 4 using A = (1, 3,0).

Hence, a systematic method is required to explore the space of A, rather than relying on the
stepwise activation and fixing of nonzero factors. In the following sections of this paper, we
propose an optimization-based approach to address this need.
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4 Cardinality Formulation of the Aggregation Problem

In this section, we formulate the aggregation problem as a cardinality optimization problem,
more precisely a cosparsity problem [39]. We cast the problem as the standard weighted
regularized cardinality optimization problem. We show that the MW aggregation heuristic
is a stepwise selection heuristic, which was used to solve the £y minimization problem [32].
Then, we present the lasso approximation of the cardinality optimization problem.

We consider the following cardinality optimization problem:

min _ [[WA7 Ar g, (8)
Ar€Qi Aig>1

where Ay ; is the submatrix of A with useful rows indexed by I and bad variables indexed
by J, W = Diag(w) is the diagonal weight matrix with diagonal entries w = (w;);cs =
(bdd(Z;))jes (see (6)). Note that we enforce the starting row r;, by setting A;, > 1 (otherwise,
the minimum value is zero). To separate a sufficient number of cuts, we will generate multiple
aggregations in a single separation round of cuts, each of which is obtained by approximately
solving a cardinality optimization problem enforcing a different starting row r;,. The objective
in (8) is a weighted sum of nonzeros in the aggregated row:

WAL Argllg =D w{(d Aij\i) # 0} (9)

JjeJ i€l

The problem (8) is a cosparsity problem, which presumes that the linear transformation
AJ Ar j of Az is sparse. The problem is nonconvex and is known to be AN'P-hard [43].
Moreover, we want the aggregated base inequality to be sparse, so this translates to a
requirement of sparse factors. Thus, we add ¢y regularization term on A; to the objective,
and we obtain the following regularized cosparsity formulation of the aggregation problem:

min waT A WA .
/\zeQi,,\i(leH 1 Arallg + WALl 0

where W’ = Diag(w’) is a diagonal weight matrix, and the diagonal entries w} (i € I) is a
user-defined penalty. For example, w) could be the score of row r;.

We next cast the problem as the standard weighted regularized cardinality optimization
problem. Let us introduce variable p representing A] Ay, and this leads to the weighted
version of the £y minimization problem:

min w + [[W'Afll,. 11
oot Wl WA (11)

Forward stepwise selection [24, 32] and the lasso [42, 18] (aka ¢1-norm approximation) are
two popular methods for approximately solving the ¢y minimization problem (11). Forward
stepwise selection can be seen as a “greedy” algorithm, updating the active set by one
variable at each step, instead of re-optimizing over all possible subsets of a given size; in
turn, the lasso can be seen as a more “democratic” version of forward stepwise, updating the
coefficients to maintain equal absolute correlation of all active variables with the objective.

The MW heuristic can be viewed as a forward stepwise selection algorithm for the £,
formulation (10) of the aggregation problem. In the statistical community, there are several
known drawbacks of the forward stepwise selection heuristic. The number of the selected
candidate variables may be smaller than the total number of final model variables [33].
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Models that are created may be over-simplifications of the real models of the data [41]. These
drawbacks imply that the MW heuristic cannot find complicated combinations of rows, which
was already demonstrated in Example 1.

We adopt the lasso approach to tackle the cardinality formulation (10), and this yields
our new heuristic to solve the aggregation problem. As the ¢;-norm promotes sparsity, the
lasso approximation uses the ¢;-norm to approximate the fy-norm in (11):

min IWally + W Arlly- (12)

Ar€QL Ao 2L AT A y=p

In our setting, we let the penalty w] be the nonnegative slack b; — A—r Z of the row. This
penalty and ¢; approximation promote zero slacks, i.e., tight rows. This casts IW'Az]; as
> icr Xi(bi — Al LZ), and the lasso approximation (12) becomes:

min Wully + i 9
Ar€QL A 21 AT A y=p I ||1 ; ) (13)

Note that the term Y, Xi(b — A %) is precisely the slack of the aggregated base inequality.

Thus, viewing instead |[WA] Ar s ||, as the regularization term, we reach another interpret-
ation of the lasso approximation: the ¢; approximation aims at finding a sparse aggregated
base inequality with a small slack, where the sparsity means that the (weighted) sum ||W pl|,
of the number of non-zero bad variables is small. The lasso is a convex optimization problem,
and it can be converted to an LP by introducing some extra variables modeling the ¢; norm,
so we can solve it to optimality using the off-the-shelf LP solvers. Note that we can convert
T2 = B into two inequality rows o'z — 3 < 0 and —a 'z + 8 < 0 both of
zero slacks. An optimal basic solution to (3) usually has at most one non-zero factor for

an equality row «

these two rows.

5 An Optimization-Driven Aggregation Algorithm

In this section, we present an LP-based algorithm to solve the aggregation problem. The
algorithm solves several LPs to promote the sparsity of the solution.

Our aggregation algorithm can unify the normal constraint aggregation and bound
substitution steps of the MW heuristic. To this end, we modify the preprocessing algorithm
by treating variable bound constraints as normal constraints, i.e., useful rows can include
variable bounds. Thus, the index set I of useful rows is a subset of [m] (not I). This
exploits more possibilities to project out bad variables. We next present the main aggregation
algorithm.

In the first factor search stage, our algorithm solves the LP (13) to find a A;. Denote by
I' ={i e I:\; > 0} the index set of active factors. Then, the aggregated base inequality is
ArAp gjx—Apbp < 0. As lasso is sparse inducing, the nonzero factors in the solution A; are
usually quite sparse. This implies that the aggregated base inequality is sparse. Moreover,
the sparsity of )\}'—, Ay .y is also promoted by the LP, and some bad variables are eliminated
in the aggregated base inequality.

If )\}F,Ap’ J is not sparse enough, i.e., the density of bad variables exceeds a threshold,
then our algorithm moves to the second stage, wherein it applies iterative reweighting. The
iterative reweighted algorithm [14] performs exceptionally well in locating sparse solutions to
fp minimization, and it even outperforms ¢; approximation. The key feature of the reweighted
algorithm is the solution of a series of reweighted ¢; approximation problems. In this stage,
we use the iterative reweighted algorithm to construct and solve several modified LPs to find
a sparser A supported on I’. As the active set I’ is already known, we are only interested in
projecting out the bad variables, so our new LP has only the second term in its objective:
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min ||W)\IT/A]/7JH1. (14)
A €QL i >1

In each round of iterative reweighting, the algorithm dynamically adjusts the weight W
and resolves the modified LP (14). The weights are updated with the use of the previous
solution A to (14):

w; = {wz/(e + A’L)’ )\i 7& 0) (15)

0, \i =0,

where € is a small positive constant introduced to avoid numeric overflow. We solve the
iteratively reweighted LPs (14) until A\], Ay s is sparse enough.
We next present our sparsity-driven LP-based aggregation algorithm in Algorithm 3.

Algorithm 3 Sparsity-driven LP-based aggregation algorithm.

Require: relaxation solution #, the LP data (A, b), the starting row index i, the maximum
round MAXAGGR of aggregations, and the density threshold 7.
call the preprocessing Algorithm 1;
solve the lasso approximation (13);
set the set I’ of used rows as support of nonzeros in Aj;
set the aggregation counter ¢ < 0;
while c is less than MAXAGGR do
let a = )\IT,A[/,:;
try separation on the aggregated base inequality a 'z — )\;'—, by <0;
if the density |{j € J : a; # 0}|/|J]| of bad variables is greater than the threshold 7
then
9: let ¢ < c+1;
10: update the weight w as in (15);
11: solve the reweighted LP (14);
12: else
13: return ;
14: end if
15: end while

» Example 2. We revise Example 1 and apply the LP-based aggregation algorithm instead
of the MW heuristic. Recall that the slacks of all constraints in (7) are zeros, and x5 and x3
are bad variables. We can express the corresponding lasso approximation as:

min w2|/\171/3)\271/3)\3|+w3|72/3)\174/3>\2+)\3|, (16)
AEQE A >1

where wy and w3 are non-negative weights (set to be equal to bound distances). Note that
the term Y-, A (b; — A/ ;&) is null due to the slacks being zero. The solution (1,1,2) is
optimal to the lasso with objective value zero regardless of values of ws, w3, and this solution
eliminates all bad variables. Thus, the LP approach finds a suitable aggregation, and it is
stable under the perturbation of weights.
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6 Experimental Comparison

In this section, we evaluate the performance of SCIP on MIP problems and compare it with
the performance achieved with the addition of our new aggregation-based cut separator.

6.1 Implementation Details

The Algorithm 2 and Algorithm 3 have been implemented in the open-source MIP solver
SCIP [10]. At each node of the branch-and-bound tree, several rounds of LPs are solved, and
separators are called to strengthen the LP relaxations. SCIP has the default aggregation
cut separator based on the MW heuristic, and we implement the new aggregation cut
separator based on Algorithm 3. In a single separation round, the cut separators generate
multiple aggregations using different starting rows and try separations on the aggregated base
inequalities. The generation of flow cover inequalities [30], knapsack cover inequalities [34],
and ¢-MIR inequalities on an aggregated base inequality is tried, with the first two types of
inequalities being concrete models of c-MIR inequalities.

There are two main differences between our aggregation-based cut separator and the
default one, which result in our separator generating fewer cuts:

The first difference is by design to prevent the generation of repetitive cuts. Different

starting rows in Algorithms 2 and 3 may lead to the same aggregated base inequality. To

avoid redundancy and conserve computational resources, our separator only utilizes a

starting row if it has not been used in previous aggregations.

The second difference does not directly involve aggregation. Unlike our method, the

default separator attempts to separate cuts on every row of a MILP instance, even if the

instance is purely an ILP. For example, the default separator might separate cuts for a

knapsack constraint.
The two separators share the same parameter settings, defined as follows along with their
respective values:

SEPA_FREQ (10): the frequency defines the depth levels at which the separation is

called. A frequency of 10 means that the separation is executed in depth 0, 10, 20, ...of

the branching tree.

MAXAGGR (6 at root node, 3 at non-root nodes): the maximum round of aggregations,

see Algorithms 2 and 3.

For the cut separator based on our new Algorithm 3, we limit the numbers of bad
variables and useful rows to 50 and 5000, respectively. During a separation round, we will
solve multiple aggregation LPs and separate cuts on the aggregated base inequality. The
aggregation LPs are solved using the primal simplex algorithm of CPLEX, so that our
algorithm can benefit from warm-start after changes of objectives and lower bounds of factor
variables of aggregation LPs.

6.2 Results

All experiments were conducted on a cluster equipped with Intel Xeon Gold 5122 CPUs,
operating at 3.60 GHz with 96 GB of RAM. Each test run was executed on a single thread with
a time limit of two hours. To ensure accurate comparisons despite performance variability [35],
we used a large and diverse test set, specifically the MIPLIB 2017 benchmark set [27]. We
used random seeds ranging from 0 to 4, resulting in a total of 1200 instance-seed pairs.
Table 1 compares the performance of default SCIP (“SCIP-default”), with SCIP using
the new aggregation-based cut separator (“SCIP+aggr.”). It shows the numbers of solved
instances, the shifted geometric means of running time, and the number of branch-and-bound
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tree nodes. In the computation of geometric means, we use a shift of 1 second and 100 nodes,
respectively. Relative differences in time and nodes for each category are shown in the last
two columns of the table, with relative differences that exceed 1% highlighted.

We present these values for various subsets of the test instances. The category “all”
encompasses all 1200 test instances. “solved-by-both” refers to instances that were solved
to optimality by both configurations. The “affected” category highlights instances where
performance varied between the two configurations, indicated by a difference in the total
number of LP iterations. Further, we compare the performance on different categories of
affected instances: instances that both configurations solved in under 100 seconds (“solved-
under-100s”), instances that took more than 100 seconds to solve by either configuration
(“solved-over-100s”), and instances that only one of the configurations managed to solve
(“solved-by-one”).

Table 1 Performance Comparison of SCIP-default with SCIP+aggr.

SCIP-default SCIP+aggr relative
Subset instances  solved time nodes solved time nodes time nodes
all 1200 714 936.9 6436 716 939.9 6151 1.00 —
solved-by-both 706 706 226.4 2711 706 228.6 2584 1.01 0.95
affected 330 320 287.9 5135 322 289.9 4629  1.01 -
solved-under-100s 98 98 17.7 375 98 20.9 320 1.18 0.85
solved-over-100s 214 214 789.4 13133 214 751.6 11931 0.95 0.91
solved-by-one 18 8 5476.5 39786 10 4719.1 37720 0.86 —

Across the entire data set, there is minimal difference in time or number of solved instances,
with only two additional instances solved by SCIP+aggr. In the category “solved-by-both”,
we observe a 5% decrease in the number of nodes. In the category “solved-under-100s”, there
is a notable 17% increase in time, despite a 15% reduction in the number of nodes. This
increase is expected, as the separation algorithm is expensive for easy-to-solve problems. In
contrast, in the category “solved-over-100s,” we observed a 5% decrease in time and a 9%
reduction in nodes, which indicates that our cut separator helps solve harder problems more
efficiently. To assess the statistical significance in the reduction in the number of nodes from
“SCIP-default” to “SCIP+aggr”, we performed a version of the Wilcoxon signed-rank test [8].
The test, applied to instances solved by both models, yielded a p-value below 0.01, indicating
a significant difference in the number of nodes between the two settings. For the limited
subset of affected instances “solved-by-one” SCIP+aggr was 14% faster.

Finally, to complement our performance analysis, we examine the sparsity of the aggreg-
ated rows produced by Algorithm 2 and Algorithm 3. In Table 2, we report the average
number of bad columns in an aggregated row, the average of the total number of distinct
bad columns across all rows used for aggregation, their ratio, and the average number of
rows used for aggregation.

The results indicate that rows aggregated by Algorithm 3 contain significantly fewer
bad columns on average — only 0.37 compared to 2.45 by Algorithm 2. This corresponds to
20% of bad columns remaining after aggregation compared to 52% with the MW heuristic.
Additionally, we consider the number of rows used in the aggregation, which typically implies
the sparsity of the resulting aggregated row, as its number of nonzeros is upper-bounded by
the total number of nonzeros of the used rows. The statistics show that our method utilizes
fewer rows in aggregation. This reveals that our aggregation process naturally produces
sparse cuts, which is a desirable property. Both aggregation algorithms utilize only a small
subset of rows for aggregation, with the number being significantly smaller than the total
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Table 2 Sparsity of rows aggregated by Algorithm 2 (SCIP-default) and Algorithm 3 (SCIP+aggr).

Algorithm 2 Algorithm 3

bad-cols 2.45 0.37
total-bad-cols 4.72 1.87
ratio 0.52 0.20
used-rows 3.10 2.24

number of useful rows (note that our separator imposes a limit of 5000 useful rows). This
behavior may be linked to the inherent sparsity of instances in the MIPLIB 2017 benchmark.
This suggests that one may obtain a potential performance improvement using LP solvers
that can effectively exploit sparsity.

All the numbers in Table 2 are small, but the size of lasso approximation (13) can be much
larger than these numbers. This indicates that important (non-zero) factors are confined to
a low-dimensional subspace of Q. Similar scenarios arise in fields such as signal processing,
machine learning, and statistics. Notably, the lasso method has been demonstrated [13] to
effectively recover such low-dimensional subspaces, given the sparsity of the model. This
further justifies our approach.

7 Conclusion

We developed a new approach for aggregating MILP constraints to generate mixed-integer
knapsack sets for which strong c¢-MIR cutting planes can be constructed. Similarly to
the standard greedy heuristic, our algorithm aims to project out as many bad continuous
variables as possible within given working limits, the “badness” being defined as slacks of
variable bound or implied variable bound constraints. The algorithm approximately solves
the optimization problem of finding such aggregation weights that minimize the number
of non-zeroes corresponding to bad continuous variables. This problem is formulated as
an fo norm minimization problem and solved with the use of the lasso technique. If the
number of bad variables in the aggregated row still exceeds a threshold, iterative reweighting
is performed to project out further bad variables.

We give examples to 1) illustrate the connection between the continuous variable bound
distance and the potential for generating a strong rounding cut for a given mixed-integer set,
and 2) show that our approach has a greater capacity to project out bad variables than the
standard heuristic. A unifying perspective on the standard and new aggregation algorithms is
presented, demonstrating that both represent different approaches to approximately solving
the ¢y norm minimization problem: in particular, the standard algorithm is a stepwise
selection heuristic for this problem.

The algorithm is implemented within the constraint integer programming solver SCIP
and tested by running SCIP with the standard and the new algorithms on the MIPLIB 2017
test set. When considering averages over all instances, we observe only a very small impact
on mean performance, but dividing the instances into subsets of easier instances where
SCIP solves the problem in under 100s with both configurations compared, and challenging
instances which take at least 100s with at least one of the configurations, reveals a connection
between instance difficulty and performance impact. While the new algorithm results in an
18% increase in time on easier instances, likely due to the increased computational cost of
aggregation, it yields a 5% decrease in mean solver running time on challenging instances.
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This indicates that a flexible approach to select the right aggregation algorithm based on
estimated instance difficulty could leverage the strength of both methods, and could be a
subject of future work.

Further work will, on the one hand, delve deeper into the theory of the connection between
the properties of mixed-knapsack sets and the quality of c-MIR cutting planes constructed
for these sets, and perform a theoretical analysis of the behavior of aggregation algorithms
and the quality of the formulations they produce. On the other hand, it will extend these
ideas to the mixed-integer nonlinear programming case, starting with conic MIPs which, on
the one hand, have a well-defined structure, and, on the other hand, encompass a rich variety
of problems beyond MILPs. Further, minimization of the sum of absolute values in (13) is a
classical problem in nonsmooth convex optimization. Due to this, we want to find a more
efficient algorithm than the primal simplex for faster aggregation, and a possible candidate
is the primal-dual hybrid gradient descent algorithm [17]. A more open problem is how to
avoid generating repetitive aggregations.
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