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—— Abstract

We introduce two models of space-bounded quantum interactive proof systems, QIPL and QIPyL.
The QIPyL model, a space-bounded variant of quantum interactive proofs (QIP) introduced by
Watrous (CC 2003) and Kitaev and Watrous (STOC 2000), restricts verifier actions to unitary
circuits. In contrast, QIPL allows logarithmically many pinching intermediate measurements per
verifier action, making it the weakest model that encompasses the classical model of Condon and
Ladner (JCSS 1995).

We characterize the computational power of QIPL and QIPyL. When the message number m is
polynomially bounded, QIPyL C QIPL unless P = NP:

QIPLEC | a subclass of QIPL defined by a high-concentration condition on yes instances, exactly

characterizes NP.

QIPyL is contained in P and contains SAC' U BQL, where SAC' denotes problems solvable by

classical logarithmic-depth, semi-unbounded fan-in circuits.

However, this distinction vanishes when m is constant. Our results further indicate that (pinching)
intermediate measurements uniquely impact space-bounded quantum interactive proofs, unlike in
space-bounded quantum computation, where BQL = BQuL.

We also introduce space-bounded unitary quantum statistical zero-knowledge (QSZKyl), a
specific form of QIPyL proof systems with statistical zero-knowledge against any verifier. This
class is a space-bounded variant of quantum statistical zero-knowledge (QSZK) defined by Watrous
(SICOMP 2009). We prove that QSZKyL = BQL, implying that the statistical zero-knowledge
property negates the computational advantage typically gained from the interaction.
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1 Background

Recent advancements in quantum computation with a limited number of qubits have been
achieved from both theoretical and experimental perspectives. Theoretical work began in
the late 1990s, focusing on feasible models of quantum computation operating under space
restrictions, where the circuit acts on O(logn) qubits and consists of poly(n) elementary
gates [61, 64]. These models, referred to as quantum logspace, were later shown during
the 2010s to offer a quadratic space advantage for certain problems over the best known
classical algorithms [57, 18], which saturates the classical simulation bound. In recent years,
this area has gained increased attention, particularly in eliminating (pinching) intermediate
measurements in these models [19, 26], and through further developments [25, 68]. Motivated
by these achievements in quantum logspace, we are interested in exploring the power of the
quantum interactive proof systems where the verifier is restricted to quantum logspace.

To put it simply, in a single-prover (quantum) interactive proof system for a promise
problem (Zyes,Zno), & computationally weak (possibly quantum) verifier interacts with a
computationally all-powerful but untrusted prover. In quantum scenarios, the prover and
verifier may share entanglement during their interactions. Given an input & € Zyes U Zyo,
the prover claims that « € Zy.s, but the verifier does not simply accept this claim. Instead,
an interactive protocol is initiated, after which the verifier either “accepts” or “rejects” the
claim. The protocol has completeness parameter ¢, meaning that if  is in Zyes and the
prover honestly follows the protocol, the verifier accepts with probability at least ¢. The
protocol has soundness parameter s, meaning that if x is in Z,, then the verifier accepts
with probability at most s, regardless of whether the prover follows the protocol. Typically,
an interactive protocol for (Zyes, Zno) has completeness ¢ = 2/3 and soundness s = 1/3.

1.1 Interactive proof systems with time-bounded verifier

The exploration of classical interactive proof systems (IP) was initiated in the 1980s [4, 29].
In these proof systems, the verifier is typically bounded by polynomial time, and IP[m)]
represents interactive protocols involving m messages during interactions. Particularly, when
the verifier’s messages are merely random bits, these public-coin proof systems are known as
Arthur-Merlin proof systems [4]. Shortly thereafter, it was established that any constant-
message |P protocol can be parallelized to a two-message public-coin protocol, captured
by the class AM, and thus IP[O(1)] is contained in the second level of the polynomial-
time hierarchy [4, 30]. However, IP protocols with a polynomial number of messages
have been shown to be exceptionally powerful, as demonstrated by the seminal result
IP = PSPACE [46, 56]. Consequently, IP protocols with a polynomial number of messages
generally cannot be parallelized to a constant number of messages unless the polynomial-time
hierarchy collapses.’

! The assumption that the polynomial-time hierarchy does not collapse generalizes the conjecture that
P C NP.
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About fifteen years after the introduction of interactive proof systems (and a model of

quantum computation), the study of quantum interactive proof systems (QIP) began [63].

Remarkably, any QIP protocol with a polynomial number of messages can be parallelized to
three messages [37]. A quantum Arthur-Merlin proof system was subsequently introduced
in [47], and any three-message QIP protocol can be transformed into this form (QMAM).
By the late 2000s, the computational power of QIP was fully characterized: The celebrated
result QIP = PSPACE [35] established that QIP is not more powerful than IP as long as the
gap ¢ — s is at least polynomially small. However, when the gap ¢ — s is double-exponentially
small, this variant of QIP is precisely characterized by EXP [33]. In the late 2010s, another
quantum counterpart of the Arthur-Merlin proof system was considered in [39], where the
verifier’s message is either random bits or halves of EPR pairs, leading to a quadrichotomy
theorem that classifies the corresponding QIP protocols.

1.2 Interactive proof systems with space-bounded verifier

The investigation of (classical) interactive proof systems with space-bounded verifiers started
in the late 1980s [16, 8|, alongside research on time-bounded verifiers. Notably, by using the
fingerprinting lemma [44], Condon and Ladner [10] showed that the class of (private-coin)
classical interactive proof systems with logarithmic-space verifiers using O(logn) random
bits exactly characterizes NP. In parallel, public-coin space-bounded classical interactive
proofs were explored in the early 1990s [21, 20, 9]. By around 2010, it was established that
such space-bounded protocols with poly(n) public coins precisely characterize P [28].

Space-bounded Merlin-Arthur-type proof systems were also studied in the early 1990s.
In particular, when the verifier operates in classical logspace with O(logn) random bits and
has online access to a poly(n)-bit message, the proof system exactly characterizes NP [44].
More recently, restricting the computational power of the honest prover to quantum logspace
(BQL) has led to a counterpart classical proof system that exactly characterizes BQL [27].

Although research has been conducted on quantum interactive proofs where the verifier
uses quantum finite automata [51, 52, 67], analogous to classical work [16], to our knowledge
no prior work has addressed space-bounded counterparts of quantum interactive proofs
that align with the circuit-based model defined in [37, 63]. In the case without interaction,
space-bounded quantum Merlin-Arthur proof systems have been studied recently. When the
verifier has direct access to an O(logn)-qubit message, meaning it can process the message
directly in its workspace qubits, this variant (QMAL) is as weak as BQL [17, 19]. However,
when the (unitary) verifier has online access to a poly(n)-qubit message, where each qubit in
the message state is read-once, this variant is as strong as QMA [24].2

It is important to note that online and direct access to messages during interactions makes
no difference for time-bounded interactive or Merlin-Arthur-type proof systems, whether
classical or quantum. This distinction arises from the nature of space-bounded computation.

2 An exponentially up-scaled quantum counterpart of the space-bounded Merlin-Arthur-type proof system
from [44], with classical messages, was also considered in [24]. The variant with unitary quantum
polynomial-space verifier, implicitly allowing poly(n) random bits, precisely corresponds to NEXP.
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2 Main results

2.1 Definitions of QIPL and QIPyL

We introduce space-bounded quantum interactive proof systems and their unitary variant,
denoted as QIPL and QIPyL, respectively. In these proof systems, the verifier V' operates in
quantum logspace and has direct access to messages during interaction with the prover P.
Specifically, in a 2/-turn (message) space-bounded quantum interactive proof system for a
promise problem (Zyes, Zyo), this proof system P=1V consists of the prover’s private register
Q, the message register M, and the verifier’s private register W. Both M and W are of size
O(logn), with M being accessible to both the prover and the verifier.

Prover(Q) — L — |——
Py I
MessageM) —] b ... —1 1 | -
Verifier(W) == Vi eV — V=
= Es f Ei11

Figure 1 A 2[-turn single-prover space-bounded quantum interactive proof system (QIPL), where
each environment register E; is introduced by applying the principle of deferred measurements to an
almost-unitary quantum circuit Vj, resulting in the isometric quantum circuit Vj.

The verifier V maps an input @ € Zyes UZ,, to a sequence (Vi,---, V1), with V; for
j € [l] representing the verifier’s actions at the (25 — 1)-th turn, and V;1 representing the
verifier’s action just before the final measurement. The primary difference between QIPL and
QIPyL proof systems lies in the verifier’s action V; for j € [I]:
In QIPL proof systems, each V; corresponds to an almost-unitary quantum circuit ‘7] that
includes O(logn) pinching intermediate measurements in the computational basis.* Each
such measurement maps a single-qubit state p to 3 7,c g 13 Tr(|b)(b|p)|b)b].> The O(logn)
bound reflects the maximum number of measurement outcomes that can be stored in
logspace, aligning with the verifier’s direct access to the message. For convenience, we
apply the principle of deferred measurements (e.g., [50, Section 4.4]), transforming the
circuit 17j into an isometric quantum circuit V; with a newly introduced environment
register E;,% which is measured at the end of that turn, with the measurement outcome
denoted by uj, as illustrated in Figure 1. Furthermore, each environment register E;
remains private to the verifier and becomes inaccessible after the round that starts with
the verifier’s j-th action.
In QIPyL proof systems, each Vj is a unitary quantum circuit.

Our definitions of QIPL and QIPyL can be straightforwardly extended to the corresponding proof
systems with an odd number of messages, as shown in [41, Figure 4.1].

We note that restricting the number of pinching measurements in each verifier turn Vj; from polynomial
in n to O(logn) does not cause any loss of generality, provided that the QIPL proof system has a
polynomial number of turns. See [41, Remark 3.5] for further details.

Pinching intermediate measurements naturally arise in space-bounded quantum computation, particularly
in recent developments on eliminating intermediate measurements in quantum logspace [26, 25]. In this
context, the quantum channels that capture the space-bounded computation are unital in the case of
qubits.

An O(log n)-qubit isometric quantum circuit utilizes O(logn) ancillary gates, with each ancillary gate
introducing an ancillary qubit |0). For further details, please refer to [41, Definition 2.8].
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The prover’s actions can be similarly described by unitary quantum circuits. A proof
system P=1V is said to accept if, after the verifier performs V;; and measures the designated
output qubit in the computational basis, the outcome is 1. Additionally, we require a strong
notion of uniformity for the verifier’s mapping: the description of the sequence (V,---,Vi41)
must be computable by a single deterministic logspace Turing machine.”

Lastly, for QIPLHC proof systems, we impose an additional restriction on yes instances:
the distribution of intermediate measurement outcomes u = (uy,--- ,u;), conditioned on
acceptance, must be highly concentrated. More precisely, let w(V)[*
to w(V), where w(V) is the maximum acceptance probability of P=1V. Then, there must
exist a u* such that w(V)|*" > ¢(n).

We denote m-turn space-bounded quantum interactive proof systems with completeness
¢ and soundness s as QIPL,,[c, s], and their unitary variant as QIPylL,,[c, s]. In particular,
we adopt the following notations, which naturally extend to QIPylL:

QIPL,, = QIPL,,[2/3,1/3] and QIPL := U <,n<poly(n) QIPLy.

be the contribution of «

In constant-turn scenarios, it is crucial to emphasize that the proof systems QIPLo1)[c, 5]
and QIPyLo)e,s] can directly simulate each other, as the environment registers
Ei, -+ ,Eoq) collectively holds O(logn) qubits.®  Therefore, for simplicity, we define
QIPLo(1y[c, s] proof systems in which the verifier’s actions are implemented by unitary
quantum circuits.

2.2 Space-bounded (unitary) quantum interactive proofs

Our first theorem serves as a quantum analog of the classical work by Condon and Ladner [10]:

» Theorem 1 (Informal of [41, Theorem 3.1]).
NP = QIPL"® C QIPL.

Interestingly, Theorem 1 suggests that the QIPLYC model can be viewed as the weakest
model that encompasses space-bounded (private-coin) classical interactive proofs, as con-
sidered in [10]. Our definitions of QIPL and its subclass QIPLYC aim to introduce quantum
counterparts that include these classical proof systems, ensuring that soundness against
classical messages also holds for quantum messages. Similar soundness issues challenged
multi-prover scenarios (e.g., proving MIP C MIP*) for nearly a decade [7, 34], while in the
single-prover settings (e.g., proving IP C QIP), it is typically resolved by measuring the
prover’s quantum messages and treating the outcomes as classical messages (e.g., [1, Claim
1]).

However, space-bounded unitary quantum interactive proofs (QIPyL), which denote the
most natural space-bounded counterpart to quantum interactive proofs as defined in [37, 64],
do not directly achieve the stated soundness guarantee. Hence, QIPyL may be computationally
weaker than QIPL. Our second theorem characterizes the computational power of QIPyL:

7 A weaker notion of uniformity only requires that the description of each V; can be individually computed
by a deterministic logspace Turing machine. It is important to note that these distinctions do not arise in
the time-bounded setting, as the composition of a polynomial number of deterministic polynomial-time
Turing machines can be treated as a single deterministic polynomial-time Turing machine.

8 This equivalence follows directly from the principle of deferred measurements. However, for constant-turn
space-bounded quantum interactive proofs, allowing each verifier action to involve poly(n) pinching
intermediate measurements might increase the proof system’s power beyond the unitary case. This is
because current techniques for proving results such as BQL = BQuL [19, 26, 25] do not directly apply
in this context.
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» Theorem 2 (Informal of [41, Theorems 3.3 and 4.2]). The following holds:
SAC' UBQL C QIPyL € Ue(n)—s(n)>1/ poly(m) QAPLoy e, s] € P.

Theorems 1 and 2 suggest that QIPyL is indeed weaker than QIPL unless P = NP.
Interestingly, this distinction from the unitary case arises even when each verifier action is
slightly more powerful than a unitary quantum circuit. It is also noteworthy that the class
SAC! is equivalent to LOGCFL [59], which contains NL and is contained in AC.% Our third
theorem, meanwhile, focuses on space-bounded quantum interactive proof systems with a
constant number of messages:

» Theorem 3 (Informal of [41, Theorem 4.3]). For any c(n) — s(n) > Q(1),
QlPLo(l)[C, 8] - NC.

To compare with time-bounded classical or quantum interactive proofs, we summarize our
three theorems in Table 1. Notably, our two models of space-bounded quantum interactive
proofs, QIPL and QIPyL, demonstrate behavior that is distinct from both:

For (time-bounded) classical interactive proofs, all proof systems with m < O(1) (the

regime of the last row in Table 1) are contained in the second level of the polynomial-time

hierarchy [4, 30], whereas the class of proof systems with m = poly(n) (the regime of the

second and third rows in Table 1) exactly characterizes PSPACE [46, 56].

For (time-bounded) quantum interactive proofs, all proof systems with parameters listed

in Table 1 precisely capture PSPACE [63, 37, 35].

Table 1 The computational power of QIPL and QIPyL with different parameters.

Constant gap Polynomial small gap
Models
c(n) —s(n) > Q1) ¢(n) — s(n) > 1/ poly(n)
The number of messages: QIPLHC(Q QIPL) NP NP
m(n) = poly(n) Theorem 1 Theorem 1
The number of messages: QIPuL contains SAC'UBQL & in P contains SAC'UBQL & in P
m(n) = poly(n) Y Theorem 2 Theorem 2
The number of messages: QIPL & QIPuL in NC contains SAC'UBQL & in P
3<m(n) <0O() Theorem 3 Theorem 2

The central intuition underlying Table 1 is that parallelization [37, 36], perhaps the
most striking complexity-theoretic property of QIP proof systems, distinguishes QIPyL from
QIPL. Quantum logspace operates within a polynomial-dimensional Hilbert space, remaining
computationally weak even with a constant number of interactions, and is (at least) contained
in P. In QIPyL, the verifier’s actions are reversible and dimension-preserving, allowing direct
application of parallelization techniques from [36]. In contrast, QIPL and its reversible
generalization lack dimension preservation, requiring significantly more than O(logn) space
to parallelize the verifier’s actions, which prevents parallelization.

9 For more details on the computational power of SAC! and related complexity classes, see [41, Section
2.4].
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2.3 Space-bounded unitary quantum statistical zero-knowledge

We also introduce (honest-verifier) space-bounded unitary quantum statistical zero-knowledge,
denoted as QSZKylLgy. This term refers to a specific form of space-bounded quantum
proofs that possess statistical zero-knowledge against an honest verifier. Specifically, a space-
bounded unitary quantum interactive proof system possesses this zero-knowledge property
if there exists a quantum logspace simulator that approximates the snapshot states (“the
verifier’s view”) on the registers M and W after each turn of this proof system, where each
state approximation must be very close (“indistinguishable”) to the corresponding snapshot
state with respect to the trace distance.

Our definition QSZKyLyy serves as a space-bounded variant of honest-verifier (unitary)
quantum statistical zero-knowledge, denoted by QSZKyy, as introduced in [62]. Our fourth
theorem establishes that the statistical zero-knowledge property completely negates the
computational advantage typically gained through the interaction:

» Theorem 4 (Informal of [41, Theorem 5.2]).
QSZKylL = QSZKyLuy = BQL.

In addition to QSZKyLpvy, we can define QSZKyL in line with [65], particularly considering
space-bounded unitary quantum statistical zero-knowledge against any verifier (rather than
an honest verifier). Following this definition, BQL C QSZKyL C QSZKyLyy. Interestingly,
Theorem 4 serves as a direct space-bounded counterpart to QSZK = QSZKyy [65].

The intuition behind Theorem 4 is that the snapshot states after each turn capture all
the essential information in the proof system, such as allowing optimal prover strategies to
be “recovered” from these states [48, Section 7]. In space-bounded scenarios, space-efficient
quantum singular value transformation [42] enables fully utilizing this information.

Finally, we emphasize that our consideration of this zero-knowledge property is purely
complexity-theoretic. A full comparison with other notions of (statistical) zero-knowledge is
beyond this scope. For more on classical and quantum statistical zero-knowledge, see [58]
and [60, Chapter 5].

3 Proof techniques

Standard techniques for quantum interactive proofs are typically developed under the
restriction that the verifier is unitary. While this restriction does not limit generality in
time-bounded settings (e.g., see [60, Section 4.1.4]), it presents difficulties in the context
of space-bounded quantum interactive proofs, where verifiers may not be unitary. In what
follows, we highlight the challenges that arise and briefly explain how we address them.

3.1 Upper bounds for QIPLHC and QIPyL
3.1.1 QIPLoy C P

We prove this inclusion using a semi-definite program (SDP) for a given QIPLo ;) proof
system, adapted from the SDP formulation for QIP in [60, 66]. Together with the turn-halving
lemma, specifically Theorem 53, this inclusion implies that QIPyL C P.

Consider a (21)-turn QIPLo (1) proof system P=V, where I < O(1). Let py;y; and YA
for j € [I], denote snapshot states in the register M and W after the (25 — 1)-st turn and the
(24)-th turn in P=1V, respectively, as illustrated in [41, Figure 3.1]. The variables in this
SDP correspond to these snapshot states after each prover’s action, particularly P for
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j € [l], while the objective function is the maximum acceptance probability w(V) of P=V.
Since the verifier’s actions are unitary circuits, these variables can be treated independently.
Hence, the SDP program mainly consists of two types of constraints, assuming that all
variables are valid quantum states:

(i) Verifier’s actions only operate on the registers M and W:

pMjwj = Vij;'lej—l VVJT for j € {27 U al}v and Puyuy = Vv1|6><6|'\/|w‘/1Jf
(ii) Prover’s actions do not change the verifier’s private register:
Tr, (pwyu;) = Ty, (PM;wj) for j € [I]. (1)

Since the variables in this SDP collectively hold O(logn) qubits, a standard SDP solver
(e.g., [23]) provides a deterministic polynomial-time algorithm for approximately solving it.

3.1.2 QIPLHC C NP

We now extend the above SDP formulation to l-round QIPL proof systems, in which the
verifier’s j-th action /\}; is an almost-unitary quantum circuit that allows O(logn) pinching
intermediate measurements. For simplicity, we instead consider the corresponding isometric
quantum circuit Vj;, which introduces a new environment register E; measured at the end of
the turn, with the outcome denoted by u;.

Recall that w(V)|" represents the contribution of the measurement outcome branch u =
(u1,- -+ ,u;) to the maximum acceptance probability w(V'). Owing to the high-concentration
condition, it suffices to consider an approzimation W(V)|* of w(V')[* for some specific branch
u, satisfying

w(V)[" <@(V)[* <w(V).

These bounds follow from two facts: (1) pinching measurements eliminate coherence between
subspaces corresponding to different branches, which enables w(V)|* to be approximately
optimized in isolation; and (2) the acceptance probability of any associated global prover
strategy across all branches cannot exceed w(V).

By extending the SDP formulation of QIPLo (1) proof systems, we construct a family of
SDP programs depending on the measurement outcome branches {u}. Let pw;u; ®|u;)(u;lg,
denote the unnormalized snapshot states after measuring E;. For a fixed branch u, the
associated SDP program includes the following three types of constraints:

(i’) Py;u; ®‘u.j><uj|Ej = (IMjo ®|uj><uj|Ej)Vij_;_1ij1 Vj]L for j € {27 o >l}’ and
Py, @ |U1><’LL1 ‘El = (IM1W1 ® |U1><U1|E1)‘/1 ‘(_]><(_)|MW‘/1]L
(ii") Trw, (pwyu, @ |ugNusle, ) = Trw (pwru, @ |usXujle,) for j € [1].
(iii") Tr(pw,u, ®fu;Xujle,) = Tr(pwu, @ u;Xu;le;) for j € [I].

Notably, for the third type of constraints, both sides evaluate to exactly 1 when the
verifier is unitary, as in the cases of QIP and QIPyL. In contrast, for QIPL proof systems, the
value varies across different measurement outcome branches and remains bounded above by
1. Crucially, this value is entirely determined by the verifier’s actions and cannot be altered
by the prover.

Next, we explain the NP containment. The classical witness w consists of an [-tuple
u, indicating a specific SDP program, and a feasible solution (pM/lwl, e ,pM;wl) to this SDP
program. This solution can be represented by | square matrices of dimension poly(n), thus
having polynomial size. The verification procedure involves checking (1) whether the solution
encoded in w satisfies these SDP constraints based on u; and (2) whether @(V)|* > ¢(n). All
these checks can be verified using basic matrix operations in deterministic polynomial time.
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3.2 Basic properties for QIPL and QIPyL

We begin by outlining three basic properties of space-bounded (unitary) quantum interactive
proof systems, which are dependent on the parameters c¢(n), s(n), and m(n):

» Theorem 5 (Properties for QIPL and QIPyL, informal of [41, Theorem 3.2 and Lemma 4.5]).
Let ¢(n), s(n), and m(n) be functions such that 0 < s(n) < ¢(n) <1, ¢(n)—s(n) > 1/ poly(n),
and 1 < m(n) < poly(n). Then, it holds that:
(1) Closure under perfect completeness.

QIPL,,[c, s] € QIPLy 0[1,1—(c—5)?/2] and QIPyL,,[c,s] € QIPyL,,42[1,1—(c—s5)?/2].
rror reduction. For any polynomia nj,
2) E duction. F. ! 1k
QIPL,,[c, s] € QIPL,, [1,27%] and QIPyL,,[c,s] € QIPyL,, [1,27"].

He?“e, m/ = O(km/ log m)
(3) Parallelization. QIPyLy,,1[1,s] € QIPula, 11, (1 + +/s)/2].

Achieving perfect completeness for QIPL and QIPyL proof systems, particularly The-
orem 51, can be adapted from the techniques used in QIP proof systems [60, Section 4.2.1]
(or [37, Section 3]) by adding two additional turns. However, there are important subtleties
to consider when establishing the other properties in Theorem 5.

3.2.1 Error reduction via sequential repetition

Since each message is of size O(logn), error reduction via parallel repetition does not apply
to QIPL and QIPyL when the gap ¢ — s is polynomially small, regardless of the number of
messages.'® Alternatively, error reduction via sequential repetition requires that the registers
M and W (the “workspace”) must be in the all-zero state (“cleaned”) before each execution
of the original proof systems. While this is trivial for QIP proof systems, it poses a challenge
for QIPL and QIPyL proof systems because the (almost-)unitary quantum logspace verifier
cannot achieve this on its own.

To establish Theorem 52, our solution is to have the prover “clean” the workspace while
ensuring that the prover behaves honestly. This is achieved through the following proof
system: The verifier applies a multiple-controlled adder before each proof system execution,
with the adder being activated only when the control qubits are all zero. The verifier then
measures the register that the adder acts on and accepts if (1) the workspace is “cleaned” for
each execution and (2) all outcomes of the original proof system executions are acceptance.

3.2.2 Parallelization and strict uniformity condition for the verifier’'s
mapping

The original parallelization technique proposed in [37, Section 4] applies only to QIPyL (also
QIPL) proof systems with a constant number of messages. This limitation stems from the
requirement that the prover sends the snapshot states for all m turns in a single message.
As m increases, the size of this message grows to O(mlogn), which becomes w(logn) when
m = w(l).

10.8till, error reduction via parallel repetition works for QIPL when the gap ¢ — s > Q(1); see [41, Lemma
4.4].
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To overcome this issue, we adapt the technique from [36, Section 4], a “dequantized”
version of the original approach that fully utilizes the reversibility of the verifier’s actions.
Instead of sending all snapshot states in one message, the new verifier performs the original
verifier’s action or its reverse at any turn in a single action. Specifically, when applying this
method to a (4m + 1)-turn QIPyL proof system P=1V the prover starts by sending only
the snapshot state after the (2m + 1)-st turn. The verifier then chooses b € {0,1} uniformly
at random: if b = 0, the verifier continues to interact with the prover according to P=V,
keeping the acceptance condition unchanged; while if b = 1, the verifier executes P=V in
reverse, and finally accepts if its private qubits are all zero. This proof system, which halves
the number of turns, is referred to as the turn-halving lemma, as detailed in Theorem 53.

Next, we establish Theorem 2 by applying the turn-halving lemma O(logn) times.!!
Specifically, any QIPyL proof system with a polynomial number of messages can be parallelized
to three messages,'? while the gap ¢ — s of the resulting proof system becomes polynomially
small. However, this reasoning poses a challenge: the resulting verifier must know all original
verifier actions, necessitating a strong notion of uniformity for the verifier’s mapping in our
definition of QIPyL. In addition, to prove Theorem 3, we adopt a similar approach to that
used for QIP, particularly QIP[3] € QMAM [47], which inspired the turn-halving lemma [36,
Section 4], and an exponentially down-scaling version of the work [35].

3.3 Lower bounds for QIPL and QIPyL
3.3.1 NP C QIPL

This inclusion draws inspiration from the interactive proof system in [10, Lemma 2] and
presents a challenge in adapting this proof system to the QIPL setting. Notably, our
construction essentially provides a QIPLHC proof system, since the pinching measurement
outcomes are unique (even stronger than the high-concentration condition) for yes instances.
We start by outlining this QIPL proof system for 3-SAT. Consider a 3-SAT formula

¢101V02V03:(1’1V$2V333)/\("$4V—|$2\/l’3)/\(:ﬂ4\/—‘1?1\/—\Ig)

with k£ = 3 clauses and n = 4 variables. An assignment a of ¢ assigns each variable x; for
j € [n] a value o of either T (true) or L (false). To verify whether ¢ is satisfied by the
assignment «, we encode ¢(«) as Enc(¢(a)), consisting of 3k triples (I,4,v), where [ denotes
the literal (either x; or —z;), ¢ represents the i-th clause, and v denotes the value assigned
to I. The prover’s actions are divided into two phases:
(i) ConsisTENCY CHECK (for variables). The prover sends one by one all the triples (I,4,v)
in Enc(¢(a)), ordered by the variable var(l) corresponding to the literal ;
(ii) SATISFIABILITY CHECK (for clauses). For each i € {1,...,k}, the prover sends the
three triples (I1,4,v1), (I2,7,v2), and (I3,%,v3) in Enc(é(a)).

The verifier’s actions are as follows. To prevent the prover from entangling with the
verifier and revealing the private coins, the verifier measures the received messages in the
computational basis at the beginning of each action, interpreting the measurement outcomes
as the prover’s messages. Therefore, it suffices to establish soundness against classical
messages.

1 An operation based on r random bits can be simulated by a corresponding unitary controlled by the
state |[+)®", where |+) = %(|0> +]1)). Thus, simulating O(logn) random bits across all turns of
the proof system requires O(logn) ancillary qubits in total, which is feasible for the unitary quantum
logspace verifier in QIPyL.

12 Although the turn-halving lemma does not directly apply to QIPL proof systems, a similar reasoning
works for its reversible generalization QIPL®, reducing a constant number of messages to three.
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We now focus on this specific proof system. In Phase (i), the verifier checks whether
the assigned values to the same variable are consistent. Since the verifier’s actions are
almost-unitary circuits and cannot discard information, this seems challenging. Our solution
is that the verifier keeps only the current and the previous triples, returning the previous
triple to the prover in the next turn. In Phase (ii), the verifier checks whether each batch of
three triples is satisfied and returns them immediately. Lastly, to ensure that the multisets
of triples from Phase (i) and (ii) are identical, the verifier computes the “fingerprint” of these
multisets,'? triple by triple, and compares the fingerprints from both phases at the end. The
verifier accepts if all checks succeed.

Using the fingerprinting lemma [44], we prove the correctness of this proof system, showing
that 3-SAT € QIPLgy[1,1/3]. Interestingly, when combined with the inclusion QIPLHC C NP,
this proof system implies (indirect) error reduction for QIPLHC (see [41, Remark 3.15]).

3.3.2 SAC' C QIPyL

This inclusion is inspired by the interactive proof system in [21, Section 3.4]. By using
error reduction for QIPyL, specifically Theorem 52, it remains to demonstrate that SAC' C
QIPyL[1,1 —1/poly(n)]. A Boolean circuit is defined as a (uniform) SAC' circuit C' if it is
an O(logn)-depth Boolean circuit that employs unbounded fan-in OR gates, bounded fan-in
AND gates, and negation gates at the input level.

The interactive proof system for evaluating the circuit C' starts at its top gate. If the gate
is an OR, the prover selects a child gate; if it’s an AND, the verifier flips a coin to select one.
This process repeats until reaching an input x; or its negation, with the verifier accepting if
x; = 1 or z; = 0, respectively. Since the computational paths in C' do not interfere, extending
soundness against classical messages, following directly from [21, Section 3.4], to quantum
messages can be done by measuring the registers M and W in the computational basis at
the end of the verifier’s last turn. Finally, given that C' has O(logn) depth, implementing
the verifier’s actions requires only O(logn) ancillary qubits, which is indeed achievable by a
unitary verifier.

3.4 The equivalence of QSZKyL and BQL

We demonstrate Theorem 4 by introducing a QSZKyLyy-complete problem:
» Theorem 6 (Informal of [41, Theorem 5.3]). INDIVPRODQSD is QSZKyLyy-complete.

We begin by informally defining the promise problem INDIVIDUAL PRODUCT STATE
DISTINGUISHABILITY, denoted by INDIVPRODQSDI[k(n), a(n),d(n)], where the parameters
satisfy a(n) — k(n) - 6(n) > 1/poly(n) and 1 < k(n) < poly(n). This problem considers
two k-tuples of O(logn)-qubit quantum states, denoted by o1, ,04 and o1, - - , 0}, where
the purifications of these states can be prepared by corresponding polynomial-size unitary
quantum circuits acting on O(log n) qubits. For yes instances, these two k-tuples are “globally”
far, satisfying

T(o1® R0k, 0] @ ®0),) > a. (2)
13 See [41, Section 2.4] for the definition of the fingerprint of a multiset. The computation of each fingerprint

requires O(logn) random bits, which can be simulated in a QIPL proof system; see Footnote 11 for
details.

17:11

CCC 2025



17:12

Space-Bounded Quantum Interactive Proof Systems

While for no instances, each pair of corresponding states in these k-tuples are close, satisfying

vj €[k, T(oj,0}) <6 (3)

Then we show that (1) the complement of INDIVPRODQSD, INDIVPRODQSD, is QSZKyLpv-
hard; and (2) INDIVPRODQSD is in BQL, which is contained in QSZKyLyy by definition.

3.4.1 INDIVPRODQSD is QSZKyLyy-hard

The hardness proof draws inspiration from [62, Section 5]. Consider a QSZKyLuvy[2k, ¢, ]
proof system, denoted by B. The logspace-bounded simulator S produces good state
approximations §; and 5;- of the snapshot states py;y, and Pw after the (25 — 1)-st turn
and the (27)-th turn in B, respectively, satisfying &; ~s puu, and &} ~ Pu; 5 where 03(n) is
a negligible function.

Since the verifier’s actions are unitary and the verifier is honest, it suffices to check that
the prover’s actions do not change the verifier’s private register, corresponding to the type
(ii) constraints Equation (1) in the SDP formulation for QIPL proof systems. For convenience,
let o := Try, (§;) and o = Try, (&) for j € [k]. We then establish QSZKLyy hardness as
follows:

For yes instances, the message-wise closeness condition of the simulator S implies

Equation (3) with 6(n) := 2dg(n).

For no instances, the simulator Si produces the snapshot state before the final measure-

ment, which accepts with probability ¢(n) for all instances, while the proof system accepts

with probability at most s(n). The inconsistency between the simulator’s state approxim-

ations and the snapshot states yields Equation (2) with a(n) := (v/¢ — /5)?/4(1 — 1).

3.4.2 InDIVPRODQSD € BQL

Since it holds that BQL = QMAL [17, 19], it suffices to establish that INDIVPRODQSD €
QMAL. By applying an averaging argument in combination with Equation (2), we derive the
following:

> T(0j,05) 2 T(1® @0k, 010 Qo) >a = Tjel[k]st. T(o),0}) > % (4)
JEK]

The QMAL protocol works as follows: (1) The prover sends an index ¢ € [k] to the verifier;
and (2) The verifier accepts if Tr(o;, o) > «a/k and rejects if Tr(o;,0;) < d, in accordance
with Equations (3) and (4). The resulting promise problem to be verified is precisely an
instance of GAPQSD),g, which is known to be BQL-complete [42].

4 Discussion and open problems

We introduce two models of space-bounded quantum interactive proof systems: QIPL and
QIPyL. Unlike BQL = BQulL, we show that QIPyL C QIPL unless P = NP. Our results
highlight the distinctive role of (pinching) intermediate measurements in space-bounded
quantum interactive proofs, setting them apart from space-bounded quantum computation.
This prompts an intriguing question:

(a) What is the computational power of space-bounded quantum interactive proofs beyond
QIPLHC, particularly when the high-concentration requirement for yes instances (the
completeness condition) is removed, as in the class QIPL, or when the verifier is allowed
to perform general quantum logspace computations?
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A motivating example is a reversible generalization of QIPL, particularly space-bounded
isometric quantum interactive proof systems (QIPL®, see [41, Remark 3.8]), where all verifier
actions are O(logn)-qubit isometric quantum circuits. Remarkably, QIPL® at least contains
QMA: Given a local Hamiltonian H = ", H;, we can construct a QIPL® proof system as

follows: 4

(i) The verifier chooses a local term H; uniformly at random from the set {Hy,--- , Hy, }.

(ii) The prover sends a ground state |2) qubit by qubit, while the verifier sends a state |0)
in each round and retains only the qubits associated with H; in its private registers.

(iii) The verifier performs the POVM corresponding to the decomposition I = H;+(I—H;).*?

Further analysis indicates that the verifier accepts with probability 1 —m™1(Q|H|2), and
direct sequential repetition yields a QIPL® proof system. Additionally, it is evident that all
candidate models of Question a are contained in QIP, and thus in PSPACE.

Furthermore, space-bounded unitary quantum interactive proofs (QIPyL) can simulate the
classical counterparts with O(logn) public coins [21] (see Theorem 2), raising the question:
(b) Can we achieve a tighter characterization of QIPyL? For example, does QIPyL contain

space-bounded classical interactive proofs with w(logn) public coins, as studied in [20,

28, 11)?

Finally, for constant-turn space-bounded quantum interactive proofs, the three models
discussed here become equivalent due to the principle of deferred measurements, contrasting
with the aforementioned polynomial-turn settings. However, this equivalence does not directly
extend to more general verifiers (see Footnote 8), leading to the following question:

(c) What is the computational power of constant-turn space-bounded quantum interactive
proofs with a general quantum logspace verifier?

5 Related works

Variants of time-bounded quantum interactive proofs with short messages were explored
in [5, 53]. Depending on the settings, these variants are as powerful as QMA or BQP.

The concept of interactive proof systems has been extended to other computational models.
Quantum interactive proofs for synthesizing quantum states, known as stateQIP, were intro-
duced in [55]. Follow-up research established the equivalence stateQIP = statePSPACE [48]
and developed a parallelization technique for stateQIP [32, 54]. A Merlin-Arthur-type variant
was also explored in [14, 13]. More recently, quantum interactive proofs for unitary synthesis
and related problems have been studied in [6, 45]. Another interesting but less related variant
is the exploration of interactive proof systems in distributed computing [40, 49], and more
recently, quantum distributed interactive proof systems have been investigated [22, 43, 31].

Finally, space-bounded (classical) statistical zero-knowledge, where the verifier has read-
only (i.e., two-way) access to (polynomial-length) messages during interactions, was studied
in [15, 3, 2]. More recently, a variant where the verifier has online (i.e., one-way) access to
messages has also been explored [12].

14 A similar approach is used in a streaming version of QMAL (with online access to the message) in [24].
15See the proof of [38, Proposition 14.2] for an explicit construction of such POVMs.
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