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—— Abstract

Given an integer-valued function f:{0,1}" — {0,1,...,m — 1} that is mildly hard to compute on
instances drawn from some distribution D over {0,1}", we show that the function g(z1,...,z) =
f(x1) + -+ f(=x¢) is strongly hard to compute on instances (z1,...,z:) drawn from the product
distribution D*. We also show the same for the task of approximately computing real-valued functions
f:{0,1}™ — [0, m). Our theorems immediately imply hardness self-amplification for several natural
problems including Max-Clique and Max-SAT, Approximate #SAT, Entropy Estimation, etc..
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1 Introduction

Hardness amplification is the process of taking a computational problem II and a distribution
D of instances over which II is mildly hard, and constructing a problem II’ and distribution D’
over which II’ is much harder. There has been extensive work in the past studying hardness
amplification for various computational tasks such as computing Boolean functions [26, 17,
12, 19, 18, 5], inverting efficient functions [26, 11], distinguishing between distributions [9],
deciding languages contained in complexity classes like NP [21, 15, 23, 14, 6], EXP [24],
#P [20, 8], or P [4, 13, 7], solving optimization problems [10], for specific interesting or
structured problems [3, 16, 1], etc..

In this paper, we study hardness amplification for the task of evaluating integer- or
real-valued functions. We first describe our setting and results, and then demonstrate various
corollaries of our theorems that motivate studying such problems.

Evaluating Functions

In our first result, we consider functions f : {0,1}" — Z,,, where Z,, denotes the set of
integers {0,1,...,m — 1}, and the computational task is to compute f(z) given an input
x € {0,1}™. Here, we only use Z,, to denote set without involving any modulo operations.
Suppose we are given such an f and a distribution D on {0,1}"™ over which computing f is
(1 — d)-hard — meaning that no small circuit can correctly compute f(z) with probability
greater than (1 — ¢) when z is drawn from D. Our objective is to construct a function g
and distribution D’ such that computing g is n-hard over D’ for some small 1. Further, we
would like g to have the same type as f — to take bit-strings as input and produce integers
from a bounded range as output.
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For Boolean functions, Yao’s XOR Lemma [26] shows that such amplification can be
achieved by having g be the XOR of multiple instances of f; and similar results are also
known if g is the Recursive Majority-of-3 of such instances [21]. We show that in this case
of integer-valued functions, having g be the sum (over integers) of multiple instances of
f achieves the same. For t € N, denote by (SUM; ® f) the function that takes ¢t inputs
x1,...,x¢ € {0,1}", and outputs the sum », f(x;).

» Theorem 1.1 (Simplification of Theorem 3.1). Suppose a function f : {0,1}" — Z,, is
(1 = 6)-hard to compute over a distribution D for circuits of size s. Then, for t € N, the

function (SUM; ® f) is (%)—hard to compute over the product distribution D for circuits
cm

. c/'m? 2 ’ .
of size (t262 log(@y ) = 5» 45 long as t > <§—, where ¢ and ¢’ are some universal constants.

In a typical application of this theorem (see Section 1.1 for examples), one might take §
to be a small constant, m to be some polynomially large value in n, assume (1 — ¢)-hardness
for s being any arbitrary polynomial in n, and set ¢ to be w(m?) but still some polynomial in
n. The theorem would then imply that (SUM; ® f) is 1/poly(n)-hard for all polynomial-sized
circuits.

To place the O(m/v/t6)-hardness we obtain in context, observe that it is not possible to
show that summation generically amplifies such a function to hardness less than ©(1/v/14).
Consider, for example, a hypothetical function that takes values in {0, 1}, is easy to compute
on (1 —20) fraction of inputs, and on the remaining 24 is optimally hard (so it is not possible
to do better than random guessing). This function is (1 — d)-hard. Given ¢ random inputs
from the hard distribution, the hardness comes only from about ¢ of the inputs. And simply
guessing randomly on each of these will yield the correct value for the sum of their outputs
with probability Q(1/v/14).

Approximating Functions

In our second result, we extend the above hardness amplification to the task of approximately
evaluating bounded real-valued functions. Here we consider functions f : {0,1}" — [0,m),
and the task is, for some approximation parameter ¢ € RT, to compute some value in the
range (f(z) — €, f(x) + €) given input x. We show that summation again amplifies hardness,
though with slightly different dependence on the various parameters, and also now depending
on the e.

» Theorem 1.2 (Simplification of Theorem 4.1). Suppose a function f : {0,1}" — [0,m) is
(1 — 8)-hard to e-approzimate over a distribution D for circuits of size s. Then, the function

1/2
(SUM; ® f) is 10 - (%) -hard to e-approxzimate over the product distribution Dt for

’
cm

€(t5)3/2 log(t)

2
) -8, as long as t > %35, where ¢ and ¢’ are some universal

circuits of size
constants.

Here too, in the applications we show, parameters are set as described for Theorem 1.1
earlier, with e = O(1).

Paper Outline

In the rest of this section, we describe various corollaries of the above theorems (Section 1.1)
and provide an overview of the proofs of these theorems (Section 1.2). In Section 2, we set
up the definitions, conventions, and hardcore lemmas needed in the rest of the paper. In
Sections 3 and 4, we state and prove more comprehensive versions of Theorems 1.1 and 1.2,
respectively.
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1.1 Corollaries

Functions mapping bit-strings to integers or real numbers, even within limited ranges, are
quite general and capture a variety of natural problems whose complexity is of significant
interest — essentially any problem IT whose solution II(x) for an instance z is a bounded
integer or real number. For such problems, our results roughly say that computing the sum
of solutions to ¢ instances is a much harder problem. Such a statement is not particularly
meaningful in general, but things become much more interesting if the problem II also
happens to admit an additively homomorphic self-reduction.

That is, suppose there is an efficient algorithm R such that for any inputs z1,..., s,
we have II(R(z1,...,2¢)) = >, I(z;). In this case, the problem of computing the sum of
solutions of ¢ instances can be reduced back to the solving the problem II itself on a single
instance. Then, our results can be used to show that mild hardness of IT implies strong
hardness of II itself, possibly on a different distribution over instances (in what is sometimes
referred to as hardness self-amplification). And this requirement is weak enough that many
natural and important problems have such self-reductions. Below, we show three examples,
each of which is qualitatively distinct from the others.

Optimization Problems

Various natural optimization problems can be cast in terms of computing a polynomially
bounded integer-valued function of the input, and further be shown to possess simple
additively homomorphic self-reductions. For example, consider the Max-Clique problem
where, given (the adjacency matrix of) a graph G, the task is to compute the size of its
largest clique. Given graphs G, ...,Gy, we can create a new graph consisting of one copy of
each GG;, with edges between every pair of vertices that are not from the same graph. The
size of the maximum clique in this composite graph is simply the sum of the maximums in
all the G;’s.

Another example is the MaxSAT problem, where given a CNF formula ¢, the task is to
find the maximum number of clauses satisfied by any assignment to its variables. Given
t formulas ¢1, ..., ¢; on disjoint sets of variables, the maximum number of clauses of the
formula (¢1 A -+ A ¢;) that can be satisfied is simply the sum of the maximums of all the
¢;’s. Note that both of these problems also happen to be NP-hard. We get the following
from Theorem 1.1, following the arguments above.

» Corollary 1.3. The following holds for any problem I1 € {MaxSAT, MaxClique}. If there is
a family of distributions on which 11 is 0.9-hard, then there is a family of distributions on
which 11 is O(n=4%)-hard (where n is the instance size). Further, if the former family is
efficiently sampleable, then so is the latter.

In these corollaries, we consider the asymptotic hardness of these problems rather than for
a fixed input size, which is why we need to consider a family of distributions — one distribution
for each value of the instance size parameter n — rather than a single distribution. And by
efficiently sampleable, we mean sampleable by a polynomial-sized family of circuits. Similarly,
when we just say n-hard, we mean n-hard for families of circuits of size any polynomial in
the instance size parameter n. More detailed and careful statements of all the corollaries are
presented in the full version, along with sketches of their proofs. These are all asymptotic
statements, and so involve applying our theorems (which are stated for arbitrary input
lengths and circuit sizes) for all members of families of functions and circuits.

2:3
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Hardness amplification for optimization problems, including the above examples, was
studied in [10]. However, they considered the task of actually finding the maximum clique,
the maximally satisfying assignment, etc., and their results are incomparable to the corollary
above.

Entropy Estimation

A natural problem (that has incidentally been of some significance in cryptography [25]) is
that of estimating the Shannon entropy of a distribution given its sampling algorithm (say,
as a circuit). Given a distribution over {0,1}™, its entropy is some real number in the range
[0,m], and Shannon entropy is also conveniently additive: for any random variables X and
Y, we have H(X,Y) = H(X)+ H(Y). We cannot use Theorem 1.1 here because the entropy
is not integer-valued, but we can use Theorem 1.2 to show hardness amplification for the
task of approximately computing the entropy of a given distribution.

In this case, we can in fact go further. A related decision problem, called the Entropy
Difference problem, is known to be complete for the complexity class SZK, which consists of
problems that possess statistical zero-knowledge proofs [22]. In this problem, given sampling
algorithms for two distributions Dy and D;, and promised that their entropies are separated
by a gap of at least 1, the task is to tell which distribution has larger entropy. If this problem
is even mildly average-case hard over some distribution of instances (Dg, D7), then the task
of computing the entropy of distributions to within 4+1/2 is mildly average-case hard for the
distribution given by sampling (Dg, D7) as above and randomly outputting one of the two
distributions. These observations, together with Theorem 1.2, give us the following.

» Corollary 1.4. [f there is a problem in SZK that is 0.9-hard over some family of distributions,
then there exists a family of distributions on which O(1)-approzimating Shannon entropy is
O(n=%24)-hard. Further, if the former family of distributions is efficiently sampleable, then
so is the latter.

Approximate Counting

Given as input the description of a Non-deterministic Turing Machine M and an input z for
it, define f(M,x) to be the number of accepting paths in the execution of M given input z.
This function captures the defining problem of the complexity class #P. The same can be
done with the #P-complete problem #SAT, which is the problem of counting the number of
satisfying assignments to a given Boolean formula.

In both these cases, however, the function can take exponentially many values in the
instance size, and so trying to apply our theorems would not give meaningful bounds. However,
if we instead consider the function g(M,x) = logy(f(M, z)), this function is real-valued and
lies in a polynomially bounded range (as long as the formula is guaranteed to be satisfiable).
Further, additive +¢ approximations to g are equivalent to multiplicative 2+¢ approximations
to f. Theorem 1.2 now implies the following.

» Corollary 1.5. Suppose there is a family of distributions over satisfiable Boolean formulas
on which multiplicatively approximating the number of satisfying assignments to within a
factor of 2 is 0.9-hard. Then there is a family of distributions on which the same task is
O(n=%2)_hard (where n is the instance size). Further, if the former is efficiently sampleable,
then so is the latter.



Y. Li and P. N. Vasudevan

1.2 Technical Overview

In this section, we give an overview of our analysis of the hardness amplification of summation.

We focus on hardness amplification of evaluating integer-valued functions (Theorem 1.1).

Hardness of {0, 1}-valued functions

We will start by showing something even simpler — hardness amplification for functions that
only take two different values. Our techniques here are inspired by ideas in the proof of
existing hardness amplification theorems for problems in NP [21].

Suppose that there is a function f : {0,1}" — {0,1}, and a corresponding distribution H
over {0,1}", on which the function f is strongly average-case hard; that is, there is some
small v = 1/poly(n) such that for any circuit C of size at most s,

Pr [C(x) = ()] < 3(1+7),

z+—H

For simplicity, we assume that f is balanced over H. That is,

P = = P = 1 .

Pr[f(x) =0 = Pr[f(z)=1]
For some t € N, consider the function g : {0,1}'" — Z;,1, where g(z1,...,7;) =

f(z1) + -+ f(z¢). In the following, we will show that the average-case hardness of g

improves polynomially in ¢. Particularly, for any circuits of size at most approximately s, we

have:

SN

Py [0 = g(o)) < (1+5)- )

Before we show this, let us understand the best hardness we can hope to show. A simple

algorithm for computing ¢ is to just always output the value that g is most likely to take.

Since f is assumed to be balanced over H, this value would be %

nlpo-t]-§a(t)

If the function f had been optimally (1/2)-hard, then this would also be the best possible
algorithm for g. What we have is that f is (1 4+ -y)/2-hard for some small v, indicating that
f is still almost optimally hard. We essentially show that in this case the above algorithm is
still nearly the best possible algorithm g.

We start by observing that the hardness of f implies the indistinguishability of the
distributions H conditioned on different outputs — H|f(;)—o and H|f(;)—;. That is, for any
circuit C of size at most s,

Pr [C(@) = 11f(x) = 1] = Pr [C(a) = 1|f(x) = 0]| <. 2)

x<—H

For function g, consider the performance of any circuit C for computing g. We claim
that, for any k € Z; and any v in the output range of C, the following holds:

<+ H?t < H?t

Pr [C(e) = vlg(@) =k +1] — Pr [é<x>=vg<x>=k1\ <. (3)

2:5
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To prove it, assume

Pr [C(2) =vlg(x) =k+1] = Pr [O(x) = vlg(z) = K]| > . (4)

The distribution z < H?| g(x)=k 18 equivalent to the distribution sampled as follows:

1. Independently sample 1, ..., &g <= H|¢z)=1, and Tx11, ..., 2t ¢ H|f(z)—0 independently

2. Sample a uniformly random permutation 7 from all possible permutations over ¢ coordin-
ates

3. Output 7(z1,...,x¢)

Using this observation and the linearity of expectation, (4) implies that there must exist a

fixed (z1,..., Tk, Tgt2,...,o:) and a permutation 7, such that
Pr  |CG)=vlf(@)=1]-  Pr_ [é(@) = o|f(z) = o} > 1.
x4 H, 2+ H(x) x4 H, i+ H(x)
where H(z) denotes 7(x1,. .., Ty, T, Trto, . .. 2). Then, a circuit C' : {0,1}" — {0,1} can be
constructed by taking x1,..., 2k, k19, ..., x; and permutation 7 as non-uniform advice and

working as follows: on the input « € {0,1}", outputs 1 iff é(w(xl, cey Ty ..., xt)) outputs v.
The size of C is approximately the size of C', and we have

Pr [C(x) =1[f(z) =1] = Pr [C(z) = 1|f(z) = 0]| =,

z—H
which contradicts the hardness of f as captured by (2).

Based on (3) and a simple telescoping argument, we further obtain, for any 4, j € Z;14
and any v in the output range of C,

z+H?t < H?t

Py C0) =dlale) =] =Py, [06) =olatw) =] < i~ )
We can now bound the probability that a circuit C can correctly compute the function g as:

Pr [C(x) = g(2)] = Pr [g(z) = k] Pr [C(x) = Klg(z) = K]

2yt i
<§(2Zt) (%Ht {C’(m) _kz‘g(m) - ;] + ’k—;‘ v)
< (2%)- t P [c<x>=k\g<x>:ﬂ+§t)(’? k—é]w

)

where the second line follows from the fact that f is balanced over H, the third line follows
from (5), the fourth line from the maximality of the central binomial co-efficient, the fifth
line from computing the sum of the series there, and the last line from the fact that the
events in the probability expressions are disjoint.

The above approach to bounding the probability of computing the sum of ¢ independent
instances of a function whose value between two possible outputs is strongly hard to decide
is at the core of the proofs of our results.
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Reducing to two outputs

Since our amplification approach is based on the strong indistinguishability of distributions
over the pre-image sets of two outputs, for any evaluation problem, we will identify such a
pair of indistinguishable pre-image sets based on assumption that the evaluation problem is
hard. For simplicity, we will take the distribution over which the problem is hard to be the
uniform distribution over {0,1}".

Consider a function f : {0,1}" — Z,, that is (1 — §)-hard for circuits of size s. For every
a,b € L, a # b, we define a computation problem in which we only consider the correctness
on inputs whose output belongs to {a,b}. We formalize the above problem by defining the
relations R, p, over {0,1}" X Zy,:

If f(z) € {a,b}, then (z,y) € Ry, if and only if y = f(x);

If f(z) & {a,b}, then (x,y) € Ry for every y € Zyy,.

For any z € {0,1}", denote by R () the set of y € Z,, such that (z,y) € R,p. We
show that the hardness of f implies that there must exist some a # b € Z,, and some
distribution over their pre-image sets for which it is hard to distinguish whether f(z) is a or
b. More precisely, we show that there exists a pair (a,b) such that R, is (1 — /(" ))-hard

for circuits of size —55.
m

Amplifying using hardcore sets

Pick a relation R, that has such hardness. As its hardness essentially comes from the
hardness of deciding between two possible outputs a and b, we can extend existing proofs of
the hardcore lemma for Boolean functions (e.g. that of [17]) to obtain a hardcore set! for
R,p. This is a set H C {0,1}" of density at least ¢’ = §/ (”;) such that the relation R, p is
(1 +7)/2-hard over random inputs from H for circuits of size roughly v%s/m?. Further, we
can ensure that all inputs « € H are such that f(z) € {a, b}, and with only a small loss, we
can also ensure that this set is balanced between the outputs a and b.

The rest of the argument is quite standard. Given ¢ inputs x1, ..., z; sampled uniformly
at random from {0,1}", with high probability roughly at least a ¢’ fraction of these will
fall in H. Looking at just these 0t inputs, we are essentially back in the case discussed
at the beginning of this overview — that of a function that has two possible outputs, with
inputs being sampled from a hard distribution balanced between these outputs. Applying the
amplification arguments there to this subset of inputs, we get from (1) that computing the
sum of the f(x;)’s for the z;’s that fall in H is roughly (1/v/6’t + v/8’ty)-hard for circuits of
size roughly v2s/m?2. In order to compute the sum of all the f(z;)’s, the sum corresponding
to the above §’t inputs needs to be computed. So this hardness carries over to computing
SUM; ® f as well. Setting v = 1/§’t now gives us Theorem 1.1.

2 Preliminaries

2.1 Notations

For m € N, denote the set {0,...,m — 1} by Z,, (note that this is just a set, not the ring of
integers modulo m). For v,e € R, we use [v £ €) to denote the interval [v — €,v + €) and use
round brackets for open intervals and square brackets for closed intervals.

! Actually, what we obtain are hardcore distributions, but we assume these are sets in this overview for
simplicity.

2:7
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For distributions H,G over the same domain {0,1}", for any integers 0 < k < ¢,
the symbol II;(H*, G*~*) stands for the following distribution: sample z1,. ..,z from H
independently and sample zgy1,...,2; from G independently, sample a permutation 7 over
t entries uniformly randomly, and output 7(z1,...,x¢).

For n,t € N and some alphabet X, given functions f: {0,1}" — ¥ and g : Xt — ¥/,
denote the function that outputs g(f(z1),..., f(x:)) over input (z1,...,2¢) by g ® f. For a
relation R C X x Y, for any z € X, we define R(z) ={y:y € Y A (z,y) € R}.

We represent real numbers using strings. In each case, the range of relevant real numbers
is some [0,m) that will be clear from the context, and the string is to be interpreted as a
fixed-point representation of numbers in that range. That is, for any y € [0, m), y is evaluated
as 1 . 9flogm]—1 +ys- ollogm]=2 4 ... 4 Ylogm] - 20 1 Ylog m]+1 271 4. where y; € {0,1}
and y is represented by (y1,¥s2,...).

2.2 Average-Case Hardness

The average-case hardness of a problem is defined with respect to a distribution over its
input domain. We start by formally defining the hardness of functions and relations.

» Definition 2.1 (Hardness of Evaluating Functions). For any § € (0,1), n,l,s € N, consider
a function f:{0,1}" — X, where ¥ is an output domain that can be encoded by {0,1} and
I = [log|X|]. For a distribution D over {0,1}", f is called §-hard on D for circuits of size s
if, for any circuit C : {0,1}" — {0,1}! of size at most s, we have

Pr [C(z) = f(z)] < 4.

xD
» Definition 2.2 (Hardness of Satisfying Relations). For any § € (0,1), n,l,s € N, consider a
relation R C {0,1}" x X, where ¥ is an output domain that can be encoded by {0,1}' and
I =[log|X|]. For a distribution D over {0,1}", R is called d-hard on D for circuits of size
s, if for any circuit C : {0,1}™ — {0,1} of size at most s,

Pr [C(z) € R(z)] < 4.

x<—D

» Definition 2.3. For a function f : {0,1}" — [0,m), the approximation problem with
distance d is denoted by a relation R? C {0,1}™ x R, where

R} = {(z,y) : |f(2) —y| < d} .
Similarly, the closed approximation is defined by

R} = {(z,y) : | f(x) —y| < d}.
» Definition 2.4 (Hardness of Approximating Functions). For any ¢ € (0,1), a,s € N and
m,e € R, consider a function f :{0,1}™ — [0,m). For a distribution D over {0,1}"™, f is

called §-hard to approximate on D with accuracy « and distance e for circuits of size s, if
the relation R C {0,1}™ x {0,1}* is -hard on D for circuits of size s, where

R={(z,y): |f(x) —y|l < e},

and real value y is encoded by a binary of length a.
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2.3 Hardcore Lemmas

Impagliazzo’s hardcore lemma [17] implies the existence of a strongly hard subset within an
instance space where the Boolean function is only mildly hard on average. In this section,
we first extend the hardcore lemma to a more general setting, for relations with a closure
property under majority. Then, we will demonstrate how to transform a hard distribution
into a balanced one, to facilitate our subsequent proofs of hardness amplification.

The following definition of density is utilized to measure the flatness of the hardcore
distribution obtained, ensuring that it can be reintegrated into the original distribution [2,
Chapter 19].

» Definition 2.5 (Relative Density). For § € (0,1] and distributions X,Y on {0,1}", X is
called §-dense with respect to Y, if for any x € {0,1}", we have

1
Pr[X =z] < 5 -Pr[Y = z].

The closure property under majority is highly useful for identifying the hardcore distribu-
tion of functions or relations. Several prior studies have relied on this closure property to
prove the existence of hardcore distribution [17, 19, 18, 5]. We begin by formally defining
magjority combiner.

» Definition 2.6 (Majority Combiner). For a relation R C {0,1}" x ¥ and t € N, a circuit
M : ¥t — ¥ is called a majority combiner for relation R over t coordinates, if for any
z € {0,1}™ and any y1,...,y €%, such that |[{i: 1 € {1,...,t} Ay; € R(x)}| > t/2, we have
M(y,...,m) € R(x).

The key idea behind Impagliazzo’s hardcore lemma is that, if for any distribution H with
certain density, there always exists a circuit of slightly smaller size that solves the problem
with probability more than % + v, for some v € (0,1), then we can construct a larger circuit
by taking the majority vote of multiple carefully chosen circuits, which can result in a high
probability of agreement with function f, leading to a contradiction.

» Lemma 2.7 (Extended Hardcore Lemma). For n € N, consider a relation R C {0,1}™ x
{0,1}™; define G = {x : Yy € {0,1}™,y € R(x)}. Consider any distribution D over {0,1}".
Consider any 6 € (0,1), v € (0,1/2), and large enough s € N. Let t = f%] be an
integer. If there exists a majority combiner for relation R over t coordinates of size at most
s/2, and R is (1 — §)-hard on D for circuits of size s, then there is a distribution H over
{0,1}" \ G which is 6-dense with respect to D, such that R is (§ + ~)-hard on H for circuits

. 25
of size 716102(2/76).
» Remark 2.8. The proof of Lemma 2.7 follows [17, 2] via the Min-Max theorem with some

subtle adjustments, which can be found in the full version of this work. The best-known
2
parameter for the small circuit size in the lemma is O(W), whereas the bound we present

here is O(%). In fact, the proof in [5], which uses a multiplicative weight update
method, can be directly adapted to our extended setting. For simplicity, we provide a proof
for a slightly weaker bound, which suffices for our purpose.

2.4 Balancing Hardcore Distributions

» Definition 2.9 (Balanced Distribution). For a domain X, given a distribution X on {0,1}"
and yo,y1 € X, a relation R C {0,1}" x X is called balanced on X around {yo,y1}, if

1
Pr [yo € R(z)] = Pr [y1 € R(z)]= = and Pr [yo € R(x) Ay1 € R(x)] = 0.
X X 2 X

2:9

CCC 2025



2:10

Hardness Amplification for Real-Valued Functions

Adapting the approach in [21], we derive the following lemma, which will be useful in our
later arguments. We refer the reader to the full version of this paper for the proof.

» Lemma 2.10 (Balanced Hardcore). Fory € (0,3), 6 € (0,1) and s € N, for a relation
R C{0,1}" x ¥ and distributions H, D over {0,1}"™, suppose that there exist a,b € &, a # b,
such that

(1) For any x € Supp(H), there is exactly one of the following holds: a € R(x) or b € R(x).
(2) Letting D, denote the distribution x < Dl|,cr(z)rbgR(z) and Dy denote the distribution

T < DlpeRr(z)ragR(z); Da, Dy has 0-density with respect to D.

If H is a 6-dense distribution with respect to D and R is %(1 + 7v)-hard on H for circuits
of size s, then there is a distribution H' with density 6 with respect to D, on which R is
balanced around {a,b} and (1 + ~)-hard for circuits of size s.

3 Evaluating Integer-Valued Functions

We now present our hardness amplification result for evaluating integer-valued functions.
Given a function f, which is somewhat hard to evaluate on average, it is feasible to show
that the function SUM; ® f possesses a strong average-case hardness, where SUM; represents
the summation function over t coordinates. We state our main theorem below.

» Theorem 3.1. For ¢ € (0,1), m,s,t € N and a distribution D over {0,1}", for any large
enough s, consider a function f : {0,1}"™ — Z,, that is (1 — §)-hard on D for circuits of size
s, define a function g : ({0,1}")" = Zy.;m as follows:

t

g(x1,...,x¢) = Zf(%)

i=1

Then, for v € (0,1), for large enough s, g is n-hard on D* for circuits of size s', where

ST PR
77_6 2# 27 )lu’_ m(m71)7
’ '725

* = 512m? log(4m2/~68)

For sufficiently small v, the dominant term of 7 is (M‘;Q) /2" = ©(1/\/i). Taking t large
enough enables us to establish hardness amplification. To prove it, we will first construct
the hardcore distribution for the function f, show that summation effectively amplify the
hardness on this hard distribution and then generalize the result to the original distribution.

Intuitively, the hardcore distribution of any Boolean-valued function is straightforward,
as the output is restricted to either yes or no. However, for integer-valued functions, the
structure of a hard set is inherently more complicated. We characterize the hardcore of
integer-valued functions by defining a set of new problems, simply considering two values
in the output domain and an input value is only considered relevant if its corresponding
output matches one of those. We show that there is a pair of values such that the resulting
problem is hard. Then, we extract a hardcore from this hard problem, which possesses a
good structure corresponding to the original function.

» Lemma 3.2. For § € (0,1), m,s € N and a distribution D over {0,1}", consider a
function f : {0,1}" — Z,,. For any a,b € Z,, and a # b, define the relation R, C
{0,1}" x {0,1}M°e™1 g5 follows:
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If f(z) € {a,b}, then (x,y) € Rap if and only if y = f(x);
If f(z) & {a,b}, then (z,y) € Rqyp for any y € {0, 1}“0337”].

For s > m?logm, if f is (1 — &)-hard on D for circuits of size s, there exists a pair of
a,b € L, a #b, such that Rep is (1 — W‘S_l))—hard on D for circuits of size 5.

This lemma suggests that if the function f is hard to evaluate on average, then there must

exist output values a, b, such that distinguishing their pre-images is also hard on average.

We defer the proof to Section 3.1, and our hardcore construction is shown below.

» Lemma 3.3 (Hardcore for Integer-Valued Functions). For §,v € (0,1), m,s € N and a
distribution D, consider a function f : {0,1}"™ — Z,,, which is (1 — &)-hard on D for circuits
of size s. If s is sufficient large, there exist a,b € Zp,,a # b and a ﬁ‘il)—dense distribution
H (with respect to D), on which f is balanced around {a,b} and 3(1+ ~)-hard for circuits

2s

Of §12€ 356m2 log(4m?2/~6) *

Proof. Suppose f: {0,1}" — Z,, is (1 — 6)-hard on D for circuits of size s, by Lemma 3.2,
if s > m?logm, there exists a pair of a,b € N,a # b, such that R, is (1 — mL)—hard

(m-1)
on D for circuits of size —*;. This hardness implies that Pr.. p[f(z) = a] > Wé—nv then
the distribution D|f(,)—, is m(fT‘s_l)—dense with respect to D (and the same holds for b).

For relation R, ;, the majority gate is a natural choice for the combiner. For some

2
v € (0,1), let t = W be an integer, if the size of majority-of-t circuits is less

20
—1

than 52—, by Lemma 2.7, there is a W—dense hardcore distribution H’' (with respect

to D) over {z : f(z) € {a,b}} € {0,1}", on which R, is (3 + I)-hard for circuits of size
s 29

256m?2 1(?g(4m2/'y§) : m(m—1)

(with respect to D), on which f is balanced around {a, b} and 3(1 + )-hard for circuits of

2s

3 0l
SIZ€ S556m?2 log(4m?/~6) " <

By Lemma 2.10, we can construct a distribution H with density

We believe that this hardcore distribution exhibits a desirable structure, given that the
hardness of evaluating function f on it can be captured by indistinguishability. In the
following, we consider the inputs sampled from the hardcore distribution. It is a natural way
to amplify the average-case hardness of function f, by constructing the function SUM; ® f. If
f is hard on distribution H on which there are two possible outputs, then the best algorithm
with restricted running time would not perform significantly better than random guessing.
Consequently, the almost optimal way for guessing the value of SUM; ® f on H! is output
the one with the highest probability of occurring.

» Lemma 3.4. For v € (0,1), m,s,t € N and a,b € Z,,, consider a hardcore distribution
H C{0,1}", on which function f : {0,1}" — Z, is balanced around {a,b} and %(1++~)-hard
for circuits of size s. Define the function g : ({0,1}")" — Z¢.y as follows:

t

g1, .., 1) = Zf(xl)

i=1

Fork € N,0 < k <t and any other distribution G over ({0, 1}")*=F for sufficient large s,
specifically s > log(t-m), the function g is n-hard on II,(H*,G) for circuits of size £, where

- (LQI’%) <1+ f’;w).

2:11
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This lemma demonstrates that summation can effectively amplify the hardness over
the hardcore distribution, for which the proof will be presented in Section 3.2. However,
the hardcore lemma only ensures the existence of a hard distribution without guaranteeing
efficient sampling. Therefore, to derive a more meaningful hardness result, we will eventually
focus on the hardness on the original distribution.

One direct approach is to embed this distribution into the original one with some
probability mass parameterized by its relative density. When sampling instances from the
original distribution a sufficient number of times, the number of instances sampled from the
hard one will concentrate around the expected value. Based on this observation, we proceed
to prove our main theorem.

» Theorem 3.1. For 6 € (0,1), m,s,t € N and a distribution D over {0,1}", for any large
enough s, consider a function f :{0,1}"™ = Z,, that is (1 — §)-hard on D for circuits of size
s, define a function g : ({0,1}")! — Zy.;m as follows:

t

g(x1,...,x¢) = Zf(xz)

i=1

Then, for v € (0,1), for large enough s, g is n-hard on D* for circuits of size s, where

n=e 4 (Lzﬂj) (1+151) = fm(n?_ ik
’_ Vs
~ 512m2log(4m?2/~6)"

Proof. Theorem 3.1 For a function f : {0,1}" — Z,,, which is (1 — §)-hard on D for circuits
m—dense distribution H

with respect to D, such that f is balanced around {a, b} and 2 (1 + v)-hard on H for circuits

2

of size s, by Lemma 3.3, there exists a,b € Z,,,a # b and a

s
256m2 log(4m? /75)

H has density § = m, then there exists a distribution G over {0,1}", such that
D =0H + (1—6)G. For t € N, we have

of size § =

t

p=%" (2) FR(1 = 8)1k L (H*, G F).
k=0

Therefore, for any large enough s € N, and any circuit C' of size s’ = 3, by Lemma 3.4,

.Sk 1— SNt—Fk | P _
(1-5) M%HE,GH)[C@) ofa)
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where p = [%] The last inequality is obtained by Chernoff bound, where the first term is
equivalent to the probability that a binomial distribution with parameter (n,0) samples a
value less than p. |

3.1 Proof of Lemma 3.2

» Lemma 3.2. For § € (0,1), m,s € N and a distribution D over {0,1}", consider a
function f : {0,1}" — Z,,. For any a,b € Z,, and a # b, define the relation Rqp C
{0,1}™ x {0,1}M°8 ™1 a5 follows:

If f(z) € {a, b}, then (z,y) € Rap if and only if y = f(z);

If f(2) & {a,b}, then (x,y) € Rayp for any y € {0, 1}Mosm],

For s > m?logm, if f is (1 — &)-hard on D for circuits of size s, there exists a pair of
a,b € Ly, a # b, such that Rep is (1 — —20__\_hard on D for circuits of size o

m(m—1)

Proof. Assume that, for any a,b € Z,, a < b, there is a circuit C, ; : {0,1}" — {0, 1} Tee™]
of size >, such that

20
P >1—- — .
meI‘D[CG’b(x) € Ra)b(l’)] = m(m — 1)
Let Cp o = Cyp. Then, we can construct a circuit C' as follows:

1. Input: z € {0,1}"
2. Fori e {0,1,...,m —1}:

If for every j # ¢, C; j(z) = ¢ holds, return 4.
3. Return L.

During the process, C' compares each output of C; ;(z) with i, which means there are ©(m?)
comparison of ©(logm) bits, so the circuit complexity of C' is at most (’g) “Sstco m?logm,
where c is a constant. If s > m?logm, the size of C' is at most s.

By taking the union bound, we have

Pr [3(a,b),a <b:Cop(x) & Rop(x)] < IlirD[Ca,b(z) & R, p(x)] < 6.

z<+—D

For any input z, there exists at most one ¢, such that for every j # ¢, C; j(x) outputs i.

If not, we have C; ;(z) = ¢ = j, which leads to a contradiction.
If every C, () outputs a correct value in R, (), there exists a unique ¢ = f(x), such
that C; j(x) € R, j(x) for every j # 4, then C computes f(z) correctly.

Pr [C(z) = f(z)] > Pr [V(a,b),a <b:Cqp(x) € Rap(x)] >1—0,

z<—D D

which contradicts the fact that f is (1 — d)-hard for circuits of size s. |

3.2 Proof of Lemma 3.4

» Lemma 3.4. For~ € (0,1), m,s,t € N and a,b € Z,,, consider a hardcore distribution
H C {0,1}", on which function f : {0,1}" — Z,, is balanced around {a,b} and 1(1++~)-hard
for circuits of size s. Define the function g : ({0,1}")* — Zy.,, as follows:

g(x1,...,2¢) = Zf(%)

2:13
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For k € N,0 < k <t and any other distribution G over ({0,1}™)'=%, for sufficient large s,
specifically s > log(t-m), the function g is n-hard on Il,(H*,G) for circuits of size 5, where

_ (LQI’%J) (1+ (];h)-

Proof. Consider a hardcore distribution H and a function f : {0,1}" — Z,,, such that f
is balanced around {a,b} and % (1 + ~)-hard on H for circuits of size s. Let H, denote the
distribution x <= H|t(z)—q and Hy, denote x < H|¢(y)—p, we have H = %Ha + %Hb. For any
i,k € N, denote TI(H:, HF ") by HF Then, consider any & = (21,...,2:x) € ({0,1}")*
and a permutation m of ¢ entries, we claim the following fact.

> Claim 3.5. If s >> log(t - m), for any circuit C : ({0,1}")* — {0, 1}°8*™] of size at most

5 and any i € Zg, v € Zt.m, we have

Pr [C(n(z,4)) = v|z € HE,| — Pr [C(n(z,4)) = v|z € HF]| <.

T+ HFE
By Claim 3.5 (which is proven below), combined with triangle inequality, for any i, j € Zy,

Pr [C(r(z,2)) =v|z € Hf| < Pr [C(n(z,2)) =v|z € ij] + i — j] 7.

T HF T+ HF

Let A = Y127 f(@). For any circuit C : ({0,1}")" — {0,1}1°8*] of size at most £,

T+ HF
k
B i=0 iefr{k [x © Hﬂ EEII—‘Ik [C(W(@f)) =g(z,2) |z € sz]
k
— 2 s Hk [z € HY] b [C(n(2,2)) = ai + b(k — i) + A |z € H]
1 k k B | | _ k | k
< 27; i) \oEh {C(W(x,x)) = ai + b(k — i) +A’x € HL%J} +i= 15

0
(15) > Py ot )~ =i s ale e ay [+ (LIZJ»

2

Hence, for any distribution G over ({0,1}")"*,

k
Pr [C(&) = g(&)] < ) (1 + (’;w) . <

T I(H*,G) 2k

3.2.1 Proof of Claim 3.5
> Claim 3.5. If 5 > log(t - m), for any circuit C : ({0,1}")t — {0, 1}11°2¢™] of size at most

5 and any i € Zy, v € Zt.m, we have

Pr [C(n(z,2)) =v|z € HE ] — Pr [C(n(z,2)) =v|z € HF]| <.

T HF
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Proof. Without loss of generality, suppose there exists a circuit C : ({0, 1}")t — {0, 1}[logtm]
of size at most 5 and i € Zy, k € Zy.;m, such that

Pr [C(n(z,2)) =v|z € Hf, ] — Pr [C(n(z, %)) =v|z € Hf]| > .
Pr [Cn(@ ) =l € HEy] — Pr [C(r(z,8) = vla € HY]| 24
Then, there must exists a tuple (z1, 2, ...,z,_1) and a permutation 7 of k entries, such
that
Pr [C(W(P_I(x),:%)) =v|z € Ha] — Pr [C(w(ﬁ(x)) =v|z € HbH >,

x—H z—H
where H(x) denotes 7y (z,z1,..., 25 1).

Construct a circuit C’, implementing C' by taking an input of length n, along with fixed
m, & and 7y, (1,...,2x—1),v as the non-uniform advice, outputs a if and only if C' outputs

v and outputs b otherwise. Then,

Pr [C'(z) = a|z € H,]

/
—_ = > .

Therefore, the probability that C’ correctly compute f is

—_

Pr [C'(z) = f(z)] = %Pr[C’(m) =alz € H,| + %Pr[C”(x) =blz € Hy] > 5(1 +7),

z+—H

which contradict to f is 1(1+ ~)-hard on H. <

4 Approximating Real-Valued Functions

In this section, we extend our results to real-valued functions. To avoid any precision loss
€
2
that can be encoded by {0,1}“ in the interval. Therefore, for any approximation considered

below, we always assume « > log(m/e) + 4.

introduced by encoding, we assume that for any open interval of length £, there is a value

» Theorem 4.1. For 6 € (0,1), m,e € R, a,s,t € N, a > log(m/e) +4 and a distribution D
over {0,1}", consider a function f :{0,1}" — [0,m) that is (1 — §)-hard to approximate on
D with accuracy o and distance €, for circuits of size s. For any large enough t, define a
function g : ({0,1}")" = [0,¢-m) as follows:

t

g(x1,..., 1) = Zf(xz)

i=1

Then, for v € (0,1), for any large enough s, g is n-hard to approzimate on D' with accuracy
o' and distance €, o/ > log(t - m/e) + 4, for circuits of size s', where
&), e
n=e Mty 25 (6+ 77) = —V/2t3,
21 2 m
s = '726 s
2561m/2t0 log (8tm?2 /€2+24)

When 7 is small enough, 1 will be dominated by (ul;2) /2" = O(1/,/m). For large enough
t, we can effectively obtain a function with strong average-case hardness to approximate by
taking the summation of multiple copies of f.

2:15
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» Lemma 4.2. For§ € (0,1), m,e € R, a, s € N, a > log(m/e€)+4 and a distribution D over
{0,1}", consider a real-valued function f:{0,1}" — [0,m). For anyl €N, let d = §, which
denotes the radius of the partitioned intervals. For any a,b € {d,3d,...,(2[§5] —1)d},a # b,
define the relation Rqp, C {0,1}" x {0,1}% as follows:

If f(z) € [aL£d) or f(x) € [b£d), then (z,y) € Rap if and only if y € (f(x) £¢);

If f(x) € laLtd) and f(z) € [b£d), then (z,y) € Rap for any y € {0,1}%.

For any integer | > 1, for large enough s, if f is (1 — 0)-hard to approximate on D with

accuracy o and distance € for circuits of size s, there exist a,b € {d,3d,...,(2[§5] — 1)d},
b—a > (31 —2)d, such that R, is (1 — 4;)11226)—hard on D, for circuits of size %.

The proof is deferred to Section 4.1. Following the approach used in the integer case, we
proceed with the construction of the hardcore distribution. This hard distribution maintains
a good structure, on which f will be balanced and mapped to [a = d) or [b+ d), for some
fixed a, b, which implies the closed approximation of f with distance d is balanced on H
around {a, b}.

» Lemma 4.3 (Hardcore for Real-Valued Functions). For §,v € (0,1), m,e € R, a,s € N,
a > log(m/e) +4 and a distribution D over {0,1}"™, consider a function f:{0,1}" — [0,m),
which is (1 — d§)-hard to approzimate D with accuracy « and distance € for circuits of size s.

For any integer | > 3, let d = $, there exist a,b € {d,3d,...,(2[ 2] —1)d}, b—a > (31 —2)d,
4511225 -dense distribution H (with respect to D), on which the closed approxzimation of f
with distance d is balanced around {a,b} and the approximation of f with accuracy o and
2d%s
256m?2 lc;yg(2m2/d2fy6) '

and a

distance € is %(1 + 7y)-hard for circuits of size

Proof. Suppose f : {0,1}" — [0,m) is (1 —d)-hard on D for circuits of size s, by Lemma 4.2,
for integer [ > 1, d = §, if s is sufficiently large, there exist a,b € {d,3d, ..., (2[55] — 1)d},
b—a > (31 — 2)d, such that R, (as defined in Lemma 4.2) is (1 — 4g;5 )-hard on D for

. . . 2
circuits of size £2.
m

For R,p, the majority combiner can be constructed by taking the middle point. By

Lemma 2.7, when s is large enough, we have a 4T‘fzfs—dense distribution H' (with respect to

D) over {z: f(z) € [atd)U[b+d)} C {0,1}", on which R, is (3 + 2)-hard for circuits of
size § = 55— 1(3;(%?22 75y A8 well as the approximation of f with accuracy a and distance
¢ is hard on H'. If I > 3, then b — a > 2d, the intervals [a & d] and [b £ d] are disjoint. Then,
4d*s
m2
approximation of f with distance d is balanced around {a,b} and the approximation of f

with accuracy « and distance e is %(1 + ~)-hard for circuits of size 8. <

by Lemma 2.10, we can construct a distribution H with density on which the closed

Analogously, we prove that summation suffices to achieve amplification.

» Lemma 4.4. Fory € (0,1), m,e € R and o, s,t € N, a > log(m/e)+4, for large enoughl €
N, let d = §, consider a hardcore distribution H C {0,1}" and a,b € {d,3d, ..., (2[55]—1)d},
b—a > (31 —2)d, on which the closed approzimation of function f:{0,1}" — [0,m) with
distance d is balanced around {a,b} and f is %(1 +7)-hard to approxzimate with accuracy o and
distance € for circuits of size s. For any integer t, define a function g : ({0,1}")* — [0,t-m)
as follows:

g(x1,...,x¢) = Zf(xz)
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For k € N,0 < k <t and any other distribution G over ({0, 1}")#’“, for any large enough
s, function g is n-hard to approvimate with accuracy o and distance ¢ on I;(H* G) for
circuits of size 5, where o/ >log(t-m/e) +4 and

n= ) <M+3+ )

2’C l 27
We postpone the proof to Section 4.2 and now present the proof for Theorem 4.1.

» Theorem 4.1. For 6 € (0,1), m,e € R, a,s,t € N, a > log(m/e) +4 and a distribution D
over {0,1}", consider a function f :{0,1}" — [0,m) that is (1 — §)-hard to approxzimate on
D with accuracy o and distance €, for circuits of size s. For any large enough t, define a
function g : ({0,1}")" = [0,¢-m) as follows:

t

g(x1,. .., 1) = Zf(xl)

i=1

Then, for v € (0,1), for any large enough s, g is n-hard to approzimate on D' with accuracy
o' and distance €, o/ > log(t - m/e) + 4, for circuits of size s', where

w
n=e M4y (2#) (6+ v) = \/2t57

/ 7’e
= )
256my/2td log(8tm?2 /e2~4245)

Proof. For a > log(m/e) + 4 and a function f : {0,1} — [0,m), which is (1 — §)-hard for
circuits of size s, by Lemma 4.3, for [ € N, let d = ¢, there exist a,b € {d,3d, ..., (2] §5]—1)d},
b—a>(21—2)d, and a 4d°5_Jense distribution H with respect to D, such that the closed

m2
approximation of f with distance d is balanced around {a, b} and that f is 1(1 + v)-hard to
2d2
256m?2 lc:Yg(Znsﬁ/d?'yé) '
A 2
Since H has relative density § = 47‘71125, there exists a distribution G over {0,1}", such

that D = 0H + (1 — 6)G. For t € N, we have

approximate with accuracy « and distance € on H for circuits of size § =

t

D! = ;;) (2) SORF(1 = 6)R LI (HE, GTR).

Therefore, for any large enough s,t € N, for any circuit of size s’ = %, by Lemma 4.4, we

have

Py 00 =] = 3 () -F0-d1Fe R0 = glo)

x<D?
k=0

<§<D -5’“(1—3)’5’“+(2i2?<3\l/ﬁ+3+g7)

o
<e“/4+(2)<3‘/ﬁ+3+“7>,

- 20 l 2

where p = g = %25. Let I = \/p, we have

2td26 \/ 2te? J €
= = —V2td = 1.
Vi= \/ m?  Im =1
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Then, | = /=210,
— Vs = 7 s <
= ’ 256m/2t0 log(8tm? /e2428)

4.1 Proof of Lemma 4.2

» Lemma 4.2. Ford € (0,1), m,e € R, a, s € N, a > log(m/e€)+4 and a distribution D over
{0,1}", consider a real-valued function f:{0,1}" — [0,m). For anyl €N, let d = §, which
denotes the radius of the partitioned intervals. For any a,b € {d,3d,...,(2[§5] —1)d},a # b,
define the relation R, C {0,1}" x {0,1}* as follows:

If f(z) € [a£d) or f(z) € [b£d), then (z,y) € Rap if and only if y € (f(x) £¢);

If f(z) € [a£d) and f(z) & [bL£d), then (z,y) € Ry for any y € {0,1}*.

For any integer | > 1, for large enough s, if f is (1 — 8)-hard to approximate on D with

accuracy o and distance € for circuils of size s, there exist a,b € {d,3d,...,(2[55] — 1)d},
b—a > (31 —2)d, such that Rqp is (1 — 4:;5)—hard on D, for circuits of size %.

Proof. Suppose that for any a,b € {d,3d,...,(2[g;] — 1)d}, a < b, there is a circuit
Cop : {0,1}™ — {0,1}* of size s such that

m2’

xErD[C’a,b(x) € Ryp(x)] >1- -

For simplicity, let Cy q = Cq 5. Taking a combination of circuits Cy 3, construct a new circuit
C:{0,1}™ — {0,1}* as follows:
1. On input =, for any i € {d, 3d, ..., (2[5;] — 1)d} in ascending order:

Compute C; ;(x);

if C; j(z) outputs a value in (i & (e +d)) for every j # ¢, return max;,;(C; ;(x)), which

is the maximum value among all the outputs given by C; ;(x).
2. Return L if no such ¢ exists.

If s is large enough, specifically s > (%)2 -a, the size of C' is approximately ([%W) . % <s.
The performance of the circuit C' is stated as follows.

> Claim 4.5. Forany x € {0,1}",if C, 4(z) € Ry (z) for every distinct a, b, C(x) € (f(z)=*e).

By Claim 4.5, we have

Pr [C(x) € (f(z)xe)] > Pr [V(a,b),a <b:Cqp(x) € Ryp(x)] > 1—<[2‘ﬂ)~m >1-0.
<D z+D ’ ’ 2 m?2
The second inequality is obtained by taking the union bound. It contradicts the fact that f
is (1 — 0)-hard to approximate with accuracy « and distance e.

In the following, we will prove that the relation R, (a < b) is potentially hard only
if b—a > (31 — 2)d. Assume the distance of two centers b — a < (31 — 2)d, construct a
circuit C, , which outputs a value in (b — (e — d) ,a + (e — d)), regardless of inputs. Since
the interval length is

a—b+2(e—d)2—(21—2)d+2(e—d)2;,

there exists a value in this interval that can be encoded in {0,1}%.
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Consider any input z, if f(z) € [axd), f(x) —e<at+d—e<b—(e—d) <a+(e—d) <
f@)+eif f(x) e bxd), f(x)—e<b—(e—d) <a+(e—d) <b—d+e < f(z)+¢; otherwise,
any output is in R, (). Then, the output is guaranteed to have C, () € Ry ().

Therefore, there exist a,b € {d,3d, ..., (2[2] —1)d}, b—a > (31 — 2)d, such that R, is
( 4d b d s <

> )-hard for circuits of size

4.1.1 Proof of Claim 4.5

> Claim 4.5. Forany = € {0,1}",if Cy p(x) € R4 p(z) for every distinct a, b, C(x) € (f(z)*e).

Proof. We partition the output space into multiple intervals with length 2d and define a
set relation R, ;. For each relation, we focus on the inputs whose outputs by f lie in
the corresponding intervals [a £ d) or [b £ d). Recall the process of algorithm C: for
i €1{d,3d,...,(2[§5] — 1)d} in ascending order, if for every j # i, C; () € (i & (e + d))
holds, then C stops and outputs max;-;(C; ;(x)).

Suppose that the algorithm returns when i = %, then f(x) > 1 —d. If f(z) < i — d, there
exists i < %, such that f(z) € [i + d), since we assume the correctness of every Cj ., then C
should stop when i = 7, which results in a contradiction.

If f(x) € [i £d), Cij(z) € (f(z) £ ) for every j # i, then C(z) € (f(x) +e). If
f(x) >i+d, suppose i > 1 and f(x) € [i + d), then C;;(z) € (f(z) £e).

f(x)—e<Cg);(x)SC’(J:)<%—|—d+e§f(x)+e. <

4.2 Proof of Lemma 4.4

» Lemma 4.4. For~ € (0,1), m,e € R and o, s,t € N, a > log(m/e)+4, for large enoughl €
N, let d = §, consider a hardcore distribution H C {0,1}" and a,b € {d,3d, ..., (2] §5]—1)d},
b—a > (31 —2)d, on which the closed approzimation of function f :{0,1}" — [0,m) with
distance d is balanced around {a,b} and f is 3(1+~)-hard to approzimate with accuracy o and
distance € for circuits of size s. For any integer t, define a function g : ({0,1}")* — [0,t-m)
as follows:

g(x1,...,x) = Zf(xl)

For k € N,0 < k <t and any other distribution G over ({0, 1}”)t_k, for any large enough
s, function g is n-hard to approzimate with accuracy o and distance € on I;(H* G) for
circuits of size 5, where o/ >log(t-m/e) +4 and

n= (;) <3f+3+’y>

2k l 2

Proof. For an integer [, let d = §, consider a hardcore distribution A C {0,1}" and
a,b € {d, 3d,...,(2[55] — d} b—a > (%l - 2) d, such that, the closed approximation
of function f : {0 1}" — [0, m) with distance d is balanced around {a,b} on H. Denote
distribution <= H|f(y)e(a+qd) by Ha and distribution @ <= H|f)ep+q) by Hp. Since f is
balanced around {a, b} on distribution H, H = %Ha + %Hb. The hardness of approximating
function f implies the indistinguishability of this two distribution H, and Hp.

For t € N, let Hf = I;(H!,H/™"). Then, consider any fixed & = (i1,...,%-1) €
({0,1}™) "% and any permutation 7 of ¢ coordinates, we have the following fact.
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> Claim 4.6. For s,o’ € N, such that s > o' and (¢t - m,a’,€) is valid, for any circuit
C: ({0,1}")" = {0,1}*" of size at most 5, for any 4,j € Ny 1, such that |i — j| = 1 and any
v, €10,t-m), e > €, we have
Pr  [C(Z) € (g:(&) +v+€)|z e H] -
ZH"
T/ 7 (Z,2)
Pr  [C(@) € (qu(@)+v+v £ (€ +2d) |z € H] <~

Z«HP
7' 7 (Z,2)

where v/ = (j —i)(a —b).

Let A = Zf;]f f(#;). For any large even t, for any circuit C : ({0,1}")* — {0,1}*" of
size at most 3, the following holds,

Pr [C(@) € (9:() + )]

FH"*
T/ 7 (Z,2)
k
=>  Pr [zeH]. Pr [C) € (qu&)+e)|ieH]
—o EHY B H"
' 7 (Z,2) z' 7 (Z,2)

k
_ L (k) Pr  [C() € (g(z)+ ALe)|z € HY]
=0

2k 1 T HF
' 7 (%,%)
.
2
L K p [O(")e( (_)+Ai)“eH’“ }
= - r .
ok L \kti) s 0I5 R A
1=—5 7' 7 (Z,2)
k
1< k ‘ .
<= (k ) pr [C’(f’)6(gk(f)+i(afb)+Aﬁ:(e+2d|z\))‘iGHE](6)
2 . \5 T T H" 2
=—3 T/ 7 (Z,2)
k
s (L )
oF Za \kyq) "7
-T2
5)
(£) (3vE k
S ok <l +3+2'y

The inequality (6) is obtained by using Claim 4.6, we use the probability with a same
condition € H¥ to give an upper bound for the original term. The last inequality follows
2

Claim 4.7. Therefore, for any distribution G over ({0,1}")" % we have

Pr  [O(F) € (g:(F) £ )] < ”(3‘[+3+7> <

T T, (H*,G) - 2k 2
> Claim 4.7. For large enough [ € N, for any circuit C, the following value is upper-bounded
by (£) (34 +3)

Z (kk ) P [CW)E(gk(@+i(a—b)+Ai(e+2d|¢|))‘@eﬂg}7

where b—a > (31 —2)d and e = - d.
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Proof. Recall that e denotes the tolerance of the approximation error, and for some integer
I €N, welet d = 7. Since a,b are the multiples of d, let b —a = Iy - d, for some positive
integer [y. By our assumption, b —a > (%l — 2) d, thus [ > %l - 2.

For simplicity, for any integer i1, 72, let

Plinyiz) = P [C@) € [gu(@) + A+ ird,gu(7) + A+ i2d) [ € HE |
T H
:E'f—(:r(if,fc)
It is clear that P(i1,i2) + P(ia,13) = P(i1,13) for i1 < ia < i3. Note that (ﬁiz) = (ﬁk—i)V the
2 2
value can be upper bounded by

R

k
VPGl —1—2i] i+ 1+2]i
(s4,) - Pu-t=1=2pli- st

—_k
=3

N
_ _ PG.j+1
(%) X ruien

[NIE

P— j=i-i—1-2|i]

where summation is justified by the basic property of probability. To calculate the above, we
collect the sum of coefficients corresponding to each P(j,j + 1). For each j, the term should
be

f <kii>P(a‘,j+1), (7)

i=ip(j) N2

for some functions if,i.. Let S(j) = ZiC(j) (EIfH) denote the coefficient of P(j,j + 1).
2

i=if(4)
Since the summation of all possible P(j,j + 1) is at most 1, by the definition of probability,
it is feasible to give an upper bound for the entire summation by computing the upper bound

for S(j). For any i € [if(j),%.(j)], ¢ should satisfy:

<i<

N |

il —1—2[i| <j<i-li+1+2]i—1and —
It is clear that S(j) = S(—j — 1), since for any i € [i7(j), ic(j)],

il —1=2i| <j<i-Lh+14+2]i]-1
S—i-h—1-2i<—j—-1<—i-l1+1+2i—1.
Then, —i € [if(—j — 1),i.(—j — 1)], we derive S(j) = S(—j — 1).
Recall that [} > %l —2,assume [ > 6,11 —1 > 1. When j > 0, we necessarily have

i-ly +1+2[i] > 1. If there exists a negative i satisfies the inequality, then i(l; — 2) +1 <
—(l1 —2) +1 < 1, which leads to a contradiction. Therefore,

il —1—-21<j<i-li+1+4+2i—-1,
which is equivalent to

J+1
I —2

j—l+1

i) = =5

I<i<|
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Therefore, we can give an upper bound for S(j),

ic(J) . .
, k Gl j—l41 k
S = < — 1
@= 2 (’;+i)‘(h2 vz )(’;HM))

i=is(5)

= (al—ﬁlem *3) (s +l§f<j>>'

On the other hand, j can be upper bounded in terms of i;(j), that is

j—1+1

I T2 < Zf(j) +1=75< (Zf(]) +D)L+2)+1-1< (Zf(j) +2)(, + 2).
1

Then, plug in i;(j),

50 < (= +Y) (o) < (RS9 (sh)

In the following, for 0 <14 < g, we denote

T(i):m( g ) (8)

k
2 T

Since the maximum value of S(j) is at most the maximum value of 47°(i) + 3(2), then
2

k

max S(j) =max S(j) <4 -maxT (i) + 3<k>.
J 720 i b

The first equality holds because S(j) = S(—j — 1). To find the maximum value of T'(7),

we compare each pairs of adjacent terms in the sequence: T'(i + 1) > T'(¢) if and only if
1< 7”“55_3 We have

max T'(1) <

; I1 —2 k

e +2<k>.
2

Therefore, for k > 12,

mjaxs(j)<4.M?ji”(g>+3<g)<3<‘/f+1) (g) <

4.2.1 Proof of Claim 4.6

> Claim 4.6. For s,o’ € N, such that s > o' and (¢t - m,a’,€) is valid, for any circuit
C: ({0,1}™)t — {0,1}* of size at most 5, for any 4,j € Npy1, such that |[i — j| =1 and any
v, €10, -m), e > €, we have

Pr  [C(Z) € (9:(&) +v+€) |z e H| -
ZH*
z 1 (Z,%)
Pr  [C(2) € (g:(F) +v+v £ (€ +2d)) |z € H] <~
T H"
z' 7 (Z,2)

where v' = (j —i)(a — b).
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Proof. Without loss of generality, suppose i € N; and j = i + 1. Suppose that there is a

circuit C' of size at most § and v,€’ € [0,¢-m), € > ¢, the inequality above does not hold.

Then, there must exist a tuple (x1,...,25—1) and a permutation 7y, of k entries, such that,
Pr [C(Z') € (9e(T') +v+€) |z e H,]
z+—H

- Pr. [C(F) € (g:(F) + v+ £ (¢ +2d)) & € Hy] > 7.
T4—
Tk (L1, s TR—1,T)
z'm(Z,8)

In fact, g+(7') = f(z) + gr—1(x1, ..., 24—1) + g1k (E), let A = g(z’) — f(z), which is a fixed
value independent of . Recall that € is the tolerance of approximation error and d is the

radius of the intervals around a and b, while letting d = § for some large enough integer [.

Define a circuit ¢’ : {0,1}™ — {0,1}“ as follows:

1. Input: z € {0,1}".

2. Compute y < C(n(z,2)).

3. fycla+A+v=E (e +d)), output a value in (a £ §).

4. Otherwise, output a value in (b+ §).

If s is large enough, the size of C’ is less than s. In the following, we will show that the

circuit C’ can approximate function f with a good probability, then result in a contradiction.

For any « € H,, which means f(z) € [a +d), if C(Z’) output a value y in (g:(Z') +v £ €)
which is equivalent to (f(z)+ A +v £ ¢€'), we necessarily have y € [a+ A +v =+ (¢ +d)). For
any value z € (a+ §), |f(z) — 2| < £ +d < ¢, then

Pr [C'(z) € (f(z) £€) |z € Hy| > Pr [C(Z') € (9e(T') +v+€)|x e H.

r—H r—H

TTR (150, Th—1,T)
' 7 (Z,2)

On the other hand, for any x € Hy, f(z) € [b£d), if C(Z’) output a value y, such that

y & (9:(Z') + v+ v £ (¢ +2d)), which is equivalent to (f(z) + A+ v+ (a —b) + (¢ + 2d)).

The interval above covers the interval [a + A 4+ v £ (¢' + d)), since

at+A+v+e+d< fx)+A+v+(a—b)+¢ +2d
a+A+v—€—d>fz)+A+v+(a—b)—€ —2d.

The circuit C” will output a value in (b=%§). Therefore, the probability that C’ can successfully
approximate function f on H is

Pr [C'(z) € (f(x) £ ¢)]

r—H
1 1
=— Pr [C'(z) € (f(x) L e)|z € Hy)+ = Pr [C'(z) € (f(z) Le)|r € Hy)
2 aH 2 a—H
> = Pr [C(Z') € (gue(@)+vE€) |z e Hy
2 z—H
T (T1,50 5 Th—1,T)
z' (%)
1
+3 (1:_’1;[ [C(@) & (ge(T') +v+v £+ (¢ +2d)) |z € Hp].

ZT(T1, T —1,T)
' 7(Z,%)

> s(1+1),

N =

which contradict to f is 1(1+ ~)-hard on H. <
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