Algebraic Metacomplexity and Representation
Theory

Maxim van den Berg &
Ruhr University Bochum, Germany
University of Amsterdam, The Netherlands

Pranjal Dutta =

Nanyang Technological University, Singapore

Fulvio Gesmundo &

University of Toulouse, France

Christian Ikenmeyer &
University of Warwick, UK

Vladimir Lysikov =

Ruhr University Bochum, Germany

—— Abstract

In the algebraic metacomplexity framework we prove that the decomposition of metapolynomials
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built on the Poincaré—Birkhoff-Witt theorem for Lie algebras and on Gelfand—Tsetlin theory, for
which we give the necessary comprehensive background.
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1 Introduction

Strong computational complexity lower bounds are often difficult to prove, for many different
complexity measures. In most cases, the inability to prove lower bounds can be explained
by barrier results such as the Relativization barrier due to Baker, Gill and Solovay [5], the
Algebrization barrier due to Aaronson and Wigderson [1] and the Natural Proofs barrier due
to Razborov and Rudich [66]. Metacomplexity studies the complexity of computing various
complexity measures, such as the minimum circuit complexity of a function. One eventual
goal of the metacomplexity program is to understand mathematically why lower bounds are
hard to prove. In this paper, we study metacomplexity in the algebraic circuit complexity
setup from a representation-theoretic viewpoint.

Algebraic complexity focuses on proving complexity lower bounds for various problems
related to the computation of multivariate polynomials and rational functions. Prominent
examples include the discrete Fourier transform, matrix multiplication, and solving systems
of linear equations; see [14]. In algebraic complexity, the main model of computation is
the algebraic circuit, which is a labeled directed graph encoding an algorithm to evaluate a
polynomial. Most polynomials require large algebraic circuits; however, exhibiting explicit
ones with such property is difficult. Valiant’s flagship conjecture [71], known as VP # VNP,
states that the algebraic circuit complexity of the permanent polynomial per,(z1,1,...,%44) =
ZﬂEGd Hle Tj (i) is not polynomially bounded as a function of d. This conjecture is an
algebraic analogue of the P # NP conjecture: indeed, the permanent of the adjacency matrix
of a bipartite graph counts the number of perfect matchings, which is a #P-hard problem.

Many current proof techniques in algebraic complexity theory are implicitly based on
metapolynomials. Examples of such techniques are rank methods, dating back to [70], and
used more recently in complexity theory both for polynomials [62, 55] and for tensors [69, 54],
methods based on geometric features [53, 36], and the geometric complexity program [60, 59].
We refer to Section 2.2 for a more extensive discussion. Informally, metapolynomials are
polynomials whose variables are coefficients of polynomials. The concept dates back to
resultants and invariants of forms [20, 70], while the term “metapolynomial” was coined
in [67] and made popular in [40]. A classical example is the metapolynomial b* — 4ac in
the coefficients of a univariate degree 2 polynomial az? + bz + ¢, which vanishes exactly
when the two roots of the polynomial coincide. Grochow pointed out in [39] that for many
border complexity measures the complexity lower bounds can without loss of generality be
proved by metapolynomials that lie in separating modules, or are isotypic, or are highest
weight vectors. These are all closely related concepts (and we prove analogous results for
all of them), where being isotypic is the most natural one because it does not depend on
choosing any bases. Being a homogeneous metapolynomial is the same as being isotypic
with respect to the action of 1 x 1 matrices. Being isotypic also generalizes the property
of being invariant under the special linear group. While invariants can have large circuit
size, see [34], we prove that not all separating isotypic metapolynomials have large circuit
size, unless all separating metapolynomials have large circuit size. More precisely, we prove
that without loss of generality one may assume the metapolynomial to be isotypic, or to
be a highest weight vector, or to lie in a separating module, with only a quasipolynomial
blowup in the circuit size. We use this to answer Open Question 2 in [40] by proving that all
metapolynomials that lie in an irreducible representation have the same circuit complexity
up to quasipolynomial blowup, see Corollary 1.2.

Our result reduces the search space for lower bounds from all homogeneous meta-
polynomials to the isotypic metapolynomials, which is a technique for example used in
[2, 15, 16, 43, 3, 23, 11]. In particular the large-scale cluster computations in [3, 23, 11]
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would be infeasible without this search space reduction. For example, [43] reduces the
search space for proving that the border complexity of the 2 x 2 matrix multiplication
tensor is 7 to a 4-dimensional linear subspace of isotypic metapolynomials in a (64+2200_1) =
8,179,808, 679,272, 664, 720-dimensional space of homogeneous degree 20 metapolynomials
on 4 x 4 x 4 tensors. On the reduced search space, the problem is then easily solved by linear

algebra. This specific approach was used in [8] to prove that the border support rank of

the 2 x 2 matrix multiplication tensor is 7. To this date, this is the only proof of this fact.

Similar methods are used in [63, 37], where the polynomials of interest are invariants for the
action of a special linear group: this information is crucially used to reduce the search space
and determine the polynomial via interpolation methods on a small space. These are finite
results, but the techniques work in the asymptotic settings as well, for example for lower
bounds on the rank of matrix multiplication as in [15, 16], or the best known lower bound
for the border determinantal complexity of the permanent [53].

Our result also points to potential future lower bounds: Our method can be used to
extract isotypic metapolynomials for example from rank-based lower bounds proofs, and the

obtained metapolynomials give at least the same lower bounds, but potentially better ones.

It is conceivable that these metapolynomials can be adjusted to not be affected by barriers
for rank methods [26, 33].

Our procedure uses explicit efficient circuit constructions and hence makes a contribution
to algorithmic representation theory that is of independent interest.

Metapolynomials

We work over the field C of complex numbers, and the set {1, 23, ...} of variables. For every
sequence ¢ of nonnegative integers with > ;15 <00, a monomial ¢ is the finite product of

variables x’il :UéQ .-+, and a polynomial f is a finite linear combination of monomials. For every
monomial z* = xill x;"‘ -+, define a metavariable c;. A metavariable ¢; has degree 1, and it
has weight 4. Finite products of metavariables are called metamonomials, and finite linear
combinations of metamonomials are called metapolynomials. The weight of a metamonomial
is the sum of the weights of its metavariables. If every metamonomial in a metapolynomial A
has the same weight, then A is called a weight metapolynomial (and the zero metapolynomial
has every weight). For a fixed weight w the metapolynomials of that weight form a vector
space, the weight w space. Every metapolynomial can be written as a unique sum of weight
metapolynomials of different weights. A metapolynomial is called affine linear if all its
metamonomials have degree at most 1, i.e., are just a metavariable or a constant. Every
metapolynomial A can be evaluated at any polynomial f by assigning to each metavariable
the coefficient of the corresponding monomial in f. For example, the discriminant of a degree
two homogeneous polynomial in two variables czox% + c11xoxy + cogx% is the metapolynomial
A = ¢}, — 4cgpcpr. Tt is a classical fact that A(f) = 0 if and only if f = ¢2 for some
homogeneous linear polynomial £ = agzg + aiz1. In principle, metapolynomials can involve
metavariables that correspond to monomials of different degrees, but for our purposes it
is sufficient to consider the case where all metavariables correspond to monomials of the
same degree d, see Remark 1.3. Every such metapolynomial can be decomposed uniquely
as a sum of its homogeneous degree § components, and we call a homogeneous degree §
metapolynomial a metapolynomial of format (4§, d, k) if all its metavariables only involve the
variables x1, ..., xk.
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Figure 1 An algebraic circuit computing the discriminant A = ¢2; — 4ca0co2.

Algebraic circuits

In this paper, we are mostly interested in the algebraic circuit size of metapolynomials.
Algebraic circuits for metapolynomials are defined in the same way as for usual polynomials,
as follows.

An algebraic circuit is a directed acyclic graph in which each vertex has indegree 0
or 2. Every indegree 0 vertex is called input gate and it is labelled by an affine linear
metapolynomial; every indegree 2 vertex is called a computation gate and it is labeled by
either “4” or “x”; every edge is labeled by a complex number, which is assumed to be 1
if this scalar is omitted; there is exactly one vertex of outdegree 0. An algebraic circuit
computes a metapolynomial at every vertex by induction over the directed acyclic graph
structure (the labels on the edges rescale the computed values), i.e., if the values computed at
the children of a gate v are Ay and Ay and the incoming edges to v are labelled with a; and
aa, respectively, then the value computed at v is a; Ay + asAg or ajasA;As, depending on
whether v is labelled with a “+” or a “x”. An algebraic circuit computes the metapolynomial
computed at its outdegree 0 vertex. The size of a circuit is the total number of its vertices.
The algebraic circuit complexity of a metapolynomial is the minimum size of an algebraic
circuit computing it. For example, Figure 1 shows that the algebraic circuit complexity of
the discriminant is at most 6. Algebraic circuits for polynomials are defined analogously.

Representation Theory

Let N denote the set of natural numbers including zero. A partition A = (A1, Ae,...) is a
finite sequence of non-increasing natural numbers. Let (\) = max{j | A\; # 0}. We define
Aj =0 for all j > £(A). Write [A| := >_, A;, and say that A is a partition of [A[ of length £()).
In this case we write A = |A| or A () |A| depending on whether the length is relevant. For
example, A = (4,2,2) is a partition of 8 of length 3, i.e., A +358. The Young diagram of a
partition A is a top-left justified array of boxes with A\; many boxes in row j. For example,
the Young diagram for (4,2,2) is @:‘j A Young tableau T is a filling of the boxes of a

Young diagram with positive integer numbers. The partition A is called the shape of T'. For

example, % is a Young tableau of shape (4,2,2). A Young tableau is semistandard if the

214
numbers within each row from left to right are non-decreasing, and the numbers within each

column from top to bottom are strictly increasing, for example HhP2. For each partition A

there exists a unique superstandard tableau, that is, the tableau v?/ith only the number j in
row j, e.g., .

The group GLj, acts on the space C[z1, ..., 7x]q of homogeneous polynomials on C* of
degree d by linear change of coordinates. This action induces, again by linear change of
coordinates, an action on the space of metapolynomials with format (J,d, k) for every 9.

For instance, the change of basis swapping the two coordinates on C?, defines the change
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of basis on C[zg,x1]2 obtained by exchanging xg and z;. This induces a linear change
of coordinates on Cl[eag, ¢11, co2] which exchanges cgg and cpa and leaves ¢1; fixed. The
discriminant ¢2; — 4cgacop is sent to itself by this change of coordinates. More precisely the
group actions are defined as follows. For every homogeneous degree d polynomial f in k
variables and every g € GLy, the polynomial g - f is defined by (g- f)(z) = f(g~'x) for every
x € C*. Similarly, for every format (8, d, k) metapolynomial A, the metapolynomial g - A is
defined by (g-A)(f) = A(g~ - f) for every homogeneous degree d polynomial f. The details
about this action are provided in Section 4.

The vector space of metapolynomials of format (d,d, k) is closed under this action of
GLj, and it decomposes into a direct sum of subspaces which are also closed under the
action of GLj: these subspaces are called isotypic components and they are in one to one
correspondence with partitions A +—j dd. The summand corresponding to the partition X is
called the M-isotypic component. This is called the isotypic decomposition. Each A-isotypic
component decomposes even further into a direct sum of subspaces with one summand
for each semistandard tableau T' of shape A\. We call the component for T the T-isotypic
component. If V' is A-isotypic and irreducible (i.e., has no nontrivial subrepresentations), then
A is called the isomorphism type of V', and each T-isotypic component of V' is 1-dimensional.
If T is a superstandard tableau of shape A, then the corresponding T-isotypic component is
called the highest weight metapolynomial vector space of weight \. Equivalently, a highest
weight vector of weight A is a metapolynomial A with g- A = ti\l e tzkA, for every g € GLj
upper triangular with tq,...,¢; on the main diagonal. The A-isotypic component is known
to be the linear span of the union of the orbits of all its highest weight vectors.

For example (not easily verifiable by hand, see Example 5.4), the space of metapoly-
nomials of format (J,d, k) = (3,2,3) decomposes into three nonzero isotypic components,
corresponding to partitions (6, 0,0), (4,2,0) and (2,2,2) of § -d = 6. The isotypic component
(4,2,0) further decomposes into three T-isotypic components for the three semistandard
tableaux of shape (4,2,0): E‘@‘m‘, %2‘3‘, E‘@‘B‘?". The metapolynomial A = cog9co20C002 can
be written according to this decomposition as

2 2 2
60A = 2(cio;co20 + 2€110C101C011 + C200€511 + C10C002 + 2€200C020C002)
2 2 2

+ | 2( = co20€ior — 2c011¢101€110 + 4C002CT 10 — CH11C200 + BC002C020C200)

+ 0

+  5(coz0cior — — coo2c? i 4

€020C1p1 — €011€101€110 — C002€T10 Tt Cp11C200 + 4C002C020C200
5 2 2 2 4
+ — €101€020 F €110€101C011 — €200Cp11 — C110C002 + 4C200€020C002 )
where the five summands from top to bottom are anpEEEE-Fisotypic, —isotypic7 —
. . . . 1(1) . . . . . .
isotypic, LRBEHsotypic, and isotypic, respectively. The fifth summand is a highest weight
1)1 » .

vector, because is superstandard. All summands have weight (2,2,2), because A has

weight (2,2,2).

» Theorem 1.1 (Main theorem). Let A: Clxy,...,zk|a = C be a metapolynomial of format

(6,d, k) computed by an algebraic circuit of size s. Then

1. For every weight u € N¥, |u| = dd, the projection of A onto the weight space of weight u
can be computed by a circuit of size O(s(6d)2*").

2. For every partition A\ + dé the projection of A onto the A-isotypic component can be
computed by a circuit of size O(sk**” (5d)%”).

26:5
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3. For every partition \ +— dé the projection of A onto the highest weight space of weight A
can be computed by a circuit of size O(s(k + 1)%° (6d)2+™).

4. For every semistandard tableau T of shape A + do the projection of A onto the T-isotypic
space can be computed by a circuit of size O(sk**” (5d)%").

In all applications of Theorem 1.1, we will always have that k is logarithmic in the
number of metavariables, which we explain in Section 2.5. Open Question 2 in [40] asks:
given a sequence of irreducible representations of metapolynomials, what is the sequence
of metapolynomials in it that has the lowest circuit complexity? Theorem 1.1 answers this
question in a very satisfying way: Fwvery such sequence of metapolynomials has the same
circuit complexity up to quasipolynomial blowup, as seen in the following corollary.

» Corollary 1.2. Let s be the smallest circuit complezity of a nonzero metapolynomial in
an irreducible GLy-representation V' of type A + dd. Then every metapolynomial in V has
circuit complexity at most O(sk2*" (5d)2"+5).

Proof. If V is irreducible of isomorphism type A, then it decomposes into a direct sum of
1-dimensional T-isotypic components, where T ranges over all semistandard tableaux of
shape A. Take a nonzero metapolynomial A with minimal complexity in V' and apply a
generic basis change, i.e., apply a generic element of GL;. Then independently project the
result onto all T-isotypic components. We claim that since the basis change was generic, the
projections are nonzero, and therefore form a basis of V. In fact, we can be more precise
about how we pick the basis change element g € GLj. For every semistandard tableau T,
define X1 := {g € GLj | gA has zero T-isotypic projection}. Such X is Zariski closed in
GL;, but it is not the whole GLg, otherwise the linear span of GLiA would be a nontrivial
subrepresentation of the irreducible representation V. Therefore the finite union X := (J, X7
is also a proper Zariski closed subset of V', and its complement GL; \ X is a nonempty
Zariski open subset. If we pick g € GLy \ X, then the projections of gA to every T-isotypic
space are nonzero. Moreover, by Theorem 1.1, all these projections have complexity at most
O(sk?**(5d)***). But the dimension of V equals the number of semistandard tableaux of
shape A\ with entries 1, ..., k, which is at most (6d)k2 (each tableaux has k rows, and each
row has length at most dd, so can be filled in at most (6d)* ways). <

» Remark 1.3. In general, algebraic complexity classes are defined for possibly nonhomo-
geneous polynomials. In this paper, we assume that polynomials and metapolynomials are
homogeneous. However, one can lift the results to the nonhomogeneous setting as follows.

A polynomial f(x1,...,xx) is called homogeneous if all its monomials have the same
degree. For d > deg(f), define the degree d homogenization

fﬁd(xo,xh ce Tg) = a:gf(xl/xo, e, T/ T0).

If f has an algebraic circuit of size s, then f* has an algebraic circuit of size at most O(sd):
s(d+1) for extracting the homogeneous parts of f via interpolation, d operations to compute
all values g, 72, ..., ¢, and another d+ 1 for multiplying the homogeneous components with
the correct powers of xg, and a final d for adding up the results. Given a metapolynomial A
that does not involve zg, define Af? by replacing every metavariable ¢; with Cld—||,i1,iz,..)s
and setting every metavariable ¢; with |i| > d to zero. Clearly we have A (f#d) = A(f),
provided that d > deg(f). Hence, in this paper we can always assume that f is homogeneous.
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Organization of the paper

In the first part of Section 2 we illustrate the motivations for studying the circuit complexity
of the isotypic components and the highest weight vectors in the space of metapolynomials,
in the context of algebraic complexity lower bounds and border complexity classes. In
Section 2.5, based on Theorem 1.1 we prove that algebraic natural proofs can without loss of
generality be assumed to be isotypic, see Theorem 2.4. Section 3 sketches the main ideas
behind Theorem 1.1. In Section 4, we provide an introduction to Lie algebras, universal

enveloping algebras, and their representation theory, on which the core of the proof is built.

In Section 5.1, we explain the construction of the projection maps used in the proof of the
main theorem; we describe the efficient circuit implementation in Section 5.2. In Section A,
we prove the results of Section 2.5. In Section B, we show one part of the proof of the
Poincaré-Birkhoff-Witt Theorem (Theorem 4.9); this proof is explicit and can be used to
construct the projectors in Theorem 1.1.

2 Context and consequences of the main theorem

2.1 Complexity classes defined by invariant complexity measures

A p-family is a sequence of polynomials (f,)nen for which the number of variables of f,
and the degree of f, are polynomially bounded functions of n. The class VP is the set of
p-families whose algebraic circuit complexity is polynomially bounded. Valiant’s landmark
conjecture is that the permanent sequence (per,, ) ey with per, =3 s [T i 00 is not
contained in VP, i.e., VP # VNP; for details see [14, 57, 13]. The extended conjecture states
that (per,) ¢ VQP [12], i.e., that the algebraic circuit complexity of the permanent is not
quasipolynomially bounded.

Let cc(f) denote the algebraic circuit complexity of the polynomial f € Clzq,...,z]. It
is easy to see that cc(f) = cc(g - f) for any g € GLy: A circuit for g - f is obtained from the
one for f by applying g at the input gates. Recall that in the definition of algebraic circuits
we allow affine linear forms at the input gates. We say that the complexity measure cc is an
invariant complexity measure. In more restrictive circuit definitions, for instance if the input
gates are required to be variables, the associated circuit complexity ¢’ might change under
the action of GLg. However, both definitions give the same class VP.

Several other classical classes in algebraic complexity theory can be defined as the set
of p-families for which some invariant complexity measure is polynomially bounded. For
example, the class VF is the set of p-families whose algebraic formula size is polynomially
bounded; this is the smallest size of an algebraic circuit whose underlying directed graph is
a tree. The class VBP is the set of p-families whose algebraic branching program width is
polynomially bounded; we do not define this notion here, but it is an easy consequence of
the definition that it is an invariant complexity measure, e.g. [68, Def. 2.2]. More classical
classes can be readily defined in this way, for example the class of p-families of polynomially
bounded circuit size and constant depth (still allowing arbitrary linear forms as inputs), such
as LIIY, or the class of p-families of sums of polynomially many powering gates ¥ AX. Finally,
we mention VNP, which is the class of p-families of polynomially bounded permanental
complexity: The smallest r such that f can be written as the permanent of an r X r matrix
with affine linear entries. In all these cases, the relevant complexity measure is invariant.

Notable complexity measures that are not invariant are those related to the sparsity of
the polynomial, in the sense of [49], or to restrictions on how often a variable can occur, such
as read-once or read-k models [27]. A non-invariant complexity measure ¢’ can be converted
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into an invariant complexity measure ¢ by defining ¢(f) := min{c'(g9f) | g € GLy}, i.e., by
taking the minimum complexity over all base changes, but for some non-invariant measures
this can change the corresponding complexity class. In this paper, we only study complexity
classes defined by invariant measures.

2.2 Lower bounds via isotypic metapolynomials

An important problem in algebraic complexity theory concerns proving concrete lower
bounds for interesting complexity measures c¢. More precisely, given a polynomial fharq
and a certain integer r, one aims to show ¢(fhara) > r or equivalently fhara ¢ X, where
X, ={f €Clxy,...,zx]a | c(f) < r} is the set of polynomials satisfying the upper bound r
on the complexity measure ¢(-). A standard approach is to determine a function A with the
property that A(f) =0 for every f € X, and A(fhara) # 0.

Several lower bound methods in complexity theory are based on this approach, and most
often the function A is a metapolynomial. This is the case for rank methods such as the
method of partial derivatives [70, 22], the method of shifted partial derivatives [41, 28], and
other augmented flattening methods such as Koszul-Young flattenings [54]: in all these cases
the complexity lower bound is obtained in terms of a lower bound of the rank of a matrix
whose entries depend on the metavariables, or equivalently on the nonvanishing of a suitable
set of minors, which are metapolynomials. Rank methods yield the recent breakthrough
of [55] giving the first superpolynomial lower bounds for explicit polynomials to be computed
by low-product-depth algebraic circuits in large characteristic, further extended to any
field in [30]. Similarly, the current best known lower bounds for the border determinantal
complexity of the permanent, as well as the one of the sum of powers, are based on a non-
degeneracy condition which can be translated into the vanishing of a suitable metapolynomial
[53, 52]. Finally, the algebraic branching program lower bounds discussed in [50, 36] are built
on geometric conditions of the zero set of the polynomial of interest, which in turn can be
translated into the vanishing of metapolynomials.

When the complexity measure ¢(-) is invariant, one can use representation theory to
enhance the search for the metapolynomials yielding a separation. Our main result The-
orem 1.1 shows that this enhancement is not expensive: the computational overhead is
quasi-polynomial.

To illustrate the effect of our result, first consider a simpler reduction. Let A be a
metapolynomial vanishing on X, such that A(fuara) # 0. Write A = 3", A for homogeneous
metapolynomials A® of degree i. If X, is invariant under rescaling, one has A (X,.) = 0 for
every i. On the other hand, there exists at least one i such that A® (fya.q) # 0. The relevant
homogeneous component A can be extracted from A with a simple interpolation argument,
and one has cc(A®) < (deg(A) +1) - cc(A). In summary, if the lower bound ¢( fuara) > 7
can be proved via a metapolynomial A satisfying cc(A) < s, then the same lower bound can
be proved via a homogeneous metapolynomial A satisfying cc(A®) < (deg(A) + 1)s; and
even further, the homogeneous metapolynomial A(Y) can be realized as the projection of A
onto the i-th homogeneous component of the space of metapolynomials.

Theorem 1.1 shows similar results for other projections and in particular for the projection
onto a specific isotypic component. Indeed, suppose A is a (homogeneous) metapolynomial
vanishing on X, and such that A(fhara) # 0. Write A =" AWM as the sum of its isotypic
components. If ¢(-) is an invariant complexity measure, then X, is invariant under the action
of GLg. In this case, one has AM(X,) = 0 for every A. On the other hand, there exists
at least one A such that A (fyaq) # 0. Theorem 1.1 provides an upper bound on the
circuit complexity of A in terms of the circuit complexity of A, showing that if the lower
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bound ¢(fhara) > 7 can be proved via a metapolynomial A satisfying cc(A) < s, then the
same lower bound can be proved via an isotypic metapolynomial with circuit complexity
controlled by the parameter s. Theorem 1.1 further proves analogous results for more refined

projections, such as the T-isotypic projections or the projection on the highest weight space.

These are discussed in Section 2.3.

2.3 Highest weight vectors and representation theoretic obstructions

Theorem 1.1 can be used to convert lower bounds proved by A into lower bounds proved
by a highest weight vector (HWYV for short). To see this, note that if A vanishes on X,
and A(fhard) # 0, then there exists a highest weight vector A’ vanishing on X, and such
that A'(g - fhara) # 0 for some g € GLj; in fact, this can be achieved with a random
g € GL;. Hence a HWV proves the lower bound ¢(g - fhara) > 75 if ¢(+) is an invariant
complexity measure, the same lower bound holds for fya;q- Similarly to before, Theorem 1.1
provides an upper bound on the circuit complexity cc(A’) in terms of cc(A), showing only a
quasipolynomial blowup in the complexity of the metapolynomial.

A coarser view on HW'Vs is given via representation theoretic multiplicities, which is
a central idea of geometric complexity theory [60, 61, 59]. Let Y := GLj fhara denote the
orbit closure, and let X := X,. It is easy to see that fi..q € X if and only if Y C X. The
vector space of HWVs of weight A defines a vector space of polynomial functions on X; the

dimension of such space is called the multiplicity multyC[X] of X in the coordinate ring C[X].

Standard facts in representation theory, and in particular Schur’s Lemma (see Lemma 4.4),
guarantee that if mult\C[X] > mult,C[Y] for some A, then X ¢ Y. Therefore, multiplicities
give a method to potentially separate two varieties, and obtain a lower bound on ¢(fharq). In
this case, we say A is a multiplicity obstruction. If additionally multyC[X] > 0 = mult,C[Y],
then A is called an occurrence obstruction. Occurrence obstructions [15, 16] and multiplicity
obstructions [46] are sometimes sufficient to obtain separations. However, it is known that
occurrence obstructions do not work in certain setups [47, 38, 18, 24].

Theorem 1.1 makes no statement about the viability of the method of multiplicity
obstructions. Indeed, one main hope of geometric complexity theory is that information

about multyC[X] can be obtained without ever having to write down any circuit for a HWV.
Information can be gained by decomposing much easier coordinate rings of orbits, see [19, 17].

This gives upper bounds on mult\C[X] by using classical representation theoretic branching
rules. The lower bounds on multyC[GLg fuara] are more difficult to obtain, see [46] for a
recent implementation.

2.4 Border complexity

Lower bounds achieved via metapolynomials are better described in the setting of border
complexity. Generally, for a given algebraic complexity measure c(-), one can define a
corresponding border measure, ¢(-) as follows:
e(f) = mind 7 : there exists a sequence f. 51.1ch that f =lim._¢ f- ;
and ¢(f:) = r for all but finitely many ¢ € C

correspondingly, a complexity class C defined in terms of the growth of a given complexity
measure naturally induces a border complexity class C, described by the growth of the
corresponding border complexity measure. In fact, C can be defined as the closure of C with
respect to a suitable topology [48]. In the setting of algebraic circuits, the circuit size cc(-)
has a corresponding border circuit measure cc(-) which defines the complexity class VP.
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A natural question concerns whether C = C and more generally how much larger C is
compared to C. For example, the border class of sequences admitting (border) polynomial
size IAY circuits is contained in VBP, see [29] and [9, Theorem 4.2]. In [25], the same
containment, was shown for the border classes of SFITIY circuits (for every constant k). In
some restricted setting, for instance in the study of matrix multiplication complexity, it is
known that a complexity measure and its associated border complexity are equivalent [7]. In
general, the question is wide open for most complexity classes and, in particular, for VP.

Metapolynomials characterize border complexity classes in the following sense: if a
sequence of polynomials (f,,) does not belong to a border complexity class C then there is
a sequence of metapolynomials witnessing the non-membership. This is made precise in
Theorem 2.2.

2.5 Algebraic complexity and algebraic natural proofs

Razborov and Rudich [66] introduced the notion of natural proofs in Boolean circuit com-
plexity.

» Definition 2.1 (Natural property). A subset P C {f : {0,1}" — {0,1}} of Boolean functions
is said to be a natural property useful against a class C of Boolean circuits if the following is
true:

(Usefulness). Any Boolean function f : {0,1}"* — {0,1} that can be computed by a

Boolean circuit in C does not have the property P.

(Constructivity). Given the truth table of a Boolean function f : {0,1}" — {0,1},

whether it has the property P can be decided in time polynomial in the length of the input,

i.e., in time 20(n)

(Largeness). For all large enough n, at least a 2-9(M) fraction of all n variate Boolean

functions have the property P.

A proof that a certain family of Boolean functions cannot be computed by circuits in C is said
to be a natural lower bound proof if the proof (perhaps implicitly) proceeds via establishing
a natural property useful against C, and showing that the candidate hard function has this
property. Razborov and Rudich showed that most of the known Boolean circuit lower bound
proofs, such as lower bounds for AC" (constant-depth) circuits have the natural property.
One can set the same framework in the algebraic setting; see [39, 40, 31, 21, 51]. The exact
details of the definitions are not fully settled yet, see page 19 of [21].

Following [40], the stretched classes metaVP and metaVQP arise as follows. The class
metaVP is the class of sequences (A, Ag,...) of metapolynomials of format (§(n),n, k(n))
with k(n) polynomially bounded in n, and d(n) and cc(A,) polynomially bounded in
N(n) = (’“(”)j;”_l)7 which is the number of degree n monomials in k(n) variables. The class
metaVQP is defined analogously, but with cc(A,,) quasipolynomially bounded in N(n).

We will now argue that k(n) is bounded by a polynomial in log(N(n)). To see this,
choose v such that k(n) < n" for n large enough. Take any such large enough n and
make a case distinction. If k(n) < n, then N = (’“}2;1) > (14 £27)% ! implies log N >
(k—1)log(1 4+ 27) > (k — 1), since 27 > 1; here we use the fact that (') > (m/r)". On
the other hand, if k(n) > n + 1, then since (T) is an increasing function on m for a fixed r,
we get that N = (k+z_1) > (2:) > 2" for n > 1. Therefore, (log N)? > n? > k. Hence, the
claim is proved in both cases.

Fix an invariant complexity measure c and let X, denote the set of homogeneous degree
d polynomials f with ¢(f) < r. For a format (4, d, k) metapolynomial A : C[zy,...,25]a = C
let Alx,, : X4, — C denote the restriction of A to Xg4,. Let C denote the set of p-families
with polynomially bounded c. The vanishing ideal of C is defined as



M. van den Berg, P. Dutta, F. Gesmundo, C. lkenmeyer, and V. Lysikov

for every polynomially bounded r(n),
I(C) := { (Ap)nen of format (x,m,%) : the sequence (A1lx, ) A2lx, o)
eventually vanishes identically

To emphasize how natural this definition is, we provide a corresponding Nullstellensatz.

» Theorem 2.2 (Nullstellensatz for C). Let (f,)nen be a p-family of homogeneous polynomials
such that (deg f,,) is a strictly increasing sequence. The sequence (f,) lies in C if and only if
for every (Ay) € I(C) we have Ageg(s,)(fn) = 0 eventually.

The proof of Theorem 2.2 is given in Section A.

» Definition 2.3 (Algebraic natural proof). We say that C has algebraic natural proofs if
I(C) N metaVQP contains a sequence that is not eventually zero.

Here we loosened the definition from the literature slightly from metaVP (see [40, 21]) to
metaVQP, but note that the literature does not have just one standard definition, see page
19 of [21]. The landmark question in algebraic metacomplexity is whether VP has algebraic
natural proofs.

Definition 2.3 should be compared with Definition 2.1 in the Boolean setting. If
I(VP)NmetaVQP contains an eventually nonzero sequence A of format (§(n),n,k(n)),
then clearly there exists the largest r(n) such that A, (X, ) = {0}, and further
cc(A,) < 2Po(0gN) where N = (k("):”_l), and k(n) < poly(n). Therefore, A certi-
fies the non-membership, a useful natural property. Furthermore, it trivially satisfies the
largeness criterion, since A,, does not vanish on most polynomials. Finally, the quasipolyno-
mial bound on the algebraic circuit complexity of A,, gives a natural algebraic analogue of
the notion of constructivity.

Let Isotypic denote the set of sequences of isotypic metapolynomials. The following theorem
follows from Theorem 1.1. It states in a concise way that only isotypic metapolynomials
have to be considered for algebraic natural proofs.

» Theorem 2.4 (Main theorem about algebraic natural proofs). C has algebraic natural proofs
if and only if 1(C) N metaVQP Nlsotypic contains a sequence that is not eventually zero.

Proof. One direction is clear, because I(C) N metaVQP N lsotypic C I(C) N metaVQP.

For the other direction, we first consider a general property of isotypic components of
vanishing ideals. Let I(X)s = {A of format (6,d, k) | Alx = 0}. Let X be closed under the
action of GLg. If A € I(X)s, then gA € I(X); for every g € GLg. Indeed, in this case for
all x € X we have (gA)(z) = (A)(g~1z) = 0, since g~ 'z € X. Moreover, I(X); is closed
under linear combinations, hence I(X)s is a vector space, and in particular closed under
taking limits and thus closed under the action of the Lie algebra. We have A € I(X);s if and
only if for all A\ we have A € I(X)s, because the projection of A to an isotypic component
AW involves only finite linear combinations of Lie algebra actions, see Section 5.

Let C have algebraic natural proofs, witnessed by a sequence (A, )nen € I(C) NmetaVQP
of format (6(n),n,k(n)) that is not eventually zero. Now, let (A")nen be a sequence of

partitions, A" -y n-6(n), such that the isotypic component Agf‘ of A, is nonzero

whenever A,, is nonzero. By construction, (A%’\"))neN € lsotypic and (A%A”))neN is not

eventually zero. Since each X, ; is invariant under the group action, we have for all ¢ and n:
Whenever A, |x, , = 0, then also A )| x,. = 0. For every polynomially bounded r we have
A, (An)

= 0 eventually, hence we have N |x = 0 eventually, and hence (A" )en €

Xn,r(n) n,r(n)
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I(C). Let N(n) = (k("):"_l). Let s(n) = cc(A,) € 2poW1os(N)) - By Theorem 1.1 with

k(n) € poly(log(N)), 6(n) € poly(N), and d = n, we have CC(A»EIA )) € 2roly(0e(N) " wwhich
implies (AS{\"))HGN € metaVQP, which finishes the proof. <

3  Outline of the proof of Theorem 1.1

The proof of Theorem 1.1 is built on an efficient construction of the image of metapolynomials
under projections onto the isotypic spaces.

Roughly speaking, we will construct the projectors of Theorem 1.1 as linear combinations
of repeated derivations applied to metapolynomials. These derivations live naturally in a
vector space called the Lie algebra gl;, of GLg. They are defined as the linearization of linear
change of coordinates by elements of GLj applied to polynomials on which a metapolynomial
is evaluated. Repeated applications of these operations is formally described using products
in an associative algebra U(gl),) 2 gl, called the universal enveloping algebra of gl,. More
concretely, a standard basis element in gl;, corresponds to an analogue of a shifted partial
derivative for metapolynomials (see Claim 4.2), and an element of U(gl;,) captures repeated
applications of such shifted partial derivatives.

Lie algebras and their universal enveloping algebras have a long history in mathematics,
and their theory is rich and well-developed. We review the theory in Section 4 to the extent
required to construct the projectors. The construction is completely explicit. The universal
enveloping algebra U(gl;,) contains elements {C1, ..., C,} which separate isotypic components
in the following sense: each C; acts by scalar multiplication on each isotypic component,
and for any two distinct isotypic components there is a C; for which the corresponding
scalars are different; the precise statement is the content of Theorem 4.11 and Theorem 4.13.
This property is used to construct the projectors via an analogue of standard multivariate
polynomial interpolation, see Section 5.1. The elements {C,...,C,} are called Casimir
operators, and they are defined as generators of certain commutative subalgebras of U(gl},).
For each case of Theorem 1.1, there is a suitable algebra for which the corresponding isotypic
components are the spaces of interest, see Table 1.

The proof that the projectors can be implemented efficiently is built on the following
insights. The Poincaré-Birkhoff-Witt theorem (Theorem 4.9) allows one to express each
projector as a linear combination in U(gl,) of m-fold products of elements of gl, with m
bounded polynomially in the number of isotypic components. This number is exponential in
k, which is polylogarithmic in N as observed in Section 2.5. We use this fact to construct
circuits of quasipolynomial size for the projectors in Section 5.2. In turn, this will complete
the proof of Theorem 1.1.

4 Representations of Lie algebras

In this section, we provide an introduction to Lie algebras, universal enveloping algebras, and
their representation theory, following mainly [32, 42]. Afterwards, we introduce and explain
the results needed to construct the projectors in Theorem 1.1. These results are typically
stated in the language of abstract Lie algebras, and therefore we take time to build up this
general theory. In our case of interest, the Lie algebra arises from GLj and many parts
simplify. We will regularly indicate this in the text for clarity and concreteness. We establish
homogeneous polynomials and metamonomials as a Lie algebra representation, which we will
use as running examples.
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A Lie algebra g is a vector space endowed with a bilinear bracket operation [—, —] which
is skew-commutative, i.e., [X,Y] = —[Y, X], and satisfies a relation called the Jacobi identity
[X,[Y,Z]] + |Z,|X,Y]] + [Y,[Z, X]] = 0; in particular, the bracket operation is usually not
associative. Every associative algebra A is a Lie algebra with the commutator bracket given
by [a,b] := ab — ba for every a,b € A. In this paper, we are interested in the representation
theory of the general linear group GLj, and we study it via the representation theory of its
Lie algebra gl,: this is the space of k x k matrices endowed with the commutator bracket.

A Lie algebra representation is a vector space V with an associated linear map p : g —
End(V) such that p([X,Y]) = [p(X), p(Y')] where the bracket on the right is the commutator
bracket. We equivalently say that g (or its elements) acts on V. For v € V| we often write
X.v = p(X)v as a shorthand. A simple example is V = C¥, where gl;, acts by matrix-vector
multiplication. This is called the standard representation of gl,,. In this paper we examine
the space of metapolynomials C[C[z1,...,zk|4]s as a Lie algebra representation of gl;. The
Lie algebra action is explicitly given in in Claim 4.2.

Representation theory of Lie algebras is used to study the representation theory of Lie
groups because it allows one to “linearize” a group action. More precisely, every Lie group G
has an associated Lie algebra g and every Lie group representation (a non-linear map) defines
naturally a Lie algebra representation (a linear map). All Lie algebra representations we will
encounter arise from this correspondence. We will describe the gl;, action on polynomials and

metapolynomials explicitly in Claim 4.1 and Claim 4.2, which may be taken as the definition.

The details of the correspondence between Lie groups and Lie algebras are not crucial for
the rest of the paper. We briefly outline them in Remark 4.3.

For a vector space V with basis vy,...,v,, let v],..., v} € V* be the dual basis of V*.

Explicitly, v; is the linear form mapping a vector v = ) . ¢;v; € V, with ¢; € C, to the

coefficient ¢y. The basis dual to the standard basis of CF is the set of variables x1, ..., z}.

Let E; ; € gl;, be the k x k matrix having 1 at the entry (7, ;) and zero elsewhere. Regarding
E; ;. Ck — CF as a linear map, we have z, oF;; =0if £ #4and xpo E; ; = x; if £ = 4; here
o denotes the composition of functions. Since {E; ;}; ; forms a basis for gl;, the action of
gl;, on a representation V' is uniquely determined by the action of the Ej; ;’s.

> Claim 4.1 (Action on polynomials). The vector space C[xz1,...,x]qs of homogeneous degree
d polynomials is a representation of gl,,. It is the linearization of the action of GLj acting by
base change on the variables z1,...,z. For f € Clzy,...,zk]q, the action is defined by the
shifted partial derivative

i 0 0
Ei,j.f:—Z(xgoEi’j)a—wf:—xj%f. (1)

{=1

In particular, for a monomial f =z, ---x¢,, we have
d
Eijf =2 1% e, (Bijve,)Te,,,  Te,

For a multiindex p € N¥, > ki = d, let ¢, be the corresponding variable, that is, the
linear map sending a polynomial f to the coefficient of z#. Let e;,...,ex € N¥ be the
standard basis vectors: e; is the vector with 1 at the i-th entry and 0 elsewhere.

> Claim 4.2 (Action on metapolynomials). The vector space of metapolynomials of format
(6,d, k), that is C[C[z1,...,2x]a)s = Cle, : p € N¥,|u| = d]s is a representation of gl,. It is
the linearization of the action of GLj acting by base change on the variables x1, ..., xy. For
a metapolynomial A € Clc,, : u € N¥,|u| = d]s, the action is given by
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0
Eij A=Y (Eijcu)5 A, (2)

Jdc
P m

where the summation is over all multi-indices g € N¥ with Y, u; = d. The action on
metavariables is given by

i+ e e:i—e.: if 4 ',
R e .
i Cp otherwise,

where we set Cptei—e; =0 if 4; = 0. In particular, for a metamonomial A = ¢, -+ c,,, we
have

§
Ei’j.A - szl cu‘l e Cﬂpfl (Ei7.j'cﬂp)cl1«p+1 T CMJ .

The following remark illustrates the correspondence between representations of complex
algebraic Lie groups and representations of the corresponding Lie algebras. As mentioned
before, it is not essential for the rest of the paper, but the proof of Claim 4.1 and Claim 4.2
are built on this correspondence.

» Remark 4.3. A complex algebraic Lie group is a group with the structure of a complex
algebraic variety, [32, Ch. 7]. One can show that GLj is such a group. Let V be a finite-
dimensional vector space. A representation of a complex algebraic Lie group G on V is a
group homomorphism p : G — GL(V) which is a regular map, in the sense that the entries
of p(g) € GL(V) regarded as a matrix in a fixed basis, are polynomial functions on G.

As a vector space, the Lie algebra of G is, by definition, the tangent space of G at its
identity element g = TiyG. The bracket operation is defined via the adjoint representation
of G on g, see [32, Ch. 8] In the case of GLj, one has gl ~ T4, GLy, is the space of k x k
matrices, and the bracket is the standard commutator.

Every representation p : G — GL(V) of G defines a representation g via its differential
at the identity: dp : TG — TigGL(V); this is a linear map and defines a Lie algebra
homomorphism from TiyG = g to T}yGL(V) = End(V) = gl(V).

Explicitly, the value of dp at X € g is the element dp(X) € gl(V) ~ End(V) defined by

d

(dp(X))v = 1T

p(v(s))v for every v € V; (4)
(o))

s=0

here v : C — G is any smooth curve such that v(0) = idg and +/(0) = X. It is easy to see
that dp(X) does not depend on the choice of ~.

Proof of Claim 4.1 and Claim 4.2. We derive the Lie algebra representations from their
respective group representations, as in Remark 4.3.

Every representation p : G — GL(V) defines a pullback representation on the space
of polynomials of degree p on V, C[V],. For g € G and f € C[V],, this is given by
g-f = fop(g~t) where p(g7!) : V. — V is regarded as a linear map and o denotes the
composition of functions.

The standard representation of GLj on C* induces in this way a representation on the
space of polynomials Clx1,...,xg]q. Similarly, the action of GL(C[z,...,z]q) induces a
representation on the space of metapolynomials C[C[xy,...,2g]a]s; the action of GLj on
metapolynomials is the composition of the two representations

GL; — GL((C[xl, - ,a:k}d) — GL((C[(C[J}l, R ,xk]d](;).
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Now, if p : G — GL(V) induces the Lie algebra representation dp : g — GL(V), the pullback
representation of G on C[V], induces the Lie algebra representation described as follows. For
X € g, let v(s) be a smooth curve in G such that y(0) = idg and +/(0) = X. The chain rule

1

of derivatives implies % ’S:()'y(s)_ = —X. We show this in the case where G is a group of

matrices: in this case, one can multiply elements of G by elements of g and obtain

d
ds

97 = _[% N[0 o] = 0107 = =X id T = X

s=0

In general, the multiplication of matrices should be replaced by the action of G on g.

Let V* be the dual space of V' with basis 21, ..., z,; in particular C[V], is the space of
polynomials of degree p in z1,...,z,.. By Equation (4), for every F € C[V],, X.F is the
polynomial function described as follows, on every € V:

X.F(¢) :%\0(7(8) “F)(Q) =
% O(F ov(s)™H(¢) = (using chain rule)
T 9 d . B
> 5,70 (5| 79710 =
r ) T b
> %F(() (ze(—=X.0)) = — aTeF(O - 2e(X.Q).
/=1 =1

Specialize the calculation above to the case of polynomials and metapolynomials to obtain
Equation (1) and Equation (2). It remains to show Equation (3), which follows from a direct
calculation: regarding c, as a function of a polynomial f, we have

i ei—e; if i £ 4,
Eij.CN(f) = _Cu(Eij~f) = Cu(xj ailf) _ {(M +1) cute, J(f) if i j

i cu(f) otherwise.

Let V' be a representation of a Lie algebra g. A subspace V' C V that is itself a g-
representation is called a subrepresentation. A representation V' is irreducible if it contains
no subrepresentations except the zero space of V and V itself. A map ¢ : V — W between
two representations is called equivariant if it commutes with the action of g. Schur’s Lemma
characterizes equivariant maps between irreducible representations:

» Lemma 4.4 (Schur's Lemma, [32, Lem. 1.7]). Let V,W be irreducible representations for
a Lie algebra g and let ¢ : V. — W be an equivariant map. Then either ¢ =0 or ¢ is an
isomorphism. Moreover, if V.= W then ¢ = c-idy for some ¢ € C.

A complex algebraic Lie group is called reductive if every representation is completely
reducible, namely it splits into direct sum of irreducible subrepresentations; the general
linear group GLy is reductive, see e.g. [45, Ch.X]. In the following g is the Lie algebra of a
reductive group, and explicitly we are interested in the case where G = GL; and g = glj,.

4.1 Cartan subalgebras and weights

A subalgebra t C g is called abelian if [t,t] = 0. A Cartan subalgebra h of g is a maximal
abelian subalgebra with the property that if [X,h] C h then X € f. The subalgebra of
diagonal matrices in gl, is a Cartan subalgebra of gl;,.. It turns out that if G is reductive,
then all Cartan subalgebras of g have the same dimension; in fact they are all equivalent
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under a natural action of G on g [32, Sec. D3]. In the case of GLy, the action on gl;, is given
by conjugation: g- X = gXg~! for g € GL;, and X € gl,. In this case, one can show that
any Cartan subalgebra is equivalent to the subspace of diagonal matrices.

If g is the Lie algebra of a complex reductive Lie group G, then Cartan subalgebras of g
correspond to maximal abelian subgroups in G. For a fixed Cartan subalgebra b, let T be
the corresponding abelian subgroup of G. If b is the subset of diagonal matrices in gl;, then
b is the Lie algebra of the abelian group T of diagonal matrices with nonzero diagonal entries.
Irreducible T-representations are 1-dimensional and they are in one-to-one correspondence
with a lattice A in the space h*, called the weight lattice of g; the elements of A are called
weights. When T is the subgroup of GLj of diagonal matrices, then this definition coincides
with the one used in Section 1 for metapolynomials; see also Example 4.7. The construction
of the weight lattice is not straightforward for arbitrary Lie algebras, but it is very explicit
in the case where b is the subalgebra of diagonal elements in gl,:

> Claim 4.5. The weight lattice of gl; with respect to the Cartan subalgebra h of diagonal
elements is the abelian group of integer linear combinations of the diagonal elements, that is,
the group of linear functions

a:h—=C
hi
— arhy + - + aghg.
hi

with aq,...,ar € Z. In the following, we usually identify the weight o with the k-tuple of
its integer coefficients @ = (a1, ..., k).

Proof. Let T be the subgroup of diagonal matrices in GLg. Let (ay,...,ax) € Z* be an
integer vector.

p: T — C* ~GL

t1
(T )
tr

is a group homomorphism, hence it defines a 1-dimensional (irreducible) representation of T.
It is not hard to prove that all irreducible representations of T arise in this way.
The induced h-representation is

dp:h— C~gly
}L]
— athy + -+ + aghy.
hi

In other words, irreducible h-representations induced from T-representations are in one-to-one
correspondence with functions a € h* mapping a diagonal element H € b to an integer linear
combination of its diagonal entries. <

Every g-representation V restricts to an h-representation, hence it decomposes into the
direct sum of irreducible 1-dimensional h-representations. Since they are uniquely determined
by their weights, we have V = @ V®ma. in particular m, # 0 only for finitely many
a € A. If m,, # 0, then « is called a weight of V|, m,, is called multiplicity and the direct
summand V%< is called the weight subspace of V of weight . An element X € b acts
simultaneously on the m,, copies of V,, via scalar multiplication by «(X) € C. The elements
of a weight subspace are called weight vectors; a basis of V' consisting of weight vectors is
called a weight basis.
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» Example 4.6. Consider the gl;-representation V = Clzy, 2, 23]2 with the action described
in Claim 4.1. Let b C gl; be the subalgebra of diagonal matrices. Consider the six monomials
of V', which define a basis:

2 2 2
5617 ‘T27 ‘T?n
€r2T3, 13, T1T2.

t
One can verify that they form a weight basis of V. For instance, given H = ( "t . ) =
3
t1E11 + toFoo + t3F33 € b, we have

H(22) = 5,1 (13) = - 5,15, xjaij@c%) — (@)

showing that 2% is a weight vector of weight (—2,0,0). More generally, we have

H.(x3) =—2t; x5, H.(23) =—2t2 23, H.(z3) =—2t3 23,
H(xQ.fI:,j) :—(tQ + t3)1}21}3, H.((E1$3) :—(tl —|—t3).’E1.’E3, H.($11}2) :—(tl + tg) r1x2.

This shows that V' decomposes into the sum of six weight spaces, each spanned by one of
the weight vectors above. The corresponding weights are the six elements of h* mapping H
to the eigenvalues of H on each weight vector. As k-tuple of integers, they are

(—2,0,0), (0,-2,0), (0,0,—2),

(0,—1,-1), (-1,0,-1), (-1,-1,0).
More generally, in a space of polynomials V' = C|x, ..., zx]q, the monomials form a weight
basis. The weight of a monomial z# = z/" - - - 24*, regarded as a vector of integers, is —pu.

» Example 4.7. Consider the gly-representation V = C[C[z1, z2]3]2 of metapolynomials of
format (2, 3,2), with the action described in Claim 4.2. One can verify that the metamonomials
form a weight basis. For instance, given H = (tl t2) =t1FE11 +taF5 € b, we have

0

2 2

H.(c30) = Yoiy i (c30) = Xis t > Eii-cy - e (c30) =32 t1 - 5y = (6t1)cp-
m

showing that c3; is a weight vector of weight (6,0). Similarly, one can compute the weight of
every metamonomial:

H.(c3y) = (41 + 2t2)c5y, H.(cty) = (2t1 + 4t2)cls, H.(cbs) = (6t2)c5s,
H.(c3oc21) = (bt1 + t2)csocor, H.(csoci2) = (41 + 2ta)csociz, H.(csoco3) = (3t1 + 3t2)csocos,
H.(co1c12) = (3t1 + 3t2)ca1c12,  H.(ca1co3) = (2t1 + 4t2)ca1cos, H.(c12c03) = ( t1 + 5ta)carcia.

Therefore V' has seven weight spaces of weight (p,6 — p) with p = 0,...,6. The weight
spaces of weight (4, 2),(3,3), (2,4) have dimension 2, the others have dimension 1.
More generally, the metamonomials give a weight basis for the space of metapolynomials
of format (,d, k). A metamonomial ¢, ---c¢,, has weight (1 + - -- + ps, in accordance with
what we defined in the introduction.

4.2 Roots and highest weights

An important representation is given by the action of the Lie algebra on itself, called the
adjoint representation ad : g — End(g) and defined by ad(X) = [X, —]. By definition, the
weight space of weight 0 is h itself; moreover, one can prove that all other weight spaces
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are 1-dimensional [32, Ch. 14]. The nonzero weights of the adjoint representation are called
the roots of the Lie algebra g (with respect to b); let @5 C A denote the set of roots of g.
It turns out that n € h* is a root if and only if —7 is a root and +n are the only integer
multiples of 7 that are roots.

We compute the roots for gl with h the algebra of diagonal matrices. Let H =
diag(t1,...,tx) € h. Then

So CE; ; is the weight space corresponding to the weight (e; —e;) € h*. Since the matrices
E; j span gl;,, we obtain that the set of roots is ®q;, = {e; —e; | i,j € [k],i # j}.

The roots of the Lie algebra shift the weights of the Lie algebra representations: more
precisely, let V' be a representation of g, v € V' a weight vector of weight A and X € g, for
some root «; then X.v is a weight vector of weight A\ + «.

A choice of positive roots is a subset q);r of &4 with the following two properties: for
every root «, either a or —a belong to @;; for every pair of roots ay, ag such that a; + as is
a root, if ai, g € <I>;;r then a; +an € <I>;. For gl,,, one such choice is @;r[k ={e;—e; |1 <j}

All choices of positive roots are equivalent under the action of a finite group Wy, called
the Weyl group of g. This group acts on h and hence on h*; the action of h* sends the set
of roots to itself. All possible sets of positive roots are obtained one from the other via the
action of Wy. The Weyl group of gl;, is the permutation group & on k elements. If b is the
Cartan subalgebra of diagonal matrices, then Wy acts by permuting the diagonal elements;
the induced action on h* permutes the weights e;: for o € &y, o - €; is the weight e;-1(;).

Since for every root «, either o or —« is positive, the weight decomposition of g gives
g=bHo EBQQI,;r (8a ® g—a). In the case of gly, this decomposition is gl = h & P, ,;(CE;; ©
CEji). A raising operator (resp. lowering operator) is an element X € @aecbj ga (resp.
X e Gaae@j g-q). Let n= @a@); be the space of raising operators; the condition that a
root aq + s is positive whenever aq, oo are positive make n into a Lie algebra.

For g, the space n = span{FE; ; : ¢ < j} of raising operators is the space of strictly
upper triangular matrices and the space of lowering operators is the space of strictly lower
triangular matrices.

Let V be a representation of g. A highest weight vector for V is a weight vector v € V
with the property that n.v = 0. The corresponding weight is called a highest weight for V.
When g = gl,, and V is a space of metapolynomials, it is not hard to verify that this condition
is equivalent to the characterization of highest weight metapolynomials in Section 1; the
characterization in terms of tableaux is explained in details in Section 4.5. A fundamental
result in representation theory is that if V' is irreducible, then V' has a unique highest weight
and this highest weight uniquely determines V up to isomorphism [32, Prop. 14.13]. In
particular, this result classifies finite-dimensional representations of g.

Only a subset of weights occur as highest weights of finite-dimensional irreducible repres-
entations. Such vectors are called dominant weights and their characterization in general
requires the introduction of a suitable inner product structure on h*, which is not straight-
forward. Let AT denote the subset of the weight lattice consisting of dominant weights.
The representation associated to the highest weight X\ is denoted V) and it is the unique
g-representation having highest weight A. In the case of gl;, the set of dominant weights
consist of weights A = (A1,...,\g) such that \; > A\jyq1. If A; > 0 for every 4, we usually
identify the weight A with a partition of length k.
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» Example 4.8. We determine the highest weights vectors in the representations Clx1, 22, 23]2
and C[Clz1, za, 23]2]3. The space of raising operators of gl; is n = span{FE13, Ea3, E13} of
upper triangular matrices. The highest weight vectors are weight vectors characterized
by the condition n.v = 0. Since E13 = [FE12, Ea3], the condition n.v = 0 is equivalent to
Elg.v = E23.U =0.

For C[z1, 2, 73]2, one can check the unique highest weight vector is 23 and the correspond-
ing highest weight is (0,0, —2). Therefore Clz1,x2,x3]s is irreducible, and it is isomorphic to
the gls-representation V(g o, —2)-

For C[C[z,y, 2]2]3, the highest weight vectors are the metapolynomials

3 2 2
€2,0,09 €2,0,0€1,1,0 — 402,0,000,2,0 and

2 2 2
4¢2,0,0€0,2,0€0,0,2 — €0,0,2€1,1,0 T €1,0,1€1,1,0€0,1,1 — €0,2,0€1,0,1 — €2,0,0€0,1,1-

Their weights are (6,0,0), (4,2,0) and (2,2,2). Therefore C[C[x1, x2, x3]2]3 is a direct sum
of three irreducible gl;-representations

C[Clz1, 2, 23]2]3 = Vi6,0,0) © Viu2,0) © Vi2.22)-

4.3 Universal enveloping algebra

The universal enveloping algebra of a Lie algebra g is an associative algebra associated to the
Lie algebra g. It is used to study representation theory of Lie algebras using representation
theory of associative algebras.

A representation of an associative (unital) algebra A is a vector space V equipped
with a homomorphism of associative algebras p: A — End(V). For v € V and U € A,
write U.v = p(U)v, as in the Lie algebra setting. Subrepresentations and equivariant maps
are defined for representations of an associative algebra in the same way as for Lie algebra
representations. For a subset S C A, the subalgebra generated by S is the smallest subalgebra
of A containing S; explicitly, it can be realized as the set of (noncommutative) polynomials
in elements of S.

Let g be a Lie algebra. Consider a representation p: g — End(V'). Since End(V) is an
associative algebra, we can consider the subalgebra of End(V') generated by the linear maps
in the image p(g). Since p is a representation, these generators satisfy the relations

p(X)p(Y) = p(Y)p(X) = p([X, Y]). (6)

The universal enveloping algebra U(g) is an associative algebra constructed in such a way
that the relations (6) are forced for every representation p of U(g). It is a quotient of the
tensor algebra T (g) over g. The tensor algebra is spanned by formal products of elements
of g,

¥ =Ceogeg®ag®ae. - (7

P

T(g) =

£l
I

0

with multiplication induced by the tensor products ®: g®? x g®4 — g®®+9) In particular,
the tensor algebra is graded, with g®? being the component of degree p. Consider the ideal
Z(g) C T (g) generated by the elements of the form

XY -Y®X-[X,Y]
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for X,Y € g. The universal enveloping algebra of g is defined as U(g) = T (g)/Z(g). The
multiplication in U(g) is denoted by the usual multiplication sign rather than ®. The
inclusion of g into 7 (g) (as a vector space) gives rise to a linear map g — U(g), which is also
injective. We identify g with the image of this injection. The elements of T (g) and, therefore,
U(g) can be written as noncommutative polynomials in elements of g. When g is abelian
(for instance, in the case of a Cartan algebra), the ideal Z(g) is indeed homogeneous, since
[X,Y] = 0; in this case U(g) is the symmetric algebra of g, isomorphic to the polynomial
ring on g*.

By construction of the ideal Z(g) we have XY — Y X = [X,Y] in U(g) for every X, Y € g.
This implies that every representation of U(g) restricts to a Lie algebra representation of
the Lie algebra g, via the embedding g C U(g); conversely every representation p: g —
End(V) of g uniquely extends to a representation of U(g) by setting p(X1Xs2...Xy) =
p(X1)p(X2)...p(Xy) for all X; € g.

Note that in general the ideal Z(g) is not homogeneous, so U(g) does not inherit the
grading from the tensor algebra 7 (g). However, U(g) has a filtration, in the following sense:
define U(g)<, ={X +Z(g) | X € Gaf;:o g®"}; then U(g)<¢ C U(g)<(¢+1) for every £, and if
X €U(g)<p,Y €U(g)<q then XY € U(g)<(p+q)-

In particular, the elements of /(g)<¢ are represented by noncommutative polynomials of
degree at most ¢ in elements of g. The length of an element X € U(g) is the minimal £ such
that X € U(g)<s.

» Theorem 4.9 (Poincaré-Birkhoff-Witt [42, Theorem 9.10]). Let X1,..., X, be a basis of g.
Then the set of ordered monomials Xy Xy, -+ Xy, 11 < ig < -+ < iq is a basis of U(g).
Moreover, the set of ordered monomials of length at most £ is a basis of the subspace U(g)<¢
of elements with length at most £.

In fact, we will only use that ordered monomials are a set of generators for the spaces
U(g)<e. This is proved explicitly in Theorem B.1. The Poincaré-Birkhoff-Witt theorem
(PBW theorem) shows that elements of ¢(g) have unique representation as noncommutative
polynomials in X71,..., X, with ordered terms, and the length of the element is given by the
longest monomial in this polynomial.

» Example 4.10. Consider g = gl, with a gl,-representation V. Then F = Ey;,E =
Ei2,H; = E;; gives an ordered basis (F,FE, Hy, Hs) of gl,. Examples of elements of
U(gly) are H1EF and 1 — %FE + 1—12F2E2. Note that these are formal products, not matrix
multiplication (general Lie algebras do not have this additional algebra structure). Taking v €
V, the second element acts as (1— 3 FE+ 5 F2E?) v = v—L1F.(Ev)+ 5 F.(F.(E.(Ewv))) € V.
The PBW theorem guarantees that these elements can be written as polynomials with ordered
monomials. Indeed, we have

H\EF = H\(FE + [E,F]|) = HiFE + H,(H, — H>)
=...=FEH, +2FFE + H} — H\ H>.

4.4 Central characters and Casimir elements

Let g be a Lie algebra. An element X € U(g) of the universal enveloping algebra is central if
XY =YX for every Y € U(g) (or equivalently every Y € g). The center Z(g) of U(g) is the
set of all central elements; Z(g) is a commutative associative subalgebra of U(g).
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A representation p: g — End(V) of g extends to a representation of U(g), and if X € Z(g)
is a central element, the map p(X): V — V is U(g)-equivariant. If V is irreducible, then by
Schur’s lemma (Lemma 4.4) p(X) is a multiplication by some scalar xy (X). More precisely,
p induces a 1-dimensional representation xy : Z(g) — C. This representation is called the
central character of V.

It is a crucial fact that for Lie algebras g of reductive groups central characters separate
non-isomorphic irreducible representations.

» Theorem 4.11 ([65], see also [10, §VIII.8.5, Cor.2]). Let g be a reductive Lie algebra. If V
and W are irreducible representations of g and the central characters xy and xw coincide,
then V and W are isomorphic.

It follows that for reductive g the isotypic components of a g-representation are also isotypic
components of the induced Z(g)-representation. More specifically, if a g-representation V
decomposes as @, V/\@m*. with pairwise non-isomorphic V), then as a Z(g)-representation
we have V = @, .\ x%m*'dlm Vx| where we denote by x» the 1-dimensional representation of

Z(g) corresponding to the central character of V).

» Example 4.12. Consider the gl; representation V' = C[z1, 22, x3]q of homogeneous degree
3 polynomials in three variables (Claim 4.1). Consider the element I := —(Ey 1+ E2 2+ E33).
Clearly, I € Z(gl;). We determine the value of the central characters. Take f € V. We find

s, 0 s,
I~f—33187xlf+33287x2f+33387%f—df~

So xv(I) = d. As a simple applications of Theorem 4.11, this allows us to conclude
Clx1, x2,23]q and Clxy, xo, 23]4 contain no isomorphic irreducible subrepresentations unless
d=d'.

When g is the Lie algebra of a reductive group, then Z(g) can be described explicitly as
the ring of invariants for the the action of the Weyl group on the Cartan subalgebra. Note
that since the Cartan subalgebra b is abelian, the universal enveloping algebra U(h) is in
fact commutative and can be identified with the polynomial algebra C[h*]. Recall that the
Weyl group Wy acts on h and, therefore, on U(h) = C[h*].

» Theorem 4.13 (Harish—-Chandra isomorphism, [44, Ch. 23];[6]). Let g be a reductive algebra
and let b be a Cartan subalgebra. The center Z(g) of the universal enveloping algebra
is isomorphic to the algebra of invariants U(h)Vs. Moreover, if dimb = k, there exist
algebraically independent C1, ..., Cy € U(g) such that Z(g) = C[C4,...,Ck]. The lengths of
these elements coincide with the degrees of the fundamental invariants of U(h)"Vs.

The generators C1,...,Cy of the center Z(g) are known as Casimir elements. These
generators are not unique.

Consider the case of gl;, with b the Cartan subalgebra of diagonal matrices. Then Wy,
is the symmetric group &y, and it acts on h by permuting the diagonal elements. Then U(h)
is the polynomial ring in k variables, and U/ (h)"Vetx is the subring of polynomials invariant
under permutation of variables: this is the classical ring of symmetric polynomials in k
variables. It is generated, for instance, by the elementary symmetric polynomials, which
have degrees 1,..., k. These numbers give lengths of Casimir elements generating the center
Z(g). There are several constructions of Casimir elements, one possible choice being

k k
Cp = s Z Eihiinz,i?, e Eipyil with 1 S p S k. (8)

=1 =1
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» Example 4.14. Let g = gl,. Then the Casimir elements are given by
Cir=FEi1+E22 and Co=FE11E11+E12F21+ E21E1 2+ EyoEs .

We will use Claim 4.2 to evaluate the application of C; and C5 to the metapolynomials
A =2+ 2cocn and I'= —c2, + 4coaca.

We find that
C1.A = By 1.A + Ey 9. A = 263, + 4cgacag + 261, + degacag = 4A

and similarly C;.I' = 4T" (in fact, one can show C; always scales a metapolynomial of format
(6,d, k) by dé). We also compute

Es1.A =2clyc11 + 2 ¢ con + 2 0ca0 + 2 coze11 = 6 cfyenn
(E172E271).A = 6011011 +6 - 2602620 =6A

By symmetry of multiindices in the metapolynomial we know (Es1E1 2).A = 6A too. An
analogous computation shows Fsy 1.I' = 0 and E; 2.I' = 0. We find

CoA=(22+6+6+2°)A=20A and Col = (2°+0+0+2%)A =8A.

We obtain that A and T live in different isotypic components with respect to Z(gl,), and
hence with respect to gl,.

The eigenvalues of these Casimir elements on irreducible representations of gl are
computed by Perelomov and Popov [64]:

XA (Cp) = Tr(AYE) (9)

where F is the k& x k matrix consisting of all ones, and the entries of the k x k matrix
Ay = (ag;‘)) are given by

N +k—i, ifi=j,
aY) =<0, ifi> 7, (10)
-1, ifi<j.

» Example 4.15. Observe first that Tr(A% E) is simply the sum of the entries of AY. Consider
again Example 4.14. We compute the formula in Equation (9).

_21] and thus x(4,0)(C2) = Tr ([205 _47] 1 %]) =20
31] and thus x(2,2)(C2) = Tr ([8 5 ]

Observe that this matches our results in Example 4.14. We give one more example for gls.

8 -1 -1

64 —9 —7 111
Auno = ({3 ] s @ = (5§ ] [1H1]) =
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4.5 Gelfand-Tsetlin theory

Gelfand—Tsetlin bases are used to explicitly construct irreducible representations of some

classical Lie algebras. The explicit bases first appeared in [35] without much explanation.

The construction was expanded upon by Zelobenko [72] and independently by Baird and
Biedenharn [4]. It can be explained in terms of restrictions of irreducible representations
along a chain of Lie algebra inclusions.

Let a be a Lie subalgebra of b. Every representation V of b can be regarded as a
representation of a using this inclusion. The resulting representation is called the restriction
of V to a and is denoted as Vig.

Let g3 C g2 C -+ C g be an inclusion chain of reductive Lie algebras. We call this
chain a Gelfand—Tsetlin chain if g, is abelian and every irreducible representation V' of g,
(1 < ¢ < k), when restricted to gs—1, is a multiplicity-free completely reducible representation,
that is,

V>\ g§71 = Vv;t (11)
HER((N)

for some set Ry(\) of isomorphism types of irreducible representations of g;_1. We write
u — X if V), appears in the decomposition for V.

Let V) be a irreducible representation of g,. By repeatedly restricting irreducible
representations of g; we obtain a decomposition of V) as a representation of g;.

Valgr = @ Vi (12)

AL A@) AR =)

Since g; is abelian, its irreducible representations are 1-dimensional, so the decomposition
above distinguishes a set of 1-dimensional subspaces in Vy indexed by chains A1) — \(?) —
oo = A®) called Gelfand-Tsetlin patterns. We denote the subspace of Vi corresponding
to a Gelfand Tsetlin pattern 7 = AV — A2 — ... - \(%) by V.

The inclusions gy C g give an inclusion of universal enveloping algebras U(ge) C U(gk),
and therefore a chain U(g1) C U(g2) C --- C U(gx). The Gelfand—Tsetlin algebra GZ(gi) of
g is the subalgebra of U(g) generated by all centers Z(gy) with £ < k. Since the center Z(gy)
of U(gr) commutes with all elements of U(gy), it commutes in particular with the centers Z(g;)
for j < ¢; as a result, GZ(gi) is a commutative subalgebra.

Consider a Gelfand-Tsetlin pattern 7 = A1) — X2 — ... — X\() and the corresponding
1-dimensional subspace Vp C Vyu. For every ¢ < k the subspace Vp is contained in an
irreducible representation of g, isomorphic to V), and the center Z(g,) acts on Vr via the
central character x . It follows that Vr is a 1-dimensional representation of GZ(gy) given
by a Gelfand-Tsetlin character x7: GZ(gx) — C such that X.v = xr(X)v for X € GZ(gi),
v € V. More specifically, on Z(gy) we have x1(X) = x @ (X). Theorem 4.11 implies that
different Gelfand—Tsetlin patterns correspond to different Gelfand—Tsetlin characters.

By the previous discussion, every completely reducible representation of gi is also
completely reducible as a representation of GZ(gi). That is, if V' is a completely reducible
representation of g with isotypic decomposition V' = @, . stm*, then the action of GZ(gx)
on V splits the decomposition further into Gelfand—Tsetlin characters as

V= &P g ® (13)

T: A o XF) AR A

We call the components of this decomposition GZ-isotypic spaces of V.
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The classical case — used to construct a basis of irreducible representations of gl,, —
corresponds to the chain of inclusions gl; C gly C --- C gl where gl;_; is included in gl
as the subalgebra of gl consisting of matrices having the k-th row and the k-th column
identically equal to 0. The Gelfand—Tsetlin algebra in this case is the polynomial algebra
GZ(g) = C[Cy,p] generated by the Casimir elements

14 0
Cop= > Ei B, Eii withl<(<kandl<p<Ll (14)

=1 ip=1

The irreducible representations of gl; correspond highest weights A = (A1, ..., Ax) with
integer Ay > --- > A;. The restriction VAQ&A is given by the classical branching rule
(attributed to Schur in [58]) which states that p — A if and only if p and X interleave, that
is Ag > pg > Mgy for all £, 1 < ¢ < k — 1. Moreover, Ej j, acts on the copy of V,, in V) as
multiplication by |A| — |u| = /Z:_ll (Mg — ug).

A Gelfand-Tsetlin pattern is given by a sequence AV — X2 — ... X(*) that is, by
integers /\EZ) with 1 < /¢ <k, 1 <i </ such that )\y) > )\54—1) > )\Z(.?l, often arranged into a
triangular shape, see Figure 2.

w g o] b be el
k=1)|y (k=1)| (k=1 k=1)|y (k=1)|y (k-1

Ag ) /\<2 : /\(3 N /\2—3) )\;c—Z ) /\I(c—l : gl

)\5"'*2) /\(Zk—Z) )\212*32) )\)(C’i*;) ali_o

AP A gl

/\gl) gl

Figure 2 Gelfand—Tsetlin pattern of gl,.

The 1-dimensional subspace Vi corresponding to the pattern 7= A1) — \®) — ...
A®) s spanned by a weight vector of weight (]AM)|, (AP — (XD ... |]AF)| — |XE=D]), The
generators Cy , of GZ(gl,,) act on this space as multiplications by the corresponding eigenvalues
x7(Cep). Since Cy, is a Casimir operator for gl,, we have x7(Crp) = X2 (Cep) =

Tr(A% ) E) from Perelomov-Popov formula.

If A(%) is a partition, that is, all )\gk) are nonnegative, then the Gelfand—Tsetlin patterns
for gl;, are in bijective correspondence with semistandard Young tableaux filled with numbers
from {1,2,...,k}. Recall that a Young tableau is semistandard whenever the numbers are
strictly increasing along the columns, and weakly increasing along the rows.

A semistandard tableau T gives rise to a sequence of partitions A1), ... A(*) where \(©)
is the shape of the tableau T) obtained from 7" be removing all boxes labeled with numbers
greater than £. Semistandardness of T’ guarantees that all T() are also semistandard tableaux
and the interleaving property )\1@) > /\5671) > /\Z(.i)1 holds (see e.g. [56, p.5]). The weight is
given by the content of the tableau T', that is, the vector u = (u1, ..., ux) where p; records
the number of occurrences of the label 7 in the tableau.
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1[1]2]2]
For example, the tableau T'=|23 gives
4[4
1[1]2]2]
(1) _ 2 _[1]1][2]2] @ _|[L11][2]2] ) _
T i1}, T Bl , T 513 . T T 4212 ,

and the sequence of shapes is A() = (2), A2 = (4,1), A®) = (4,2,0), A\ = (4,2,2,0). The
corresponding weight is (2,3, 1,2), the content of the tableau.

The superstandard tableau of shape A = (\1,...,\,) corresponds to the Gelfand-Tsetlin
pattern with A() = (M, ..., Ae). The corresponding 1-dimensional subspace of V) contains
the highest weight vectors. To prove this, recall that since E; ; with ¢ # j span root spaces
of gl,, they shift the weights of weight vectors, that is, I; ;.v is a weight vector of weight
i+ e; —ej. The content of the superstandard tableau of shape A is A, so every nonzero
vector v in the corresponding 1-dimensional subspace has weight A, and for every F; ; the
vector E; ;.v has weight A 4-e; — e;. But there are no semistandard tableaux with shape A
and content A + e; — e; when ¢ < j. Therefore, E; j.v = 0 if i < j, and it follows that v is
annihilated by every strictly upper triangular matrix.

5 Efficient construction of projectors

In this section we prove Theorem 1.1. We explain the construction of the projectors in
Section 5.1, and describe the efficient circuit implementation in Section 5.2.

5.1 Construction of projectors

We construct the required projections as projections onto a common eigenspace of several
commuting matrices. The construction is elementary and is based on the classical construction
of eigenprojectors from basic linear algebra.

We present the construction in full generality in Theorem 5.2. The projectors in the
cases relevant for Theorem 1.1 are obtained by applying the general construction to suitable
commutative subalgebras of the universal enveloping algebra U(gl;), see Table 1. If A is
a commutative algebra generated by Ui, ..., Uy, then a representation of p : A — End(V)
is uniquely determined by p(U1),...,p(Uy), which are ¢ commuting endomorphisms of
V — V. Every irreducible representation of A is 1-dimensional, so it is given by an algebra
homomorphism x: A — C. In other words, an irreducible representation is spanned by a
common eigenvector of the generators U, ..., U, of A with the corresponding eigenvalues
X(U1),.... x(Ug).

Recall that a representation is called completely reducible if it can be decomposed into a

direct sum of irreducible representations. All representations in this paper have this property.

For a commutative algebra this means that the generators of the algebra act not just by
commuting but by simultaneously diagonalizable linear maps.

We slightly abuse notation and denote the character x: A — C and the corresponding
irreducible representation by the same letter. Every completely reducible representation V'
of A has a unique isotypic decomposition

VB, (15)
AEA

where A is a set indexing irreducible representations of A. We denote the isotypic component
XY™ in V by V.
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The length of the projectors as elements of ¢(g) depends mainly on the number of different
isotypic components of the representation.

» Definition 5.1. Let V be a completely reducible representation of an algebra A. We call
the number of isomorphism types of irreducible subrepresentations of V' the diversity of V.

» Theorem 5.2. Let A be a commutative algebra generated by Ui,..., Uy and V be a
completely reducible representation of A with diversity at most p. For every irreducible
representation xx of A there exists a polynomial fy of degree at most p — 1 such that

fk(Ul,...,Uq)..%‘:H)\.’L‘ (16)
where I1y: V' — V is the unique A-equivariant projection onto the isotypic component Vu x.

Proof. Let A be the set of isomorphism types appearing in the isotypic decomposition of V',
so that V=P, cp Va,u with Va, # 0. An element U € A acts as Uz = x,(U)z on Va .
If A ¢ A, set fr=0.

Fix A € A. For every p € A with p # A, let U;, be a generator such that x,(U;,) #
Xx(Ui, ). Such generator exist because x and x,, are different characters of A. Define

U, — U;
P= ]I 2 )’_“‘( ‘(}) €A (17)
HEA,FEN X)\( Ty X}L( zu)

Uiu — X/L(Uiu)

XA (Ui,) = xu(Ui,)
on V4 x; moreover, its action maps isotypic components to themselves. The element Py acts

The factor

acts on V' as the zero map on V4, and as the identity map

as the composition of these factors; therefore its image in End(V) is the projection IT onto
V4. Finally, since every factor is linear in Uy, ..., Uy, Py is a polynomial in Uy, ..., U,. Its
degree is (at most) p — 1. <

The projections required in Theorem 1.1 arise as special cases of this construction. In each
case, the image of the projection is an isotypic component of some commutative subalgebra
A C U(gly,). Theorem 5.2 then gives a construction of the projectors as elements of U(gl},),
expressed as polynomials in the generators of A. The length of the projectors is easily bounded

in terms of lengths of generators of A in U(gly) and the diversity of C[Clxy,...,zt]q]s as a
representation of A. Indeed, if the generators Uy, ..., U, of A have length at most ¢, and
the projectors are expressed as polynomials in Uy, ..., U, of degree at most p — 1, then the

lengths of the projectors are bounded by ¢(p — 1). The following table summarizes these
parameters for the three cases considered.

Table 1 Isotypic components, generators of their corresponding subalgebras, and their diversity
in C[Cl[z1,...,xk]d]s. See Equation (8) and Equation (14) for the definitions of Cj, and Cy,p.

Isotypic components Weight spaces | A-isotypic spaces T-isotypic spaces
Algebra A U(h) = Cly’] Z(al,) G2 (gl,)
Generators Uj; {EH i€ [k}} {C’p |p € [k]} {Cg,p | ¢ € [k],p e [(]}
Generator lengths 1 <k <k
Diversity < (6d)* < (6d)* < (6d)*”
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» Remark 5.3. In the construction of Theorem 5.2 we require knowledge of the value of x,
evaluated on the generators U;, for all irreducible representation types u occurring in the
representation. For the weight spaces these values are given by the weights themselves, and
for the other two algebra they can be computed using Equation (9). It is then also possible to
remove any choices in the construction by taking for each term instead a linear combination
U of all U; with algebraically independent irrational weights. Since the values x, are always
integer, this ensures x,(U) # xa(U) when p # .

» Example 5.4. We construct and evaluate a A-isotypic projector for metapolynomials of
format (3,2,3). From Example 4.8 we know A = {(6,0,0), (4,2,0), (2,2,2)}. By Equation (9)
we find that the Casimir element C5 scales these three irreducible representations with
different scalars, namely 48, 28 and 12 respectively. Hence we can use Cs to construct the
projectors from Theorem 5.2. Consider first the projector Py to the (6,0, 0)-isotypic
component. We have that

C2 — X(2,2,2)(C2) C2 — X(4,2,0)(C2) G125 —28

X(e,o,o)(C2) - X(2,2,2)(C2) ' X(6,0,0)(Cz) - X(4,2,0)(02) 36 20

P6,0,0) =

Consider again the example A = c¢gg2cp20c200 from the introduction. We will compute
P6,0,0)-A. Using the equations in Claim 4.2 we find

3 3
Co A=Y " (Ei;jEj;).A = 2 o206 + 2 cooactio + 2 811200 + 24 coo2€020¢200-
i=1 j=1
It directly follows that
CQ.A —28A =2 00206%01 + 2 00026310 +2 63110200 — 4C00200206200.
We apply C5 again (at this point a computer algebra program is recommended) and find
C5.(Ca.A — 28A\) = 48(co20¢T0; + Co11€101€110 + C002C1 10 + Co11€200)-

Hence,

Co(Co. A — 28A) — 12(Cy.A — 28A)
12
=2 00200%01 +4co11c101€110 + 2 60020%10 +2 0(2)110200 + 4 cp2¢020¢200-

60 P(67O’O) .A -

This is indeed the isotypic component as given in the introduction. The other two can be
determined by an analogous computation.

5.1.1 Weight projectors

Let V be a representation of a complex reductive Lie group G. The action of G on V induces
the action of the corresponding Lie algebra g. Fix a maximal torus 7' C G and let h C g be
the corresponding Cartan subalgebra. The torus T is reductive, and the isotypic components
of V' with respect to the action of T' are exactly the weight spaces. The action of T" induces
the action of hh with the same isotypic components, so the action of § is completely reducible.

Let Hy,...,H, be a basis of the Cartan subalgebra ). Since § is abelian, the universal
enveloping algebra U(h) C U(g) is commutative. It can be identified with the polynomial
algebra C[Hy, ..., H,]. We can now apply Theorem 5.2 to obtain for every weight p € b*
an element H,, € U(g) such that H,.v is the projection of v € V onto the weight space of
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weight p. The projectors H,, are obtained as polynomial expressions H,, = f,(Hu,..., H;)
with deg f, < p— 1 where p is the diversity of V' as a representation of fj (or, equivalently, of
U(b)), that is, the number of weights of V. Since H; as elements of U(g) have length 1, the
length of H,, is also bounded by p — 1.

We can specialize this construction to the action of gl; on the space of metapolynomials
W = C[C[x1,...,xk]a)s- The standard Cartan subalgebra consists of all diagonal matrices,
and we can take H; := F; ;. The weights appearing in W correspond to k-tuples of nonnegative
integers summing to dd (see Example 4.7). The number of such tuples is (Mlﬂ“l—l) < (8d)*.

» Corollary 5.5. For each weight p = (u1, ..., pr) with Zle i = dd there is an element
H, € U(gly,) of length at most (6d)* which acts on C[C[z1,...,zk]als as the projector onto
the weight space corresponding to .

5.1.2 Isotypic projectors

Let V be a representation of a complex reductive Lie group G with the corresponding Lie
algebra g. Then V is completely reducible as a representation of g, with the same isotypic
components as for G. As discussed in Section 4.4, they are also isotypic components of V' as
a representation of Z(g), which is a commutative algebra generated by Casimir elements
Cl, ey Cr.

Applying Theorem 5.2, we obtain for every highest weight A a corresponding element
Z € U(g) such that Zy.v is the projection of v onto the isotypic component of corresponding
to the irreducible representation with highest weight A. The projectors Z, are obtained as
polynomial expressions Zy = f)(C4,...,C,) with deg f) is at most p — 1, where p is the
diversity of V' as a representation of g. It follows that if the Casimir elements Cy,...,C,
have length at most ¢, then the length of Z) is at most ¢(p — 1).

For the Lie algebra gl,, Casimir elements have length at most k. Since every highest
weight is a weight, the diversity of C[C[xy, ..., %1]4)s is bounded by (d§)* as in the previous
section.

» Corollary 5.6. For each partition X\ +— dd there is an element Zy € U(gly,) of length at
most k(8d)* which acts on C[Clxy,...,x1]d)s as the projector onto the isotypic component
corresponding to A.

5.1.3 Highest weight projectors

Since the highest weight subspace of weight X is exactly the weight A subspace of the isotypic
component corresponding to the irreducible representation V), the projector onto the highest
weight subspace is the composition H)Z) of the projectors constructed in the previous
sections.

» Corollary 5.7. For each partition \ vy dd there is an element X\ = HxZy € U(gl},) of
length at most (k+ 1)(dd)* which acts on C[C[zy,...,xx]als as the projector onto the highest
weight space of weight X.

5.1.4 GZ-isotypic projectors

Let V be a representation of a complex reductive Lie group G with the corresponding Lie
algebra g admitting a Gelfand-Tsetlin chain g; C go C --- C g = g. As discussed in
Section 4.5, under the action of the Gelfand-Tsetlin algebra GZ(g) the representation V
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decomposes into GZ-isotypic components indexed by Gelfand—Tsetlin patterns, and The-
orem 5.2 can be used to construct for every Gelfand-Tsetlin pattern T an element Y1 € U(g)
such that Y.z is the projection of x onto the T-isotypic subspace of V. The length of Y7 is
bounded in terms of the lengths of Casimir elements of g, and the number of Gelfand—Tsetlin
patterns appearing in the decomposition of V.

Consider the case of gl acting on C[C[zy,...,xk]a]ls. For the chain gl C gl, C
-+ C glj,, Casimir elements have length at most k. Every irreducible subrepresentation of
C[Clz1, ..., 2k]a]s corresponds to a partition A +j dd. Gelfand—Tsetlin patterns are in biject-
ive correspondence with semistandard Young tableaux with dd cells and k rows. Each row of a
tableau is an ordered tuple of integers from {1,...,k}, so there are at most (d‘sljfl_l) < (dé)F
tuples that can serve as rows of a tableau, and therefore at most (d(S)k2 possible semistandard
tableaux.

» Corollary 5.8. For each semistandard tableau T of shape A v+ dd there is an element
Yr € U(gly,) of length at most k(dd)k2 which acts on C[Clxy,...,xk]als as the projector onto
the T-isotypic space corresponding to T .

5.2 Circuit transformations

We now combine the bounds on the lengths of the projectors with the PBW theorem
(Theorem 4.9) to prove Theorem 1.1. Pick any ordered basis (X7, ..., X2) for gl;, such as
{E; ;}i,; with (¢, 7) ordered lexicographically.

We first introduce some notation. Set K := k2. For 4 = (i1, ...,ix) € NX we will use the
shorthand notation X* := Xj*--- X}¥ € U(gl;,). Let ¢’ < i denote that ' = (i},...,i%) € NK
with i), <, for all r € [K]. Write ¢ — &' == (i1 —d},...,ix — %) and (;) = (})--- (F).

1 K

Lastly, define |4| := )~ 4, and NE = {i e N¥ | [i] < L}.
By Claim 4.2, any element X € U(gl;,) acts as a derivation on the space of metapolynomials
(C[(C[Ilfl, cen ,’ij]d] = 69620 (C[C[:cl, e ,l’k}d}g.

» Lemma 5.9. Suppose ®,T' € C[C[z1,...,xx|4] are metapolynomials. Then
1. Xi(®+T) = X4.® + X0

i T i i’
2. xi(er) = Y (5)(x".e)(x )

il i <i

Proof. Ttem 1 follows directly from linearity. Since gl; acts by derivations (see Claim 4.2)
we have X.(fg) = (X.f)g + f(X.g). For i € N a straightforward induction argument shows
X'(fg) =20 i< (1) (X¥.f)(X?"".g). Then Item 2 follows. <

3

» Theorem 5.10. Let P € U(gl,) be an element of length L. Suppose there exists an
arithmetic circuit C of size s computing a metapolynomial A: Clzq,...,zi]q — C. Then
there exists an arithmetic circuit C' of size O(sLQkQ) computing P.A.

Proof. Again set K = k2. Construct C’ from C using the following recursive procedure:
1. Add for every input gate © in C' the input gates X*.0 for i € N, .
2. Add for every addition gate © = ® + I" in C the addition gatgs computing X*.0 for
1€ NIS(L, using the expression in Lemma 5.9.
3. Add for every product gate © = ®I" in C:
product gates computing (Xil.CI)) (Xi*i/.r) for i € N&, and ¢’ < 1,
addition gates computing X¢.0 for 4 € N 1, using the expression in Lemma 5.9.
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4. The resulting circuit computes X*®.A for 4 € Ng - By the PBW theorem (Theorem 4.9),
there exists scalars §; € C such that

P= Y px"

ieNE,
Add to C’ the addition gates computing P.A.

The largest blow-up occurs in step 3. Let A := {(4,4') | i € NE, 4’ <i}. We added for every
product gate in C exactly |A| product gates computing (X’/f) (Xi%.g) for (i,i') € A, and
|A| — 1 addition gates computing X*.(fg) = > (; inea () (XP.f) (X g).

The blow-up of the other steps is bounded above by |A|, and the total blow-up is therefore
upper bounded by 2|A| — 1. We now prove that |A| = (L;'I%K)

Let (4,4') € A. By definition, iy + -+ +ix < L, and (i; —i}) > 0, for all j € [K], with
it > 0. Let a; := (i; — i}), and b; := ;. We want to find the number of (a,b) € N2K such
that 2351 (aj 4+ bj) < L. So the number of pairs (a,b) € N*£ such that fol (aj +b;)=t

is (t‘gffi Il) Therefore, by the hockey-stick identity,

L
t+2K —1 L+2K
Al = = .
4l ;(217(—1) <2K)

The above equality readily gives us the upper bound of |A| = O(L?*¥), which gives the
desired complexity. |

Proof of Theorem 1.1. Let A be a metapolynomial of format (d, d, n) admitting an algebraic

circuit of size s. For each case of Theorem 1.1, we have a corresponding projector:

1. For every weight p, Corollary 5.5 provides an element H,, € U(gl,) of length at most
O((6d)*) acting as projection on the weight space of weight u. Theorem 5.10 guarantees
that H,.A admits a circuit of size at most O(s((éd)k)2k2) = O(s(éd)zks).

2. For every partition A, Corollary 5.6 provides an element Z,, € U(gl},) of length at most
O(k(6d)*) acting as projection on the isotypic component of type A. Theorem 5.10
guarantees that Z.A admits a circuit of size at most O(s(k(éd)k)zkz) = O(skz’c2 (5d)2k3).

3. For every partition A, Corollary 5.7 provides an element X, € U(gl;) of length at
most O((k + 1)(dd)*) acting as projection on the highest weight space of weight .
Theorem 5.10 guarantees that Xx.A admits a circuit of size at most O(s((k+1)(5d)*)%") =
O(s(k + 1)2° (5d)2F*).

4. For every semistandard tableaux T of shape A + dd, Corollary 5.8 provides an element
Yy € U(gl,) of length at most O(k(3d)**) acting as projection on T-isotypic space.
Theorem 5.10 guarantees that Y7.A admits a circuit of size at most O(s(k(5d)F*)2*) =
O(sk?** (§d)2+"). <
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A Proofs on algebraic natural proofs

In this section we prove Theorem 2.2.

» Definition A.1. We call a sequence r: N — N strongly superpolynomial if r(n) dominates
every polynomial sequence eventually, that is, for every polynomial p there exists N such that
r(n) > p(n) for alln > N.

» Lemma A.2. (A,) € I(C) if and only if there exists a strongly superpolynomial sequence r
such that Ay (X, r(n)) = 0.

Proof. Clearly, if A, (X, r(n)) =0, then Ay (X, p(n)) vanishes eventually for every polyno-
mially bounded sequence p, since p(n) < r(n) eventually.

On the other hand, if (A,) is a sequence of metapolynomials in I(C), we can define 7(n)
as r(n) := max{r | A, (X, ) = 0}. For every polynomially bounded sequence p(n) we have
that A, (X, pmn)) vanishes eventually, so r(n) > p(n) eventually. <

Proof of Theorem 2.2. We first observe we may assume deg(f,) = n. Indeed, for every
p-family (f,,) with the property that deg(f,) is strictly increasing, let (f},) be the sequence
defined by

P fn if m = deg(f,) for some n
™ |1 0 otherwise

/

Since (f,) is a p-family, the sequence deg(f,) is polynomially bounded, hence (f) is a
p-family as well. Moreover (f,,) € C if and only if (f,) € C, and similarly for C. Finally, for a
sequence of metapolynomials (A,,) of format (x,7,*), we have Ageg(,)(fn) = 0 eventually if
and only if A, (f]) = 0 eventually. In particular, proving the statement for (f) is equivalent
to proving the statement for (f,). Since deg(f;) = n, this shows we may assume deg(f,) = n.

Suppose (f,) € C, that is, the sequence p(n) = c(f,,) is polynomially bounded. For every
sequence of metapolynomials (A,) € I(C) we have that A, (X, ,(,)) vanishes eventually.
Since the metapolynomials A,, are continuous, A, (X, y(»)) vanishes eventually, so A, (f) =0
eventually.

Conversely, suppose (fn) ¢ C. Therefore r(n) = ¢(f,) is not polynomially bounded.
Let 0(n) = log,, r(n), (n) = max{#(m) | m < n}, and R(n) = [n°™]. Note that R(n) is
monotonically increasing.
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The sequence R(n) is strongly superpolynomial. Indeed, since r(n) is not polynomially
bounded, for every k there exists ng such that 6(ng) > k and, therefore, §(n) > k for all
n > ng. It follows that for every k we have R(n) > n* eventually.

For all ©, if ne is the minimal value such that 6(ne) > ©, then A(neg) = 6(ne). Since 0
is unbounded, it follows that 6 and 6 coincide on an infinite subset of N. On this subset we
also have R(n) = r(n).

Consider a metapolynomial sequence A,, such that A, (X, r(n)—1) = 0, and if r(n) = R(n),
then A, is chosen so that A, (f,) # 0 (this is possible because ¢(f,) = r(n) = R(n) >
R(n) —1). Since R(n) is strongly superpolynomial, R(n) — 1 is strongly superpolynomial,
and (A,) € I(C) by Lemma A.2, and since R(n) = r(n) infinitely often, A, (f,) # 0 infinitely
often. |

B PBW, proof that monomials span the space

In this section, we give an elementary proof of the implication in Theorem 4.9 that we use.

We include this standard result in this appendix, because it is the main result that enables
our algorithmic speedup compared to a naive implementation.

Recall that the universal enveloping algebra U(g) is the quotient of the tensor algebra 7 (g)
by the ideal Z(g) = {X ®Y - Y @ X — [X,Y]: X,Y € g}. The quotient induces a filtration
U(g)<m € U(F)<(m+1) and the elements of U(g)<,, are represented by noncommutative
polynomials of degree at most m in the elements of g.

» Theorem B.1 (One direction of the PBW Theorem). Let X1,...,X, be a basis for a Lie
algebra g. Then

B = {X;, Xi, - X;, | iy <ip < -+ <'ig and £ < m}

spans U(g)<m.

Proof. It is clear that 7(g), is spanned by all elements X;, ® --- ® X, _; hence it suffices to
prove that any such element is equivalent, modulo Z(g), to a linear combination of elements
of B,,. We prove this statement by induction on m.

Let Xj, ®---®Xj,, € T(g)m- Foreverya=1,...,m—1, we have X;, ® X;, ., —X; ., ®
X, — [Xj., Xj..1) € Z(g); in particular X;, ® X;,., = X, ., ® X, +Y where Y is a linear

combination of elements Z(g) and of 7(g)<1. We obtain
X)) ® - ®X;,=X; ® X, 90X;,,,0X;,0X;, ,9 -X;,+Y (18)

where Y is a linear combination of elements of Z(g) and of 7 (g)<m—1.

Let m € &,, be a permutation such that (jr(1)---jr(m)) is nondecreasing. Write 7 as
a composition of elementary transpositions 7 = o5 - -- o1, where o, = (a,a + 1) for some
a=1,...,m—1. Applying Equation (18) s times we obtain

X ®--0X;,=X;,®--0X; ., +U

w(m)

where U € Z(g) + U< (m—1). Passing to the quotient modulo Z(g), we obtain the following
identity in U(g)<m:

Xjo Xg = Xioy Xjooy +U
with U € U(g)<(m—1)- Apply the induction hypothesis to U to conclude. <
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