Sparser Abelian High Dimensional Expanders

Yotam Dikstein &
Institute for Advanced Study, Princeton, NJ, USA

Siqi Liu &
Institute for Advanced Study, Princeton, NJ, USA

Avi Wigderson &
Institute for Advanced Study, Princeton, NJ, USA

—— Abstract

The focus of this paper is the development of new elementary techniques for the construction and

analysis of high dimensional expanders. Specifically, we present two new explicit constructions of
Cayley high dimensional expanders (HDXs) over the abelian group F3. Our expansion proofs use
only linear algebra and combinatorial arguments.

The first construction gives local spectral HDXs of any constant dimension and subpolynomial
degree exp(n®) for every € > 0, improving on a construction by Golowich [50] which achieves ¢ = 1/2.
[50] derives these HDXs by sparsifying the complete Grassmann poset of subspaces. The novelty
in our construction is the ability to sparsify any expanding Grassmann posets, leading to iterated
sparsification and much smaller degrees. The sparse Grassmannian (which is of independent interest
in the theory of HDXs) serves as the generating set of the Cayley graph.

Our second construction gives a 2-dimensional HDX of any polynomial degree exp(en) for any
constant € > 0, which is simultaneously a spectral expander and a coboundary expander. To the best
of our knowledge, this is the first such non-trivial construction. We name it the Johnson complex,
as it is derived from the classical Johnson scheme, whose vertices serve as the generating set of
this Cayley graph. This construction may be viewed as a derandomization of the recent random
geometric complexes of [74]. Establishing coboundary expansion through Gromov’s “cone method”
and the associated isoperimetric inequalities is the most intricate aspect of this construction.

While these two constructions are quite different, we show that they both share a common
structure, resembling the intersection patterns of vectors in the Hadamard code. We propose a
general framework of such “Hadamard-like” constructions in the hope that it will yield new HDXs.
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1 Introduction

Expander graphs are of central importance in many diverse parts of computer science and
mathematics. Their structure and applications have been well studied for half a century,
resulting in a rich theory (see e.g. [56, 76]). First, different definitions of expansion (spectral,
combinatorial, probabilistic) are all known to be essentially equivalent. Second, we know that
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expanders abound; a random sparse graph is almost surely an expander [89]. Finally, there is
a variety of methods for constructing and analyzing explicit expander graphs. Initially, these
relied on deep algebraic and number theoretic methods [84, 45, 78]. However, the quest for
elementary (e.g. combinatorial and linear-algebraic) constructions has been extremely fertile,
and resulted in major breakthroughs in computer science and math; the zigzag method of [93]
lead to [33, 92, 96], and the lifting method of [14] lead to [83, 82].

In contrast, the expansion of sparse high dimensional complexes (or simply hypergraphs)
is still a young and growing research topic. The importance of high dimensional expanders
(HDXs) in computer science and mathematics is consistently unfolding, with a number of
recent breakthroughs which essentially depend on them, such as locally testable codes [34, 88],
quantum coding [6] and Markov chains [5] as a partial list. High dimensional expanders differ
from expander graphs in several important ways. First, different definitions of expansion are
known to be non-equivalent [53]. Second, they seem rare, and no natural distributions of
complexes are known which almost surely produce bounded-degree expanding complexes.
Finally, so far the few existing explicit constructions of bounded degree HDXs use algebraic
methods [12, 16, 72, 79, 68, 86, 25]. No elementary constructions are known where high
dimensional expansion follows from a clear (combinatorial or linear algebraic) argument.
This demands further understanding of HDXs and motivates much prior work as well as this
one.

In this work we take a step towards answering this question by constructing sparser
HDXs by elementary means. We construct sparse HDXs with two central notions of high
dimensional expansion: local spectral expansion and coboundary expansion.

To better discuss our results, we define some notions of simplicial complexes and expansion.
For simplicity, we only define them in the 2-dimensional case, though many of our results
extend to arbitrary constant dimensions. For the full definitions see Section 2. A 2-dimensional
simplicial complex is a hypergraph X = (V, E,T') with vertices V, edges E and triangles T
(sets of size 3). We require that if £ € T then all its edges are in F, and all its vertices are in
V. We denote by N the number of vertices. Given a vertex u € V, its degree is the number
of edges adjacent to it. An essential notion for HDXs is the local property of its links. A link
of a vertex u is the graph G,, = (V,,, E,,) whose set of vertices is the neighborhood of u,

Vo={veV|{uv}eE}
The edges correspond to the triangles incident on wu:
E, = {{v,w} | {u,v,w} €T}

In this paper we focus on a particularly simple class of complexes, called Cayley complexes
over F. These are simplicial complexes whose underlying graph (V, E) is a Cayley graph over
5, and so have N = 2" vertices. It is well-known that constant-degree Cayley complexes
over abelian groups cannot be high dimensional expanders . In fact, logarithmic degree is
needed for a 1-dimensional complex, namely a graph, to be an expander [3]. In particular,
random Cayley graphs over F3 with degree ©(n) (logarithmic in the number of vertices)
are expanders with high probability. However, no abelian Cayley complex constructions
with remotely close degree are known to have higher dimensional expansion, and a guiding
question of this paper is to develop techniques for constructing and analyzing abliean Cayley
HDXs of smallest possible degree.

In the rest of the introduction we will explain our constructions. In Section 1.1 we
present our construction of local spectral Cayley complexes with arbitrarily good spectral
expansion and a subpolynomial degree. In Section 1.2 we present our family of Cayley
complexes that are both coboundary expanders and non-trivial local spectral expanders,
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with arbitrarily small polynomial degree. In Section 1.3 we discuss the common structure of
our two constructions that relies on the Hadamard code. In Section 1.4 we present some
open questions.

1.1 Local spectral expanders

We start with definitions and motivation, review past results and then state ours. The first
notion of high dimensional expansion we consider is local spectral expansion. The spectral
expansion of a graph G is the second largest eigenvalue of its random walk matrix in absolute
value, denoted A(G). Local spectral expansion of complexes is the spectral expansion of
every link.

» Definition 1 (Local spectral expansion). Let A > 0. A 2-dimensional simplicial complex
X = (V,E,T) is a Alocal spectral expander if the underlying graph (V, E) is connected and
for everyu € V, A(X,) < \.

Local spectral expansion is the most well-known definition of high dimensional expansion.

It was first introduced implicitly by [47] for studying the real cohomology of simplicial
complexes. A few decades later, a few other works observed that properties of specific local
spectral expanders are of interest to the computer science community [79, 60, 62]. The
definition above was given in [38], for the purpose of constructing agreement tests. These

are strong property tests that are a staple in PCPs (see further discussion in Section 1.2).

Since then they have found many more applications that we now discuss.

Applications of local spectral expanders

One important application of local spectral expansion is in approximate sampling and Glauber
dynamics. Local spectral expansion implies optimal spectral bounds on random walks defined

on the sets of the complex. These are known as the Glauber dynamics or the up-down walks.

This property has lead to a lot of results in approximate sampling and counting. These
include works on Matroid sampling [5], random graph coloring [20] and mixing of Glauber
dynamics on the Ising model [4].

Local spectral expanders have also found applications in error correcting codes. Their
sampling properties give rise to construction of good codes with efficient list-decoding
algorithms [1, 37, 59]. One can also use the to construct locally testable codes that sparsify
the Reed-Muller codes [39].

The list decoding algorithms in [1, 59] rely on their work on constraint satisfaction
problems on local spectral expanders. These works generalize classical algorithms for solving
CSPs on dense hypergraphs, to algorithms that solve CSPs on local spectral expanders.
These works build on the “dense-like” properties of these complexes, and prove that CSPs
on local spectral expanders are easy. It is interesting to note that local spectral expanders
have rich enough structure so that one can also construct CSPs over them that are also hard
for Sum-of-Squares semidefinite programs [35, 57]'.

Some of the most important applications of local spectral expansion are constructions of
derandomized agreement tests [38, 26, 51, 9, 31] and even PCPs [11]. Most of these works
also involve coboundary expansion so we discuss these in Section 1.2.

! In fact, [1] uses Sum-of-Squares to solve CSPs on local spectral expanders. It seems contradictory, but
the hardness results in [35, 57] use CSPs where the variables are the edges of the HDX. The CSPs in [1]
use its vertices as variables.
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Local spectral expanders have other applications in combinatorics as well. They are
especially useful in sparsifying central objects like the complete uniform hypergraph and
the boolean hypercube. The HDX based sparsifications maintain many of their important
properties such as spectral gap, Chernoff bounds and hypercontractivity (see [62, 30, 67, 54,
8, 32] as a partial list).

Previous constructions

Attempts to construct bounded degree local spectral expanders with sufficient expansion
for applications have limited success besides the algebraic constructions mentioned above
[12, 16, 72, 79, 68, 86, 25]. Random complexes in the high dimensional Erdés—Rényi model
defined by [73] are not local spectral expanders with overwhelming probability when the
average degree is below N'/2 and no other bounded degree model is known. The current
state of the art is the random geometric graphs on the sphere [74], that achieve non-trivial
local spectral expansion and arbitrarily small polynomial degree (but their expansion is also
bounded from below, see discussion in Section 1.2). Even allowing an unbounded degree,
the only other known construction that is non-trivially sparse complexes is the one in [50]
mentioned in the abstract.

Our result
The first construction we present is a family of Cayley local spectral expanders. Namely,

» Theorem 2. For every \,e > 0 and integer d > 2 there exists an infinite family of
d-dimensional Cayley A-local spectral expanders over the vertices B} with degree at most 2" .

This construction builds on an ingenious construction by Golowich [50], which proved this
theorem for ¢ = % As far as we know, this is the sparsest construction that achieves an
arbitrarily small A-local spectral expansion other than the algebraic constructions.

Proof overview

Our construction is based on the well studied Grassmann poset, the partially ordered set of
subspaces of F%, ordered by containment. This object is the vector space equivalent of high
dimensional expander, and was previously studied in [30, 69, 46, 50]. To understand our
construction, we first describe the one in [50]. Golowich begins by sparsifying the Grassmann
poset, to obtain a subposet. The generators of the Cayley complex in [50] are all (non-zero
vectors in) the one-dimensional subspaces in the subposet. The analysis of expansion in [50]
depends on the expansion properties of the subposet. The degree is just the number of
one-dimensional vector spaces in the subposet, which is on'’?.

Our construction takes a modular approach to this idea. We modify the poset sparsification
in [50] so that instead of the entire Grassmann poset, we can plug in any subposet Y of
the Grassmann, and obtain a sparsification Y’ whose size depends on Y (not the complete
Grassmann).

Having this flexible sparsification step, we iterate. We start with Y, the complete
Grassmann poset, we obtain a sequence Y7, Ys, ..., Y, of sparser and sparser subposets. The
vectors in Y; are low-rank matrices whose rows and columns are vectors in subspaces of Y 1.

We comment that while this is a powerful paradigm, it does have a drawback. The
dimension of Y; is logarithmic in the dimension of Y;_; (the dimension of Y is the maximal
dimension of a space inside Y). Thus for a given complex Yy we can only perform this
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sparsification a constant number of steps keeping £ constant. Our infinite family is generated
by taking an infinite family of Y;’s, and using our sparsification procedure on every one of
them separately.

This construction of sparsified posets produces local spectral expanders of any constant
dimension, as observed by [50]. The higher dimensional sets in the resulting simplicial
complex correspond to the higher dimensional subspaces of the sparsification we obtain. We
refer the reader to Section 3 for more details.

The analysis of the local spectral expansion is delicate, so we will not describe it here. One
property that is necessary for it is the fact that every rank-r matrix has many decompositions
into sums of rank-1 matrices. Therefore, to upper bound spectral expansion we study graphs
that arise from decompositions of matrices.

In addition, we wish to highlight a local-to-global argument in our analysis that uses
a theorem by [81]. Given a graph G = (V, E) that we wish to analyze, we find a set of
expanding subgraphs {Hy, Ha, ... H;,} of G (that are allowed to overlap). We consider the
decomposition graph whose vertices are V' and whose edges are all {v,v’'} such that there
exists an H; such that v,v’ € H;. If every H; is an expander and the decomposition graph
is also an expander, then G itself is an expander [81]. This decomposition is particularly
useful in our setup. The graphs we need to analyze in order to prove the expansion of our
complexes, can be decomposed into smaller subgraphs H;. These H;’s are isomorphic to
graphs coming from the original construction of [50]. Using this decomposition we are able to
reduce the expansion of the links to the expansion of some well studied containment graphs
in the original Grassmann we sparsify.

» Remark 3 (Degree lower bounds for Cayley local spectral expanders). The best known lower
bound on the degree of Cayley A-local spectral expanders over F7 is ) (W) [2]. This
bound is obtained simply because the underlying graph of a Cayley A-local spectral expander
is an O(\)-spectral expander itself [87]. In Section I we investigate this question further,
and provide some additional lower bounds on the degree of Cayley complexes based on their
link structure. We prove that if the Cayley complex has a connected link then its degree
is lower bounded by 2n — 1 (compared to n if the link is not connected). If the link mildly
expands, we provide a bound that grows with the degree of a vertex inside the link. However,
these bounds do not rule out Cayley A-local spectral expanders whose generator set has size
O (W) The best trade-off between local spectral expansion and the degree of the
complex is still open.

1.2 Our coboundary expanders

Our next main result is an explicit construction of a family of 2-dimensional complexes with
an arbitrarily small polynomial degree, that have both non-trivial local spectral expansion
and coboundary expansion. To the best of our knowledge, this is the first such nontrivial
construction. Again, these are Cayley complexes of Fy.

Coboundary expansion is a less understood notion compared to local spectral expansion.
Therefore, before presenting our result we build intuition for it slowly by introducing a
testing-based definition of coboundary expanders. After the definition, we will discuss the
motivation behind coboundary expansion and applications of known coboundary expanders.

As mentioned before, there are several nonequivalent definitions of expansion for higher-
dimensional complexes. In particular, coboundary expansion generalizes the notion of
edge expansion in graphs to simplicial complexes. Coboundary expansion was defined
independently by [73],[85] and [52]. The original motivation for this definition came from
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discrete topology; more connections to property testing were discovered later. We will expand
on these connections after giving the definition. This definition we give is equivalent to
the standard definition, but is described in the language of property testing rather than
cohomology.

The more general and conventional definition for arbitrary groups I' can be found in
Section 5.1.

» Definition 4. Let X = (V,E,T) be a 2-dimensional simplicial complex. Consider the code
B! C F¥ whose generating matriz is the vertex-edge incidence matriz Ax € IF‘;EXV, and the
local test T of membership in this code for B' given by first sampling a uniformly random
triangle {u,v,w} € T and then accepting f € F¥ if and only if f({u,v}) + f({v,w}) +
f{u,w}) =0 over Fy.

Let B8 > 0. X is a B-coboundary expander over Fq if

Vf € Y, P[T rejects f] = B - dist(f, BY),

where dist(f, B') = mince g1 Pevunit(s) [f(€) # c(e)] is the relative distance from f to the
closest codeword in B!.

Observe that the triangles are parity checks of B!, and so if the input f is a codeword, the
test always accepts. A coboundary expander’s local test should reject inputs f which are “far”
from the code with probability proportional to their distance from it. The proportionality
constant 8 captures the quality of the tester (and coboundary expansion). We note that
although the triangles are some parity checks of the code B!, they do not necessarily span
all parity checks. In such cases, X is not a coboundary expander for any 5 > 0.

» Definition 5. A set of 2-dimensional simplicial complezes {X,} is a family of coboundary
expanders if there exists some 8 > 0 such that for all n, X,, is a B-coboundary expander.

Applications of coboundary expansion

We mention three different motivations to the study of coboundary expansion: from agreement
testing, discrete geometry, and algebraic topology.

Coboundary expanders are useful for constructing derandomized agreement tests for
the low-soundness (list-decoding) regime. As we mentioned before, agreement tests (also
known as derandomized direct product tests) are a strong property test that arise naturally
in many PCP constructions [33, 90, 48, 58] and low degree tests [94, 7, 91]. They were
introduced by [48]. In these tests one gets oracle access to “local” partial functions on small
subsets of a variable set, and is supposed to determine by as few queries as possible, whether
these functions are correlated with a “global” function on the whole set of variables. The
“small soundness regime”, is the regime of tests where one wants to argue about closeness
to a “global” function even when the “local” partial functions pass the test with very small
success probability (see [36] for a more formal definition). Works such as [36, 58, 40] studied
this regime over complete simplicial complexes and Grassmanians, but until recently these
were essentially the only known examples. Works by [51, 10, 27] reduced the agreement
testing problems to unique games constraint satisfaction problems, and showed existence of a
solution via coboundary expansion (over some symmetric groups), following an idea by [41].
This lead to derandomized tests that come from bounded degree complexes [31, 9].

In discrete geometry, a classical result asserts that for any n points in the plane, there
exists a point that is contained in at least a constant fraction of the (g) triangles spanned
by the n points [13] 2. In the language of complexes, for every embedding of the vertices of

2 This can also be generalized to any dimension by replacing triangles with simplices [15].
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the complete 2-dimensional complex to the plane, such a heavily covered point exists. One
can ask whether such a point exists even when one allows the edges in the embedding to
be arbitrary continuous curves. If for every embedding of a complex X to the plane (where
the edges are continuous curves), there exists a point that lays inside a constant fraction
of the triangles of X, we say X has the topological overlapping property. The celebrated
result by Gromov states that the complete complex indeed has this property [52]. It is more
challenging to prove this property for a given complex.

In [52], Gromov asked whether there exists a family of bounded-degree complexes with
the topological overlapping property. Towards finding an answer, Gromov proved that every
coboundary expander has this property. This question has been extremely difficult. An
important progress is made in [43], where they defined cosystolic expansion, a relaxation of
coboundary expansion, and proved that this weaker expansion also implies the topological
overlapping property. The problem was eventually resolved in [60] for dimension 2 and
in [44] for dimension > 2 where the authors show that the [79] Ramanujan complexes are
bounded-degree cosystolic expanders.

Coboundary expansion has other applications in algebraic topology as well. Linial,
Meshulam, and Wallach defined coboundary expansion independently, initiating a study
on high dimensional connectivity and cohomologies of random complexes [73, 85]. Lower
bounding coboundary expansion turned out to be a powerful method to argue about the
vanishing of cohomology in high dimensional random complexes [42, 55].

Known coboundary expanders

Most of the applications mentioned above call for complexes that are simultaneously cobound-
ary expanders and non-trivial local spectral expanders. So far there are no known construc-
tions of such complexes with arbitrarily small polynomial degree even in dimension 2 3. Here
we summarize some known results.

Spherical buildings of type Ay are dense complexes that appear as the links of the
Ramanujan complexes in [79]. The vertex set of a spherical building consists of all proper
subspaces of some ambient vector space Fg. [52] proved that spherical buildings are cobound-
ary expanders (see also [77]). Geometric lattices are simplicial complexes that generalize
spherical buildings. They were first defined in [71]. Most recently, [28] show that geometric
lattices are coboundary expanders. [68] show that the 2-dimensional vertex links of the coset
geometry complexes from [66] are coboundary expanders.

If we restrict our interest to coboundary expanders over a single finite group instead of all
groups, bounded degree coboundary expanders that are local spectral expanders are known.
[60] solved this for the Fy case conditioned on a conjecture by Serre. [19] constructed such
complexes for the Fo unconditionally, and their idea was extended by [31, 9] to every fized
finite group, which lead to the aforementioned agreement soundness result. Unfortunately,
their approach cannot be leveraged to constructing a coboundary expander with respect to
all groups simultaneously.

We note that the coboundary expanders mentioned above are also local spectral expanders
and that if we do not enforce the local spectral expansion property, coboundary expanders
are trivial yet less useful.

3 By coboundary expanders, we are referring to complexes that have coboundary expansion over every
group, not just Fa.

77
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To the best of our knowledge, all known constructions of 2-dimensional coboundary
expanders (over all groups) that are also non-trivial local spectral expanders have vertex
degree at least N° for some fixed ¢ > 0, where N is the number of vertices (see e.g. [79, 66]).*
The diameter of all of those complexes is at most a fixed constant, which implies this
lower bound on the maximal degree. In this work, we give the first such construction with
arbitrarily small polynomial degree.

Our result

We now state our main result in this subsection. For every integer k > 0, and constant
e € (0, 3] we construct a family of k-dimensional simplicial complexes {X. ,}, called the
Johnson complexes. For any k-dimensional simplicial complex X, we use the notation (X)S?
(the 2-skeleton of X) to denote the 2-dimensional simplicial complex consists of the vertex,
edge, and triangle sets of X.

» Theorem 6 (Informal version of Theorem 86, Lemma 59, and Lemma 91). For any integer
k>2, ¢e€(0, %], the 2-skeletons of the Johnson complezes X, ,, are (% — )—local spectral
expanders and Q(e)-coboundary expanders (over every group T").

€
2
Moreover, if k > 3, the 2-skeletons of X, ,s’ vertex links are 8—15—coboundary expanders .

Fix € € (0, 3]. For every n satisfying 4 | en, we briefly describe the 2-skeletons of X, ,,.
The underlying graph of X, ,, is simply the Cayley graph Cay(H;Se) where H C F3 consists
of vectors with even Hamming weight, and S is the set of vectors with Hamming weight en.
Thus the number of vertices in the graph is 2"~! while the vertex degree is () < 2"(¥) 5.
The triangles are given by:

Xen(2)={{z,x+s1,2 + 52} | x € F§, 51, 82,81 + 2 € Sc}.

Observe that the link of every vertex is isomorphic to the classically studied Johnson
graph J(n,m,m/2) of m-subsets of [n], that are connected if their intersection is m/2 (for
m = en). We will use some of the known properties of this graph in our analysis.

We additionally show that when 2* | en, we can extend the above construction to get
k-dimensional simplicial complexes X ,, with the exact same vertex set, edge set, and triangle
set as defined above. Moreover we show that for every integer 0 < m < k — 2, the link of an
m-face in the complex is also a non-trivial local spectral expander (Lemma 59).

» Remark 7. Let N = 2"~!. We note that all vertices in X. n are in poly(N) edges and all
vertices in the links of X, ,, are in poly(N) edges. We remark that using a graph sparsification
result due to [21], we can randomly subsample the triangles in X, , to obtain a random
subcomplex which is still a local spectral expander with high probability but whose links
have vertex degree polylog(NN). A detailed discussion can be found in Section F.

Before giving a high-level overview of the proof for Theorem 6, we describe a general
approach for showing coboundary expansion called the cone method. Appearing implicitly in
[52], it was used in a variety of works (see [77, 71, 68] as a partial list). We also take this
approach to show that the Johnson complexes are coboundary expanders.

4 To the best of our knowledge, this constant is ¢ = 0.5.
5 Here h is the binary entropy function.
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Coboundary expansion for links of the [50] Cayley local spectral expanders

Even though most of our results on coboundary expansion are for the Johnson complexes, we
can also use the methods in this paper to prove that the vertex links of the [50] Cayley local
spectral expanders are coboundary expanders. This implies that these Cayley local spectral
expanders are cosystolic expanders (see [60, 28]), the relaxation of coboundary expansion
mentioned above. This makes them useful for constructing agreement tests and complexes
with the topological overlapping property. We note that [50] observed that these complexes
are not coboundary expanders so this relaxation is necessary. A definition of cosystolic
expansion and a detailed proof can be found in Section 6.3.

Cones and isoperimetry

Recall first the definition of S-coboundary expansion above. We start with the code B! of
edge functions f which arise from vertex labelings by elements of some group I'. This implies
that composing (in order) the values of f € B! along the edges of any cycle will give the

identity element id € I'. This holds in particular for triangles, which are our “parity checks”.

We digress to discuss an analogous situation in geometric group theory, of the word
problem for finitely presented groups. In this context, we are given a word in the generators
of a group and need to check if it simplifies to the identity under the given relations. In our
context the given word is the labeling of f along some cycle, and a sequence of relations (here,
triangles) is applied to successively “contract” this word to the identity. The tight upper
bound on the number of such contractions in terms of the length of the word (called the
Dehn function of the presentation), captures important properties of the group, e.g. whether
or not it is hyperbolic. This ratio between the contraction size and the word length is key to
the cone method.

One convenient way of capturing the number of contractions is the so-called “van Kampen
diagram”, which simply “tiles” the cycle with triangles in the plane (all edges are consistently
labeled by group elements). The van Kampen lemma ensures that if a given word can be
tiled with ¢ tiles, then there is a sequence of ¢ contractions that reduce it to the identity
[97]. The value in this viewpoint is that tiling is a static object, which can be drawn on
the plane, and allows one to forget about the ordering of the contractions. We will make
use of this in our arguments, and for completeness derive the van Kampen lemma in our
context. Note that a bound on the minimum number of tiles (a notion of area) needed to
cover any cycle of a given length (a notion of boundary length) can be easily seen as an
isoperimetric inequality! The cone method will require such isoperimetric inequality, and the
Dehn function gives an upper bound on it.

Back to S-coboundary expansion. Here the given f may not be in B!, and we need to
prove that if it is “far” from B!, then the proportion of triangles which do not compose to
the identity on f will be at least 3dist(f, B!). The cone method localizes this task. To use
this method, one needs to specify a family of cycles (also called a cone) in the underlying
graph of the complex. Gromov observed that the complex’s coboundary expansion has a
lower bound that is inverse proportional to the number of triangles (in the complex) needed
to tile a cycle from this cone [52]. This number is also referred to as the cone area. Thus,
bounding the coboundary expansion of the complex reduces to computing the cone area of
some cone. Needless to say, an upper bound on the Dehn function, which gives the worst

case area for all cycles, certainly suffices for bounding the cone area of any cone.®

6 We note that in a sense the converse is also true - computing the cone area for cones with cycles of
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Proof overview

It remains to construct a cone in X, ,, and upper bound its cone area. We now provide a high
level intuition for our approach. First observe that the diameter of the complex X = X, , is
©(1/¢e). The proof then proceeds as follows.

1. We move to a denser 2-dimensional complex X’ whose underlying graph is the Cayley
graph Cay(H; S<.) where H C F} consists of vectors with even Hamming weight, and
S¢e is the set of vectors with even Hamming weight < en. The triangle set consists of all
3-cliques in the Cayley graph. We note that X’ has the same vertex set as X but has
more edges and triangles than the Johnson complex.

2. Then we carefully construct a cone A’ in X’ with cone area ©(1/¢).

3. We show that every edge in X’ translates to a length-2 path in X, and every 3-cycle
(boundary of a triangle) in X’ translates to a 6-cycle in X which can be tiled by O(1)
triangles from X.

4. We translate the cone A’ in X’ into a cone A in X by replacing every edge in the cycles
of A’ with a certain length-2 path in X. Thus every cycle C' € A can be tiled by first
tiling its corresponding cycle C’ € A’ with O(1/¢) X' triangles and then tiling each of the
X' triangles with O(1) X triangles. Thereby we conclude that A has cone area O(1/¢).

Local spectral expansion and comparison to random geometric complexes

These Johnson complexes also have non-trivial local spectral expansion. While they do
not achieve arbitrarily small A-local spectral expansion, they do pass the A < % barrier.
From a combinatorial point of view, A < % is an important threshold. For A > %, there are
elementary bounded-degree constructions of A-local spectral expanders [22, 17, 23, 75, 49]
but these fail to satisfy any of the local-to-global properties in HDXs. For A < % all these
constructions break. For this regime, all bounded degree constructions rely on algebraic tools.
This is not by accident; below % there are a number of high dimensional global properties
suddenly begin to hold. For instance, a theorem by [47] implies that when A < % all real
cohomologies of the complex vanish. Another example is the “Trickle-Down” theorem by [87]
which says that the expansion of the skeleton (V, E) is non-trivial whenever A < % These
are strong properties, and we do not know how produce them in elementary constructions.
Therefore, when constructions of local spectral expanders are considered non-trivial only
when A < %

To show local spectral expansion, we first note that the Johnson complex is symmetric
for each vertex. Hence, it suffices to focus on the link of 0 € F3. Because the triangle set T’
is well-structured, we can show that the link graph of 0 is isomorphic to tensor products of
Johnson graphs (Proposition 62). This allows us to use the theory of association schemes to
bound their eigenvalues.

We also note that since all boolean vectors in {0,1}™ lie on a sphere in R™ centered
at [%, %, ceey %], the Johnson complex X, , can be viewed as a geometric complex whose
vertices are associated with points over a sphere and two vertices form an edge if and only
if their corresponding points’ Lo distance is v/en. Previously [74] prove that randomized
2-dimensional geometric complexes are local spectral expanders. Comparing the two con-
structions, we conclude that Johnson complexes are sparser local spectral expanders than
random geometric complexes.

“minimal” length suffices for computing the Dehn function. We indeed give such a strong bound.
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1.3 The common structure between the two constructions

Taking a step back, we wish to highlight that the two constructions in our paper share a
common structure. Both of these constructions can be described via “induced Hadamard
encoding”. For a (not necessarily linear) function s : F§ — F%, the “induced” Hadamard
encoding is the linear map s : F¢ — F} given by

$(x) = Z (x,v)s(v),

ve]Fg

where (z,v) = Z?:l x;v; and the sum is over Fy. Our two constructions of Cayley HDXs
take the generating set of the Cayley graph to be all bases of spaces Im(s) C FZ, for carefully
chosen functions s as above; the choice determines the construction. We note that the
“orthogonality” of vectors of the Hadamard code manifests itself very differently in the two
constructions: in the Johnson complexes it can be viewed via the Hamming weight metric,
while in the other construction it may be viewed via the matrix rank metric. We connect
the structure of links in our constructions, to the restrictions of these induced Hadamard
encodings to affine subspaces of F5. Using this connection we show that one can decompose
the link into a tensor product of simpler graphs, which are amenable to our analysis. A
special case of this observation was also used in the analysis of the complexes constructed
by [50].

1.4 Open questions

Local spectral expanders

As mentioned above, we do not know how sparse a Cayley local spectral expander can be.

To what extent can we close the gaps between the lower and upper bounds for various types
of abelian Cayley HDXs? In particular, can we show that any nontrivial abelian Cayley
expanders must have degree w(n)? Conversely, can we construct Cayley HDXs where the
degree is upper bounded by some polynomial in n? Limits of our iterated sparsification
technique would also be of interest.

So far, the approach of constructing Cayley local spectral expanders over F5 by sparsifying
Grassmann posets yields the sparsest known such complexes. In contrast to the success of
this approach, we have limited understanding of its full power. To this end, we propose
several questions: what codes can be used in place of the Hadamard codes so that the
sparsification step preserves local spectral expansion? Could this approach be generalized to
obtain local spectral expanders over other abelian groups? As mentioned above, we know that
the approach we use can not give a complex of polynomial degree in n without introducing
new ideas.

Coboundary expanders

Another fundamental question regards the isoperimetric inequalities we describe above. In
this paper and many others, one uses the approach pioneered by Gromov [52] that applies
isoperimetric inequalities to lower bounding coboundary expansion. A natural question is
whether an isoperimetric inequality is also mecessary to obtain coboundary expansion. An
equivalence between coboundary expansion and isoperimetry will give us a simple alternative
description for coboundary expansion. A counterexample to such a statement would motivate
finding alternative approaches for showing coboundary expansion.

7:11
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We call our family of 2-dimensional simplicial complexes that are both local spectral
expanders and 1-dimensional coboundary expanders Johnson complexes. This construction
can be generalized to yield families of k-dimensional Johnson complexes that are still local
spectral expanders. However, it remains open whether they are also coboundary expanders
in dimension > 1.

1.5 Organization of this paper

In Section 2, we give preliminaries on simplicial complexes and local spectral expansion.
We also define Grassmann posets—the vector space analogue for HDXs—which we use in our
constructions. Other elementary backgrounds on graphs and expansion are given there as
well.

In Section 3, we construct the subpolynomial degree Cayley complexes, proving Theorem 2.
Most of this section discusses Grassmann posets instead of Cayley HDXs, but we describe
the connection between the two given by [50] in this section too. We defer some of the more
technical expansion upper bounds to Section D.

In Section 4 we construct the Johnson complexes which are both coboundary expanders
and local spectral expanders. In this section we prove that they are local spectral expanders,
leaving coboundary expansion to be the focus of the next two sections. We also give a detailed
comparison of this construction to the one in [74], and discuss how to further sparsify our
complexes by random subsampling.

In Section 5 we take a detour to formally define coboundary expansion and discuss its
connection to isoperimetric inequalities. In this section we also give our version of the
van-Kampen lemma, generalized to the setting of coboundary expansion. This may be
of independent interest, as the van-Kampen lemma simplifies many proofs of coboundary
expansion.

In Section 6 we prove that the Johnson complexes are coboundary expanders (Theorem 86),
and local coboundary expanders (Theorem 89). We also prove that links in the construction
of [50] are coboundary expanders.

In Section 7 we show that both the Johnson complex and the matrix complexes are
special cases of a more general construction. In this section we show that the two complexes
have a similar link structure, which is necessary for analyzing the local spectral expansion in
both Cayley HDXs.

The appendices contain some of the more technical claims for ease of reading. In Section I
we also give a lower bound on the degree of Cayley local spectral expanders, based on the
degree of the link.

2 Preliminaries

We denote by [k] = {1,2,...,k}.

2.1 Graphs and expansion

Let G = (V, E, u) be a weighted graph where i : E — Ry¢ are the weights. In this paper we
assume that 4 is a probability distribution u : E — (0, 1] that gives every edge a positive
measure. When p is clear from context we do not specify it. We extend p to a measure on
vertices where p(v) = >, p(uv). When G is connected this is the stationary distribution
of the graph. The adjacency operator of the graph A sends f:V — R to Af : V — R with

Af(0) = Eymo [f(0)] = 3 s Zgjgf(u) We denote by (f,g) = Eyy [f(v)g(v)] the usual
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inner product, and recall the classic fact that A is self adjoint with respect to this inner
product. We denote by A(A) its second largest eigenvalue in absolute value. Sometimes we
also write A(G) instead of A(A). Tt is well-known that A(G) < 1.

» Definition 8 (Expander graph). Let A > 0. A graph G is a A-expander if \(G) < A.

This definition is usually referred to as A-two-sided spectral expansion. We note that
the one-sided definition where one only gets an upper bound on the eigenvalues of G is also
interesting, but is out of our paper’s scope (see e.g. [56]).

When G = (L, R, E) is a bipartite graph, we also have inner products on each side
defined by f,g : L — R, (f,g) = Eyer [f(v)g(v)] with respect to p restricted to L (and
similarly to real valued functions on R). The left-to-right bipartite graph operator A’ that
sends f: L - Rto A'f : R — R with A'f(u) = Eyy [f(v)] (resp. right-to-left bipartite
operator). It is well known that ||A’|f11] is equal to the second largest eigenvalue of the non
bipartite adjacency operator A defined above (not in absolute value). We also denote this
quantity A(GQ) := [|A"|¢11|| (it will be clear that whenever G is bipartite this is the expansion
parameter in question).

» Definition 9 (Bipartite expander graph). Let A > 0. A bipartite graph G is a \-bipartite
expander if A(G) < .

We use the following standard auxiliary statements.

> Claim 10. Let A, B be adjacency matrices of two graphs over the same vertex set and have

the same stationary distribution. Let & = max,[|A, — Byl[1 = max, ), v |A(v,u) — B(v,u)|.

Then A(4) < A(B) +e.

We will usually instantiate this claim with B being the complete graph with self loops,
i.e. the edge distribution is just two independent choices of vertices. This B has A\(B) = 0 so
we get this corollary.

» Corollary 11. Let A be an adjacency matriz of a weighted graph G = (V, E, ).

1. A(A) < maxeev |4y — il = Xyey A, 1) — plu)].
2. In particular, if A is uniform over a set V' CV with (V') > 1 —p then A\(A) < 2p.

We also define a tensor product of graphs.

» Definition 12. Let Gy = (V1, E1),Ge = (Va, Es) be graphs. The tensor product G1 ® G is
a graph with vertices Vi x Vo and edges (v1,va) ~ (u1,uz2) if {vi,u1} € Ey and {va,us} € Es.
The measure on G1 ® G is the product of the original graphs’ measures.

We record the following well-known fact.
AMG1 ® Ga) = max{\(G1),A\(G2)}. (2.1)

In fact, if Ay > Ay > ... > A\, are the eigenvalues of Gy and 1y > 12 > ... > n,, are the

eigenvalues of G, then the eigenvalues of G1 ® Gy are the multiset {\;n; | i € [n],j € [m]}.

We also need the notion of a double cover.

» Definition 13 (Double cover). Let G = (V,E) be a graph and Ky be the graph that
contains a single edge. The double cover of G is the graph G ® K 1. Ezplicitly, its vertex set
is V®{0,1} and we connect {(v,3), (u,j)} if {v,u} € E and i # j.

The following observation is well known.

» Observation 14. A graph G is a A-expander if and only if its double cover is a \-bipartite
expander.
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2.1.1 A local to global lemma

We will use the following “local-to-global” proposition due to [81, Theorem 1.1]. We prove it
in Section A to be self contained. This lemma is an application of the Garland method [47],
which is quite common in the high dimensional expander literature (see e.g. [87]). Let us set
it up as follows.

Let G = (V, E, u) be a graph where p is the distribution over edges. A local-decomposition
of G is a pair 7 = (T, vr) as follows. T = {G; = (V4, Ey, i) }rer is a set such that (V;, E;)
are a subgraph of G and p; is a weight distribution over E;. vp is a distribution over T
Assume that {v,u} ~ p is sampled according to the following process:
1. Sample t ~ vp.
2. Sample {v,u} ~ .

The local-to-global graph ., is the bipartite graph on V and T whose edge distribution
is
1. Sample t ~ vp.
2. Sample a vertex v ~ ;.
3. Output {v,t}.
Note that the probability of v € V under G and that under H, (conditioned on the V side)
are the same.

» Lemma 15 ([81, Theorem 1.1]). Let G,7,H, be as above. Let Ay = Aa(H,) and v =
max{\(Gy) |t € T}. Then A(G) < v+ A3(1—7).

We will also use the one-sided version of [81, Theorem 1.1]. For a formal proof see [26,
Lemma 4.14]. We formalize it in our language.

» Lemma 16. Let G = (L, R, E) be a bipartite graph. Let 7 = (T, vr) be a local decomposition.
Let H 1, be the restriction of H, to the vertices of (L, T) (resp. Hr r). Then

)\Q(G) < max{)\g(Gt) ‘ t e T} + )\2(7‘[-,—’[,))\2(7‘[—,—’3).8

2.2 Vector spaces

Unless stated otherwise, all vector spaces are over Fy. For a vector space V' and subspaces
uy,us C V we say their intersection is trivial if it is equal to {0}. We denote the sum
up +ug = {x1 + x2 | 21 € uy,x9 € ug}. If the sum is direct, that is the intersection of u
and wusg is trivial, we write u; @ us. We shall use this notation to refer both to the statement
that u1 Nue = {0} and to the object u; + uy. We need the following claim.

> Claim 17. Let V be a vector space. Let ui,us,u3 € V be three subspaces such that
(u1 ® uz) Nug = {0}. Then uy N (u1 O uz) = {0}.

Proof. Let o = x1 + x5 € ua N (u1 ® ug) where x; € u;. Thus 23 = 22 — 21 € (ug Dug) Nug
which by assumption means that 3 = 0 and x5 = 1. As u; Nus = {0} it follows that
ro = 21 = 0 and the intersection is trivial. <

7 i.e. v is sampled with probability s (v) = L Peny, [vE el
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2.3 Grassmann posets

In this paper all vector spaces are with respect to Fo unless otherwise stated. Let V be a
vector space. The Grassmann partially ordered set (poset) G(V') is the poset of subspaces of
V ordered by containment. When V is clear from the context we sometimes just write G.

» Definition 18 (Grassman Subposet). Let n > 0, V' be an n-dimensional vector space, and
¢ < n. An L-dimensional Grassmann subposet Y is a subposet of G(FY) such that

1. every maximal subspace in'Y has dimension £,

2. ifweY andw Cw, thenw' €Y.

We sometimes write dim(Y") = £. The i-dimensional subspaces in Y are denoted Y (i). The
vector space V is sometimes called the ambient space of .7

A measured subposet is a pair (Y, u) where Y is an ¢-dimensional Grassmann subposet
and p is a probability distribution over ¢-dimensional subspaces such that supp(u) = Y (¢).
We extend p to a distribution on flags of subspaces by sampling v; ~ u and then sampling
a flag (v1 € va € ...v) uniformly at random. Sometimes we abuse notation and write
v; ~ pu where v; € Y (4) is the marginal over said flags. We sometimes say that ¥ is measured
without specifying p for brevity. When we write G we mean that the distribution is uniform.

The containment graph is a bipartite graph with sides (Y (¢),Y(j)) and whose edges
{w,w'} are such that w C w’. There is a natural distribution on the edges of this graph
induced by the marginal of (v;,v;) of the flag above.

Let Y be an (-dimensional Grassmann poset. For i < ¢ the Grassmann poset YS! =
U;':o Y (j) is the poset that contains every subspace in Y of dimension < i.

A link of a subspace w € Y (i) is denoted Y,,. It consists of all subspaces in the poset
that contain w, namely V,, = {w’ D w | w’ € Y}. If (Y, 1) is measured, the distribution over
Y., is the distribution p conditioned on the sampled flag having v; = w. We note that if V
is the ambient space of Y then Y,, is (isomorphic to) a Grassmann subposet with ambient
space V/w by the usual quotient map.

For any ¢-dimensional subposet Y, any i < £ — 2, w € Y (i), and ¢ < j < ¢, we denote
Yu(j) = {w' Dw| w €Y(j)} The underlying graph of the link is the following graph
(which we also denote by Y, when there is no confusion). The vertices are

Uy={veV| span(v) +weY(i+1)}
and the edges are
Ey, = {{v,v'}| span(v,v")+w € Y (i +2)}.

We note that sometimes the link graph is defined by taking the vertices to be Y, (i + 1)
and the edges to be all {w’,w”} such that w’ + w"” € Y (i + 2). These two graphs are closely
related:

> Claim 19. Let Y be a Grassmann poset. Let w € Y (7) be a subspace and let Y,, = (Uy,, E)
be the underlying graph of its link as defined above. Let G = (V, E) be the graph whose
vertices are V =Y, (i + 1) and whose edges are {w’,w”} such that v’ +w"” € Y (i +2). Then
AYy) = MG).

9 formally there could be many such spaces, but in this paper we usually assume that V is spanned by
the subspaces in Y.
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Proof. Let Ko be the complete graph over 2° vertices including self loops. We prove that
G2Y, ® Kyi. As A\(Ky:) =0 it will follow by (2.1) that A(G) = max{\(Yy),0} = A(Yy).
For every w’ € Y,,(i + 1) we order the vectors in w’ \ w according to some arbitrary ordering
w' \ w = {v1,va,...,v9: }. Our isomorphism from G to Y,, ® Kyi sends v; — (w',j) where
w’ = w + span(v;) and the j in the subscript is according to the ordering of w’ \ w. It is
direct to check that this is a bijection.

Moreover, v ~ v’ in G if and only if w + span(v,v’) € Y (i + 2). This span is equal to
w + span(v,v’) = (w + span(v)) + (w + span(v’)). Therefore v ~ v if and only if the left
coordinates of the images (w + span(v), j1) and (w + span(v’), j2) are connected in Y. As
j1 ~ jo is an edge in the complete graph with self loops, it follows that v ~ v’ is in G if and
only if the corresponding images are connected in Y,, ® Ks:. The claim follows. <

Thus we henceforth use our definition of a link.

We say that such a subposet is a A-expander if for every i < £ —2 and w € Y (¢) the
graph Y, is a A-two-sided spectral expander. We also state the following claim, whose proof
is standard.

> Claim 20. The poset Y = G(F5)S% is a -expander.

1
oan—d_9

Sketch. Let w € Y (7). By Claim 19, to analyze the expansion of the link of w, it suffices
to consider the graph whose vertices are the subspaces w’ € Yy, (i + 1) and whose edges
are w' ~ w” if w + w” € Yy, (i +2). In this case, it is easy to see that this graph is just
the complete graph (without self loops) with 2"~% — 1 vertices. The claim follows by the
expansion of the complete complex. <

We also need the following claim.

> Claim 21 ([30]). Let Y be a Grassmann poset that is A\-expander. Then for every i < j
and w € Y, the containment graph between Y,,(7) and Y,,(j) is a (0.61 + j)\)%@ﬂ)—bipartite
expander.

This claim was proven [30] without the explicit constant 0.61. Hence we reprove it in
Section H with the constant.

2.4 The matrix domination poset

In this section we give preliminaries on the matrix domination posets. These posets are
essential for proving that the HDX construction given in Section 3 sufficiently expands. They
were a crucial component in the construction of abelian HDXs in [50]. We believe that the
matrix domination posets are also interesting on their own right, being another important
family of posets to be studied as those in [30, 69].

Let M be n X n matrices over Fy for some fixed n. Let M(i) = {A € M| rank(A) = i}.
The partial order on this set is the domination order.

» Definition 22 (Matrix domination partial order). Let A, B € M. We say that A dominates
B if rank(A) = rank(B) 4 rank(A — B). In this case we write B < A.

Another important notion is the direct sum.

» Definition 23 (Matrix direct sum). We say that two matrices A and B have a direct sum
if rank(A) 4 rank(B) = rank(A + B). In this case we write A @ B.
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We note that this definition is equivalent to saying that A, B < A+ B. We also clarify
that when we write A @ B, this refers both to the object A + B, and is a statement that
rank(A) 4 rank(B) = rank(A 4+ B). This is similar to the use of @ when describing a
sum of subspaces U;,Us C F3; the term U; @ Us refers both to the sum of subspaces,
and is a statement that U3y N Uz = {0}. We will see below that A @ B is equivalent to
row(A)Nrow(B) = {0}, col(A)Ncol(B) = {0}, so we view this notation as a natural analogue
of what happens in subspaces.

In Section 3 we define and analyze expansion of graphs coming from Hasse diagrams

of dominance orders. These graphs appear in the analysis of the construction in Section 3.

Before doing so, let us state some preliminary properties of this partial order, all of which
are proven in Section C. More specifically, we will show that this is a valid partial order (as
already observed in [50]), discuss the properties of pairs of matrices that have a direct sum,
and study structures of intervals in this poset (see definition below).

> Claim 24. The pair (M, <) is a partially ordered set.

We move on to characterize when A @ B, that is, when the sum of A and B is direct.

This will be important in the subsequent analyses.

> Claim 25. For any matrices A, B the following are equivalent:

1. rank(A + B) = rank(A) + rank(B), i.e. A® B.

2. The spaces row(A) Nrow(B) and col(A) N col(B) are trivial.

3. The spaces col(A + B) = col(A) @ col(B) and row(A + B) = row(A) @ row(B).

4. There exists a decomposition A = Z;lek(A) e; ® fj and B = Z;a:rllk(B) h; @ k; such that
the disjoint unions {e;} U {h;} and {f;} U {k;} are independent sets. Indeed, the two
sets span row(A + B) and col(A + B) respectively.

We will also use this elementary (but important) observation throughout.

> Claim 26 (Direct sum is associative). Let A, B,C € M. If A and B have a direct sum,
and C has a direct sum with A ® B, then A has a direct sum with C @ B. Stated differently,
if A® B and C® (A@ B), then A® (C @ B). The same holds for any other permutation of
A, B and C.

Henceforth, we just write A; & Ag @ Az to indicate that A; & (A; & Ay) for any three distinct
i,7, k.
Finally, we will analyze subposets of M that correspond to local components which are

analogous to the links in simplicial complexes and Grassmann posets.

» Definition 27 (Intervals). Let My < Ms be two matrices. The interval between M; and
My is the subposet of M induced by the set

My ={A] My <A< M},

Similar to the above, we also denote by M%’f (1) the matrices in M%ﬁ of rank i. When
M, = 0 we just write MMz,

The main observation we need on these intervals is this.

» Proposition 28. Let My < M be of ranks my < mo. The subposets M%f and MMz=M

are isomorphic by A oA = A M. This isomorphism has the property that

rank(A’) = rank(A) —m.
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Another subposet we will be interested in is the subposet of matrices that are “disjoint”
from some A € M. That is,

» Definition 29. Let A € M. The subposet Mna is the subposet of M consisting of all
{Be M| B A}.

We note that by Claim 25 Mna = {B € M| row(B) Nrow(A),col(B) Ncol(A) = {0}}.

> Claim 30. Let A € M(i). Then ¢ : Mg — Mna, ¢(B) = B — A is an order preserving
isomorphism.

2.5 Simplicial complexes and high dimensional expanders

A pure d-dimensional simplicial complex X is a hypergraph that consists of an arbitrary
collection of sets of size (d 4+ 1) together with all their subsets. The i-faces are sets of size
i+ 1in X, denoted by X (7). We identify the vertices of X with its singletons X (0) and for
good measure always think of X (—1) = {(}}. The k-skeleton of X is X<F = Uf:q X(i). In

particular the 1-skeleton of X is a graph. We denote by diam(X) the diameter of the graph
underlying X.

2.5.1 Probability over simplicial complexes

Let X be a simplicial complex and let Py : X(d) — (0, 1] be a density function on X(d)
(that is, Y- c v (g Pa(s) = 1). This density function induces densities on lower level faces
Pr : X (k) — (0,1] by Px(t) = @ 2 sex(d),sot Pa(s). We omit the level of the faces When
it is clear from the context, and just write P[T] or Pycx i) [T] for a set T C X (k).

2.5.2 Links and local spectral expansion

Let X be a d-dimensional simplicial complex and let s € X be a face. The link of s is the
d’ = d — |s|-dimensional complex

Xo={t\s| te X,t2Ds}.

For a simplicial complex X with a measure Py : X(d) — (0, 1], the induced measure on
I[Dd’,XS : Xs(df |S|) — (0, 1] is

Pu(t)
SR v )

» Definition 31 (Local spectral expander). Let X be a d-dimensional simplicial complex and
let A > 0. We say that X is a M\-local spectral expander if for every s € X, the link of s is
connected, and for every s € X (d — 2) it holds that \(Xs) < A.

We stress that this definition includes connectivity of the underlying graph of X, because
of the face s = (). In addition, in some of the literature the definition of local spectral
expanders includes a spectral bound A(X;) < A for all i < d — 2 and s € X(4). Even though
the definition we use only requires a spectral bound for links of faces s € X (d — 2), it is
well known that when A is sufficiently small, this actually implies bounds on A(Xj) for all
i <d—2and s € X(i) (see [87] for the theorem and more discussion).
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Cayley Graphs and Cayley Local Spectral Expanders

» Definition 32 (Cayley graph over F}). Let S C F3. A Cayley graph over F3 with generating
set S is a graph whose vertices are Fy and whose edges are E = {{z,z+ s}| x € F},s € S}.
We denote such a graph by Cay(F5,S).

Note that we can label every edge in E by its corresponding generator. A Cayley complex is
a simplicial complex X such that XS! is a Cayley graph (as a set) and such that all edges
with the same label have the same weight. We say that X is a A-two-sided (one-sided) Cayley
local spectral expander if it is a Cayley complex and a A-two-sided (one-sided) local spectral
expander.

3 Subpolynomial degree Cayley local spectral expanders

In this section we construct Cayley local spectral expander with a subpolynomial degree,
improving a construction by [50].

» Theorem 33. For every A,e > 0 and integer d’ > 2 there exists an infinite family { X1},
of d'-dimensional A-local spectral expanding Cayley complexes with X (0) = Fy*. The degree
is upper bounded by 2(%)°

Golowich proved this theorem for ¢ = %

As in Golowich’s construction, we proceed as follows. We first construct an expanding
family of Grassmann posets {Y};}32, over Fa (see Section 2.3), and then we use a proposition
by [50] (Proposition 37 below) to construct said Cayley local spectral expanders. The main
novelty in this part of the paper is showing that this idea can be iterated, leading to a
successive reduction of the degree.

The following notation will be useful later.

» Definition 34. Let d,n,D be integers and A > 0. We say a Grassmann poset is a
[d,n, D, X]-poset if Y is a d-dimensional A-local spectral expander whose ambient space is F3,
with |Y (1)| < 2P.

[50] introduces a general approach that turns a Grassmann poset Y into a simplicial

complex B(Y) called the basification of Y. The formal definition of this complex is as follows.

» Definition 35. Given a d-dimensional Grassmann poset Y. Its basification S(Y) is a
(d — 1)-dimensional simplicial complex such that for every 0 < i< d—1

BY) (i) = {{vo,...,vi}| span(vg,...,v;) € Y(i+1)}.

In [50] it is observed that the local spectral expansion of Y is identical to that of 8(Y).
Golowich constructs a Cayley complex whose vertex links are (copies of) the basification.

The construction is given below.

» Definition 36. Given the basification (Y') of a d-dimensional Grassmann complex Y over
the ambient space FY, define the d-dimensional abelian compler X = Cay(F3,5(Y)) such
that X (0) =TF5 and for 0 <i<d

X(i)={{z,z+vi,z+vs,...,x+v}| {v1,09,...,0:} € BY)(i —1)}.

We observe that the underlying graph is Cay(F3,Y (1)) and therefore its degree is 2.
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» Proposition 37 ([50]). Let Y be a d-dimensional Grassmann poset over Fy that is \-

expanding. Let X be the abelian complex given by its basification. Then X is a A-local spectral

expander. In addition, the underlying graph of X is a 1i)\-empander.

Thus our new goal is to prove the following theorem about expanding posets.

» Theorem 38. For every e, N’ > 0, and d’ there exists infinite family of integers n}, and of
[d',ny,niE, N]-posets Yy,.

This is sufficient to prove Theorem 33:

Proof of Theorem 33, assuming Theorem 38. Let Y}, be an infinite family of [d, ng, ng, \']
in Theorem 38 for X' such that X' = 1%;\, Let X} be their basifications. By Proposition 37.
The complexes X}, have ambient subspace F43*, degree |[V(1)| < 2("™%)° and expansion ). <

3.1 Expanding Grassmann posets from matrices

Let Y be a [d,n, D, \]-poset. We now describe how to construct from it a [d',n’, D', X']-poset
Y’ where d' = Q(logd), n’ =n?, D' =d-D and X' = 2% when \ < 4.
we describe a transformation

In other words,

[d,n,D,\-poset Y +— [d,n/,D',\'] —poset Y'.

After this, we will iterate this construction, this time taking Y’ to be the input, producing
an even sparser poset Y etc., as we illustrate further below.

Without loss of generality we identify the ambient space of Y with F4 and set the ambient
space of Y’ to be n x n matrices (= ]ng). The 1-dimensional subspaces of Y’ are

Y'(1) = {M

rank(M) = g and row(M), col(M) € Y (;l) } . (3.1)

In words, these are all matrices whose rank is d/2 so that their row and column spaces are
in Y. As we can see, n’ =n? and |Y'(1)| < |Y(1)|¢ and therefore D’ = log [Y'(1)| < dD. We
postpone the construction higher dimensional faces (which determine the dimension d') and
the intuition behind the expansion of Y for later. Let us first show how an iteration of this
construction will construct sparser Grassmann posets.

This single step can be iterated any constant number of times, starting from a high
enough initial dimension dy. Let us denote by SP(Y) the operator that takes as input
one Grassmann poset Y and outputs the sparser one Y’ as above. Fix m and fix a target
dimension d,,. Let dy > d,, and let ny be sufficiently large. We set Yy, Y1,...,Y,, to be
such that Yy = G(F5°)S9 (which is a [dg, no, Do, Ao]-poset for Dy = ng and Ao that goes to
0 with ng) and Y;41 = SP(Y;). The final poset Y,, is a

[dm) Nmyy Dm, )\m]—poset.

Here d,;, = Qp,(logologo---ologdp), ny, =n?", Dy, = O(d) - n and \,, = 27%4m) when

m times

Ao = 2~ S(do)
The above construction works for any large enough ng. This gives us an infinite family of
. . . . m .
Grassmann complexes whose ambient dimension is n,, =n3  and whose degree is D,, = n$,

(where m = log 2). This infinite family proves Theorem 38.
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3.1.1 The construction of the Grassmann poset SP(Y)

We are ready to give the formal definition of the poset. We construct the top level subspaces,
and then take their downward closure to be our Grassmann poset. Every top level face is
going to be an image of a “non-standard” Hadamard encoding. The “standard” Hadamard
could be described as follows. Let Fj be a vector space, and let F3" be indexed by the vectors
in Fy. That is F3 = span({ey },er;) where e, is the the standard basis vector that is 1 in
the v-th coordinate and 0 elsewhere. With this notation the “standard” Hadamard encoding
maps

x> Z (x,v)e,

veF,

where (z,v) = > I | x;v; (mod 2) is the standard bilinear form. A “non-standard” Hadamard
encoding in this context is the same as above, only replacing the standard vectors e, with
another basis for a subspace, represented by 2* n x n matrices. It is defined by a set
{S(U)}vem‘; satisfying some properties described formally below. The encoding is the linear
map 5 : Fy — F3*",

@)= (w,0)s(v)

veF}

similar to the formula above. We continue with a formal definition.
We start with Y, a [d,n, D, A\]-poset (and assume without loss of generality that d is a
power of 2) and let d’ = log d'°.

» Definition 39 (Admissible function). Consider a [d,n, D, \|-poset Y with d’ = logd. Let
i >0, a (not necessarily linear) function s : s\ {0} — F3*™ is admissible to Y if:

1. For every v € Fj \ {0}, rank(s(v)) = 2¢ 7.

2. The sum matriz My = GaueF;\{o} s(v) is a direct sum of the s(v)’s, that is,

rank(M;) = Z rank(s(v)) = 2d' _ 9d'—i,
veF;\{0}

3. The spaces col(M,),row(M,) € Y (24 — 29—,
We remark that for the construction we only need to consider admissible functions for ¢ = d’,
that is, functions s : FZ \ {0} — F3*", where rank(s(v)) = 1, rank(M,) = 2% — 1 and
col(M,), row(M,) € Y (29 —1). The other admissible functions will be used later in the
analysis (see Section 7).

We denote by S; the set of admissible functions s : F \ {0} — Fy*". The Hadamard
encoding of a function s : F% \ {0} — F5*™ is the linear function 5 : Fy — F5*™ given by

5(z) = Z (x, v)s(v),

veF;\{0}

Observe that 5 is an isomorphism so the image of § is an i-dimensional subspace. This of
course means that every subspace u C F is mapped isomorphically to a subspace of the same
dimension Im(s],). Thus, the Grassmann poset G, := {Im(§|u) ‘ uC Ty, uis a subspace}
is isomorphic to the complete Grassmann G(F3).

10 Although we define this poset to the highest dimension possible. Our construction will eventually take
a lower dimensional skeleton of it.
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» Definition 40 (Matrix poset). The poset Y' = SP(Y) is a d'-dimensional poset Y' =
Uses,, Gs- We denote by SP(Y) the operator that takes Y and produces Y' as above.

In other words, Y’ is clearly a Grassmann poset and it is a union of G, for all admissible
mappings s € Sy .
The admissible functions on level ¢ give us a natural description for Y (i):

> Claim 41. Let Y’ be as in Definition 40. Then
Y'(i) ={Im(s)| s€Si}.

We prove this claim in Section B.
This poset also comes with a natural distribution over d’-subspaces is the follows.

1. Sample two (d — 1)-dimensional subspaces wy,ws € Y (d — 1) independently according to
the distribution of Y.

2. Sample uniformly an admissible function s € Sy such that the matrix M, =
EBUng/\{O} s(v) has row (M) = wy and col(My) = wo.

3. Output I'm(3).

We remark that we can generalize this construction by changing the definition of “ad-
missible” to other settings. One such generalization that replaces the rank function with the
hamming weight results in the Johnson poset which we describe in Section 4. We explore
this more generally in Section 7.

We finally reach the main technical theorem of this section, Theorem 42. This theorem
proves that if Y is an expanding poset, then so is a skeleton of SP(Y’). Using this theorem
inductively is the key to proving Theorem 38.

» Theorem 42. There exists a constant K > 0 such that the following holds. Let X' € (0,1),
D >0 and d’ > 0 be an integer. Let d = max{22? (K log %)2} and let \< ;5. IfY is a
[d,n, D, N-poset then the d’-skeleton of Y/ = SP(Y'), namely Y'S? s q [d,n', D', N]-poset
wheren' =n? and D' =d - D.

Proof of Theorem 38, assuming Theorem 42. Fix ¢ and without loss of generality € = 2%

for some integer m > 0. Changing variables, it is enough to construct a family {Y;} of

[d, nim,O(nk), N]-posets for an infinite sequence of integers ny, such that the constant in
the big O only depends on d’, N and m but not on ng. Then by setting n}, =n?  gives us
the result 1.

We prove this by induction on m for all d’ and A’ simultaneously. For m = 0 we take
the complete Grassmanns, namely nj, = k and the family ¥ = Y}, = G(F%)S? that are
[, k, k, \']-posets for sufficiently large &k (the first three parameters are clear. By Claim 20
the links expansion of the complete Grassmann is < ﬁ which goes to 0 with k, hence
for every X > 0 and large enough k they are A’-expanders).

Let us assume the induction hypothesis holds for m and prove it for m+1. Fix A’ > 0and d'.
By Theorem 42, there exists some d and A such that if we can find a family of [d, nim ,O(ng), \J-
posets {Y;}22,, then the posets Y} := SP(Y;)<? are [d’,nﬁmH,O(nk -d), N']-posets. By the
induction hypothesis (applied for d and A) such a family {Y3}72, indeed exists. The theorem
is proven. |

" Technically this only gives a family [d, n}, O(n}¢), N']-posets. But ¢ > 0 can be arbitrarily small. Thus

for any € > 0, constructing [d',n’, C - n's/2, X']-posets is also a construction of [d, n}, ni¢, \']-posets,

since eventually njS > C - n:/ % for any constant C' independent of nj,
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3.2 A Proof Roadmap for a single iteration of SP - Theorem 42

The rest of this section is devoted to proving Theorem 42, and mainly to bounding the
expansion of links in Y’. Recall the notation M to be the poset of matrices with the
domination relation.

We fix the parameters ' and d’. Without loss of generality we take d’ to be large
enough so that d = 92d’ (this requires that d’ > log K + loglog % for the constant K > 0 in
Theorem 42).

Recall the partial order defined in Section 2.4 on matrices where we write A < M for two
matrices A, M € F3*™ if rank(M) = rank(A) + rank(M — A).

Fix Y, and let Y = SP(Y). Let W € Y'(¢) be a subspace (where £ < d’). In the next
two subsections we describe the two steps of the proof: decomposition and upper bounding
expansion.

3.2.1 Step I: decomposition

We will show that a link of a subspace W € Y”(£) decomposes to a tensor product of simpler
components.

For this we must define two types of graphs, relying on the domination relation of matrices
and the direct sum.

» Definition 43 (Subposet graph). Let m > 0 and let U € M(4m). The graph TV = (V, E)
has vertices V.= MY (2m) and edges {A, B} such that there exists C € M(m) such that
Ce(A-C)®(B—-C)e MY(3m).

For any two Uy, Uy € M(4m) of rank 4m, the graphs 7Yt = TY2 g0 we denote this graph by
T™ when we do not care about the specific matrix.

» Definition 44 (Disjoint graph). Let m,i > 0 and let D € M(3). The graph Hp m = (V, E)
has vertices V.= Mnp(2m) and edges {A, B} such that there exists C € M(m) such that
we have C ® (A —C) & (B —C) € Mnap(3m).

For any n and two Dy, Dy € M(3), the graphs Hp, m = Hp, m so we denote this graph by
H; m when we do not care about the specific matrix.

The first component in the decomposition in the link of W is the subposet graph. The
second component is the sparsified link graph. This graph depends on Y, unlike the previous
component. In particular, the matrices in this component will have row and column spaces
in Y. For the rest of this section we fix m = 2[%. Let Zw be any matrix whose row span
and column span are row(Zw ) = > ;e row(M) and col(Zw) = >, ey col(M). Note
that both row(Zw ) and col(Zw ) have dimension (1 — 5;)d (that is, d — 4m). The following
definition will only depend on these row and column spaces, but it will be easier in the
analysis to give the definition using this matrix Zyy .

» Definition 45 (Sparsified link graph). The graph Ly w s the graph with vertex set
V ={A € Mngz, (2m)| row(A) & row(Zw), col(A) ® col(Zw) € Y (d —2m)} .

The edges are all {Ay, Ao} such that there exists a matriv U € Mqng,, (4m) such that
row(U) @ row(Zw ), col(M) @ col(Zw) € Y(d), and {Ay, A2} are an edge in TV.
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Formally, the distribution over edges in the sparsified link graph Ly is the following.

1. Sample wy € Yiow(zy)(d) and wy € Yooi(z,,)(d) according to their respective distributions.

2. Uniformly sample a matrix U such that row(Zy ) @ row(U) = wy and col(Zy ) @ col(U) =
wa .

3. Sample an edge in TY.

We can now state our decomposition lemma:s:

»Lemmad46. Y, =(T"QT"Q---@T")Ly,w.

2¢—1 times

This lemma is proven in Section 3.3.

3.2.2 Step Il: upper bounding expansion

It remains to show that 7™ and Ly are expander graphs. We prove the following two
lemmas.

» Lemma 47. There exists an absolute constant v € (0,1) such that N\(T™) < ™ for all
m < d.

In particular, there is an absolute constant K1 > 0 such that the following holds: Let
N> 0. Ifd > Ky +loglog &7 and d > 27, then

)\(Tm) < /\/.

» Lemma 48. There exists a constant v € (0,1) such that the following holds. Let'Y be
a [d,n, D, N-poset for X < &, and let W € Y'(£) where Y’ = SP(Y)S and ¢ < d'. Then
AMLyw) <A™

In particular, there is an absolute constant Ko > 0 such that the following holds: Let

N> 0. Ifd > Ky +loglog 7, d > 2% and A\ < 7, then

)\(ﬁij) < .

The constant K in Theorem 42 is chosen to be 2m2x(K1.K2) We now give an high level
explanation of the proofs of Lemma 47 and Lemma 48, and afterwards we use them to prove
Theorem 42.

The graph 7™ does not depend on Y and the proof of Lemma 47 relies only on the
properties of the matrix domination poset. Therefore it is deferred to Section D. In a
bird’s-eye view, we use Lemma 16, the decomposition lemma, to decompose the graph into
smaller subgraphs, and show that every subgraph is close to a uniform subgraph.

We prove Lemma 48 in Section 3.4. Its proof also revolves around Lemma 16, only this
time the subgraphs in the decomposition come from (pairs of) subspaces in Y. Observe that
in the first step in sampling an edge in Definition 45, one first samples a pair (wi,ws3) €
Yiow(zw)(d) X Yeor(zy)(d). The subgraph induced by fixing wy and ws in the first step is
isomorphic to a graph that contains all rank 2m matrices in Fgl for some n’, that are a
direct sum with some matrix Zy, (independent of Y'). Thus every such subgraph is analyzed
using the same tools and ideas as in the proof of Lemma 47.

In order to apply Lemma 16, we also need to show that the decomposition graph H.-
expands (see its definition in Section 2.1.1). This is the bipartite graph where one side is the
vertices in Ly, and the other side are the pairs of subspaces Yiow(zy,)(d) X Yeoi(zy)(d). A
matrix A € Ly, is connected to (wq,ws) if row(A) C wy and col(A4) C wo.

To analyze this graph, we reduce its expansion to the expansion of containment graphs
in Y. We make the observation that we only care about row(A) and col(A4), since if A and
A’ have the same rowspan and colspan, then they also have the same neighbors. To say this
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in more detail, H, = B ® Q where Q is some complete bipartite graph, and B replaces the
matrices in H, with Yiow(zy,)(d —2m) x Yooz, (d — 2m) (here every matrix A is projected
to (row(A),col(A)) in B). The graph B’ itself is a tensor product of the containment graph of
Yiow(zw) and Yeoi(z,,). Fortunately, as we discussed in Section 2.3, this graph is an excellent
expander, which concludes the proof.

Given these components we prove Theorem 42.

Proof of Theorem 42. Let us verify all parameters [d',n/, D', X']. The dimension d’ is clear

from the construction.
The size [Y'(1)| < [Y(1)]?
d
matrix M =3 2, e; @ f; (of course we have also double counted since many decompositions

correspond to the same matrix). Thus log |Y'(1)| < d-D = D’.
Let us verify that the ambient space is n’ = n? dimensional, or in other words that Y”(1)

d . o .
"2 since it is enough to specify d vectors to construct a rank g

really spans all n X n matrices (recall that we assumed without loss of generality that Y’s
ambient space is F%). For this it is enough to show that there are n? linearly independent
matrices inside Y'(1). Let ej,ez...,e, € Y (1) be n linearly independent vectors. The

ambient space of Y is F5. Let us show that e; ® e; is spanned by the matrices inside Y”(1).

Indeed, choose some subspaces w;, w; € Y (d) such that e; € w;, e; € w;. Then Y’(1) contains
all rank % matrices in ]Fg2 whose row and column spans are inside w;, w;. These matrices
span all matrices whose row and column spans are in w;, w; and in particularly they span
€; ® 6j.

Finally let us show that all links are X-expanders. Fix W € Y'(¢). By Lemma 46

Yy = (Tm)@)gz_l ® Ly,w

so A(Yyy) < max{\(T™),\(Ly,w)}. Both are A-expanders by Lemma 47 and Lemma 48
when the conditions of the theorem are met.
To sum up, Y’ is a [d’,n’, D', N']-expanding poset. <

» Remark 49. For the readers who are familiar with [50], we remark that contrary to that
paper, we do not use the strong trickling down machinery developed in [69]. [69] show that
expansion in the top-dimensional links trickles down to the links of lower dimension (with a
worse constant, but still sufficient for our theorem). A priori, one may think that using [69]
could simplify the proof. However, in our poset all links have the same abstract structure, so
we might as well analyze all dimensions at once. Moreover, one observes that in many cases
the bound on the expansion of these posets actually improves for lower dimensions.

3.3 Proof of the decomposition lemma - Lemma 46

The proof of Lemma 46 uses the following claim proven in [50].

> Claim 50 ([50, Proposition 55]). Let Y% = SP(G)S? and let W € Y (). Then
there exists matrices of Zy, Zs, ..., Zye—1 of rank &, whose direct sum is denoted by Zy =

2¢)
£
@' Z;, such that the link graph

2¢—-1

1% Z;
Vit = | QT | @ Haym.
j=1

This is not just an abstract isomorphism. The details are as follows. First, [50] observes that
given W = I'm(3), for some admissible s, the set Im(s) := {Z; | 3z € F§\ {0}, s(z) = Z;}

2¢—1

does not depend on s, only on U. We denote it by Qw = {Zj}j:1 .
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Intuitively, the following proposition follows from the 'Hadamard-like’ construction of the
Grassmann, and the intersection patterns of Hadamard code.

» Proposition 51 ([50, Lemmas 59,61,62]). Let Y% = SP(G)S¥, let W € YU(0), let
Qu =1{Z1,Z3,...,Z5_1} be as above, with Zy = @?:1 Zj. For every matriz N such that
W + span(N) € Y (¢ + 1) there exists unique matrices Ay, As, ..., Age such that
1. rank(4;) = 2[&.
14
2. N=Y7_ 4.
3. For j =1,2,...,2° — 1 the matrices A; € T%. That is, A; < Z;.
4. The matriz Aye € Hzyym- That is, row(Age) (resp. col(Age)) intersects trivially with

row(Zw) (resp. col(Zw)).
5. The function N — (A1, Aa, ..., Age) is an isomorphism

2¢—1

Y‘,“Vllg ®sz ® Hzvwm
j=1

We restate and reprove this proposition in Section 7. The proof our decomposition lemma
is short given the one from [50]. For this (and this only) we need to slightly alter Definition 40
and Definition 45 so that we take into account two posets instead of one. Let Y7, Y5 be two
posets of the same dimension d.

» Definition 52 (Two-poset admissible function, generalizing Definition 39). An admissible
function with respect to Y1,Ya to be a function s : Fy\ {0} — F5*™ as in Definition 39 with
the distinction that the row and column spaces of the matriz My = @UE]F%\{O} s(v) are

row(M,) € 1 (2% — 2979, col(M,) € Yao(2% — 29 ~7).

» Definition 53 (Two-poset matrix poset, generalizing Definition 40). We denote by SP(Y1, Ys)
the matriz poset defined in Definition 40 such that the admissible functions are with respect
to Y] and Ys.

» Definition 54 (Two-poset sparsified link graph, generalizing Definition 45). For W €
SP(Y1,Ys) we denote by Ly, v, w the graph in Definition 45, with the distinction that all
sums of row spaces are required to be in Y1 and all column spaces are required to be in Ys
(instead of them all being in the same poset Y ).

Proof of Lemma 46. Fix W and its corresponding Qw = {Z1,Z2,...,Zo¢_1} and Zy .
Conditioned on W, the first step of the sampling distribution in Definition 40 is the same as
sampling wy D row(Zw ) and we D col(Zy) (where wy, ws € Y (d)). Fixing the pair wq, wo
and conditioning on all three W, wy, w2, sampling an edge in the link Y}, is the same as
sampling an edge in the link of W in the complex SP(G(w1),G(w2)). As both G(w;) and
G(ws) are isomorphic, SP(G(w1),G(ws)) 2 SP(G(w1),G(w1)) =2 SP(G(w1))'?. We are back
to the complete Grassmann case and are allowed to use Proposition 51. Let B(W, w1, wsz) be
the subgraph obtained when fixing and conditioning on W, w,ws. By Proposition 51, we
can decompose this graph to a tensor product

2 Recall that G(w;) is the Grassmann poset containing all subspaces of w;.
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The first 2¢ — 1 components are independent of w; and ws; they are constant among all
conditionals (and are all isomorphic to 7™). Hence this is isomorphic to (7"”)®2£_1 ®R
where R is the graph corresponding to a subgraph of Ly ;- obtained by conditioning the
edge-sampling process of Ly to sampling w; and ws in the first step. Thus the graph
R = LG (w,),G(ws),w and the lemma is proven. <

3.4 Expansion of the sparsified link graph

In this section we use the decomposition lemma to reduce the analysis of the sparsified link
graph to the case of the complete Grassmann and prove Lemma 48.
We use the following claim on the complete Grassmann.

> Claim 55. Let Y = SP(G)<? be the poset of rank ¢ matrices for a sufficiently large d’.

Let W € Y (¢) and let wy,ws € G(d) be such that row(Zy) C wy,col(Zy) C wy. Then
ALG(w1),6(ws),w)) <™ for some universal constant v € (0, 1).

We prove this claim in the next section.

Proof of Lemma 48. Fix the subspace W € Y’({) and recall the notation wrp =
row(Zw),wc = col(Zw). We intend to use Lemma 15. The local decomposition we
use is the following 7 = (T, ur). For every pair (w1, ws2) € Vi, (d) X Yau. (d) we define the
graph G (., ,) Which is the subgraph obtained by conditioning on (w;,ws) being sampled
in the first step of Definition 45. The distribution pp is the distribution that samples
wy,ws € Yy (d) independently. By definition of Ly this is indeed a local-decomposition.

We observe that the subgraph of Ly, obtained by fixing w; and ws in the first step is
just Gy wy = LG(w1),6(ws),w and hence by Claim 55 it is a y"-expander.

We describe the local-to-global graph H, in Lemma 15.

1. T =Yy, (d) x Yu,(d),

2. V ={A] rank(A) = 2m,row(A) @ row(Zw) € Y, col(A) @ col(Zw) € Y (d — 2m)},

and is an edge between (wi,w2) € T and A € V if row(A) & row(Zw ) C w; and col(A) &
col(Zw) C wo.

Observe that we only care about 7(A) = (row(A) @ row(Zw ), col(A) @ col(Zyw)), and any
two Ay, Ay with 7(A;) = 7(Asz), have the same neighbor set. In other words, this graph is
isomorphic to the bipartite tensor product Br ® Bc ® Q1 1 where By is the containment graph
between Y, (d) and Y, (d — 2m) (resp. B¢ and we), and Q; y is the complete bipartite
graph with k vertices on one side and a single vertex on the other side. The number £ is
the number of matrices A such that (row(A) ® row(Zw ), col(A) & col(Zw)) = (u1, usz), for
any pair of fixed subspaces u; and uy. By Claim 21 and the fact that Y is A-expanding, the
graph G is a (0.61 + d)x)%(d_Qm) < 4™, where v < 1 is some constant and the last inequality
is because \ < 4—1d.

By Lemma 15, A(Ly.r) < A(G)? + O(y™) = ™. <

4  Johnson complexes and local spectral expansion

In this section we construct a family of simplicial complexes which we call Johnson complexes
whose degree is polynomial in their size. The underlying 1-skeletons of Johnson complexes
are abelian Cayley graphs Cay(F%, (L’ﬁ)) We prove in this section that these complexes are
local spectral expanders and in particular the links of all faces except for the trivial face have
spectral expansion strictly smaller than % We then compare the Johnson complexes with the

2-dimensional local spectral expanders constructed from random geometric graphs [74] and
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show that the former complexes can be viewed as a derandomization of the latter random
complexes. On the way we also define Johnson Grassmann posets {Yz ,, }», analogous to the
matrix posets given in Section 3.1, and prove in Section 4.4 that Johnson complexes are
exactly X (F3, 8(Yz,)), which are Cayley complexes whose vertex links are basifications of
Y. »s (Definition 36).

» Remark 56. Later in Section 7, we shall define the induced Grassmann posets which
generalize both the Johnson Grassmann posets and the matrix Grassmann posets, and we
shall provide a unified approach to show local spectral expansion for induced Grassmann
posets. However in this section, we will present a more direct proof of local expansion that is
specific to Johnson complexes.

We name our construction Johnson complexes due to their connection to Johnson graphs. In
particular, all the vertex links in a Johnson complex are generalization of Johnson graphs
to simplicial complexes. So we start by giving the definition of Johnson graphs and then
provide the construction of Johnson complexes.

» Definition 57 (Johnson graph). Let n > k > ¢ be integers. The adjacency matriz Johnson
graph J(n,k,0) is the (uniformly weighted) graph whose vertices are all sets of size k inside
{1,2,...,n} and two sets t1,ty are connected if |t; Nta| = .

Next we define Johnson complexes. We shall use wt(z) to denote the Hamming weight of
a binary string z.

» Definition 58 (Johnson complex X. ,). Let k and be any integer. Let n € N and let
e €(0,1] be such that 2% | en. Let S. , = {x € F} | wt(z) = en} (abbreviate as S. when n is
clear from context). The e-weight Johnson compler X = X, ,, is the k-dimensional simplicial
complex defined as follows.

X(0) ={z € F3| wt(z) is even},

X(1) ={{z,z+s}| = € X(0),s € S},

X(k)={{z,z+s1,...,x+ sk} |z € X(0),Vi € [k] s; € Sk,

VYO CTC k] wt <ZSZ> —ETL}.

i€T
For the rest of this work, we fix k,n, e as above.

It turns out that the weight constraints on k-faces in a Johnson complex gives rise to a
Hadamard-like intersection pattern for elements in the link faces. Any (k — 1)-face in the
link of 2 can be written as {z + s1, ...,z + s }. If we identify each s; with the set of nonzero
coordinates in it, these k sets always satisfy that any two distinct sets intersect at exactly
en/2 coordinates, and in general any ¢ < k distinct s;s intersect at en/2¢~! coordinates. We
note that this is similar to the intersection pattern of k distinct codewords in a Hadamard
code.

The main result of this section is proving that all links of this complex are good expanders.

» Lemma 59 (Local spectral expansion of Johnson complexes). For any 0 < m < k—2, the link
graph of any m-face in the k-dimensional Johnson complex X, is a two-sided (% — 2,,7%)—
spectral expander. In particular, X, , is a k-dimensional two-sided (% — 2,ci,l)—locozl spectral
expander.
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The key observation (Proposition 62) towards showing this lemma is that the link graphs
of m-faces are the tensor product of Johnson graphs.

Once this decomposition lemma is proven, we can use the second eigenvalue bounds for
Johnson graphs to show that the links are (% — 2m%)—spectml expanders. We note that this
construction breaks the % link expansion barrier of known elementary constructions of local
spectral HDXs (discussed in the introduction). Because our construction breaks this barrier,
using the Oppenheim’s trickle down theorem [87], we directly get that the 1-skeleton of the
Johnson complex is also a (1 — 2¢)-spectral expander.

We now outline the rest of this section. First, we prove the link decomposition lemma

Proposition 62. Then using this lemma we show that Johnson complexes are basifications

of Johnson Grassmann posets. Afterwards, we apply this lemma to prove the main result.

Finally, we conclude this section by comparing the density parameters of the Johnson
complexes with those of spectrally expanding random geometric complexes.

4.1 Link decomposition

In this part we prove the link decomposition result. Note that by construction the links of
all vertices X, ,, are isomorphic. So it suffices to focus on the link of 0 € F (denoted by Xo)
to show local spectral expansion for X, ,. The link decomposition is a consequence of the
Hadmard-like intersection patterns of the faces in Xg as explained earlier.

For the rest of the section, we use C; C [n] to denote the set of nonzero coordinates in a
vector x; and use M to denote 2. We now state the face intersection pattern lemma.

» Lemma 60. Let m be an integer. Given a set {x1,...,zm} CFY and a subset B C [m],
define
Cp=()Ci()Cj andcp=|Cp| .
i€B  jgB

Then {x1,...,xm} € Xo(m — 1) if and only if for any subset B C [m],
2en
o = { i B8

n— % -2en  otherwise

Proof. We first verify that every set {x1,...,x,,} satisfying the M cardinality constraints
above is in Xg(m — 1). Recall that by definition {z1,...,2,,} € Xo(m — 1) if and only if
they satisfy the M — 1 weight equations

VS C [m], S # 0, wt (Zm) = en.

i€S

Observe that the set of nonzero coordinates in Yo x; are precisely j € [n] that are nonzero

in odd number of vectors in {x; | i € S}

Set <le> =pci= BCL[Jm Cp ,

i€S i€S C[m),
|BNS| odd

€S

and that by definition the set {Cp}pcim) is a partition of [n]. Therefore the weights can be
rewritten as

VS C[m], S#0, wt (le> = Z cB . (4.1)

= BC[ml,
|BNS| odd
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Furthermore, for any nonempty subset S there are M /2 nonempty sets B C [m] whose
intersection with S has odd cardinality: let ¢ = |S|, then the number of S’s subsets of odd
cardinality is

S (-2(E0-(£0-50)) 30

1 even

So the total number of such B is 20=1-2m~% = M /2. Therefore if cg = 2 when B # (), then
wt(d ;g i) = M/2-2en/M = en. Thus under this condition {z1,...,z,} € Xo(m —1).

Next we prove by induction that any {z1,...,2m} € Xo(m — 1) satisfies the conditions
on cp. The statement trivially holds when m = 0. Suppose the same statement holds for all
i-faces where 1 < m — 2.

By (4.1), we can deduce that every {z1,...,2m—1} € Xo(m — 2) satisfies:

VSClm—1,5#0, >  cp=en. (4.2)
B:|BNS| odd
Then by the induction hypothesis we know that cp = 4% for B # () is the unique solution

to the set of constraints above.

Now consider the set of constraints for the (m — 1)-face {z1,...,%y}. There are in
total M variables and we denote them {cs, 5,1y} Bcfm—1) Where ¢ = [Cp N C,,| and
5o (m} = |Cp N Cyy|. The new variables are related to variables in {cp}pcpm—1) via the
identity cp = ¢ + C/BU{m} . So (4.2) can be expanded as:

VSClim—1,S#0, Y. es= Y. gt D> pym=cn. (43)
B:|BNS| odd B:|BNS| odd B:|BNS| odd

Additionally, via (4.1) the weight constraints wt (x,, + >_,c¢ i) = en can be rewritten
as:
VS c[m—1], S #0, Z ¢+ Z CBufmy = €N - (4.4)
B:|BNS| odd B:|BNS| even

Finally using the constraint wt(z,,) = en, we obtain equations:

VSCim—1,S#0, Y. pupmt D, Cupmy =|Cml=en.  (45)
B:|BNS| odd B:|BNS| even

From (4.3),(4.4),and (4.3) we can deduce that

VS C[m—1], 8 #0, > pumy =en/2. (4.6)
B:|BNS| odd

The M/2 — 1 constraints in (4.6) are exactly the same as the set of constraints in (4.2)
except that the RHS values are en/2 instead of en. Therefore by the induction hypothesis,

the unique solution is VB # (), CIBU{m} =22 Asaresult ¢y = cp — CIBU{m} = 2‘% Finally
we also have ¢, =en — (M/2—1)- 22 = 2 and ¢ = ¢y — ¢}, =n — =L - 2en. Thus we
complete the induction step. <
» Corollary 61. Let m be an integer and M = 2™. For any {z1,...,Zm} € Xo(m —1), s

nonzero coordinate set Cp, can be decomposed into the disjoint union of M/2 sets each of
size 2en/M as follows,

Cn = UBg[m—l]C’BU{m}y where CBU{T)’L} = n C; ﬂ ?j .
i€ BU{m} j¢€BU{m}
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Applying this coordinate decomposition to vertices and edges in the link graph of any
face in X, we obtain the following characterization of the graphs.

» Proposition 62. Let 0 < m < k—2 be an integer and let M = 2™. For any m-face in X, p,
the underlying gmph of its lmk s isomorphic to J(Mn, i ﬁn)M_1 ®@ J(en, 551, 5551)
where c =1 — 5=+ 2¢.

Proof. Give an m-face {z,z+x1,...,2+ 2z} in X, ,, we note that by construction its link
is isomorphic to the link of {0,x1,..., 2z, }. So without loss of generality we only consider
m-faces of the form above and we denote such a face by t. The by definition the vertex set
in the link of ¢ can be written as

VWS Scm+1 ,wt<2x1>—en} )

€S

X:(0) = {Im+1

By the decomposition lemma Corollary 61, we have the following isomorphism between
the link vertices and collections of disjoints sets in ( n’;M) First recall the notation Cp =

Nies Ci Njepmp B C;. Then the isomorphism ¢ : X;(0) — [scim (sg/’iv[) is given by

A(@m+1) = {Cm+1 NCB}BC[m) -

We use ¢(x+1)[B] to denote the set Cypp1 N Ch.
Similarly, using Corollary 61 we can write the edge set as:

Xt(l) = {{$m+1,$;n+1} | $m+1,l‘;n+1 € X0(0)7

VB C [, 16(em 1) (Bl 06y 1Bl = 17}

Therefore the adjacency matrix of t’s link graph has entries:

en
At [mi,@in] = [T 1 [[0(@ms)[BIN 6 ) Bl = 5o
BC[m]
The product structure of A; gives rise to a natural decomposition into tensor products of
(e} [}
matrices Hp € {0, 1}(5"73M)X<MFM) where

CB en
H =1
YU,V e (EH/M> slUV]=1][UnV|= QM}
Furthermore since every nonempty B C [m] has |CB\ =cp = 22 (Lemma 60), Hp is

the adjacency matrix of the Johnson graph J(Mn, al 2M n). In the case B =1, |Cg| =cn
(Lemma 60), and so Hy is the adjacency matrix of J(cn, + g n, 5577). In conclusion, the link
graph of ¢ is isomorphic to the tensor product J(35n, =n, ;5:n)M 71 @ J(cn, Sn, 355n). <

4.2 Local spectral expansion

We now finish the local spectral expansion proof for Johnson complexes using Proposition 62

together with the following Johnson graph eigenvalue bounds and the trickle-down theorem.

» Theorem 63 ([24]). Let A be the unnormalized adjacency matriz of J(n,k,£). The
etgenvalues of A are Ag, ..., \x where

e () (TN (),
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We note that in the theorem above \; are unnormalized eigenvalues of the Johnson graphs.
In the rest of the paper when we talk about spectral expansion, we consider normalized
eigenvalues whose values are always in [—1,1] .

We specifically care about the second eigenvalues of the Johnson graphs with n > 2k.
The case of n = 2k is proved in [70].

» Lemma 64 ([70]). The Johnson graph J(2k,k,k/2)’s eigenvalues satisfy max;—1 .k % <

Ao 1

X  2k—2°
In other words, the graph J(2k, k, k/2) is a two-sided ﬁ—spectral expander.
For the case n > (2 4+ n)k, we show the following lemma (proof in Section E):

» Lemma 65. For any constant n > 0, the Johnson graph J((2+ n)k, k,k/2)’s eigenvalues

satisfy that max;—1, .. ‘i‘—ol < m In other words the graph is a -spectral expander.

n
2(1+n)
The trickle-down theorem states that local spectral expansion implies expansion of all

links.

» Theorem 66 ([87]). Let A > 0. Let X be a 2-dimensional connected simplicial complex
and assume that for any vertex v € X (0), the link X, is a two-sided \-spectral expander, and
that the 1-skeleton of X is connected. Then the 1-skeleton of X is a two-sided ﬁ-spectml

expander. In particular, X is a two-sided ﬁ local spectral expander.
Now we are ready to prove the main result of this section.

Proof of Lemma 59. Let ¢t be any m-face in the complex. By Proposition 62, the link
graph of t is Gy = J(2n, 5n, 55n)M "1 ® J(en, £n, 55;n). Since eigenvalues of 41 ® A,
are {A1-A2| A1 € Spec(A1), A2 € Spec(A42)}, by Equation (2.1) the second largest eigen-
values satisfy A\(4; ® As) = max(A(41),A(A2)). Therefore the link graph G; of ¢ has

1 1-2 1 1-2 1 .
[Al2(Ge) < max <2en/M—27 2(1_(2_1\2—1)5)) =5 1Tearme S 30 (1 q7) (via Lemma 64
and Lemma 65). Therefore the k-dimensional Johnnson complex X, , is a two-sided
(% — 2,“L,l)—local spectral expander.

Furthermore, applying the trickle-down theorem to the 2-skeleton Xffb we get that
the underlying graph of the complex is a two-sided % = (1 — 2¢)-spectral

expander. |

4.3 Comparison to local spectral expanders from random geometric
complexes

In this part, we compare the structure of the Johnson complexes to that of the random geo-
metric complexes from [74]. We observe that the former can be viewed as a derandomization
of the latter.

The random 2-dimensional geometric complex (RGC) Geogy(N, p) is defined by sampling
N ii.d. points {x;},cn) from the uniform distribution over the d-dimensional unit sphere,
adding an edge between 4j if (x;, ;) > 7 where 7 is picked so that the marginal probability of
an edge is p, and adding a 2-face if the three points are pairwise connected. In the following
parameter regime the complexes have expanding vertex links.

» Theorem 67 (Rephrase of Theorem 1.6 in [74]). For every § < i, there exists Cs and
c=0 (m) such that when H ~ Geog(N, N=17¢) for d = Cslog N, with high probability

every vertex link of H is a two-sided (1 — 26)-local spectral expander whose vertex links are
(% — 5) -spectral expanders.
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The Johnson complex X := X, , with N = |X(0)| can be viewed as an approximate
derandomization of the RGCs in R™ over N vertices. Note that the points in X (0) (which

are boolean vectors) embed in the natural way to R™. Furthermore, these points in R™ all lie
on a sphere of radius @ centered at [%, ey %

distance between their images in R™ is exactly /en. The distinction from edges in RGCs is

]. Two points are connected in X if the Lo

that in Johnson complexes points of distance < /en are not connected. Albeit the analysis

in [74] shows that most neighbors of a vertex have distance &~ /en so this is not a significant

distinction. Similar to RGCs, three points in X form a 2-face if they are pairwise connected.

By Lemma 59 the resulting 2-dimensional Johnson complex X has degree N(=)13 and its
1

vertex links are (5 — %)-spectral expanders.

» Remark 68. We further observe that while both constructions yield local spectral expanders
with arbitrarily small polynomial vertex degree, the link graphs of the Johnson complexes are
much denser. Use N to denote the number of vertices in the complexes. Then in the Johnson
complexes the link graphs have vertex degree poly(/V) while in the RGCs the link graphs have
average vertex degree polylog(N). We remark that one can use a graph sparsification result
due to [21] to randomly subsample the 2-face in X, ,, while preserving their link expansion.
As a result we obtain a family of random subcomplexes of the Johnson complexes that are
local spectral expanders with similar vertex degree and link degree as the random geometric
complexes. Detailed descriptions and proofs are given in Section F.

4.4 Johnson Grassmann posets

In this part, we take a small digression to define the Johnson Grassmann posets Y7 , and
show that their basifications are exactly Johnson complexes X, ,,.

» Definition 69 (Johnson Grassmann posets Y; ,,). Let d = log2en. For every i € [d], define
the admissible function set as

Si =< s:Fu\ {0} = Fy| Vo€ Fy wt(s(v)) =297 wt Z s(v) | =24 2%
veFi\{0}

Define the Hadamard encoding s : Fy — F2 of s as

= > (wo)s).

vEF;\{0}

For each admissible function s € S;, use Gs to denote the Grassmann poset
{Im(?\U)| U CFh, U is a subspace}
Then the Johnson Grassmann poset is Yz p = USGSd gs.

We first verify that these posets are well-defined.

> Claim 70. Forall 1 <i¢<d, Y. (1) = {Im(5)| s € Si} .

~

t € S;, there exist s € Sy and i-dimensional subspace U C F¢ such that Im(t) = Im(5|y)
and (2) for every s € Sy, any subspace W C Im(3) is in Yz ,,.

Proof. The claim trivially holds for ¢ = d. For i < d, we need to prove that (1) for every
t

13 h is the binary entropy function h(p) = p - log % + (1 —p)log ﬁ.
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We first prove (1). Given any admissible function ¢ € S;, for every v € Fj \ {0} and
u € Fgﬂ, use €;(y),, € Fy to denote the vector that is nonzero only at the u-th nonzero

coordinate of ¢(v). Here we identify the vector u in a natural way with a number in [2¢77].
Use z to denote the sum z = Zueﬂ?g\{o} t(v). Set U to be the subspace that spans the first ¢

coordinates in F4, and set s : F4 \ {0} — F2 as follows

Ct(v),u v 7é 0,

ef—z,u O.W.

Yo € By u € FS™% s(v,u) = {

Then it is straightforward to verify that s € Sy and that Im(t) = Im(3|y).

Next we check (2). Note that the codespace I'm(3) is a d-dimensional subspace in F}
whose nonzero elements have weight 2¢/2 = en. Furthermore, consider any linear subspace
W C Im(8) of dimension j < d. Since § is an isomorphism, there exists a j-dimensional
linear subspace U C F¢ such that W = I'm(8]y) which is the image of 5 restricted to the
domain U. Let ¢ € Fng be a linear map from IF; to U, and ¢ € Fng be such that ¢y = Id.
Define the function sy : 3 \ {0} — FZ as follows

su(v) = Z s(ypv + ).

v eUL

By construction, sy is admissible and furthermore for every y € F%

Suly) = >, W) Y slv+v)

v€F\ {0} veut

= Y s = > (¢Ty")s") =5(6"y).

v’ eFg\{0} v’ eF\{0}

We derive that Im(Sy) = Im(Sly) = W. Thus W € Y, ,,(j) and so the claim is proven.
<

» Remark 71. We observe that Y; ,, is a subposet of the complete Grassmann poset G(IF3),
and is obtained by applying the sparsification operator SP to G(F})Se™.

We now prove that X, , is the basification of Y ;,, using the link decomposition result.

> Claim 72. The k-dimensional Johnson complex X, ,, is the k-skeleton of the basification
of Yz .

Proof. To prove the claim it suffices to show that any span(zy,za,...,zr) € Y 5 (k) if and
only if all non-empty subset 7' C [k] has wt(} ;. %) = en. In this proof we abuse the
notation a bit and identify a vector in Fy with the set of its nonzero coordinates.

For the if direction, given {1,xs,...,2}, construct s : F5 \ {0} — F% such that
s(v) = NF_,2¥" where 2}" is the set of nonzero coordinates of z; if v; = 1, and the set of zero
coordinates of x; if v; = 0. By Lemma 60, all such s(v)’s have weights exactly en/2¥~!. By
construction their nonzero coordinates are disjoint from each other’s. So s is an admissible

function. Furthermore, let {ej,ea,...,e;} be elementary vectors in JF’Q“,
Se)= U (s
veF;\{0}

= U T Njti .’E;J

v, s.t.v; =1
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=x; N U ﬂj#x;j

v,iE]Fgfl

=x; N[n] =z,

Therefore span(z1, xa, ..., zx) = Im(s) € Y, (k).

For the only if direction, we can easily check that any I'm(s) € Y, (k) contains only
vectors of weight en. So given any basis {z1,x2,..., 25} of Im(3), their nonzero linear
combinations all have weight en. Now the proof is complete. <

5 Coboundary expansion and a van Kampen lemma

In this section we give the necessary preliminaries on coboundary expansion and also introduce
a version of the famous van Kampen Lemma [97] that shall be used to prove coboundary
expansion in the next section.

5.1 Preliminaries on coboundary expansion

We define coboundary expansion for general groups, closely following the definitions and
notation in [28]. For a more thorough discussion on the connection between coboundary
expansion and topology, we refer the reader to [28]. In the introduction we defined coboundary
expansion as a notion of local testability of a code (which was a subspace of the functions on
the edges). Instead of defining coboundary expansion for only Fo-valued functions, we give
the most general version of coboundary expansion, which uses arbitrary groups.

Let X be a d-dimensional simplicial complex for d > 2 and let I' be any group. Let
)?(1) be the directed edges in X and )?(2) be the directed 2-faces. For i = —1,0 let
CH(X,T) = {f: X(i) = I'}. We sometimes identify C~1(X,T) = T. For i = 1,2 let

CH(X,T) = {f L X(1) > r‘ flu,v) = f(@7u)—1}
and

C2(X,T) = {f: X(2) = T | ¥r € Sym(3), (v, v1,v2) € X (2),
F(Wr(0)s Ur(1)s Un(2)) = f(vo, w1, 02) (M)},

be the spaces of so-called anti symmetric functions on edges and triangles. For ¢+ = —1,0,1
we define operators §; : C*(X,T') — C**1(X,T) by

1. 61 :C"YX,T') = C°%X,T) is 6_1h(v) = h(0).

2. 60 :CYX,T) — CYHX,T) is Soh(vu) = h(v)h(u)~L.

3. 6 : CHX,T) — C*(X,T) is §1h(vuw) = h(vu)h(uw)h(wv).

Let Id = Id; € C*(X,T) be the function that always outputs the identity element. It is easy
to check that 6;,1 0 §;h = Id; 5 for all i = —1,0 and h € C*(X,T). Thus we denote by

ZH(X,T) =kerd; C C*(X,T), 1

BY(X,T) =Imé;_; C CY(X,T),

and have that BY(X,I") C Z%(X,TI).
Henceforth, when the dimension ¢ of the function f is clear from the context we denote
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Coboundary expansion is a property testing notion so for this we need a notion of distance.
Let f1, fo € C*(X,T). Then

dist(f1, f2) = P [fi(s) # fa(s)]. (5.1)

se€X(3)
We also denote the weight of the function wt(f) = dist(f, Id).

» Definition 73 (1-dimensional coboundary expander). Let X be a d-dimensional simplicial
complex for d > 2. Let 8 > 0. We say that X is a 1-dimensional 3-coboundary expander if
for every group T', and every f € C*(X,T) there exists some g € C°(X,T) such that

Bdist(f,dg) < wt(df). (5.2)
In this case we denote h*(X) > .

This definition in particular implies that B! = Z! for any coefficient group.

Coboundary expansion generalizes edge expansion

We note that 1-dimensional coboundary expanders are generalizations of edge expanders to
simplicial complexes of dimension > 2. A graph G = (V, E) is a 1-dimensional simplicial
complex. For I' = Fy we can analogously define function spaces C~1(G,Fy), CO(G,Fy),
C1(G,F,), and operators d_; and &y over G.

Observe that B°(G,Fs) consists of constant functions over the vertices. Using the
notations above we can write the definition of a O-dimensional coboundary expander as
follows.

» Definition 74 (0-dimensional coboundary expander in Fy ). A 1-dimensional simplicial
complex G = (V, E) is a 0-dimensional 3-coboundary expander in Fy if for every f € C°(G,Fa)
there exists some g € C~1(G,Fy) such that

Bdist(f,5-19) < wt(3of)- (5.3)

Let us check that this is equivalent to the definition of S-edge expanders in terms of graph
conductance. Viewing every function f as a partition of V' into two sets V; and Vf and
viewing & f as the indicator function of whether an edge is in the cut between V; and V7,
we derive that

Vil Vil

min  dist(f,d_1g) = min ( ) , wt(do f) =

IE(VJan)L
9EC—1(G,F) 144

|E|

Then the condition Equation (5.3) is equivalent to the statement that for every vertex
partition (V, V) of the graph G = (V, E),

(Ve VR LBV V)
ﬂmln(, < ——.
VIV |E|

This is the standard definition of a -edge expander.

Coboundary Expansion and Local Testability

One should view coboundary expansion as a property testing notion. We call B}(X,T") C
CY(X,T) a code (as a subset, no linearity is assumed in the general case). Given a function
in the ambient space f € C*(X,T) one cares about its Hamming distance to the code, that
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is, how many edges of f need to be changed in order to get a word in B*(X,T'). Denote this
quantity dist(f, B1(X,T')). Coboundary expansion relates this quantity to another quantity,
the fraction of triangles {u, v, w} such that ¢ f(uvw) # Id, namely wt(df).

We note that if f = §g € BY(X,T'), namely f satisfies the property of being in the
function space, then one can verify that 6dg = Id, or in other words, that wt(6f) = 0. In
a (-coboundary expander we get a robust inverse of this fact. That is, that if f is e-far
from any function in B*(X,T), then its coboundary is not equal to the identity on at least a
Be-fraction of the triangles.

This suggests the following natural test for this property.

1. Sample a random triangle {u,v,w} € X(2).

2. Accept if and only if f(uv) = f(uw) - f(wv) (or equivalently ¢ f(uvw) = Id).

Note that wt(d f (uvw)) is the probability that f fails the test. Saying that a complex is a
coboundary expander is saying that this test is sound, namely X is a 8-coboundary expander

5
if and only if for every f: X (1) = T

dist(f, BY(X,T)) < lp [f fails the test].!® (5.4)
B uvw

Over Fo, this view of coboundary expansion was first observed by [61], who used it
for testing whether matrices over Fo have low rank. This view also appeared in [41] for a
topological property testing notion called cover-stability. In later works, this test was as a
component in the analysis of agreement tests [51, 27, 10]. We also refer the reader to [10, 29]
for additional connections of coboundary expansion and local testing in the context of unique
games problems and to [18] for its connection to group (te)stability.

5.2 Contractions, cycles and cones

One general approach to proving coboundary expansion is the cone method invented by [52]
and used in many subsequent works to bound coboundary expansion of various complexes
[77,63, 71, 68, 28]. The following adaptation of the cone method to functions over non-abelian
groups is due to [29]. We adopt their definition of cones, and after presenting the definition,
we will explain the motivation behind it as well as its connection to isoperimetric inequalities
of the complex.

We use ordered sequences of vertices to denote paths in X, and o to denote the concat-
enation operator ', and for any path P, we use P~! to denote the reverse path. Fixing a

simplicial complex X, we define two symmetric relations on paths in X.

(BT) We say that Py (B0 P if P, =Qo (u,v,u)oQ and Pi_; = Qo (u) o Q" where

i € {0,1}.
(TR) We say that Py o P if P=Qo(u,v)oQ and P;_; = Qo (u,w,v) o Q" for some
triangle uwv € X (2) and ¢ = 0, 1.

Let ~ be the smallest equivalence relation that contains the above relations (i.e. the
transitive closure of two relations). We comment that these are also the relations defining
the fundamental group 71 (X, vg) of the complex X (see e.g. [95]).

We also want to keep track of the number of (T'R) equivalences used to get from one
path to another. Towards this we denote by P ~; P’ if there is a sequence of paths
(P=PFy,Pr,....,Pp, = P')and j € [m — 1] such that:

181t P = (vo,v1,...,0m) and Q = (uo = Um,u1,...,U,) then their concatenation is P o Q =
(V0, V15w oy Uy ULy - ooy Un)-
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(’1:\1‘%) Pj+1 and

1. P]
2. For every j' # j, Py =D Pjiyq.
Le. we can get from P to P’ by a sequence of equivalences, where exactly one equivalence is
by (TR).
Similarly, for ¢ > 1 we denote by P ~; P’ if we get from P to P’ using i triangles.
A contraction is a sequence of equivalent cycles that ends with a single point. More

formally,

» Definition 75. Let C = (vg,v1,...,v,00) be a cycle around vg. A contraction S is
a sequence of cycles S = (Cy = C,C1,...,Cpy = (v0)) such that C; ~1 Cip1 for every
1 =0,1,...,m — 1. If the contraction contains m cycles, we say it uses m-triangles, or

simply that it is an m-contraction.

A m-contraction can be viewed as a witness to Coy ~p, (o).

Before giving the definition of cones which are used to prove coboundary expansion, we
provide some intuition behind the connection between coboundary expansion and cones. In
order to prove Equation (5.4) for a complex X, we need to upper bound the distance from
any function f € C1(X,T') to the codespace B(X,T) (with § being the encoding function).
This is done by constructing a message g € C°(X,T') from f and P a family of paths from
one vertex vy to every other vertex. Note that every edge together with the two paths in
P from vy to the edge’s endpoints form a cycle. The ratio between the probability that f
fails the test and the distance from f to the codespac is bounded by these cycles’ length of
contraction. The vertex vy, the family of paths, and the contractions of the induced cycles
constitutes a cone. The connection between the cone and coboundary expansion of X is
captured by Theorem 78 and a detailed proof can be found in [29].

» Definition 76 (cone). A cone is a triple A = (vo, { Pu}uex(0), {Suw uwex (1)) such that
1. vy € X(O)
2. For every u € X(0) \ {vo}, Py is a walk from vy to u. For u = vy, we take P,, = (vo) to
be the cycle with no edges from vy to itself.
3. For every uw € X(1), Syw is a contraction of P, o (u,w) o P, *.
The sequence Sy, depends on the direction of the edge uw. We take as a convention that
Swu just reverses all cycles of Sy, (which is also a contraction Of the reverse cycle). Thus
for each edge it is enough to define one of S, Sy -
The maximum length of contraction of S,,, among all edges uw is called the cone area.

» Definition 77 (Cone area). Let A be a cone. The area of the cone is

Area(A) = max |Syw| — 1.
uweX (1)

We note that in previous works this was known as the diameter or radius of a cone
[68, 29]. We chose the term “area” here since it aligns with the geometric intuition behind
triangulation.

Gromov is the first to use the area of the cone to prove coboundary expansion for abelian

groups. The following theorem which generalizes Gromov’s approach to general groups is
by [29].

» Theorem 78 ([29, Lemma 1.6]). Let X be a simplicial complex such that Aut(X) is transitive

on k-faces. Suppose that there exists a cone A with area R. Then X is a (k+}) -coboundary

3

R
expander for any coefficient group T.
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5.3 Contraction via van Kampen diagrams

In this subsection we prove a version of van Kampen’s lemma for our “robust” context.
Previously, we defined the area of a cycle in the cone to be the length of its contraction
sequence. The van Kampen lemma reduces the problem of bounding the contraction length
of a cycle to counting the number of faces in a planar graph.

The van Kampen diagrams are an essential tool in geometric group theorem [80, Chapter
V]. They were introduced by van Kampen in 1933 in the context of the word problem in
groups defined by presentations [97], and are a powerful visual tool for exhibiting equivalences
of words of some given group presentation. They are also used to bound the number of
relations required to prove that a word is equal to identity (such a bound is called the Dehn
function of a presentation). The van Kampen diagrams are plane graphs that embed into the
presentation complex of a group. The van Kampen lemma states that a word is equivalent
to the identity if and only if it forms a cycle in the presentation complex which can be tiled
by faces in a van Kampen diagram. Furthermore the number of inner faces of the diagram
provides an upper bound on the relations needed to prove that the word equals to identity.
The advantage of these diagrams is that they bound the length of a sequential process by
the size of static objects.

We need a similar tool in the context of abstract complexes, which is a simple generalization
of the above setup. Our main motivation for this statement is give a simple and intuitive way
to bound the area of cones. Previous works that use the cones, give sequences of contractions,
explaining which triangle goes after another (see e.g. [29]). This is sufficient for the proof.
However, in all known examples, the ordering is just a formality, and the proofs were really
describing a tiling (i.e. the contraction was really just a set of faces that formed a disk whose
boundary is the cycle we needed to contract). So in this section we give justification to
just drawing out the tiling via a van Kampen diagram instead of giving the full sequence of
contraction.

A plane graph H = (V, E) is a planar graph together with an embedding. We will denote
by H both the abstract graph and the embedding.

The van Kampen lemma has a few components. First we have our simplicial complex X
and a cycle Cy in X. In addition, we have a diagram. This diagram contains:

1. A plane graph H = (V| E) that is 2-vertex connected.
2. A labeling ¢ : V' — X (0) such that for every edge {u,v} € E, either ¢(u) = ¢(v), or

{(u), v(v)} € X(1).

It is easy to see that a walk in H is mapped by % to a walk in X (possibly with repeated
vertices).

Let F = {fo, f1,- .-, fe} be the set of faces of H with fy being the outer face. For every
face let C; be the cycle bounding f;, and let C; = ¢)(C;). To be completely formal one needs
to choose a starting point and an orientation to the cycle, but we ignore this point since the
choice is not important to our purposes.

We are now ready to state our van Kampen lemma.

» Lemma 79. Let X,Cy, H, and F be as above. Assume that for everyi =1,2,...,¢ the
cycle C; has an my;-triangle contraction. Then there exists an mg-triangle contraction for Cy
where my = Zle m;.

A proof of the lemma can be found in Section G. Here we give a simply example to
demonstrate how to use this lemma. Consider the 2-dimensional complex X in Figure 1la
with 9 vertices and 10 2-faces (all triangles in the underlying graph are 2-faces in X). Let
C() = (1‘1, T2,xe,XL5,T7,T9, T4, .1‘1) be a cycle in X.
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Uy
fo Co

Uy 2

v

Vg 5

V7
Xg X9 Vg

(a) A 2-dimensional complex X. (b) A van Kampen diagram H, F of X.

Figure 1 A van Kampen diagram for X, Cy.

A van Kampen diagram H, I for X, Cy is given in Figure 1b. H has 9 vertices and 4 faces
F ={fo, f1, f2, f3}. We can easily check that H is 2-vertex connected and has the natural
labeling ¢ (v;) = a; for i € [9]\ {8} and v (vs) = 4. The labeling satisfies that ¥(C;) = C;
fori=0,1,2,3.

Furthermore, its clear from the figure that C1, Cs, and C3 have 2-triangle, 3-triangle, and
2-triangle contractions respectively. So by the van Kampen lemma, Cy has a 24+ 3+ 2 = 7-
triangle contraction.

5.4 Cone areas and isoperimetric inequalities

In this subsection we explain the connection between cone areas and isoperimetric inequality.
In a 2-dimensional simplicial complex, an isoperimetric inequality is an upper bound on the
area of a cycle in terms of its length. In our context this is the following.

» Definition 80 (Isoperimetric inequality). Let X be a 2-dimensional simplicial complex and
let R > 0. We say that X admits an R-isoperimetric inequality if for every cycle C with ¢
edges there exists an Re-triangle contraction

Area(C) < R - Len(C).

Isoperimetric inequalities are particularly useful in presentation complexes of Cayley
graphs in geometric and combinatorial group theory [80]. Cones are closely related to
isoperimetric inequalities as was already observed by [52].

We formalize the connection with this proposition.

» Proposition 81. Let X be a simplicial complex with diameter D and let R > 0. Then

1. If X admits an R-isoperimetric inequality, then X has a cone whose area is at most
(2D +1)R.

2. If X has a cone with area a then X admits an a-isoperimetric inequality.

Here the diameter of a complex is the diameter of the underlying graph.

Sketch. For the first item, we construct a cone as follows. We fix an arbitrary vertex
vg € X(0), and as for the paths P,, we take arbitrary shortest paths from vy to u. Any cycle
of the form P, o (u,w) o Py! (where {u,w} € X (1)) has at most 2D + 1 edges. We take the
smallest contraction of this cycle as S,,,. By the isoperimetric inequality, S,,, uses at most
(2D + 1)R triangles.
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Figure 2 The second item of Proposition 81

As for the second item, let A be a cone with area a and let C be a cycle with m + 1 edges
(wo, w1, ..., Wy, wo). Let Py, Py, ..., Py, be the corresponding paths from vy to each of the
vertices in wq, w1, . .., Wy,. By Lemma 79, we can contract C' via the van Kampen diagram
in Figure 2. We note that the boundary cycle of every inner face in the diagram corresponds
to Py, o (wi, wit1) 0 Py, (where i € Z/(m + 1)) therefore its area is at most a. We deduce
the isoperimetric inequality Area(C) < a-(m+1) =a- Len(C). <

5.5 Substitution and composition

Later in Section 6.1, we will reduce the question of bounding the cone area of some complex
X to bounding that of X’ which contains X as a subcomplex. The relevant definitions and
auxiliary proposition for this approach are given below.

» Definition 82. Let X' be any complex and let X be a subcomplex of X' with X (0) = X'(0).
A substitution is a set P = {Pyy| wv € X' (1)} of paths Py, from u to v in X such that
P,, = P,.} (so0 it suffices to give one path for each pair of vertices). We say that P is an
m-substitution if all paths have length at most m.

We note that the underlying complexes X', X of a substitution are implicit in the notation,
but they will always be clear in context. Via the substitution, every path in X’ has a
corresponding path in X:

» Definition 83. Let X', X be as above and let P = {P,, | uv € X'(1)} be a substitution.
Let Q = (vo,v1,...,Um) be a path in X'. The composition Q) is the path

Q:R)OvloPU1U2~'~oP n X.

Um—1Um
The following proposition captures the key property of this substitution.

» Proposition 84. Let X' be any complex and let X be a subcomplex of X' containing all
vertices of X'. Let P be a substitution. Assume that for every triangle t = (u,v,w) € X'(2),
the composition C, of the 3-cycle Cy = (u,v,w,u) has an m-triangle contraction in X. Then
for every cycle C' in X' that has an (-triangle contraction in X', the composition cycle C in
X has an fm-triangle contraction .

To prove this proposition, we need the following claim about the contraction property of
two cycles with shared vertices.
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> Claim 85. Let C;, = PLoQ ! and C; = P, o Q7! be two cycles in X such that Q is
nonempty. If their difference cycle Ca = Py o Py ! has an m-contraction, then there is an
m-contraction from Cy to C;.

We delay the proof of this claim and prove the proposition assuming this claim.

Proof of Proposition 84. Let S = (Cy = C,C4,...,Cy) be the contraction in X’'. Let
Co,Ch,...,C} be their compositions in X. If C; ~4 Ci41 via a TR relation (u,v) < (u,w,v)
and some BT relations in X’, by Claim 85 C’Z ~m @H via the m-triangle contraction
of Py, o Py o Py in X. Since there are ¢ (T'R) steps in the contraction of C, we have
C ~pm Cy. Lastly, since Oy is a point, by definition of composition so is Cy. So the proposition
is proven. <

Proof of Claim 85. We first contract Cy to the intermediate cycle Py oP2_10P2 0Q = CroC,
via (BT) relations. Then we contract Ca to a point without touching the part C;. This
procedure gives a m-contraction from Cs to C;. <

6 Coboundary expansion

Our main result in this section is proving that the Johnson complexes X, ,, and their vertex
links are coboundary expanders via Theorem 78. In addition, in Section 6.3, we also show
that the vertex links of the complexes constructed by [50] are coboundary expanders.

» Theorem 86. Let n € N and £ > 0 satisfy that 4|en. Then the 2-dimensional Johnson
complex X, is a 1-dimensional Q(e)-coboundary expander.

To show the statement via Theorem 78, it boils down to show that Aut(X.) is transitive on
2-faces and that there exists a cone A with area ©(2). The first claim is straightforward. The
automorphism group Aut(X.) contains all permutations of coordinates and all translations
by even-weight vectors. In particular, it is transitive on all triangles. So it is enough to
bound the cone area of X, using the following lemma.

» Lemma 87. The Johnson complexr X has a cone A with area O(1).
We note that by Proposition 81, this immediately implies the following corollary.
» Corollary 88. The complexr X. admits an @(%)—isoperimetric inequality.
In addition, we also show that every vertex link of X, is a coboundary expander.

» Theorem 89. Let n € N and 1 > ¢ > 0 satisfies that 8 |en. In the 3-dimensional Johnson
complex X, every vertex link (X:), is a 1-dimensional %—coboundary expander.

» Remark 90. Experts may recall the local-to-global theorem in [44] which states that if a
complex is both a good local-spectral expander and its vertex links are 1-dim coboundary
expanders then the complex is also a 1-dim coboundary expander. So one may suspect that
the coboundary expansion theorem Theorem 86 can be derived from coboundary expansion of
links (Theorem 89) and local-spectral expansion of X, (Lemma 59). However, this approach
fails since the local-spectral expansion of X, is not good enough for applying the local-to-
global theorem. So instead, we prove coboundary expansion of X, by directly using the cone
method.
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By link isomorphism, we can focus on the link of 0 without loss of generality. Then the
automorphism group Aut(Xp) contains all permutations of coordinates and so is transitive
over Xo(2) (Lemma 60). By Theorem 78 it is enough to show that there exists a cone with
area 85.

» Lemma 91. Let 0 < e < 7. Any vertex link (X.), has a cone with area at most 85.

1
i
As above, by Proposition 81, this implies:

» Corollary 92. A link of a vertex v € X admits an 85-isoperimetric inequality.

6.1 Constructing a bounded area cone for X,

In this subsection we give a proof of Lemma 87. We take a two-step approach to showing
that X, has a cone of bounded area. First we define a related complex X/ which contains
X. as a subcomplex, and construct a cone for X! with bounded area. Next, we replace
every edge in X/ with a path in X, between the same two endpoints. Then effectively the
edges forming a triangle in X! become a cycle in X.. The second step is then to find a
bounded-size tiling for every such cycle inside X..

The key proposition used in this approach is as follows.

» Proposition 93 (Restatement of Proposition 84 ). Let X' be any complex and let X be a
subcomplex of X' containing all vertices. Let P be a substitution. Assume that for every
triangle t = {u,v,w} € X'(2), the composition C; of the 3-cycle C;, = (u,v,w) has an
m-triangle contraction in X. Then for every cycle C in X' that has an L-triangle contraction
in X', the composition cycle C in X has an Im-triangle contraction.

This proposition implies that if for the boundary cycle C; of every triangle t € X'(2), its
composition Cy has a ©(1)-triangle contraction in X, then the cone area of X is asymptotically
the same as that of X’. This lemma suggests a two-step strategy towards showing Lemma 87.
First we construct a X! which has a cone of area ©(1/¢) (Claim 94 is proved in Section 6.1.2),
and then we show that the boundary of 2-faces in X/ has ©(1)-contraction in X, (Claim 95
is proved in Section 6.1.3).

> Claim 94. X! has a cone of area < 16/¢.

> Claim 95. For every triangle t = {u,v,w} € X/(2) whose corresponding boundary cycle
is C¢y = (u,v,w,u), we can contract the composition C; in X, using O(1) triangles.

Postponing the proofs of these lemma and claims till later subsections, we are ready to
derive Lemma 87.

Proof of Lemma 87. Claim 94 implies that the complex X/ has cone area O(%), while
Claim 95 implies that for every triangle boundary C in X/, its composition C has a O(1)-
triangle contraction in X.. By Proposition 93 we conclude that he cone area of X, is
Oo(1). <

Before moving on, we consider two “patterns” of contractions shown in Figure 3a and
Figure 3b. They are going to be used extensively in the later proofs.

» Definition 96 (Middle vertex contraction.). A cycle C has a middle vertex contraction in a
simplicial complex X if there is a vertex z so that for every edge {u,w} € C, {z,u,w} € X(2).
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C w

v

(a) Middle vertex contraction. (b) Middle path contraction.

Figure 3 Two contraction patterns.

> Claim 97 (Middle vertex pattern). Let C be a length m cycle in a simplicial complex X. If
C has a middle vertex contraction, then C has an m-triangle contraction.

Proof. Given such a cycle C' and a center vertex z, we can construct a van-Kampen diagram
(H, ) for the triangles between z and edges in C, where H is the plane graph given by
Figure 3a and v is the identity map. Note that H has m inner faces each corresponding to a
triangle and an outer face whose boundary is C. Then by Lemma 79, C' has an m-triangle
contraction. <

» Definition 98 (Middle path contraction.). A 4-cycle C' = (v,u,w,u’) has a length m middle
path contraction in a simplicial complex X if there is a length m walk (u = uy,ug, ..., Uy = u')
so that for every edge {u;,u;11}, the triangles {u;, wiy1,v}, {ui, uir1, w} € X(2).

> Claim 99 (Middle path pattern). Let C' = (v, u,w,u’) be a 4-cycle in a simplicial complex
X. If C has a length m middle path contraction, then C has a 2m-contraction.

Proof. We again construct a van-Kampen diagram (H,1) for the set of triangles
{wi, wipr, v}, {us, uip1,w}t € X(2), where H is the plane graph given by Figure 3b and
1) is the identity map. Note that H has 2m inner faces each corresponding to a triangle and
an outer face whose boundary is C. Then by Lemma 79, C has an 2m-triangle contraction.

<

6.1.1 X! and its cone A’

In this part, we construct a 2-dimensional simplicial complex X! such that X! has a 2-
substitution in X,.

» Definition 100. Let S¢. = {x € F}| wi(x) < en,wt(x) is even}. The 2-dimensional
complex X! is given by

X/(1)={{z,z+s}| v € X(0),s € S<.},
X!/(2) = {{z,x +s1,x+ s2}| z € X(0),s1,82,51 + 52 € S<c}-
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> Claim 101. X/ has a 2-substitution in X..

Proof. For any edge (z,z + s) € X/ (where s € S¢.), find s1,s2 € S¢ such that s = 51 + sa.
Such s; and s can be constructed as follows: first split s = t1 + to into two vectors of equal
weight. Then take any vector r of weight en — ‘%I with disjoint support from s, and set
s;i =r+t;. Now by setting Py o4s = (z,2+ 1,2+ 51+ 52 = v+ ), we obtain a 2-substitution
for X[(1) in X.. <

To bound the cone area of X/, we start by constructing a cone A’ for X.. In the rest of
the section we drop the subscript € and simply write X and X’. Now we introduce a few
definitions in order to describe A’ concisely.

» Definition 102 (Monotone path). A path P = (v, v1,v2,...,m) in X' is called monotone
if v; C vi11, where we identify the string with the set of coordinates that are equal to 1.

Analogously we can define monotone cycles.

» Definition 103 (Monotone cycle). A cycle C is monotone if it can be decomposed to
C=Po P2_1 where Py, P, are monotone paths of equal length.

» Definition 104 (Lexicographic path). Fiz an ordering on the coordinates of vectors in X (0).
A path P = (vg,v1,v2,...,0y) in X' is called lexicographic if the path is monotone and
every element in viy1 \ v; is larger than all elements in v; under the given ordering.

We also define half-step lexicographic path.

» Definition 105 (Half-step lexicographic path). A path P = (vg,v1,v2,...,0m) in X' is
called a half-step lexicographic path if it is a lexicographic path from vg to v, such that all

but the last edge {v;,viy1} in the path satisfy that |v;11\ vi| = 5, while the last edge satisfies

|Um \ Um—1| < %

Note that if vy and v,, are connected then there is a unique half-step lexicographic path
between them.
Analogously we can define half-step lexicographic cycles.

» Definition 106 (Half-step lexicographic cycle). A cycle C in X' is half-step lexicographic if
it can be decomposed to C = Py o (x,a) o (a,y) o Py ' where Py, Py are half-step lexicographic
paths of equal length, and that a O x U y.

This is saying that in the half-step lexicographic cycle C, every edge {v;,v;+1} in Py and P
satisfies that |v; 41 \ v5| = 5, while the endpoints of the two paths satisfy that |a \ 2| < en
and |a \ y| < en.

We consider the following cone A’

» Definition 107 (Cone of X'). Fiz an ordering on the coordinates of vectors in X (0). Set
the base vertex vo = 0. For every v € X(0) \ {vo} we take P, to be the half-step lexicographic
path from vy to v in X'.

6.1.2 Bounding the area of A’: proof of Claim 94

We prove that for every uv € X'(1), the cycle C = P, ouv o P, has a @(%)—triangle
contraction. The strategy is to decompose C' into a set of cycles in X’ and compose these
cycles’ contractions together to obtain a contraction for C. The cycle decomposition is done
by a recursive use of Lemma 79.
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%1 vy

Figure 4 Partition of v; Uv] in the proof of Claim 108.

In the rest of the section, we will use both 4+, — and set operations \,U, N, ™ (exclusion,
union, intersection, and complement) over boolean strings in X’(0) C {0,1}". +,— are
entry-wise XOR, for the boolean strings, while set operations are applied to the support of a
string (i.e. the set of nonzero entries in the string).

The base case in the recursive argument is a monotone four-cycle, and we first show that
all such cycles have ©(1)-contraction.

> Claim 108. Let C = (vg, v1,v2,v],v9) be any monotone four-cycle in X’. Then C has a
< 4-triangle contraction.

Proof. By definition of monotone cycles, vy has size < 2en and that vy, v] C va. If |ua] <en

we can contract C' since {vg,v1, v}, {vo, v}, v2} € X'(2).

Otherwise en < |va| < 2en, we intend to show that C' has a length < 2 middle path
contraction. For these vertices we need to find a path between vy, v} so that for every edge e
in that path eU {vo},e U {v2} € X'(2). Let a = v1 + v]. We split to cases:

1. If |a|] < en then we just take the path to be (vy,v}).

2. Otherwise en < |a] < 2en. Then we split vy \ v] = by Wby and v} \ v1 = ¢; U ey both into
equal-size parts as illustrated in Figure 4. So both a1 = b1 + ¢ and ag = by + ¢2 have size
at most en. We take the path (vy,v1 + a1,v] = v1 + a1 + ag). Since the middle vertex
v1 + a1 is contained in vy and has size between that of v; and v, it is connected to vq
and to 0.

By Claim 99 there is a < 4-triangle contraction of the cycle. <

The general statement for all half-step lexicographic cycles is as follows.

» Lemma 109. Let m > 2 and let C = (0,b1,...,bm,a,¢m, .., c1,0) be a half-step lexico-
graphic cycle of length 2(m + 1). Then C has an (8m — 2)-contraction.

Proof. We shall decompose C into 2m — 1 monotone four-cycle and 2 triangles in X’ as
illustrated in Figure 5. Then applying Claim 108, we deduce that C hasa 4-(2m —1) +2 =
8m — 2-contraction. To describe the decomposition, we define auxiliary vertices a; = b; U ¢;
fori=1,...,m and a;,11 = a. We next argue that a; is connected to b;, ¢; and a;41 in X'.

First to show that for all ¢ € [m] a; is connected to b; and ¢;, note that |b;| = |¢;| = i-en/2.
Thus if |b; +¢;| < 2en, then |b; \ ¢;| = |¢; \b;| < en and a; = b; Uc; would be connected to both
b; and ¢;. To show |b; + ¢;| < 2en, we observe that |c;, \ by | < |a\ byn| < en and analogously
|bm, \ em| < en. Now, assume for contradiction that for some i < m, |b; +¢;| > 2en. Similarly
we deduce that |¢; \ b, |b; \ ¢;| > en. Suppose without loss of generality the largest element
in a; comes from b; then ¢; \ b; is a subset of ¢, \ by, because any element added to by,
after the i-th step is larger than all elements in ¢;. Thus |¢,, \ bin| > en. We arrive at a
contradiction. So indeed |b; + ¢;| < 2en, and b; and ¢; are both connected to a; for i € [m].
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Triangles: C,,, 4-cycles:C,;i<m

Figure 5 Half-step lexicographic cycle decomposition in Lemma 109.

uuv
u v
Py P,
Cm =PFio(x,uuv)
o(uUw,y)o Pt
0 0
(a) C’, P1, and P». (b) Minimal monotone cycle Cp,.

Figure 6 Van-Kampen diagrams used in the proof of Claim 94.

To show that for all ¢ € [m — 1] a; is connected to a;+1, note that a;+1 2O a; and
lait1 \ a;| < |big1 \ bi] + |cit1 \ ¢i| < en. To see that a,, is connected to a, note that
a2 am Dby and so |a\ an| < Ja\ by| < en.

Let H be the plane graph in Figure 5 whose vertices are

{0,a1,...,am,b1,...,bm,c1,...,¢m}. By construction H is a van-Kampen diagram
for X’ with 2m + 2 inner faces.
Furthermore, we note that the cycle boundaries Cy = (0,b1,a1,¢1,0), Cp; =

(bi, bit1,aix1,ai,0;) and Ce; = (¢, g1, Gix1, a4, ¢;) for i € [m — 1] are all monotone four
cycles. Chm = (bm, @, am,br) and Cem = (Cm, G, Gm, Cy) are two triangles. Applying
Lemma 79 we deduce that C has a 4- (14 2(m — 1)) +2 = 8m — 2-triangle contraction. Thus
we conclude the proof. |

Proof of Claim 94. Let {u,v} be an edge in X’(1) and C\,, = P, o (u,v)o P, ! be the decoding
cycle. Since {u,v} € X’(1) it holds that |u + v| < en. Thereby |u +v| = [uUv| — |unNov| >

|uUv| — |v| and similarly |u + v| > |uUv| — |u|. Thus the triangle {v,u,u Uwv} is in X'(2).

Define the cycle €’ = P, o (u,uUwv,v) o P, !, and the monotone paths P, = P, o (u,uUv)
and P, = P, o (v,vUu) (and C' = P, o Py ). If both paths have equal length, then we
can contract the cycle C’ using (16/e — 2)-triangles by Lemma 109 as follows. We begin by
constructing the following van-Kampen diagram Figure 6a to decompose C,,,, into C’ and
C" = (u,uUv,v,u): let H be the graph with vertices V(P,) UV (P,)U{u,v,uUv} and edges
E(P,) YU E(P,) Y {{u,v},{u,uUv},{v,uUv}}, where V(P) denote P’s vertex set and F(P)
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its edge set. By definition, the plane graph H given in Figure 6a is a van-Kampen diagram
with 3 plane graph faces. H embeds into X’ as illustrated by Figure 6a. In particular, the
edge boundaries of the 3 faces in H are mapped to Cy,,C’, and C"” in X’. Therefore by
Lemma 79, Cy, has a (16/e — 1) contraction.

If P, and P; are of different length, we do as follows (Figure 6b). Assume that P is
longer. Since |u + v| < en, the length of P, and the length of P, differ by at most 2. By
construction, the crefix P;, that is obtained by removing the last |P,| — | P,| vertices and
ends with a vertex z has |z| > |v|. Thus [uUv \ 2| < |[uU v\ v| < en. In this case, the
triangle {z,u,v Uu} € X’(2) can be used to decompose C,,. Denote the monotone cycle
Cy = P o(z,uUv)o(uUv,y)oP,~ . Again by Lemma 109, C,, has a 8-(2/e — 1) — 2-triangle
contraction. Now we add (z,uUv) (and also (x, u) if it is not in P,) to the graph H. Now the
van-Kampen diagram (H, Id) has 3 faces (or 4 if (z,u) is not in P,) whose face boundaries
are mapped to Cyy, Cpy, (z,u,u U v, x) (and potentially (z,z’, u,x)). Since the last 1 (or 2)
cycle has a 1-triangle contraction, C,, has a 8 - (2/¢ — 1)-triangle contraction by Lemma 79.

<

6.1.3 Contracting X’(2) with X: proof of Claim 95
We move back to consider the Johnson complex X which is a subcomplex of X'.

> Claim 110. Let C' = (vg,v1, v2, v}, v0) be any four-cycle in X. Then C has an 8-triangle
contraction.

Note that in contrast to Claim 108 we do not assume monotonicity.

Proof. Without loss of generality vg = 0. In this case vy has |vg| = t for some even 2 < t < 2en.
We intend to find a path between v; and v] and then apply the middle path contraction
from Claim 99. For this we define the following graph G = (V, E).

V = N(0) N N(vs)

E = {{u,w}| {u,w,0}, {u,w,v2} € X(2)}.

We note that vy, v} € V, and that if there is a length-¢ path from v; to v} in this graph, then
the four-cycle has a 2¢-triangle contraction by Claim 99.

To find such paths, we define two functions mapping tensor products of Johnson graphs
to G.

t -t t e t
1/)c . GC i ‘](t7 57 [Z]) ® J(TL - t?‘gn* 57 5” - [11) - G7
t t t ¢ t
bpiGpi= I b L)@ s —ten— L n- 1) s a
where every vertex (u,w) in the two tensor graphs where u € (;}22) and w € (5[7?]—\:/22) is

mapped to Y.((u, w)) = ¢¥f((u, w)) = wUw. Here we implicitly identify the ¢ elements in

J(t, £, ) with the set vy, and the n — ¢ elements in J(n —t,en — £, %) with [n] \ vo. Note
that the two tensor product graphs have the same vertex space. Furthermore when i is an

integer, the two functions are identical.

We first show that the functions give two bijections between the vertex sets: for any
distinct vertices (u,w), (u/,w’) in the tensor product graphs, the unions v U w and v’ U w’
are also distinct in V. Furthermore, for any v € V', v and vs — v both have weight en. This

t

implies that [vNvy| = £ and |v\ v2| = en — £. Therefore v has the preimage (v N wa,v \ v2)

under .. Vertex bijectivity follows.
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We next show that 1), is actually a graph homomorphism. That is to say every edge in G,
is mapped to an edge in G. For every edge {(uy,w1), (uz,w2)} in G, we have |uy Nug| = [£]
and |wy Nwa| = §n — [£]. Subsequently

Ye((ur, w1)) + Ye((u2, w2)) = (ur Uwr) + (uz Uwa) = (ug + u2) U (wy + ws)

has weight 2(2 — [£])+2(en— % — (§5n—[£]))en = en. Therefore {tc((u1,w1)), Ve ((uz, w2)}
is an edge in GG. Thus . is a vertex bijective graph homomorphism. A similar argument
shows that the same is true for ¢y.

We next use the following claim to find length-4 paths between any pair of vertices in
G.UGy and then transfer this property to G via 1, ¢y.

> Claim 111. Let G. = (V, E.) and Gy = (V; = V., E) be defined as above. For any two
vertices v1 = (u,w) and § = (v, w’) in V such that u # v’ and w # w’, there is a length two
path (v1, (z,9),8) in Gey = (Ve, E. U Ey) such that {vq, (z,y)} € E. and {(z,y),5} € Ey.

The claim immediately implies that for any pair of vertices vy, v{ in the union graph Gy, we
can find an intermediate vertex [ such that the two components in 8 are distinct from the
components in v; and v{, and then find a length-4 path of the form (v, @, 8, &/, v]) in Gey.

We postpone the proof of the claim and conclude that using the vertex bijective graph
homomorphisms . and ¢, such paths also exist in G. Therefore there exists a length-4

path between any two vertices v1,v] in G. So the four-cycle has an 8-triangle contraction.

<

Proof of Claim 111. When ﬁ is an integer, G. = Gy. The existence of the intermediate vertex
(z,y) is derived from the fact that there is a length two path between any two vertices in the

Johnson graphs J(t, %, %) and J(n —t,en — £, 5n—1).

Now we focus on the case when % is odd. Construct z as illustrated in Figure 7a.

[u\w|

Take a, C u\ v st. |az] = [F5—], by Cunu' st. |by] = [W;iu/l"’ e Cu'\ust.

lce| = [lul%} —land d, CuUW s.t. |dy] = [221717. Then set = a, Ub, Ue, Ud,. We
can verify that [uNa|=[1], lzNu/[=[L] - 1= L], and |z| =[L] + [L] = L.

Similarly, construct y as illustrated in Figure 7b. Take a, C w \ v’ s.t. |ay| = L‘w\w/lj,

2

by CwNnuw s.t. |by| = | o] ) ey Cw' \wst. ¢ = LMJ +1, and dy, C wUw’ s.t.

2
|dy| = mei;“lj Then set y = a, Ub, Uc, Ud,. We can verify that [wNy| = 5+ — [£],
ynw|=5-[§1+1=5—f], and ly| = 5] + 51 =en— 4.
Now by construction {(u, w), (z,y)} € E. and {(z,y), (v',w’)} € Ey, and thus we conclude
the proof. <

We are ready to prove the main result of this subsection

Proof of Claim 95. Recall that by Claim 101 for every edge in {z,z + s} € X'(1) we can
find some s1, s2 € Se such that path P, ;45 = (z,2+ 1,2+ s1 + s2 =z + s). So we focus
on six-cycles in X of the form C = (u,a,v,b,w, ¢, u) such that (u,v,w) is a triangle in X’
(i.e. v — u,w — u,v — w all have weight at most en). Let us further assume without loss of
generality that u = 0. Thus, C' = (0,a,v,b,w, ¢, 0) where v, w,v — w all have weight at most
en.

Our plan is as follows:

7 Since u # ', the sizes on the right-hand side of the size constraints are nonnegative. So these size
constraints are satisfiable.
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() 2 =az Uby Uczy Udy,. (b) y =ay Uby Ucy Ud,.

Figure 7 Construction of the intermediate vertex (z,y).

1. We find vertices a’,b’, ¢ such that (0,a’,v,b",w,c,0) is a cycle in X, and such that
a',b',c are neighbors of 0.

2. We decompose C to five four-cycles C,, Cy, C, Cq, Co as illustrated in Figure 8a. Then
by Claim 110 each of the four-cycle has a 8-triangle contraction. Furthermore, the figure
gives a van-Kampen diagram with C being the outer face boundary, and the four-cycles
being the inner face boundaries. So applying Lemma 79, we can conclude that C' has a
40-triangle contraction.

CoHAH)
N

(a) Decomposition of C. (b) Partition of the support of v U w.

Figure 8 Decomposition and partition in the proof of Claim 95.

Now we construct a’,b’,c’. The construction is easy when v Nw has even weight. In this
case v \ w and w \ v also have even weight. We construct the auxiliary vertices by first
evenly partitioning v\ w =1, Ul., vNw =mg Um, and w \ v = r, U1, then finding a set
x CoUw s.t. |z =en— [vUw|/2, and setting @’ =1, + mg + 7 + 2, b =lg+mg + 7.+ x,
and ¢’ =, + m. + 7. + . By construction the three vertices are adjacent to 0 and form the
cycle (0,a’,v,0',w,c,0) in X.

The construction becomes complicated when v Nw, v\ w, and w \ v have odd weights. In
this case, we partially partition the supports of v Nw, v \ w, and w \ v as follows (Figure 8b):

ot {|za| = [[v\ w]/2]
lel = Lo\ wl/2]

Ima| = Lo N wl/2)

jme| = Lo nwl/2]

L {m = Llw\vl/2|
Irel = Ll \ vl/2]

v\w=1I1,Ul.Us
vOw=mgUm. s, s.t. {
w\v=r,Ur.Us,

where |s;] = |sm| = |s7] = 1.
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Then we pick @’ = I, +mq+74+ 5, +x and ¢/ = l.+m.+7.+8,, + where x is supported

over v Uw and |z| = en—||vUw|/2]. Note that since [vUw| = |v|+|w\v| < |v|+|w—v| < 2en,
the cardinality en— | |[vUw|/2] > 0 is well defined. Define b/ = I, +mg+7.+8m+2 . We note
that |[v—a'| = [le+me+re+ s+ = en. Similarly |w—¢| = [l + Mg+ 74 + 8-+ 2| = en, so
a’ and ¢’ have edges to v and w respectively. Furthermore |[v—b'| = [l +m.+7.+5,+z| =en
and |w — V| = |lg + mec+7ra + 8¢ + x| = en. So b’ is connected to v and w. By construction

a',b',c are all connected to 0 therefore the cycles C,,Cy, C,.,Cq,Cy all exist. Thus we
complete the proof. <

6.2 Cone diameter of the vertex links: proof of Lemma 91

Recall that the links of every vertex in the complex are isomorphic to one another. Therefore
it is enough to prove the lemma for the link of 0. By Lemma 60, the underlying graph of the

£n), and the 2-faces are

link complex is J(n,en, 5

€
X0(2) = {{UO’Ul’WQ} ’ {Uoﬁvl}v{vlva}v{UmUQ} S Xo(l) and ‘Uo Nvy ﬁ’Ug‘ = Zn} .

Let us begin with the following claim.

> Claim 112. Let C = (v,u,w,u ,v) be a 4-cycle in J(n,en
C has a contraction using 4 triangles.

, 5n) such that v Nw = ), then

Proof. We intend to use the middle path pattern from Claim 99. So let us show that there

exists a path (u, z,u’) such that both edges in the path form triangles with v and with w.

To find z, we find separately z; = zNv and zo = zNw and set z = z; U z5. To find z; we set

z1 = uNv,z9 = u' Nov and note that both of these have size %n while v has size en. We note

that |x; \ 22| = |22 \ 21| and we take z; by taking ¢t = min{|z; \ 22|, §} coordinates from

each of 21 \ 22,75 \ #1, an additional §n — ¢ coordinates from each of x1 Nao,v \ (21 Uxy).

This is possible since:

1. |z1 N = §n —t and

2. o\ (z1Ux)| Zen — |z Umg| =en — |zo| —|z1 \ 22| = 50—t .

Find 29 analogously in w. Then by construction {u, v, z},{v/, v, 2}, {u, w, 2}, {u', w, 2z} are
all in X4(2). So Claim 99 implies that C has a 4-triangle contraction. <

Proof of Lemma 91. Without loss of generality consider the link of 0. Let vy € X be the
base vertex. Since the diameter of the Johnson graph is 2, for any u € X((0) \ {vo} we
arbitrarily choose a path of length 2 from vy to u as P, (the existence of triangles ensures that
we can do this for neighboring vertices as well). To bound the cone diameter, we consider
any edge {u,u'} € Xo(1) and its corresponding cone cycle C' = P, o (u,u’) o P,,;*. Let us
re-annotate C' = (vg, v1, V2, V3, Vg, V0).

Let us begin by reducing to the case where vy is disjoint from vy U vg. Observe that
|v;| = en and that |v; \ U;;E vj| < |vi \vi—1] < §n. Thus |U?:0 vj| < 3en and by assumption
that e < § there exists a vertex z such that z is disjoint from U?:o ;.

Since the diameter of the Johnson graph is 2, we can decompose C' into 5 five-cycles
Cp, C1,Co, Cs, Cy via the van-Kampen diagram given in Figure 9a. Then by Lemma 79, if

every C; can be contracted by m triangles, the original cycle C' has a 5m-triangle contraction.

So we will show next that every C; has a contraction of 17 triangles.
Re-annotate C; = (v, v1, v2, v3, v4, vg) such that vy is disjoint from ve U vz. We can find
some v] and v} such that the following holds:
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Vo Vo
vy Ab Vg 21 vy

V2 V3 V2 V3

(a) van-Kampen diagram of C. (b) van-Kampen diagram of C;.

Figure 9 Van-Kampen diagrams used in the proof of Lemma 91.

1. v} is disjoint from vs U vj.

2. v} is disjoint from v} U vs.

3. The path P’ = (vg, v}, v2,vs, v}, vg) is a closed walk in Xj.

If such vertices exists, then C; can be decomposed into two four-cycles C,, C. and a five-cycle
Cy via the van-Kampen diagram in Figure 9b. Furthermore since vg Nvs = vg Nvz = (), each
of the four-cycles can by contracted by 4 triangles (Claim 112). Furthermore, we will soon
show that C} has a 9-triangle contraction using the following claim.

> Claim 113. If a five-cycle C' = (v, v}, v2,v3, v}, Ug) in X satisfies that every vertex v € C
is disjoint from the cycle vertices that are not neighbors of v in C', then C' has a 9-triangle
contraction in Xjg.

Before proving this claim let us complete the proof of the lemma. Applying Lemma 79 again,
we can conclude that C; has a 9 4+ 2 - 4 = 17-triangle contraction.

We now find such v; and v}. Partition vy into s; U sy of equal size §n. Then define

v = s1U (v \ v3) and vj = s2 U (v3 \ v2). The two sets both have size en since [s1] = |s2| =

vo \ v3| = |vg \ v2| = £n. It is straightforward to verify that the three properties above are
2

satisfied. We thus complete the proof. <
Vo vo=aub

vy =ave

v{‘h v, vj=buUc

vy V3 v,=cud vz=dUe

(a) van-Kampen diagram of C. (b) Decomposition of the set vo U v Uwve Uws U vj.

Figure 10 Decomposition of C' in Claim 113.

Proof of Claim 113. Define sets a,b,c,d,e C [n] to be a = v Nvy, b = vgNvj,c = v) Nwg,d =
va Nwvs and e = vz Nvj. By the assumption on the vertices, the 5 sets all have size & and
satisfy that vg = aUb,v] =bUc,va = cUd,v3 =d e, and v) = e U a. Furthermore, for
each = € {a,b,c,d, e} we partition it into two disjoint sets x1, 2o of size ¢ as illustrated in
Figure 10b.

Now we can decompose C' into 9 triangles as illustrated in Figure 10a by defining vs, vg,
and V7 as follows: Vs :b1U01Ud1U€1, Vg :a1Ub1U02U61, v7 :CLlUblUderg. We
can verify that each of the 9 inner face in the figure has its boundary being a triangle in

X0(2). Thus C has a 9-triangle contraction. <
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6.3 Coboundary expansion of links in the complexes of [50]

Even though most of this Section 6 is devoted to the Johnson complex, our techniques also
extend to the complexes constructed by [50] that were described in Section 3. In this section
we prove that the link of every vertex in these complexes are coboundary expanders.

» Lemma 114. Let Y = SP(G(F3)S?) for n > 2d. Let X = 3(Y) be the basification of Y.
Then X has a cone with area 459 and is therefore a 1-dimensional ﬁ—coboundary expander.

The proof of this lemma is just a more complicated version of the proof of Lemma 91.

Before proving the lemma, we give an explicit description of the link structure. The vertices
are X (0) = M(%), i.e. all matrices of a certain rank %. The edges are

X(1) = {{Al,Az}’ 3B € M(g), B® (A — B)® (Ay — B)}.

Finally, the triangles X (2) are all {Ay, Ao, A3} such that there exist By, Bo, ..., Br € M(2)
such that the sum @;:1 B; is direct, and

Ay = B1 ® By ® B3 @ By,

Ay = B1 ® By ® Bs @ Be,
As = B; & B3 ® Bs @ Br.

This description is a direct consequence of the definition of admissible functions in
Section 3.

We follow the footsteps of the proof of Lemma 91. Towards this we need two claims. The
first proves that there exist length 4 paths between any two vertices in X, so that we can
construct a cone where the cycles have constant length. This was immediate in the Johnson
case but needs to be argued here. This claim also constructs length-2 paths between any two
matrices that form a direct sum. we will need this later on.

> Claim 115.

1. For any two matrices A, B € X(0) there is a path of length 4 between A and B.

2. If A® B then there is a path (A, C, B). Moreover, there exists such a path where the
middle vertex C' = A; & Bi such that the components of this sum have equal rank and
satisfy A; < A and B, < B8,

The second claim is a a variant of Claim 112. Claim 112 bounds 4-cycles in the Johnson

complex provided that two non-neighbor vertices in the cycle are disjoint. This claim is the

analog for X:

> Claim 116. Let (Z,C, A, D, Z) be a 4-cycle with the following properties.

1. The matrices Z @ A are a direct sum.

2. We can decompose C' = C1®C5 and D = D@D such that C;, D; < Z and Ca, Dy < A1
Then the cycle has a tiling with O(1)-triangles.

18 Not all paths from A to B have this property. For instance, let e1, e2, e3, e4 be four independent vectors.

Let A=e1 ®e1+e2®ez, C =e2®e2+e3®es and B = (e2 + e3) ® e3 + e4 ® e4. One can verify that
because C' = (e2 + e3) ® e3 + e2 ® (e2 + e3) then (A, C, D) is indeed a path. However, we can directly
check that there are no A1 < A, B1 < B such that C' = A; @ B;.

19We note that there is no analogue to second property of the cycle in the statement Claim 112. The
analogue is that C = (C1 N A) U (CN Z) (and similarly for D). This follows from the first property in
the Johnson case but we require it explicitly in this case.
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Both of these claims are proven after the lemma itself.

Proof of Lemma 114. It is easy to see that the complex X has a transitive action on the
triangles. Therefore by Theorem 78, it suffices to find a cone whose area is 459 to prove
coboundary expansion.

Let My be an arbitrary matrix we take as the root of our cone. We take arbitrary length
4 paths P4 from My to every matrix A € X (0). This is possible by Claim 115.

For every edge {A, A’}, we need to find a contraction for the cycle P4 o (A, A") o Py
We note that this cycle has length 9. Therefore it suffices to show that every 9 cycle
(Mo, Ay, As, ..., As, Mp) has a tiling with 459 triangles. We begin by reducing the problem
into tilings of 5 cycles instead. Indeed, observe that for every edge {A;, A;1+1} in the cycle,
dim(row(4;) 4+ row(A;41)) = dim(col(4;) + col(A;41)) = 3¢. Therefore there exists some
Z € X(0) such that row(Z) and col(Z) are a direct sum with row(4;) + row(4;11) and
col(4;) + col(A;41) respectively (In fact, a random matrix Z will satisfy this with high
probability for all edges in the cycle because n > 2d).

(a) From a 9-cycle to 5-cycles. (b) Middle vertex D.

Figure 11 Decomposition of the cycles.

By Claim 115 there exists a length two path from Z to every vertex A; in the cycle as in
Figure 11a. Therefore, by drawing these paths we can decompose our cycle into 9 cycles of
length 5 of the form (Z,C;, A;, Aij+1,Ciy1, Z) such that the row/column spaces of Z are a
direct sum with row(A;) 4+ row(As) and col(Ay) + col(Az). This is a similar step as the one
we do in Figure 9a in the Johnson case.

Fix a cycle as above let us denote by B the matrix such that B ® (A; — B) ® (42 — B).
Let Z1, Z5 be of equal rank such that Z = Z; @ Z5. Denote by D = Z; & B. We observe that
{Z,D},{A1,D} and {As, D} are all edges and therefore we can decompose this cycle into a
3-cycle (D, A1, Aa, D) and two 4-cycles (Z, C;, A;, D, Z) that we need to tile (see Figure 11b).

The tiling of (D, Ay, Ag, D) is simple. We decompose Z1, B, Ay — B and As — B into a
direct sum of matrices of equal rank 7y = K1 & K5, B= L1 & Lo, A1 — B = M; & M> and
As — B = Ny @& Ny. Then the matrix £ = Ky & Ly & My, & N; is connected in a triangle
with all three edges. so we can triangulate this three cycle using three triangles.

As for the cycles (Z, C;, A;, D, Z), we tile them with the claim Claim 116 using 24-triangles.
Thus we can triangulate every 5-cycle using of 51 triangles. As every 9-cycle is decomposed
into 9 such 5-cycles we get a total of 459 triangles, so the cone area is 459. |

Proof of Claim 115. First note that the first statement follows from the second, because for
any A, B there exists some D € X (0) such that A @® D and B @ D (this is because of the
assumption that n > 2d). Thus we can take a 2-path from A to D and then another 2-path
from D to B.
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Let us thus show that assuming that A ® B there is a 2-path from A to B. Decompose
A= A; & As of equal rank, and similarly for B = B; & By. Let C = A; @ B; and take the
path (A,C, B). The claim follows. <

Up until now, this was largely similar to Lemma 91. Surprisingly, the proof of Claim 116
is more complicated then its Johnson analogue Claim 112. This stems from the fact the
matrix domination poset is different from the matrix Johnson Grassmann poset, and in
particular there isn’t a perfect analogue to set intersection in the matrix poset (this is called
a meet in poset theory).

Proof of Claim 116. We will use the middle path pattern Claim 99. We observe that C1, D1 <
Z and Dy, Dy < A, and we can view them as vertices in 72 and T4 respectively. We will
use a similar strategy as in Claim 112, and use the fact that the graph 7% has short paths
between every two matrices. That is,

> Claim 117. For every m and two matrices C, D € T there is a path of length 12 between
C and D.

This claim is proven in the end of Section D.4.

Using this claim, we find a pair of 12-paths from C; to D; in 72 and T4 respect-
ively: (Cy, MY, M2?,..., M D) and (Cy, N*, N% ... N D,). Then we observe that the
matrices K = M* @ N°* form a path (C, K', K?,..., K'* D) from C to D in X. Moreover,
every edge in this path is in a triangle with A and with Z. The claim is proven. <

6.3.1 Coboundary expansion in the links and cosystolic expansion

In [50] it is proven that the Cayley complex whose link is X is not a coboundary expander
for any constant 3 > 0. It is done by proving that Z!(X,T) # BY(X,TI).
However, we can still prove that these complexes are cosystolic expanders. This notion

is a weakening of coboundary expansion that allows the existence of cohomology, i.e. for
ZY(X,T) # BY(X,T):

» Definition 118 (1-dimensional cosystolic expander). Let X be a d-dimensional simplicial
complex for d > 2. Let f > 0. We say that X is a 1-dimensional B-cosystolic expander if for
every group T', and every f € CY(X,T) there exists some h € Z*(X,T') such that

Bdist(f,h) < wt(5f). (6.1)

The difference between this definition and the definition of coboundary expansion, is that
in the definition of coboundary expansion we require h = dg, or equivalently h € B*(X,T)
whereas here we only require h € Z1(X,T') which is less restrictive.

We note that cosystolic expansion is still an important property and can sometimes be
used in applications such as topological overlapping property [43] or to get some form of
agreement testing guarantee [27].

Kaufman, Kazhdan and Lubotzky were the first to prove that in local spectral expanders,
cosystolic expansion follows from coboundary expansion of the links [60] (together with local
spectral expansion). Later on their seminal result was extended to all groups and higher
dimensions [44, 63, 64, 65, 28]. In particular, we can use the quantitatively stronger theorem
in [28, Theorem 1.2], to get cosystolic expansion from Lemma 114 and the local spectral
expansion.
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» Corollary 119. Let Y = SP(G(F3)S?) for n > 2d. Let X = B(Y) be the basification of
Y. Let Cay(F3,S) be the complexes whose links are isomorphic to X, as constructed in
Section 3. Assume that n is sufficiently large such that Cay(F3,S) is a 10~*-local spectral
exzpander. Then Cay(Fy,S) is also a 1-dimensional 10~*-cosystolic expander.

We omit the details.

7 Induced Grassmann posets

In this subsection we will present a generalization of our Johnson and Matrix Grassmann
posets. After a few preliminaries, we will present a way to construct Grassmann posets based
on the Hadamard encoding. We will see that such complexes have a simple description of
their links. Afterwards, we will show that on some of these complexes we can decompose the
links into a tensor product of simple graphs, generalizing some of the previous results in this
paper. We start with some classical facts about quotient spaces and bilinear forms.

7.1 Preliminaries on quotient spaces and bilinear forms
Quotient spaces

Let U C V be a subspace. The quotient space is a vector space V/u whose vectors are the
sets v+ U ={v+y| y € U} for every vector v € V. It is standard that addition (and scalar
multiplication) is well defined on these sets. Addition is defined as (v +U) + (z +U) ==
(v+ ) + U and the sum of the two sets does not depend on the representatives v € v + U
andz € x4+ U.

Bilinear forms

Let V1, V5 be two vector spaces. A bilinear form is a function () : Vi x Vo — Fy such that

(1 + 22,91 + y2) = (1, 1) + (T1,Y2) + (T2, Y1) + (22, 92)

for every x1,xo € Vi and y1,y2 € V. A bilinear form is non-degenerate if for every 0 # x € Vi
there exists y € V5 such that (z,y) = 1, and for every 0 # y € V5 there exists « € V; such
that (x,y) = 1.

When possible, we will work with the standard bilinear form ()stq : F5 x F§ — Fa given
by (z,Y)sta = Z?Zl x;1; instead of arbitrary bilinear forms. The next claim allows us to
move to this standard bilinear form.

> Claim 120. Let () : Vi x Vo — T3 be a non-degenerate bilinear form. Then
dim(V;) = dim(V2) =: m and there exists isomorphisms ; : V; — TFJ" such that

<:C’y> = <w1(z)7w2(y)>std-

From now on, we write () instead of ()44 when it is clear from context; Claim 120 justifies
the abuse of notation.

Proof sketch of Claim 120. To see that dim(V;) < dim(V2), note that from non-degeneracy
the function 7 : Vi — V5* that sends = +> (z,-) is an injective linear function. Swapping V;
and V5 shows that the dimensions are equal.

We observe that for every basis fi, ..., f,, of V1 there exists a dual basis hq, ..., hy, of V5
1 i=j

such that (f;, h;) = . As for the isomorphisms, we fix some basis f1,..., fm of V1

0 i#yj
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and its dual basis hi,...,hy € Va. Let e1,..., e, € F5* be the standard basis. It is easy to
verify that the pair of isomorphisms 7 that sends f; to e;, and 1o that sends h; to e; satisfy

(z,y) = (¥1(2),¥2(y))- q

For a fixed bilinear form and a subspace U C V; the orthogonal subspace is the subspace
Ut ={yeVa| Vo €U, (x,y) =0} C Vs,
and for a subspace U C Vs, one can analogously define U+ C V.

» Definition 121 (Derived bilinear form). Let () : Vi x Vo — Fy be a non-degenerate bilinear
form and let U C Vy be a subspace. The derived bilinear form ()i : Vi/u x U+ — Fy is a
bilinear form given by

(x + U,v)y = (z,v)
for any x +U € Vi/u and v € U+.

It is easy to verify that (x + U,v)y is well defined. That is, it does not depend on the
representative x € x + U. It is also straightforward to verify that this derived bilinear form
is non-degenerate.

Most of the time we will abuse notation and write (x + U, v) instead of (z + U, v)y when
U is clear from the context.

7.2 The induced Grassmann poset - definition and running examples

In this subsection we construct a type of Grassmann posets called induced Grassmann posets.
This construction generalizes the matrix Grassmann poset [50], its sparsified version in
Definition 40 and the Johnson Grassmann poset in Definition 58.

Let s : F§\ {0} — F% be a function, not necessarily linear. The induced Hadamard
encoding of s is the linear map 5 : F$ — F% where

$(x) = Z (x,v)s(v) = Z s(v).

veFd veFd:(z,v)=1

We note that the inner product between any x and the 0 vector is always 0. Thus we just
need to define these functions over s : F4\ {0} — F%.

We call 5 the induced Hadamard encoding, because if n = 2¢ — 1, we index the coordinates
of F% by the non-zero vectors of F¢, and set s : F4 \ {0} — F% to be the function that sends
v € F¢\ {0} to the standard basis vector that is 1 on the v-th coordinate and zero elsewhere.
Then § is the (usual) Hadamard encoding and its image is the Hadamard code.

» Definition 122 (Induced Grassmann poset). Let d,n > 0 be two integers such thatn > 2% —1.
Let S be a set of (non-linear) functions such that every s € S is injective and the set
Im(s) = {s(v)| veF3\{0}} is independent. The S-induced Grassmann poset is the
d-dimensional Grassmann poset Y such that Y°(d) = {Im(3)| s € S}.

To be explicit, for i < d, an i-dimensional subspace W is in Y5(i) if there exists some
W' € YS(d) containing W. Equivalently, this is if and only if there exist a s € S and a
subspace U C F¢ such that 5|y = W. For i = 1 this says that v € Y°(1) if and only if
v = 5(x) for some s € S and non-zero = € Fg.

We note that if the vectors in the image of s are independent, then dim(Im(s)) = d. We
also note that different s, s’ may still result in the same spaces Im(3) = Im(s').
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Although this definition seems abstract, hopefully, the following examples, which were
already introduced in the previous sections, will convince the reader that this definition is
natural.

» Example 123 (The complete Grassmann). Let d and n > 2¢ — 1 be positive integers. Let S
be all injective functions whose image is independent. Then Y = G(F3')<? is the d-skeleton
of the complete Grassmann of 5. To see this let us show that every d-dimensional subspace
W has some s € S such that Im(s) = W. Let s’ € S be an arbitrary function and let
W' = Im(s'). Find some A € GL,(F;) that maps W’ to W and set s(z) := A(s'(z)). It is
easy to verify that indeed s € S and that Im(s) = W.

» Example 124 (Johnson Grassmann poset). Let d and n > 2% — 1 be positive integers. Let
E = {e;}"_, be the standard basis for FZ. Let S; be the set of injective functions from Fg
to E. For this Sy, the poset Y57 is the Johnson Grassmann poset.

First note that a vector from F3 is in Y57 (1) if and only if its Hamming weight is 2471
every such vector w is equal to w = 5(z) = Zvemg (x,v)s(v) for some s € Sy and x # 0. The
s(v)’s are distinct standard basis vectors, and there are exactly 2¢~1 non-zero (z,v) in the
sum. Therefore the weight of w is 29~

The d-dimensional subspaces are the Hadamard encoding on 2% — 1 coordinates inside n.
Let us be more precise. Fix a map s and for simplicity assume that I'm(s) = {e, ea,...,€0a_1}.
Let W = span(Im(s)). By indexing W with the coordinates of v € F4\ {0}, then 5(x) =
((x, ”>)vng\{0} € W, which is the Hadamard encoding of z.

The basification of this poset is an alternative description of the links of Johnson complexes.

» Example 125 (Matrix poset [50]). Let d and n > 2¢ — 1. Recall that M(1) is the set of all
rank one n x n matrices over Fo. Let Spq be the set of functions s : F$ — M(1) such that the
matrix M, = (@vng\{O} s(v)) is a direct sum, or in other words rank(M,) = 2% — 1. One
can see directly that such s’s are the admissible functions of Definition 39 for the special case
where the ambient poset is complete Grassmann G(F%). In this case, Y5 = SP(G(F3)).20

To draw the analogy to the Johnson, let us illustrate that indeed a matrix A is a 1-
dimensional subspace in the Sy-induced Grassmann poset Y S if and only if rank(A4) = 291,
This follows the same logic as in the Johnson case. If A € YSM(1) then A = 5(z) for
some s € Sy and x # 0. This means that A is the sum of 297! distinct s(v)’s. As
the matrix M is a direct sum, the sum of the s(v)’s is also a direct sum. This implies

that rank(A) = >°,, ,,_; rank(s(v)) = 249=1. On the other hand, suppose A has rank

29=1 and decomposition A = Zj:ll e; ® fj. Take an arbitrary x € Fg\ {0} and let

R={ve F§l| (v,z) =1}. As R also has size 297!, we can find some s € S that maps
the elements in R to the e; ® f; in the decomposition of A. For such an s, we have

S(z) =3 ,cr s(v) = A, thus concluding A € Y5(1).

The construction in [50] used matrices over a larger field of characteristic 2 instead of Fy
itself. See [50] for the details.
The next example is the one given in Definition 40.

» Example 126 (Sparsified matrix poset). Let d > 0 and let Y; be any 2¢ — 1-dimensional
Grassmann poset over 5. We define a sparsification Sy, C Sps.

Sy, = {5 € Sam | row(M,),col(M,) € Yo (27 —1)} 2!

20 There is a slight technical difference between this complex and the one in [50], that follows from
Golowich’s use of larger fields. See [50] for more details.
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where M, = (EBUE]F;I\{O} s(v)). The one dimensional spaces M € YS¥ (1) are 24~ 1-rank

matrices such that row (M), col(M) € Yy(2971). The top-level spaces are W € YSM(d), such
that the sum of row spaces (resp. column spaces) is in Yp(2¢ — 1).

Finally, we end this subsection with the comment that if one has a distribution p over S,
this also defines a distribution over Y¥(d) in a natural way. That is, sampling s ~ y and
then outputting Im(3) € Y5(d). Unless otherwise stated, we will always take the uniform
distribution over Y(d).

7.2.1 Subspaces of an induced Grassmann poset

Fix i < d. The subspaces YS(i) are defined by downward closure, but we can give an
alternative description of Y5 () via an induced Grassmann poset with some S; that is derived
from S. We begin by looking at our examples for intuition and then generalize.

In the examples above, the lower dimensional subspaces have some structure to them. For
instance, one can verify that the i-dimensional subspaces in the Johnson Grassmann poset
could be described as images of Hadamard encodings § where the image of s : 5\ {0} — F%
consists of vectors of Hamming weight 2¢~% such that the supports of every pair s(v) and
s(v') are disjoint. This generalizes the case where ¢ = d, and the image of s € S; are distinct
vectors of weight 1.

In a similar manner, we saw in Claim 41 that i-dimensional subspaces of the Matrix
Grassmann poset are images of induced Hadamard encodings

Im(s) = Z (x,v)s(v)| z € Fh 3,

veF;,

where every s(v) has rank 29=¢ and M, = EBveIF;\{o} s(v) has rank 2% — 2977 Again, this is
a natural generalization of the case where i = d.

Back to the more general setup. Recall that every W € Y¥(d) is the image of 5 for some
s € S. The map § is always injective, therefore every i-dimensional subspace W’ C W is also
the image W’ = Im(5|y) of some i-dimensional subspace U C F4.

Let V C F¢ be the (d — 4)-dimensional space such that U = V1, that is, U =
{z €Fg| Vy eV, (z,y) =0}. Let sy : (F2/v)\{0+V} = F§ be sy (v+V) =3 copy s(V).
We use the bilinear form ()y to define the function sy : U — F% as the induced Hadamard
encoding, i.e.

sv(z) = Z w4+ V,z)y - sy(v+ V).
R

Here we recall that (v + V,xz)y = (x,v) for x € U (and we recall that this is independent of
the choice of representative v).
Let

Si={sy| s€S,VCF; dim(V)=d—i}.
We will show that for every s € S, Im(5|y) = Im(5y) and hence S; induces Y (i).

> Claim 127. For every subspace U C F4, V = U+, function s : F§ — F¥, and = € U,
5v(z) = 5(x). As a result, (YO)S =YSi,

CCC 2025
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Here there is some abuse of notation since the domain of 5y is not F4, but some arbitrary
i-dimensional space U C FZ. However, this does not matter since we are taking the image
space of 5y7.

Before proving this claim, let us review our previous examples in light of this.

» Example 128 (Johnson Grassmann poset). For the Johnson Grassmann poset, fix a (d —i)-
dimensional subspace V C F4. Then a function sy € Sy if and only if every value sy (v+ V)
has Hamming weight 29~% and for every v + V # u + V the supports of sy (v + V) and
sy (u+ V) are mutually disjoint.

By Claim 120 we replace the functions in S;, with similar functions whose domain is F?,
without changing the resulting poset. Thus another set of functions S; such that the induced
Grassmann on S is also equal to (Y57)S? is the set of all functions s : F3 \ {0} — F} such
that the Hamming weight of every s(v) is 247, and such that if v # u then the supports of
s(v) and s(u) are disjoint. These are exactly the admissible functions in Definition 69.

» Example 129 (Matrix poset and sparsified matrix poset). For the matrix example above
let us fix some s € Syq and (d — i)-dimensional subspace V C F4. The matrix sy (v + V)
is a direct sum of 2?7% rank 1 matrices. Thus rank(sy (v + V)) = 297%. The matrices
{sv(v+V)}otv have the property that their sum M, =P, vy sv(v+V) is a direct
sum, or equivalently that rank(Mj,, ) = 2¢ — 24-722

Again by Claim 120, we can give an equivalent set of functions S; — the level i admissible
functions in Section 3. These are all functions s : F \ {0} — F% such that rank(s(v)) = 24~
and rank(M,) = 2¢ — 297% where M, = Evemg\{o} s(v).

We remark that the sparsified matrix induced Grassmann poset Sy, also admit a similar
description of the i-spaces which was explained in Section 3.

Proof of Claim 127. Fix s and an ¢ dimensional subspace U. Let V = U~ be some d — i-
dimensional subspace in Fg. Let z € U. Note that while 5(z) = > vz0{®,v)s(v), we can
remove all elements v € V' from the sum since z is orthogonal to them. We also recall that
for every vi,v3 € v+ V, (x,v1) = (x,v2) == (x,v+ V) so

8(@) =Y (z,v)s(v)

vgV

= Z (x,0+ V) ( Z 3(1}’))
VA0V v EvHV

= Z (z,2v+V)sy(v+ V) =5y ().
vV £0+V

Thus in particular for every s, Im(sly) = Im(Sy). As § is injective, every subspace
W € YSi(i) is the image Im(5|y) of some i-dimensional subspace U C F4. The claim follows.
<

7.3 A decomposition for the links

Our goal is to prove that links of some induced Grassmann posets decompose into tensor
products of simple graphs, reproving and extending both Proposition 51 for the matrix
Grassmann poset, Lemma 46 for the sparsified matrix poset, and Proposition 62 for the
Johnson Grassmann poset.

22 Note that this is not the matrix M, in Example 125, since the matrices s(v) do not participate in this
sum when v € V' \ {0}.
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For this we need to zoom in to a less general class of induced Grassmann posets, which
we call rank-based induced Grassmann posets with the direct-meet property. Let us define
these.

7.3.1 Rank-based posets

Let G C F} be a spanning set that does not contain 0. The rank of a vector v with respect
to G, rankg(v), is the minimum number of elements in G necessary to write v as their sum.

» Definition 130 (k-admissible spanning set). We say G is k-admissible if for every v with
rankg(v) < k there exists some u such that rankg (v + u) = rankg(v) + rankg(u) = k.

» Example 131.

1. For example in Johnson Grassmann posets, take G 7 := {e1, es, ..., e,} to be the standard
basis. Then rankeq, (v) = wt(v) is just its Hamming weight. This set is n-admissible.

2. For matrix Grassmann posets, taking G := M(1) to be the set of rank one matrices
inside F3*", then rankg,, (M) = rank(M) is its usual matrix rank. This set is also
n-admissible. This second example can be extended to G being the rank one k-tensors
for k> 2 in F5*" " as well.

The following notation of a direct sum generalizes the matrix poset direct sum.

» Definition 132 (Abstract direct sum). We say that wy +wz + -+ +w; is a direct sum and
write wy G wy @ -+ D w;, if rankg(wy + we + -+ w;) = Y ,_; rankg(we). We also write
wy < we if w; B (we —wy).

For G 7 we have wy @ wy if and only if they are disjoint (as sets) and w; < ws if and only if
w1 C wy. For G aq the definitions of My & My and My < My coincide with the direct sum
and matrix domination order defined in Section 2.4. It is easy to show that for any G the
relation < is always a partial order.

» Definition 133 (Rank r-admissible functions). Let d be an integer. Let G be a (r(2% — 1))-
admissible set. A rank r admissible function is s : F4\ {0} — F% such that every s(v) has
rankg(s(v)) = r, and such that @UGFS\{O} s(v) is a direct sum. The rank r admissible set of
functions Sg is the set containing all rank r admissible functions.

We comment that this set S indeed gives rise to an induced Grassmann poset, because if the
sum of the vectors in {s(v)},cpa\ {0y I8 a direct sum, then this set is independent. The reason
is that if there is a nonempty subset A C {s(v)},cra\ (0} such that 3 4 s(v) =0, then

rankg Z s(v) | = rankg Z s(v)

veFd\{0} veFd\(Au{0})
< Z rankg(s(v)) < Z rankg(s(v)),
veFg\ (AU{0}) veFd\{0}

which shows that in such a case the sum was not a direct sum in the first place.
For the rest of this section we will always assume there is some ambient (r(2¢ — 1))-
admissible set G, and that S = Sg with respect to this set.

» Definition 134 (Rank-based induced Grassmann poset). If S is the rank r admissible set
with respect to some G, then Y is called a rank-based induced Grassmann poset.

CCC 2025
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» Example 135. Both the Johnson Grassmann poset and the matrix Grassmann posets are
rank-based induced Grassmann posets for G 7 and G respectively.

» Example 136 (Non example). The d-skeleton of the complete Grassmann is not a rank-
based induced Grassmann for any d > 2. To see this we observe that in a rank-based induced
Grassmann poset Y, every w € Y¥(1) has rankg(w) = r2¢71 > 2. This is because 5(z) is
always a direct sum of 297! vectors of rank r. However, in the complete Grassmann Y (1)
contains all non-zero vectors, including the vectors in G which have rank one.

7.3.2 The direct-meet property

Unfortunately, this is still too general for a meaningful decomposition lemma. For this we
also need to define another property of G which we will call the direct-meet property.

» Definition 137 (Meet). The Meet of a set of elements T C F% is an element Meet(T) € Fy
such that

1. For everyt € T, Meet(T) <t (in the abstract direct sum sense).

2. For everyv € Fy, if v <t for every t € T, then v < Meet(T).

This is a standard definition in poset theory. We note that Meet(T") does not necessarily
exist, but if it exists it is always unique.

» Definition 138 (Direct-meet property). We say that G has the direct-meet property if for
every three elements, wy,wy, w3 such that wy G we & w3, the meet of {wy & wa, w1 G w3}
exists and is equal to wy.

We say Y has the direct-meet property if it is a rank-based induced complex, where the
generating set G has the direct-meet property.
We note that this definition is not satisfied by all spanning sets G.

» Example 139 (Non example). Let G = {e1,eq,e3,€1 + €4, ez + 4,3 + e4} C F3 where
e1, e, es,e4 are the standard basis. Then G does not have the direct-meet property. To
see this let wy = ey, wy = eg, w3 = e3. The triple wy ® wo @ w3 is a direct sum. However,
e1+es<w twy=e;+e=(e1+es)+(e2+eq) ande; +e4 < wy +w3 =€ +e3 =
(e1 + eq) + (e3 + e4), but e; + e4 £ e; = wy. Hence wy is not the meet of wy; & we and
w1 D ws.

However, both the Johnson and the matrix sets have this property.

» Example 140. For the set G; = {ej,ea,...,¢e,} which defines Y7, the direct-meet
property holds. Indeed, the meet of any set T is the intersection Meet(T) = (. t, where
we treat the vectors as sets. In particular, the meet of w; ® wo and wy & w3 is wy.

» Example 141. A more interesting example is the low-rank decomposition case. Let G be
the set of rank 1 matrices which defines Y. Contrary to the Johnson case, there exists a
set { My, My} with no meet. For example let ey, e3 be independent, let M} = e1 ® 1 + €2 ® €2
and let My =e1 ®e;+ea® (e1+e2). Both A =e¢;®e; and B = e5 ® (e1 + e2) are under M,
and My in the matrix domination order. However, A £ B and B € A and therefore there is
no meet for {M;, Ms}. Nevertheless, the rank 1 matrices have the direct-meet property.

> Claim 142. The set Gaq has the direct-meet property.

This claim essentially abstracts the observation in [50, Lemma 57]. We prove it in Section C.3.
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Finally we state an elementary claim about the meet which we will use later on, extending
the property from three elements to any finite number of elements.

> Claim 143. Let G be a set with the direct-meet property. Let T' = {w1, wa, ..., wn} be
such that @Tzl w; (with respect to G). Let T' = {v1,v2,...,v,} be linear combinations of
T, ie v;= @eelj wy for some subsets I; C [m]. Then

Meet(T') = @ wy.

eeﬂ;ZI I;

The proof is just an induction on the size of T. We omit it.

7.3.3 The general decomposition lemma

We move towards our decomposition lemma for links of a rank-based Y with the direct-meet
property. Our components for the decomposition lemma are the following.

» Definition 144 (z-domination graph). Let z € F% be of rank 4m. The graph T# has vertices
V ={y <z| rank(y) = 2m},

E = {{w1 ® wo,w; ®ws}| rank(w;) = m, w1 & ws ® ws < z}.

To sample an edge we sample a uniformly random decomposition wi ® ws G wz B wy = 2,
such that rank(w;) = m and output {y,y'} such that y = wi ® wa,y = w1 S ws. The set of
edges is the support of the the above distribution.

For Gy, this graph coincides with the subposet graphs introduced in Definition 43. For the

Johnson Grassmann poset, this graph turns out to be the Johnson graph 7% = J(4m,2m,m).
This is because every vector in the graph has weight 2m and is contained in a z of weight 4m.

Having y = w1 ® ws and 3y’ = wy & ws in this definition is equivalent to y and 3’ intersecting
on half their coordinates.
We continue with our second component.

» Definition 145 (z-link graph). Let z € F% be a vector whose rank is r(2¢ — 2%) and let
m < r2i=2. The graph H., ., has vertices

V ={y € F}| rank(y) = 2m,y ® z},

E = {{w ® wa, w1 ®ws}| rank(w;) =m,z ®w; ® wa ® w3} .

We define the (weighted) edges according to the following sampling process. To sample an
edge we sample a random s € S such that EBUG]F% s(v) =t = z. Then we uniformly sample

2 <t —z such that rank(z') = 4m and output a random edge in T~ .

For G4, this graph coincides with the disjoint graph introduced in Definition 44. For the

Johnson Grassmann poset, this graph is also a Johnson graph, H, ,, = J(n — |z|,2m,m).
This is because every vector in the graph has weight 2m whose support is disjoint from z.

The sampling process in this graph amounts to uniformly sampling a 4m-weighted set 2’
that is disjoint from z, and then taking a step inside its 7. This is the same as sampling
(uniformly) two subsets y, 3y’ disjoint from z that intersect on half their coordinates.

The final component we need to state the decomposition lemma is this following claim.
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> Claim 146. Let Y° be a rank-based induced poset with the direct-meet property. Then
for every W € YS(i), and s1,s2 € S; such that Im(81) = Im(8) = W, it holds that
Im(s1) = Im(s2).

We will hence denote by Qw = {z1,22,...,20i_1} the image set of a given W. We also
denote by zw = EB?:? z; the direct sum.

This claim is a consequence of the direct-meet property. We prove it later and for now,
let us proceed to the decomposition lemma.

» Lemma 147 (The decomposition lemma). Let W € YS(i) with Qw = {zj}fi:_ll and
Zy = @521 zj as above. Then Yyy =T @T? @ @T 21 @H,, gi-2.

We observe that this lemma applied to Y57 implies Proposition 62. Applied to Y™ this
lemma proves Proposition 51. We can even generalize this lemma slightly more to capture
the sparsified matrix case in Lemma 46. See Section 7.4 for details.

In order to prove Lemma 147, we need to define the isomorphism. To do so, we give a
combinatorial criterion for a vector y being in Y;5 (1) in terms of its meets with the elements

in QW

> Claim 148. Let W € Y¥(i) with Qw = {21, 22,...,20i_1} as above. Let y € F}. Then
y is in the link of W if and only if there exists unique yi,¥y2,.. .,y with the following
properties:

1. y= @511 y; (that is, y is equal to the sum of all y;’s and this sum is direct).

2. All y;’s have equal rank.

3. yi < 2. ‘ ,

In this case the subspace W' = W + span(y), has Quw = {z; }3:_11 U{z —y; }?;1

Note that items 1 and 3 imply that the rank of y; is half the rank of z;.
Given Claim 148, we can define the isomorphism ¢ : Yiyr - T QT2 Q- QT 21 ®
H 2i—2 by

ZW

V() = (Y192, -+, Yai)s (7.1)

where the image consists of the unique y;’s promised by the claim. This function is also a
bijection by Claim 148.

To conclude the proof, we need to argue that an edge {y,y'} is sampled by sampling
the different components y;, y; independently from one another. For this part, we basically
need the following independence claim for the distribution we used when sampling s € S.
Let P be the random variable obtained by sampling a function from S. For a set R C Fg,
let P|g be the random variable obtained by restricting the function only to the vectors
of R. Let zgp € Fy. Then P|r and P|Fg\R are independent, if we condition on the event

> wer Plr(v) = 20.

> Claim 149. Let S be a rank-based poset. Let Ry, Ra, ..., R,, C F4\ {0} be a partition.
Let 21, 22,...,2m—1 € FY be such that rank(z;) = |R;| -7 and 21 ® 20 & -+ D 25— 1.
Consider the joint random variables {P; = s|g, }7*;. Then conditioned on the event that

foreveryi=1,2,...,m—1
Z Pi(v) = 2,
vER;

these random variables are independent.



Y. Dikstein, S. Liu, and A. Wigderson

We prove the lemma first, then go back to show the sub-claims.

Proof of Lemma 147. Let us denote by G = T @ T2 @ --- ® T2-1 @ H,,, yoi-2. We
define a map v : Y3 (1) — G mapping y — (y1,¥2,-..,y2:) as in (7.1). That is, the y;’s are
as in Claim 148. By Claim 148, this map is well defined for every y and sends link vertices
into the vertices of G. Moreover, by Claim 148 this is also a bijection, since the map

21
77[}71(y173427 s ayQi) = @yj
j=1

is indeed onto Y;3 (1) according to the claim.

Next we prove that a pair {y,y’} is an edge in ;5 if and only if {1 (y),(y’)} is an edge
in G (ignoring any edge weights for now). Recall that {y,y’'} is an edge in Y;3, if and only if
y' € Y57 (1) where W’ = W + span(y). By Claim 148, Qu» = {yj}?;l U{z — 91}5:_11 Let
us re-index t; € Qw’s with

Yj b=0
tip= :
zj—y; b=1

for (j,b) € ([20 —1] x {0,1}) U{(2%,0)}. Moreover, by applying Claim 148 to W’ we have

that 3’ € Yi5. (1) if and only if:

1. We can decompose y' = EB(j,b)e[2’7]><{071} Y;p such that the rank of every summand is
equal.

2. For every (j,b) # (24, 1), Yip <t
3. The final y3, , is a direct sum with zy~ (the sum of all elements in Q).

So on the one hand, if ¥(y),¥(y’) are neighbors in the tensor product G, we can take
Yj.0 = Meet(y},y;) and y; ; = Meet(y}, z; — y;) which will satisfy the above property (and is
well defined by the properties of 7% and the direct-meet property). This shows that being
an edge in G implies being an edge in Y3 .

For the reverse direction, suppose there exists such a decomposition of y’. Then for
every z; the vectors wy = yj 5, wa = yj 1, w3 = tj0 — Y and wy = t;1 — y;, have that
wy B wy = y; and w; © w3 = y;. In addition they have equal rank and their direct sum is
equal to z;. Thus {y;, yé} is an edge in T%. For the final component, a similar argument
applies: We decompose w; = y;w, Wy = Yogi — yéi,o and w3 = y’21 All three vectors have
rank 272 and have a direct sum. Furthermore, ys: = w1 @ ws and Yhs = w1 D ws. As a
result {yq:, 95} is an edge in H,,, roi-2. Thus {¢(y),¥(y’)} is an edge in G.

Finally, we note that we can sample {y,y’} by sampling every pair {y;,y;} independently.
Indeed, when sampling an edge in the link of W, we are conditioning on sampling some
s € 8 so that for a fixed (d — i)-dimensional subspace Vj, the image of sy; : F2/v, \ {0} — F%
is fixed. For every j < 2° — 1, there exists some v + V; such that {y;, y;} depend only on the
values of v € Vp (this is the v + V4 such that y;,y; C sy, (v + Vp)). For the final component
{¥2i, 45}, this edge only depends on s restricted to (04 Vp) \ {0}. By Claim 149, the values
of s on the respective parts in each coset v 4+ V, are independent once all values of sy, have
been fixed. We conclude that indeed 1 is an isomorphism. |

We conclude this subsection with the proofs of Claim 146, Claim 148 and Claim 149.
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Proof of Claim 146. We will prove something even stronger. With the notation in the claim,
we show that there exists some A € GL;(Fz) such that so(x) = s1(Ax)*. Let s1, 82 € S; be
such that Im(s1) = Im(s3) = W and such that without loss of generality the domain of
sy and sy is F§ \ {0}. Observe that by Claim 143, Meet({3(y) | y € Fj, (z,y) = 1}) = s(x),
since the subset on the left consists of direct sums of a bunch of s(z), and s(x) is the only
common component in these sums of 5(y).

Now assume that Im(53) = I'm(S1). This implies that there is an isomorphism B such
that §1(x) = $3(Bx). On the other hand, by the above

s1(x) = Meet( {sAl(y)| yeIFé,(:n y) = 1}

= Meet({ 55 ‘ y €T <x,B*1y’> =1})
= Meet( {52 " ’ eF, (BN a,y) = 1})
=s((B7Y) ).
Set A= (B~Y)T and we got s1(z) = so(Ax). <

We note that the above proof used the intersection patterns of the Hadamard code.

Proof of Claim 148. Let s € S and U’ C F¢ be such that Im(5|y/) = W’ and let U C U’ be
such that Im(3|yy) = W. Write V = V' @span{b} such that U’ = V'+ and U = V. We recall
that every v+ V € F5/v can be partitioned into two cosets of V/, v+ V = v+ V' U (v+b)+ V'
and therefore sy (v + V) = sy (v + V') + sy ((v +b) + V'). By the fact that sy € S; this
sum is also direct.

We first prove the only if direction. Let « € U' \ U be such that 5(z) = y. By Claim 127,
it also holds that sy (x) = y. By the fact that x € U’ \ U, the inner product (z,b) =1 and
therefore, (z,v+ V') # (x, (v +b) + V’). This implies that for every vo +V # 0+ V, exactly
one of y; € {sv:(vo + V'), sy/((vo + b) + V') } satisfies y; < y. Indeed:

y= 5 (x)

= Z <x,v+V’>svz(v—|—V’)
V'Z0o+

= ({x,v0 + Vsyr(vg + V') + (z, (vg + b) + V) syr(vg + b+ V"))
volvo+V#0+V

Assume that (z,vp + V') =1 and thus (z, (v + b) + V') = 0 (the other case is similar). In
this case, because this whole sum is a direct sum every non-zero component in the sum is
dominated by y. In particular sy (vg + V') < y. Moreover, any component that does not
appear in this sum is a direct sum with g, and in particular sy (vg+ b+ V') £ .

Thus we re-index z; = sy (v + V) (arbitrarily) and set y; to be the component where
y; Syand y; < sy(v+V) = z;. We also set yo: = sy (b) and note that yo: also participates
in the linear combination of 5y (z) because (z,b) = 1. All y;’s have rank 2¢="~! and by
the discussion above, we have that y = 23;1 y;. Moreover, y; < z; for every j < 20 -1
and yoi is a direct sum with the sum of z;’s. Thus, Qw' = {sy' (v + V') | v+ V' #V'} =

23 Note that a priori s1 and sz could have different domains, so technically A is an isomorphism between
the domain of s1 and that of ss.
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{y, }5;1 U{z —y, }?:_11 by construction. Finally, we note that the when the admissible
functions come from a rank-based construction that has the direct-meet property, then
y; = Meet(y, sy (vo + V')) for some vy + V. Thus, the y;’s are unique.

Conversely, let us assume that the three items hold and prove that W’ € Y (i 4+ 1). Let
s € §; be such that Im(5) = W. Recall that S;11 consists of all functions s’ whose image
contains vectors of rank 29~% whose sum is a direct sum. Therefore, let us construct such a
function s’ : Fit' — F% satisfying Im(3) = W’. First, we re-index the elements y; as y,’s
for every v € F§ \ {0} (but keep the notation y,: as before) so that y, < s(v). For an input
(b,v) € (F2 x F3) \ {0},

S(U)_yv b:O7’U7éO
s'(b,v) =<y, b=1v#0.
Yoi b:17’l):0

It is easy to see that the image of s is {93}3;1 U{z; — yj}?i:_ll, and these vectors form

2d—7l—1

a direct sum and they all have rank . Thus we successfully construct a s" € S;11.

Moreover, one readily verifies that sA’(l,ﬁ) = ZveF; s'(1,v) = 25:1 y; = y and that for
U// = {(070) | v E F’é} we ha,Ve that Im(;\/|UN) = W Thus Im(;\/) — W/' 4

Proof of Claim 149. It suffices to prove that P; is independent of Py, (i3 where P 4}
denotes the rest of the random variables. For any ¢ = 1,2,...,m — 1, the distribution for
P; is uniform over all partial functions sg : R; — F4 satisfying (1) Yv € R; rank(so(v)) = 7,
and (2) @,¢p, so(vi) = 2. This follows from the fact that for any fized conditioning of the
form P; = S|(F§\{O})\Ri where the image of P; sum up to z; for all j # ¢, all such functions
so have equal probability density.

For ¢ = m, a similar argument applies. Conditioned on Py = s|g,, Po = $|Ry;- -+, Pm—1 =

s|Rr,,_, (where the sum of each s|g,’s values equals z;), the last partial function s|g,, is

sampled by picking a uniformly random (ordered) set of rank r elements ¢1,ts, ... R
satisfying that (@;n:_ll Zj) D (@lj}i’fl tj). It is obvious that the distribution of P, is
independent of the specific functions assigned to Py, P, ..., Pp_1. <
7.4 The distribution over admissible functions

We can extend the decomposition lemma above to a slightly more general setup. In this

setup we sample s € S according to a specified distribution instead of sampling it uniformly.

Let S be a set of admissible functions. Let p be a probability density function of S. We
say that u is permutation invariant if for every s € S and every permutation 7 of F4 \ {0},
u(s) = p(som). Such a p induces the following measure over the d-dimensional subspaces
Y$(d) in the rank-based induced poset: first sample s ~ p, and then outputs Im(3). We call
posets obtained by this process measured rank-based posets.
The sparsified matrix poset is an example of a measured rank-based posets, where the
distribution p of admissible functions is given by the following:
1. Sample W1, W5 € Yy(2% — 1) independently.
2. Sample s uniformly at random such that row(@vemg\{o} s(v)) = W; and
col(@vng\{O} s(v)) = Wa.
For general Y, this distribution p is nonuniform, and the resulting poset is a measured
rank-based poset. Hence this more generalized definition captures the sparsified matrix poset
in Definition 40.
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For such posets we can prove a version of the decomposition lemma using the following
variants of the graphs from Definition 145.

» Definition 150 ((z, u)-link graph). Let z € F} be of rank 2¢ — 2¢ and let m < 2172, The
graph HY has vertices

V ={y € F2| rank(y) = 2m,y @ z},

E = {{w; ® wq,w; ® w3} € Fy| rank(w;) =m,z ® wy & wy ®ws}.

The edge distribution is given by: first sample a random vector s ~ p conditioned on
t:= @@Fg\{o} s(v) = z. Then uniformly sample a 2’ <t of rank 4m and finally output an

edge in T according to the distribution in that graph.
» Lemma 151. Let Y be a measured rank-based poset with the direct-meet property. Then

for every W € YS(i) with Qw = {z1,22,...,2i_1} and 2y = 23:11 zj defined as before,

VT T2 T2 @H! . ..

ZW ,T

The proof of this lemma follows the exact same argument in the proof of the decomposition
lemma Lemma 147. Therefore we omit the proof for brevity.
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A The decomposition lemma

Proof of Lemma 15. Let us denote by Ag, A; the adjacency operators of G, G respectively.
We also denote by Ay the bipartite adjacency operator of B.. That is, for a function
f:V = R, Ayf : T — R is the function Ay f(t) = Eyy, [f(v)]. We note that by
assumption, for every f:V — R such that E, [f(v)] = 0, || Az f]|* < A3 f]%

Let f:V — R be an eigenvector of Ag of norm 1 and denote its eigenvalue by p. Then

lul = |(f, Ac f)] = s [f(u)f(v)]

wvlpe

E |, B, o)

tepr |{u,v}~pg

E [{fe, Acfi)]

teur ‘

where f; is the restriction of f to the vertices of V;. Let us denote f; = f2 -1+ f; such that
f2-1is a constant and fi* L f? - 1. Then by expansion,

/A

E [(f0)? +~(fit fiD)]

teur

E [(1-7)()? + 1 m]]

tepr

=(1=9)

+9|.E, [107)|

E [(£)]

teur

E [(£)]

teur

=(1-9) +7.

Here first equality is algebra, the second is because pue(v)f(v)? =3, o, pr () (v) f(v)? and
the last equality is due to the fact that f has norm 1. Finally, we note that the constant

fO=Eyup, [f(0)] = Ag f(t). That is

5 A fIP<A3) )
=A=NAnfI"+y < A= «

B Intermediate subspaces of the expanding matrix Grassmann poset

In this appendix we prove that the intermediate subspaces in the Grassmann matrix poset
come from level i-admissible functions.

> Claim (Restatement of Claim 41). Let Y’ be as in Definition 40. Then
Y'(i) = {Im(s)| s € Si}.

For this proof we recall the preliminaries in Section 7 on quotient spaces and bilinear
forms.
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Proof of Claim 41. Fix d and d’ = logd. It is enough to prove that W € {Im(3)| s € S;}
if and only if there exists W’ € Y'(d’) such that W’ 2> W (i.e. if and only if W € Y (i)).
We start with some W € Y'(i) and prove that W € {Im(s)| s € S;}. Let W' € Y/(d)
be such that w’ D w. Let s € §; be such that Im(5) = W’. The matrices in the image
of s are linearly independent 2* since their sum has maximal rank. Hence § : F{ — W’
is an isomorphism. From this there exists some ¢-dimensional subspace U C Fg/ so that
W = Im(3|y). We write U = V= for some (d — i)-dimensional subspace V (with respect to
the standard bilinear form). Let us define ' : (F5/v) \ {[0]} — F5*" as

sS(v+V)= Z s(v').

v'ev+V

It is direct to check that s” is admissible, since every >, i s(v) is a disjoint sum of od' i
rank one matrices, and the sum My =7 .\ 0,y 8'(v + V) is also equal to

My = Z s(v)

vV

which has rank 2¢ — 297 and whose row and column spaces are in Y; and Y; respectively,
since it is contained in the row and column space of M; = Zvﬂ) s(v). We can also define

s U — FY*" as

§(z) = Z (o + V) (v+V).
v+Vers v\ {[o]}

Here the inner product is the derived inner product as in Section 2.2. We note that s/ () = 5(z)
because

§(x) = Z (x, 0+ V)s'(v)
v+ VE(ES/vI\{[0]}

= Z (x,v+V) Z s(v)

v+VEEs/v\{[0]} veutV

vy 3 ()s()
vV EFES/VI\{[0]} V' EVHV
= Y (@ )s@) = 5(a)

veFd"\{0}

where (x) is because the derived inner product (z,v + V) is equal to (the standard) inner
product (x,v’) for every v € v+ V. Even though the function s’ is defined over U which
is not equal to F}, and 3 is defined through the derived bilinear form (not the standard
one), by Claim 120 we can find an admissible s so that Im(s”) = I'm(s'). This proves that
w e {Im(s)] seS}

As for the converse direction, “reverse engineer” the proof above. Let W €
{Im(3)| s € S;}, and we show that W € Y'(i). Let s € S; be such that Im(s) = W. Let
M, = ZveF;\{o} s(v) and let Wi € (Y1)row(ar,)(d — 1), Wa € (Y2)cor(ar,)(d —1). These spaces
exist from the purity of ¥; and Ya. We define s’ € Sy as follows. For every v € F§ \ {0} we
(arbitrarily) find a decomposition of s(v) into rank one matrices, and index them by = € Fg’ﬂ'.

2
24 Here we say matrices are linearly independent if they are linear indpendent as vectors in F5 .



Y. Dikstein, S. Liu, and A. Wigderson

That is, s(v) = erng’*i er @ fr. Weset s'(v,2) = e, ® fp. For v =0 € F we define s’
using Wy and Wa. We find space Wi and Wj such that row(S) @ W} = W; and ordered
bases e1, €z, ..., eq0—i_; to Wi and fi, fa,..., foar—i_; to Wa. We (arbitrarily) re-index these
x € Fg/*i\()} and {fx x € ]Fglfi\O} and set s'(0,2) = e; ® f,. It is a
direct definition chase to verify that s’ is admissible, i.e. that My = Z(v,z)ewg’\{o} s (v, x)

bases as {ew

has rank 27" — 1 and its row and column spaces are equal to Wi and Ws respectively. Finally,
the image of s restricted to U = {(z,0) | = € F4} is w since

;\/(1570) = Z <(x70)7 (1}, vl)>5l(v7v/)

(v,v")€Fy XFglii\{(Ovo)}

Z (z,v) Z s'(v,v")

veF\{0} Rt~

Z (x,v)s(v) = s(x).

veF;\{0}

~

Thus W' = Im(s’) € Y'(d') and it contains W = Im(5|y), so W € Y'(3). <

C Elementary properties of matrix poset

C.1 Domination is a partial order

Let us begin by showing that this relation is a partial order. We do so using this claim.

Proof of Claim 25. The implications of (4) = (2) and (3) = (2) are a direct consequence of
the definitions. Let us see that (1) = (2).

rank(A + B) = dim(row(A + B))
< dim(row(A) 4 row(B))
= dim(row(A4)) + dim(row(B)) — dim(row(A) N row(B))
= rank(A) + rank(B) — dim(row(A4) Nrow(B)).

This shows that if rank(A + B) = rank(A) + rank(B) then row(A) Nrow(B) = {0} (and
similarly for the column space).

Finally, let us see that (2) = (1), (3), (4). Assume that row(A4) Nrow(B), col(A) N col(B)
are trivial. Let us write rqy = rank(A),r = rank(B). Then we can write A=Y 1 e, ® f;
and B = Z:il g; ® h; and because the row and column spaces intersect trivially, we have that
{e;}W{g;} and {f;}WU{h;} are r1 4+ 1o sized sets that are independent, thus proving (4) (which
implies (3)). This also shows that rank(A + B) = dim(col(A + B)) = rank(A4) + rank(B),

thus proving (1). <

Proof of Claim 26. By Claim 25, X @Y if and only if col(X) N col(Y') and row(X) Nrow(Y)
are {0}. So first of all note that if C' @ (B & A) then row(C) Nrow(B & A) = {0} (and the
same for the column space). By Claim 25 row(B & A) = row(B) @ row(A), so in particular
row(C) Nrow(B) = {0} (resp. col(C) Ncol(B) = {0}). Thus, C & B.

Now let us show that A @ (B @ C). By Claim 17, if row(A4) @ row(B) and row(C) @
(row(A)@®row(B)) then row(A)® (row(B)@row(C)) (resp. column spaces). Thus by Claim 25
Ao (Ba(O). <
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Proof of Claim 24. We need to verify reflexivity, anti-symmetry and transitivity. Let A, B,C

be matrices.

1. Reflexivity is clear.

2. Anti-symmetry: assume that A < B and B < A this implies that rank(B — A) =
rank(A) — rank(B) = rank(B) — rank(A) = 0so A = B.

3. Transitivity: C' < B and B < A. Then by Claim 25, row(A) = row(B) @ row(A — B).
In addition this claim shows that row(B — C') C row(B). Together this implies that
row(B — C) intersects trivially with row(A — B). The same holds also for the column
spaces. Thus by Claim 25 this implies that rank(A — C') = rank(A4 — B) 4 rank(B — C),
ie. A—C > A— B. Thus,

rank(A) (P=A) rank(B) + rank(A — B)
(C<P) (rank(C) + rank(C' — B)) + rank(A — B)
(A-B<KA-C)

(rank(C) + rank(C — B)) + (rank(A — C) — rank(B — C))
= rank(C') + rank(4 — C). <

» Remark 152. Recall the following definition from partially ordered set theory.

» Definition 153 (Rank function). Let (A, <) be a poset. A rank function p: M — N is a
function with the following properties.

1. If A> B then p(A) > p(B).

2. For every A > B there exists A > C > B so that p(C) = p(B) + 1.

A poset is called a graded poset if there exists a rank function for that poset.

The order of matrices is also a graded poset, where the matrix rank is the rank function. To
see this, we note that if A < B, then rank(A) = rank(B) + rank(A — B) so in particular
rank(A) > rank(B) and if A # B, rank(A) > rank(B). Moreover, if A > B then by the

fourth item of Claim 25, we can write A = B @ (Z;Zl e;® fj> for some t > 0. Taking

C =B & (e; ® f;) concludes that the rank function (of matrices) is a rank function (of the
graded poset).

C.2 Isomorphism of intervals

We begin with this claim.

> Claim 154. 1. Let A< B,C. Then B< Cifand only if B— A< C — A.
2. Let B,C be such that B® Aand C @ A. Then B Cifandonlyif B& AL C @ A.

Proof. For the first item,

B<C
< rank(C) = rank(B) + rank(C — B)
< rank(C) — rank(A) = rank(B) — rank(A) + rank(C — B)

UL rank(C — A) = rank(B — A) + rank((C — A) — (B — A))

& B-A<C - A
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For the second item,

B<C
< rank(C) = rank(B) + rank(C — B)
< rank(C) + rank(A) = rank(B) + rank(A) + rank(C — B)
& rank(C @ A) =rank(B @ A) + rank(C e A) — (B e A))
S BoALCoA. <

Proof of Proposition 28. By Claim 154 the bijection ¢ maps A such that A < M to
A" = A — M, such that A’ < My — M;. Therefore v is well defined as a function from
I(M;, M) to I(0, My — M;). Obviously ¢ is injective (since it is injective over the set of all
matrices). Moreover, if M7 < A; < Ay < Ms then by Claim 154 the order is maintained, i.e.
Al = Ay — My < Ay — My = Al. The fact that rank(A4’) = rank(A) — rank(M;) follows
from M; < A. Thus to conclude we need to show that 1 is surjective, or in other words,
if A" < My — M, then A’ + My < My. Let A’ < My — M;. Then by Claim 25 row(A’) 4+
row(Ms — My — A) = row(Ms — M) and in particular row(A’) C row(My — M;) and similarly
col(A’) C col(My— M;). By My < M,, we have that rank(Ms) = rank(M) +rank(My — M)
and by Claim 25 this implies that row(Ms — M7) Nrow(M;) = {0} and similarly for the
columns spaces. We conclude that row(A’) Nrow(M;) and col(A’) N col(M;) are trivial. By
using Claim 25 we have that for A =¢~1(A") = A’ + Mj,

rank(A) = rank(A’) + rank (M)

or equivalently that A > M;. Finally, we also have that A < M, by Claim 154 (as A, My > M,
and A’ = A — M; < My — M;). Thus 1 is surjective since A is a preimage of A’ inside
{A‘MlgAgMQ} |

Proof of Claim 30. Fix A and note that B@® A if and only if A < A+ B. Thus ¢ is a bijection.
The order preservation follows from the second item of Claim 154. <

C.3 The matrices have the direct-meet property
In this subsection we prove Claim 142.

Proof of Claim 142. The technical statement we shall use in the proof is the following: For
any matrices A, B < C such that row(A) C row(B) and col(A) C col(B), it holds that
A< B.

Let us first show that this statement implies the direct meet property. Let My, My, M3 be
three matrices whose sum is direct. We observe that row(M;) = row(M; & M3) Nrow(M; &
M3)% and similarly col(M;) = col(M; & Ms) N col(M; & Ms). Consider any A such that
A< M @ My and A < My & Ms. Observe that row(A) < row(M; @ M) Nrow(M; & Ms).
Thus row(A) C row(Mj). The same argument applies to the respective column spaces, and
so by the technical statement above A < M;. This implies that the set G4 has the direct
meet property.

Now we prove the statement itself. Observe that row(B — A) C row(B) and col(B — A) C
col(B). Moreover, (C'— B) @ B which means that row(C — B) (respectively col(C — B))
intersects trivially with row(B) (respectively col(B)). Thus (C — B) @ (B — A). So we get

rank(C' — A) = rank((C — B) 4+ (B — A)) = rank(C — B) + rank(B — A).

251t is clear that row(M1) C row (M1 ® Ma) Nrow(M1 @ Ms). The other direction follows from a dimension
count.
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On the other hand, because A, B < C, the equality above can be rewritten as
rank(C') — rank(A) = rank(C) — rank(B) + rank(B — A)

or equivalently rank(B) = rank(A) + rank(B — A) i.e. A < B. <

D Properties of the graphs induced by the matrix poset

In this appendix we prove Lemma 47 and Claim 55 necessary to prove the expansion of the
complexes constructed in Section 3. We also prove Claim 117 necessary for the coboundary
expansion proven in Section 6. To do so, we need to take a technical detour and provide some
further definitions that generalize the graphs in said statements. In Section 3 we defined
some graphs that naturally arise from the relations < and @. To analyze them, we need to
generalize these definitions.

» Definition 155 (Relation graph). Let i < j < n. The relation graph R(i,j) = (L, R, E) is
the bipartite graph whose vertices are L = M(i), R = M(j) and {A,B} € E if A< B.

This is the analogous graph to the “down-up” graph in simplicial complexes, i.e. the graph
whose vertices are X (i) and X (j) (for some simplicial complex X) and whose edges are all
pairs {s,t} such that s C t (see e.g. [38]).

Another important graph is the following “sum graph”.

» Definition 156 (Sum graph). Let i, 4, k be integers such that k <i,j andi+j—k <n. The
Sum graph S(i,j,k) = (L, R, E) is the bipartite graph whose vertices are L = M(i), R = M(j)
and {A, B} € E if there exists C € M(k) such that C ® (A—C)@® (B — C) are a direct sum.

When k = 0 we denote this graph by DS(i, 7) := S(4,7,0). In this case its definition simplifies:
A ~ B if and only if A& B.

All the aforementioned graphs turn up when one analyzes the Grassmann graph defined
in Section 3. However, the bulk of the analysis in Section 3 is on links of the Grassmann
complex. There the graphs that appear are actually subgraphs of these graphs. Hence,
we also make the following definitions of the graphs where we take MY or Mnp as our
underlying posets instead of all M.

» Definition 157 (Upper bounded relation graph). Leti < j < { < n. Let U € M({). The
graph RY (i, j) = (L, R, E) is the bipartite graph whose vertices are L = MY (i), R = MY (j)
and {A,B} € E if A< B.

Note that for every Uy, Us € M(£), the graphs RV (i, 7), RV2(i, j) are isomorphic. So when
we do not care about the matrix we write R*(i, j) instead of RY (i, ).

The graphs DSY (4, j) and SY (4, j, k) are defined analogously as the subgraphs of matrices
in MY:

» Definition 158 (Upper bounded sum graph). Let i,j,k, ¢ be integers such that k < i,j and
i+j—k<{ LetU € M({). The Sum graph SY(i,j, k) = (L, R, E) is the bipartite graph
whose vertices are L = MY (i), R = MY (j) and {A, B} € E if there exists C € M(k) such
that Ce (A-C)e (B—-C)<U.

In these cases we also write DSZ(i,j), S%(i, j, k) when we do not care about U.
The second type of localization is with respect to subspaces.
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» Definition 159 (Lower bounded local relation graph). Let i,j,£ be integers such that
i1<j<n—4L Let D e M(). The graph Rap(i,j) is the subgraph of R(i,j) whose vertices
are in Mnp.

» Definition 160 (Lower bounded sum graph). Let i,j,k,{ be integers such that k < i,j
and i +j—k <n—¥{ Let D e M{). The Sum graph Snp(i,j, k) = (L, R, E) is the
bipartite graph whose vertices are L = Mnp(i), R = Mnp(j) and {A, B} € E if there exists
C € M(k) such that D& C & (A—C)® (B —C) (is a direct sum,).

In the next section we prove upper bounds on the expansion of some of these graphs. In
all the following claims v € (0, 1) stands for universal constants which we don’t calculate
(and may change between claims). The main lemmas we need are these.

> Lemma 161. )\ (S%(i, 75, k)) < o~ -d—max(ki=k)),

» Lemma 162. Let i,5,k, ¢ be such that i < j and 2i < n — (. Let D € M({). Then
Ao (Snp (i, 4, k) < y~ (= tmi—max(hi=k)

In order to prove these lemmas we need to analyze the other graphs as well. More
specifically, we will use Lemma 15 to reduce the analysis of the S graphs to the expansion of
the R and DS graphs. The bounds we need for Lemma 161 are these.

> Claim 163. Let i,5 < £. Then A\y(DS*(i, 7)) < ij -y~ =179,

> Claim 164. Let U € M(f). The graph RY (4, j) is isomorphic to DSZ(Z‘, £—j). Consequently
by Claim 163 A\p(R(4,5)) <y~ W~=9.

For Lemma 162 we will also need this claim.

> Claim 165. Let 7,7,/ be such that ¢ < % and n — ¢ > j. Let D € M({). Then
A2(Rap(i, 7)) <77

The proofs of all these claims are all quite technical, and while most of the proof ideas

repeat themselves among claims, we did not find one proof from which to deduce all claims.

More details are given in the next subsections. We conclude this sub section with the short

proofs of Lemma 47 and Claim 55, that were necessary to prove the main theorem in Section 3.

They follow directly from Lemma 161 and Lemma 162.

Proof of Lemma 47. The double cover of 7™ is S*™(2m, 2m,m). Thus by Lemma 161 and
Observation 14 A(T™) = Ao (S*™(2m, 2m, m)) = ™. <

Proof of Claim 55. Careful definition chasing reveals that the double cover of
L(G(w1),G(wz), W) is (isomorphic to) Snz,, (2m,2m,m). Indeed, assume for simplicity
that wy = we = FH. Thus the vertices in the double cover of L(G(wi),G(ws), W)
are two copies of Mngz,, (2m). This is because by Claim 25, A @ Sy if and only if
row(A) @ row(Zw ), col(A) @ col(Zw) are a direct sum. Hence by Observation 14 it is
enough to argue about the bipartite expansion of Snz,, (2m, 2m,m).

We observe that A ~ A" in Snz,, (2m,2m,m) if and only if A ~ A" in L(G(W1),G(W2), W).

Matrices A and A’ are connected in £(G(w1),G(w2),U) when there exists U € Mnz,, (4m)
such that A ~ A’ € SY(2m, 2m, m). This is equivalent to existence of By, By, Bs, By € M(m)
such that Bl D Bg D B3 D B4 S MﬂZW (4m) with A = B1 D Bg and A’ = B1 @D Bg (the
sum of B;’s is U). Observe that By is redundant in this definition, that is, it is enough to
require that there exists By, By, B3 € M(m) such that By & B2 @ Bs € Mqz,, (3m) with
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A= B; ® By and A’ = By ® Bs. This is because if we are given these By, By, B3 as so, we
can always find a suitable B4. By writing B, = A — By and Bs = A’ — By, we get that A, A’
are connected in £(G(w1),G(ws), W), if and only if Zw & By @ (A — B1) & (A’ — By). This
is exactly the definition of the edges in Snz,, (2m,2m,m).

Thus by Lemma 162 ML(G(w1),G(w2),W)) = A2(Snzy (2m,2m,m)) <
7(dg—ditll(W)—3m) — ,ym. 4

D.1 Expansion of the upper bound local graphs

We begin by showing how Lemma 161 and Lemma 162 reduce to the other claims by
Lemma 16.

Proof of Lemma 161. Fix U € M(¢) and 4, j, k. We intend to use Lemma 16. We index
our components by M(k), where every component G¢ will be the graph containing edges
{A, B} such that C & (A —C) @ (B — C) < U. We claim that G¢ = DSV=C(i — k,j — k),
by the map A — A — C. Indeed, by Proposition 28 the vertices in G¢, which are MY (i) U
MUY~ (j) map isomorphically to the vertices of DSY=C(i — k, j — k). Moreover, by Claim 154
Co(A-C)e(B-C)<Uifandonlyif (A-C)®(B-C)<U-C.

Thus Ge = DSY=Y(i — k,j — k) and by Claim 163 we conclude that Ao(Ge) <
k=G =k) = (i=k)) = (E=j=(i=k))

The corresponding bipartite decomposition graph of (say) the right-side is the graph
Hrr = (V,T, E) given by:
1. V. =MY(3).
2. T = MY(k).
3. E={(4,C)| A=C}.
This is precisely RY(j,k). By Claim 164 this graph is an A -spectral expander.
Therefore by Lemma 16, \o(SY (4, j, k)) < ({7 —max(ki=k)), <

(—j—F)

Proof of Lemma 162. We use Lemma 16. Our components will be GY = SY (i, j, k) for

all U € Mnp(n —{). We observe that sampling an edge by sampling U € Mnp(n — ¢)

and then sampling an edge in SY (i, j, k), results in a uniform distribution over the edges of

Manp(i,j,k). By Lemma 161 every such component has \y(GU) < (n—t=i—max(ki=k))
We note that the (say) left side of the bipartite decomposition graph is the bipartite

graph H, 1 = (V,T, E) with:

1. V= Mnp(i).

2. T = MﬁD(n — f)

3. E={(B,U)| BLU}.

This is precisely Rap(i,n — £). By Claim 165, \y(Rap(i,n — £)) < A9 <

(n—t=j—max(k,i=k)) 56 by Lemma 16,

X2(Snp (i, g, k)) < nmtmdmmax(kizk)) <

Let us also give a short proof for Claim 164.

Proof of Claim 164. Fix 4,4,¢ and U € M({). For notational convenience let RY (i, j) =
(L, R, E) and DSY(i,¢ — j) = (L', R, E'). We define ¢: LU R — L' U R to be

VBeL, ¢(B)=B and YA€ R, ¢(A)=U — A,

Let us first show that indeed ¢ bijectively maps the vertices L, R to L', R’ respectively.
For L this is clear. Moreover, A < U if and only if U — A < U, and in this case rank(A) = j
if and only if rank(U — A) = rank(U) — rank(A) = £ — j. Thus ¢ is a bijection of the vertex
sets in every side.
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Next we verify that {A, B} € E if and only if {U — A, B} € E'. Indeed, {A4,B} € E if
and only if B < A < U. By definition of @, this is if and only if A = B & (A — B) and
U=Aa& (U- A), or more compactly, B® (A — B)® (U — A) = U. On the other hand,
Bo(U—-A)<Uifandonlyif B& (U - A) ®(A— B)=U, and thus {A, B} € E if and
only if {U — A, B} € E’. The isomorphism is proven. <

In the next subsections we give proofs to Claim 163 and Claim 165, are more technical.

D.2 Bounding the expansion of the direct sum graphs

The proof of Claim 163 is by induction on the sum of matrix ranks, i + j. We begin with the
base case.

> Claim 166. A\o(DSY(1,1)) < O(273%).

The base case follows from the fact that the walk in DSY(1,1) is close to the uniform
random walk as in Corollary 11.

Proof of Claim 166. Without loss of generality let us assume that U = I, the identity matrix
whose rank is £. For vectors z,y € FS (z,y) = Z§:1 x;y; the standard bilinear form over
F5, which we sometimes abuse notation and call an “inner product”. Golowich observes the
following

> Claim 167 ([50, Lemma 66]). Let I the identity matrix of rank ¢. A matrix A < I if and

only if A= Zflzl e; @ f; for some £ < £ and {e;}¢_,, {fi}{_, such that

ey 1 1= 26
<e7.7f]> {0 Z?éj

Thus DSY(1,1) is (isomorphic to) the bipartite graph where L =
{(e.f) € ]F%q (e, f) =1}, R is a disjoint copy of L, and we connect (e, f) ~ (¢, f’)
if and only if (e, f') = (¢/, f) = 0 (i.e. we move from e® f to (e, f)). We will use Corollary 11
and show that the two step walk in this graph is O(27*)-close to the uniform graph, thus
proving that Ay(DSY(1,1)) < O(272¢). For concreteness we will use the two step walk from
L to L.

Let us fix an initial vertex (e, fo) and let u be the distribution over vertices in the
two step walk. Let J be the uniform distribution over vertices. We want to show that
= Il = ey liv) = bl < 02,

The basic idea is this: we prove below that the probability that we traverse from (e, fo)
to (e, f2) essentially only depends on whether ey = es, and whether fy = fo (and not on eq
or fo themselves). While this is not true per se, it is true up to some negligible probability.
Then we use the large regularity to bound the probability that (e, f2) has eg = es or fo = fo
by O(27%). This asserts that p is (almost) uniform on a set that contains all but a negligible
fraction of the vertices, which is enough to show closeness to J. Details follow.

We record for later the following observations.

» Observation 168.

1. If (e, f) € L then e, f # 0.

2. |L| = (2¢ —1)2¢- L.

3. The graph is D = (2= — 1)2°"2_regular.
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The first two observations are immediate, but we explain the third: fixing (e, f), we count
its neighbors (¢/, f’). There are 2°~! — 1 choices for €’ since it is perpendicular to f and
non-zero. Given €/, the vector f’ satisfies

(¢, f)=1 and (e, f') =0.

Note that e, ¢’ are linearly independent since both are non-zero and (e, f) # (¢/, f). There
are 2/=2 solutions to these linear equations hence the graph is (2¢=! — 1)2°~2-regular.

Let (e2, f2) be any vertex. The first crude bound we give on the is just by regularity.
For any (z,y) € V, p(z,y) < 5 = W This bound is tight when (e, fo) = (e2, f2).
Similarly, if either eg = eg or fo = fo then we also just bound p(eq, fo) < W, there
are at most 2¢ such pairs.

Now let us assume es # eq, fo # fo and calculate more accurate upper and lower bounds
on p(ea, f2) by counting how many two paths there are from (eq, fj) to (e, f2), or equivalently,
how many (e1, f1) € R are common neighbors of (eq, fo), (2, f2).

Given eg, e2, the vector e; needs to satisfy (fo,e1) = (fa2,e1) = 0. The two vectors fo, fo
are linearly independent by assumption that they are both distinct and non-zero. Thus there
are 272 — 1 non-zero e;-s that satisfy (fo,e1) = (fa,e1) = 0.

Fixing e; the vector f; needs to satisfy {(eq, f1) = (ea, f1) = 0 and (ey, f1) = 1. If eg, €1, €2
are linearly independent then there are exactly 2”3 solutions to these equations, all of them
are non-zero, and every such solution corresponds to a common neighbor (eg, f1). If they
are not linearly independent we claim that there is no solution. We note that every pair
must be linearly independent: All three are non-zero vectors. Moreover, eg, eo are distinct
vectors by assumption, and similarly ey # eg (resp. e; # ea) because (fo,e0) # (fo,e1) (resp.
(fa2,e2) # (fa,e1)). Every pair of distinct non-zero vectors are independent. Thus, if there is
a dependency then e; = eg + e2, and so the first two equations imply that (e, f1) = 0, so
there is no solution.

We conclude that the number of paths from (eq, fo) to (e2, f2) is one of the following.
1. (2072 —-1)2673 = 22075 2673 _if ¢ + ey is not a valid solution in the first step, i.e. either

<f0, ey + €2> # 0 or <f2, eg + €2> 75 0.

2. (2672 = 2)2673 = 226=5 _ 2=2 otherwise.
We have that for every such pair,
22@—5 2@—17

plez, f2) = (201 —1)20-2)2 - (261 = 1)20-2)2°

for b € {2,3}. This implies that p(es, f2) = = + &1 + €2 for

V]
2€7b

_ < 96-3¢

ol = |

and

| |< 22@—4 1

S =222 T v
232 -5) e

2F—2)2(2f —1)2f

Thus in particular,

1 1
= Jenenli =" > luleaf)=mrl+ 3 luleafo) =
ea=eoV fa=fo eazeo and fo#fo
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2[
2471 _ 1)2672

< ( +2%(e1 + €9)
<2792 +27) < 28274

The claim now follows from Corollary 11. <

Now we prove Claim 163. As mentioned before, the proof is by induction on ¢ + j. A
similar induction was done in [26] when analyzing the so-called swap walk, a generalization of
the Kneser graph to high dimensional expanders. In the inductive step, one uses Lemma 16 to

reduce the analysis of (4, j) to that of (¢ —1,7) (which holds true by the inductive assignment).

Details follow.

Proof of Claim 163. We show that if ¢ > 1 then

A2(DS'(i, 5)) < Ao(DSH(i — 1,5)) + A2(DS" (1, 7). (D.1)
By using this inequality we eventually get that

Xo(DS'(i,)) < (i )Ae(DS T (1,1)) = O (i j)2 7179,

where the final equality holds by Claim 166.

To prove (D.1) we use Lemma 16. In this case our local decomposition is T =
{Gp| B € MY(1)}. The graph Gp = (Lp, Rp) is the induced bipartite subgraph where
Lp = {AeL| BKA<KU} and R = {A€R| (A,B)eDSY(1,j)}. We claim that
Gp = DSY7B(i —1,4): the isomorphism ¢ : Gg — DSY~5(i — 1, 7) maps

A€Rp—¢(A)=A and A€ Ly ¢(A)=A— B.

For the right sides, we note that (A, B) € DSY(1,5) if and only if A < U — B so this
isomorphism maps the right side of Gg to that of DSU_B(Z' — 1,7). For the left sides,
Proposition 28 gives us that B < A < U if and only if A— B < U — B. Thus ¢ maps matrices
A € Rp isomorphically to matrices on the left side of G%,_,(U — B, a1,as — 1). Checking
that A; ~ Ay in DSY~P(i — 1,5) if and only if ¢(A;) ~ ¢(As) in G is direct. Therefore
for every B, the second largest eigenvalue A\2(Gp) = Ao(DS (i — 1, §)).

We note that by definition the graph H, ;, = DS*(1, j). Thus (D.1) follows from Lemma 16.

<

D.3 Bounding the expansion of the relation graphs

We start by proving the claim in the following special case.
> Claim 169. Let D € M(¢) and let 4, j be such that i < %, then A2(Rnp(i,5)) < +7.
After proving Claim 169, we prove Claim 165 by using Lemma 16 again.

Proof of Claim 169. Fix D, i, j. For this case we intend to use Corollary 11 on the two step
walk on Mnp(i). We prove that

— <~ )
maxlps, = Jlh <y (D-2)

where pp, is the distribution of the two step walk starting from Bj, and the distribution J
is the uniform distribution over Mnp(i). Fix By € Mnp(i) and from now on we just write
w instead of pp, for short.
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We will show that there exists a set V' C  Mpnp(i) such that both
P,y [B2 € V'] ,Ppymy [B2 € V'] > 1 — p for a sufficiently small p < (v/)?. Then we
will also prove that the distribution p conditioned on this event V' is uniform, and this will
give us (D.2). Here

V' ={By € Mnp(i) | row(By) N (row(B1) & row(D)) = {0},
col(Bz) N (col(By) @ col(D)) = {0}}.

A quick calculation will show that in this case ||u — J||1 < 2p < 47 for some 7 € (0, 1).
First we show that Pg,.; [V'] > 1—0(2%*77): Let us show that the probability of choosing
a uniform By € Mnp(i) such that row(Bg) N (row(By) @ row(D)) # {0} is at most 2217
(the same also holds for the column spaces). The row span of Bs is sampled uniformly as an ¢
dimensional subspace inside a n dimensional space, conditioned on row(Bs) Nrow(D) = {0}.
So this probability is
]%DB : [(row(B1) @ row(D)) Nrow(B2) # {0} | row(Bz) Nrow(D) = {0}]
row 2
< Prow(Bz) [(rOW(Bl) D IOW(D» n rOW(BQ) 7é {0}]
A Prow(By) [row(Bz) Nrow(D) = {0}]

The ratio is bounded by % < 0(i2%+(=") via standard calculations. The same

probability holds for the columns spaces, therefore Pp,.;[V'] > 1 — O(i2+(¢-7)) = 1 —
O(~?=9)). The last equality is by j < n — £.

Next we claim that Pp,~, [V'] > 1 — O(2%77). Indeed, the two step walk from B
traverses to some U € Mnp(j) (whose row space intersects trivially with row(D)), and from
U we independently choose a matrix By < U. As row(U) Nrow(D) = {0}, it follows that
row(Bz) Nrow(By) @ row(D) # {0} if and only if row(B;) Nrow(Bz) # {0}. For any fixed
U € Mnp(j), the probability that row(B;) Nrow(Bz) # {0} is at most O(i2%~7) (repeating
the calculation above).

Now let us show that conditioned on V’, for any two neighbors By, B, € V' of B; in the
two step walk, the probability of sampling By is the same as sampling Bj. To show this it
is enough to show that there exists a graph isomorphism of the original “one-step graph”,
that fixes By and sends By to Bj. Let us denote by GL(F%) the general linear group, or
equivalently the group of n x n invertible matrices. We will find Fy € GL(w1), E2 € GL(ws2)
such that:

1. FbA= AF, = A.

2. EsB1Ey = B;.

3. E3BsEy = B),.

Assume we found such E7, Fs. We claim that X — FEy X F; is an isomorphism of the one-step
graph. Indeed, note that if A @ B then as multiplying by an invertible matrix maintains
rank, it follows that Fo AF, ® FoBE] = A® E;BE;. Therefore, X — E; X E; is a bijection
on the vertices of the graph. It is easy to check that this multiplication also maintains the <
relation so this is indeed an isomorphism. Finally, it is also easy to see that (By, M, By) is
mapped to a path (By, EoM Ey, BS), so in particular such an isomorphism implies that the
probability of sampling By, Bj € V' is the same.

To find such E;, Fs recall that Es(e® f)E1 = (Fae)®(E1f). Thus we can decompose A =
Zle et ® fy, B1 = Zizl €} ® ff, Bs = Zi:l ht ® ky and Bf = Eizl h} ® k;. By assumption
on the intersections of the row (and column) spaces, the sets {e;}f_; W {e}}i_; W {h}i_; and
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{es Yoo, w{el}i_; U{h}}i_, are independent and have the same size. The same holds for the
corresponding sets of column vectors (replacing e, h with f, k). Thus we just find any F1, Es
such that

/ / /
Eier =€, Ere, =€, Erhe = hy

Esfi = fi, Exfi=fi, Eiky = ki,

These will have the desired properties. By the arguments above, the claim is proven. <

We comment that the above proof is one place where an analogous argument fails to hold for
higher dimensional tensors. We heavily relied on the fact that for any fixed matrix U, the row
span and column span of an ¢ rank matrix B < U is uniformly distributed over i dimensional
subspaces inside row(U) and col(U), even if these marginals are not independent.

We move on to the general case.

Proof of Claim 165. Fix 4,j,¢ and D € M({). The case where i < % is by Claim 169 so

assume that 2 < i < 7. Towards using Lemma 16, we decompose Rnp (i, j) to components

{GB}BGMQD(%) where G is the graph induced by all edges {M, C'} such that B < C < M.

We claim that Gp is isomorphic to Rnpep)(i — %, %]) The isomorphism ¢ : Gp —
Rnpes)(i — 1, %J) is (M) = M — B. Let us start by showing that this maps vertices to
vertices.

Indeed, fix any B € Mnp(4) and let G = (Lp, Rp, Ep). Explicitly,
Lp={M € Mnp(i)| M > B},Rp ={C € Mnp(j)| C > B}.

Note that every M € Lp is a direct sum M @ D, and as B < M this implies that (B @®
(M — B))® D. As we saw before, this implies that (B @ D) @ (M — B), therefore ¢(M) =
M —B € Mnpep)(i—%). Conversely, if M' € Mnpep)(i—%) then ¢~ (M) = M’ @ B has

rank(¢~(M’)) = i. Moreover, as M’ @ (D@ B) then (M'®B)® D, ie. ¢~ (M') € Mnp(j).

It is also clear that B < ¢~1(M’) hence ¢~1(M’) € Lp. Of course, a similar argument holds
for the right side Rp, then ¢ is a bijection of the vertex set. Finally, by Claim 154, C' < M
if and only if C' — B < M — B, so this is indeed an isomorphism of graphs.

We note that if i < % then 7 — % < % . %J and therefore we can use Claim 169 and
deduce that for every B € Mnp(%), A2(Gp) < 7. Moreover, we observe that the bipartite
local to global graph for the left side, H, 1 is Mnp(%,J), thus by Claim 169 this also has

A2(H,.1) <97 and so by Lemma 16 the lemma is proven. <

We comment that the requirement that ¢ < % is just for convenience. Multiple uses of the

same decomposition with Lemma 16, would yield a similar bound whenever i < (1 —¢)j

for any fixed constant € > 0. As we only need the claim for i = £, we merely mention this

29
without proof.

D.4 Short paths in 7™

This subsection of the appendix is devoted to the proof of Claim 117 which is necessary to
analyze the coboundary expansion of the complexes in [50].
We begin with the following auxiliary claim proven in the end of the subsection.

> Claim 170. Let Z; be a rank 4m matrix and let Z> be a rank 3m matrix.
1. Let A, B < Z; be such that rank(A) = rank(B) = m. Then there exists a matrix 7" with
rank(7") = m such that AT, T ® B < Z;.
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2. Let A, B < Z5 be such that rank(A) = rank(B) = m then there exists M*, M2, M? such
that

Ae M M ¢ M? M?> & M3, M?* & B < Z,.

Phrasing this claim differently, the first item claims that any two matrices in one side of
DS*™(m, m) have a length 2 path between them. The first item claims that any two matrices
in one side of DS*™(m, m) have a length 4 path between them.

Proof of Claim 117. We proceed as follows. We first decompose C, D € TZ into m ranked
matrices such that C = C' @ C? and D = D' @ D?. Then we find some T of rank m such
that T @ C', T @ D' < Z. This is possible due to the first item in Claim 170.

Then we will prove that there exists a 12-path composed of three paths of length 4: one
from C* @ C? to C' @ T, one from C' & T to D' @ T and one from D' & T to D' @ D2.

Let us show how to construct the first path, the other two are constructed similarly. Note
that C' < C'®C?,C'@T and that they are both < Z. Thus if we find M, M2, M3 < Z-C*
such that

CPoM Mo M* M*e M3, M*&T < Z—C1,

Then by Proposition 28, adding C' to all three M*', M?, M3 will give us the desired path in
TZ:

(Ctoc’tctoM,,Cte M Cto M3 CtOT).

But observe that Z — C! has rank 3m, and thus existence of such matrices M, M2, M3 is

promised by Claim 170 so we can conclude. <

Proof of Claim 170. Without loss of generality let us assume that Z; is the identity matrix
of rank 4m and that Z5 is the identity matrix of rank 3m. We wish to use the criterion for
A < I given in Claim 167.

For this proof we also require the following observation which follows from elementary
linear algebra. We leave its proof to the reader.

» Observation 171. Let W C F% be a subspace of dimension j. Let E = {eq,ea,...,ex} be
k independent vectors. Assume that W Nspan(E) = {0}. Then for every by, bs, ..., by € Fo
there exists a solution x to the set of linear equations:

1. For every w € W, (z,w) =0, and

2. For everyi=1,2,... k, (x,e;) =b;.

Let us begin with the first item. Given A, B of rank m we need to find some T of tank
m such that AT, B & T < Z;. Equivalently, we will find T such that A@ T and B® T
satisfies the criterion in Claim 167.

Let us wite A = Y7 e(4) @ LALE = YTeB) @ f(B)
where these decompositions satisfy the property in Claim 167. Let W =
{weF™| Vi=1,2,...,m (w, f;(A) = (w, f;(B)) =0}. As W is a solution space
of 2m linear equations over F4™, it is a subspace of dimension > 2m. We will select the rows
of T from W.

However, it is not enough to just select arbitrary rows from W, since we need to satisfy
the condition that if e;, f; participates in the decomposition of T then (e;, f;) = 1 if and only
if i = j. In addition, we will also require that f; will be perpendicular to all the e;(A), e;(B)’s.



Y. Dikstein, S. Liu, and A. Wigderson

This will define a set of linear equations which we will solve using Observation 171. To do
this we will find an m-dimensional subspace in W/ C W that intersects trivially with the
span of the e;(A),e;(B)’s (the sum of row spaces of A and B).

We note that W Nrow(A) = W Nrow(B) = {0}. Let us show this for row(A): any
non-zero vector « € row(A) is a sum of 37, bje;(A) where at least on of the b;’s are not
zero. On the other hand, (z, f;(A)) = b;, so there is at least one (z, f;(A)) # 0, implying
that = ¢ W. Thus we conclude that dim(W N (row(A) + row(B))) < m, and in particular
there exists some m dimensional subspace W’ C W such that W’ intersects trivially with
row(A) + row(B). Let E = {e1(T),...,en(T)} be a basis of W’'.

Thus by Observation 171, for every ¢ = 1,2,...,m there exists some f;(T) such that
1. For every j =1,2,...,m, (e;(A), fi(T)) = (e;(B), fi(T)) =0for all j =1,2,...,m, and
2. In addition

1 i=j
0 i#j

By taking T' = Z;”:l e;(T) ® f;(T') we observe that both A®T and B & T satisfy Claim 167,
and therefore AT, B® T < Z;.

(e;(T), £i(T)) = {

Let us turn to the second item. We continue with the notation A = Z] 16;(4) ®
fi(A),B = 370 ej(B) ® f;(B). The strategy here will be similar. Let W! =
{weFi™| Vi=1,2,...,k (w, fj(A)) = (w, f;(B)) =0}. We observe that this is the
solution set of 2m linear equations and therefore its dimension is > m. Let

e (MY, ea(MY),... em(M?) € W' be m independent vectors, and set e;(M3) = e;(M?!).

We observe that as before W!Nrow(A) = {0} so by Observation 171, for every j = 1,2,...,m
there exists some f;(T") such that

1. For every e;(A), {(e;(A), fj(M')) = 0.

2. For every i, j,

1 1 1 1=
(e(M7), f;(M7)) {0 it
We note that the linear equations for f;(M?')’s do not consider the e;(B)’s.
Similarly, we find f;(M?) ignoring the e;(A)’s. That is, for every j =1,2,...,m we find
1;(M?3) such that
1. For every e;(B), (ei(B), fj(M?3)) = 0.
2. For every i, j,

1 i=j
0 i#j

Then we set M' = 37" e;(M') @ fj(M") and M* =37 e;(M?) @ f;(M?). Tt is easy
to verify that as before A @ M', B @ M? < Z,.

Now we find M? such that M @ M?, M? ® M? < Z5. The upshot of the previous step is
that now M! and M3 have the same row space span({e;(M1'), ea(M?), .. em(Ml)}) Thus

(es (M), f;(M?)) :{

we find M? as follows. Let W? = {w € F3™ ‘ Vi=1,2,...m (w, f;(4)) = (w, f;(B)) = 0}.

This subspace also has dimension > m so let e;(M?),ea(M?), ..., e, (M?) € W? be a bet of
independent vectors from W?2.

As before, we observe that W2 Nrow(M?') = {0} but this time row(M?!) + row(M?3) =
row(M?'). Thus by Observation 171 for every j = 1,2,...,m, we can find f;(M?) such that
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1. For every i = 1,2,...,m, (e;(M?), f;(M?)) = (e;(M3), f;(M?)) =0, and
2. In addition,

1 i=j

eiM27jM2 = .
(ei(M7), f;(M7)) {0 oy

Then we set M? = 377" | e;(M?)® f;(M?). Tt is direct to verify that M@ M?, M>©M? < Z,
by Claim 167. <

E Second largest eigenvalue of J(n,k, k/2)

Proof of Lemma 65. Let n = (2 + n)k. For the Johnson graph J(n,k,k/2), its largest
unnormalized eigenvalue Ay = (kl;2) ( o /2) . Therefore by Theorem 63 the absolute values of
the normalized eigenvalues are

t —i( k—i n—k+i—
IS D () Gt )
= k n—k
Ao (k-/2)(k/2)
) min§€/2) _ (t) k2% x (k/2—i+1)
i:max(o’tik/z) ’L k X o0 X (k — 'L + ].)
k22X x (k/24i—t+1)
(n—k) N (n—k—i—i—t-i-l)

Here the convention is that when we write (Z) for b > a or b < 0, then the term is equal to 0.
Thus, the terms corresponding to ¢ < ¢ — k/2 or 4 > min{¢, k/2} vanish since the product of
the three binomial coefficients is 0 for these choices of i. We first show the statement for odd
t € [k]. In this case, we group terms (f) and (tfl) together to get

[t/2] 1 . t—i—1 . t—i—1 .oi—1
t k;/2—j k/2—j k/2—j k/2—j
< X (Z.)-H Hﬁﬂ = I
i=max(0,t—k/2) = j=0 Jj=0 Jj=0
Lt/2) i—1 t—i—1 . i1 )
) i o=k — J Ll n—k—j Ll k-
i=max(0,t—k/2) j=0 Jj= Jj=1 J=1
To simplify the products we first observe that for any 0 < j < k/2, k/ 2 ] < kT/Q = % and
k/2—j k/2 _ 1
n—k—j X n—k  2(14n)"

N

i=max(0,t—k/2) j=i
Furthermore we use the following claim to bound the term in absolute value:

> Claim 172. For any constant 1 > 0 and any integers 1 < m < C' and 0 < s < m,

m C, m . C _s m—s+1 C, _s m—s—+1
11 H - < e .
j:S2C s 1+17 2C —s 2(1+n)C —s
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A proof is given later in the appendix. By the claim the expression in Equation (E.1) can be
bounded by a binomial sum:

s i_mai%?_k . (t> | @) <2<11+n>)l | <(;>_ - <2<1l+n>>t_21>
O 6) )
w0 ( L)) ()
() () (o)
“(3-ara)
- <2<11n>)t S

Next consider the case of even t € [k]. First use the binomial identity (:) = (t_il) + (Zj) to
obtain the following bound

N

min(¢,k/2)

) t—1 ft—1
< _1\t—1—(i—1) _(_1\t—1—t
<2, (e (D) e ()

i=max(0,t—k/2)
_ﬁ(k/z—jﬁﬁl k/2—j
o (k=J) g n—k—j

min(t—1,k/2)

. . t-1 zk2_.ti72k2_,
= Z (1)1< )H / ] H)nik_]j

i=max(0,t—1—k/2) j=0
k/2 N t—kj2-2 .
1 (/2 - ) k2 — j
t—1 /2 t—1—k/2 e J
1] >k/2] - (-1) k /2 J:lo jI:lo n—k—j
min(t—1,k/2) 1 t—i—1

i (t=1\ o (k/2—j k/2 - j
T ) T

i=max(0,t—1—k/2) Jj=0

(k/Q_”-kH/Z k2 - j

S N (W T | ==L ) e
=0

First note that the second term and the fourth term always evaluate to 0. Thus we can

j=0
simplify the expression as
min(t—1,k/2)

e (t= 1Y R/2—0) (k2 )
<y e () G I

i=max(0,t—1—k/2) Jj=0

(t—1)—i—1 min(t—1,k/2)

11 nk/2k_jj + S (-t (t_l 1)

j=0 i=max(0,t—1—k/2)
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kJ2—(t—i—1) Ti: k/2-')'(t?1i1 k/2 —
n—k— (t—i—1) n—k—j

=0 j=0

These two terms resembles the expression of

terms (til) and (tilii).

L(t—1)/2] i1

t—1 k/2 — k/2 —

< s (UYL
J

i=max(0,t—1—k/2) j=0

Mt—oll and can be bounded by grouping

J
(t—1)—i—1 o (t=1)—i—1 .
I kj2—j I kj2—j—1
ok kgl

Lt=1)/2] i
t—1 k/2 — k/2 —
N UBRIE=N =
J=

i=max(0,t—1—k/2) j=0

J
(tll)_[il k21 _(tll)_[il k)2 — j
n—k—j—1 k—j

j=i j=i

Using Claim 172 again yields
L(t-1)/2] 1 1\ 1 1 i
S 2 ) \2) S\
i=max(0,t—1—k/2) ! ( + 77)
(1)(t 1)—2: ( 1 >(t1)2i
2 2(1+mn)
N [(t— 1)/2J (t > ( ) < 1 >i+1
i= max(Ot 1—-k/2) 2(1 +77)
<1)(t 1)—2: ( 1 >(t1)2i
2 2(1+n)

() Goamrw) <mte

We thus conclude that for all ¢ € [k], ‘i—;l < ﬁ <

Proof of Claim 172. We prove the statement by induction on s. The case of s = m holds
trivially. Suppose the statement holds for all s > s*, then we are going to show that the
inequality also holds for s = s*. Note that by the induction hypothesis

Al se=j 7 L sasge—;

< (M)m ~(arme e 1))7“* - (B2

To simplify the expressions we define

C—j C—s
X@:II%Lq 2(5) = 35—
Jj=s
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- C—j C-—s
Y(s):]_:[ﬁ y(s):m'

Using this notation, (E.2) can be rewritten as
X(s*+1)=Y(s"+1) <a(s*+ 1) —y(s* +1)""°

Rearranging the inequality we get that

o(s*+ 1) = X(s* +1) > y(s"+ )™ —Y(s*+ 1)
w(s™) - (a(s" + )" — ( +1)) 2 y(s") - (y(s* + )" =Y (s* 4+ 1)
2(s%) - a(s+ 1) = X(s%) 2 y(s™) - y(s” + 1) =Y (s")
X(s") = Y(5%) Sa(s™) - a(s + 1) —y(s™) - y(s" + 1)

(E.3)

Now we bound this difference
()=t (7)) = () - al(s” + )7 =yl - ylsT+ 1))
=a(s") - (a(s)" ™ —als"+ 1)) —y(s) - (y(s) T —y(sH)TTT) (B

.
We note that for fixed constants a, 8 > 1, and v > 0, the function p(xz) = (ﬁ) —

v
( =) ) is decreasing when x > 0. If we set « = C' — s*, 3 =2C — s*, and v = m — s*,

B(l+x)—1
then

* * ) * 20
z(s")"7" —a(s"+ 1) =p(0), while y(s*)" " —y(s"+1)"° =p (2077 s*) .

Therefore
2(sT)" T —w(sT )T 2 y(sT) T —y(sTH )T
and together with the fact that xz(s*) > y(s*) we can deduce that (E.4)> 0. Equivalently,
a(s* )Ty ()T > a(sY) (st D)™ —y(sT) y(sTHD)™ TS > X (s7) - Y (s7),

where the second inequality holds by (E.3). Note that this inequality is exactly the claim
statement for s = s*. Thus we finish the induction step and conclude the proof. <

F Sparsifying the Johnson complexes

While both the Johnson complexes and the RGCs over N = 2"~! vertices have vertex degree
N, the Johnson complexes have much denser vertex links, or equivalently more 2-faces. The
degree of the Johnson complex X, ,,’s vertex links is

ik = (o) (Venfa ) > ¥

while that of the RGCs is polylog(N). In fact we can sparsify the links and reduce the
number of 2-faces in Johnson complexes by keeping each 2-face with probability p, and set
p so that the link degree becomes polylog(N). Then we shall use the following theorem to
show that the link expansion is preserved after subsampling.
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» Theorem 173 (Theorem 1.1 [21]). Suppose G is a graph on n vertices with second largest
eigenvalue in absolute value Ao(G) and minimum degree dpmin. A random subgraph H of G
with edge-selection probability p has a second eigenvalue Ao(H) satisfying

logn (logn)3/?
A2(H) < A2(G)+ 0 | 4]
2(H) 2(G) + ( oo + oo (log log 1)572

with probability > 1 — f(n) where f(n) tends to 0 faster than any polynomial in *.

From this eigenvalue preservation result we can get the following sparsification.

» Corollary 174. Consider a random subcomplexr X' of a 2-dimensional Johnson complex

> 7@(5);0‘%]\03 " where

Xen constructed by selecting each 2-face i.i.d. with probability p
N =2""1 and djjny, is the degree of X. . ’s vertex links. Then with high probability every

vertez link of X' is a 1(1 —¢)(1 + 0,(1))-spectral ezpander.
Here we recall that h(x) is the binary entropy function.

Proof. We first argue that almost surely X'(1) = X, ,,(1) so that for every v € X’(0) the
vertex link X has the same vertex set as (X; ,),. From the subsampling process we know
that for any edge {v,v + s} € X, ,,(1), the degree of v + s in the link of v follows a binomial
distribution with

E[degree of v + s in X'] = p - dyin. = (h(e)log N)3/2.
By the Chernoff bound for binomial distributions we know that
P[degree of v+ s in X! < 0.1(h(e) log N)3/2] < e~ 0-45(h(®) log N)*? _ N=6(v/log N)

So by a simply union bound over all pairs of {v,v + s} we get that with probability
1 — N1 N=OWloe N) — 1 5(1) every link in X/ has the same vertex set as (X: ).
Next, recall by Lemma 59 X, ,,’s vertex links have second eigenvalue < %(1 —¢). Since

e 3/2 . .
the choice of p ensures that /SR + (RGN = of1), each link of X' s

%(1 —¢)(140(1)) expander. Finally, applying an union bound over all links of X’ completes
the proofs. <

G Proof of the van Kampen lemma

To prove this lemma, we would like to contract Cy using the contractions of {C;};~¢ so the
proof should give us an order in which Cj-s are contracted. This order is given by the order
in which the set {f;}i>0 are contracted to reduce R?\ fo to a point. Therefore, for every such
diagram, it suffices to find a single face f; such that we can contract to obtain a diagram of a
cycle with one less interior face. The property we need from f; is that the shared boundary
of f; and fy is a contiguous path. This requirement is captured in the following definition.

» Definition 175 (valid face and path). Let H be a van Kampen diagram. We say that an
interior face f; is valid if we can write its boundary cycle C'j = P; o Q such that the exterior
cycle can be written as Cy = P; o Q' where P; contains at least one edge and the vertices of
Q, Q' are disjoint (except for the endpoints). In this case we call P; a valid path.

Lemma 79 will easily follow from the following three claims.
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> Claim 176. Every 2-connected plane graph H has at least one valid face.

> Claim 177. Let P; = (vo,v1,..., V) be a valid path in H. Then for every 1 < i < m — 1,
deg(v;) = 2.

> Claim 178. Let H = (V, E) be a van Kampen diagram, let P; = (vo,v1,..., ) and let
H; = (V', E’) be the induced subgraph on V' =V \ {v1,v2,...,0m—1}. Then Hj is 2-vertex
connected.

Given the three claims, we can prove the van Kampen lemma as follows.

Figure 12 Contracting a face in H to obtain H; in Lemma 79.

Proof of Lemma 79. Fix X, Cy, H, F, 1 be as defined in Section 5.3. We prove this lemma
by induction on the number of inner faces of H. If H has exactly one inner face f;, then
its boundary C is also the boundary Cj of the outer face fy. Then we can deduce that

Co = 1(Cy) = (C1) = C1. So indeed there is a contraction of Cyy using mg = m;-triangles.

Assuming the lemma is true for all van Kampen diagrams with at most ¢ inner faces, we
shall prove it for van Kampen diagrams H, F' with £ 4 1 inner faces. By Claim 176, we can
always find a valid face f; in H such that Cop = P; o Q and C; = Pj o P’ where P; is the
corresponding valid path. The decompositions are illustrated in Figure 12.

Using Claim 85, we can contract Cj (the image of the outer boundary of H under ¢) to
¥(Q o P’) using m,; triangles. Correspondingly, we can construct an induced subgraph H; of
H by removing all edges and intermediate vertices in P;.

Note that the the outer boundary of H; is 6’6 = QoP’. Furthermore, since the intermediate
vertices in P; all have degree 2 in H (by Claim 177), removing these vertices only removes the
inner face f;. Therefore, H; has ¢ inner faces. Finally by Claim 178, H; is still a 2-connected
plane graph.

Thereby H;, F'\ {f;} is a van Kampen diagram of the cycle 1/1(5’6) in X with ¢ inner
faces, and so the induction hypothesis applies. Thus we complete the inductive step and the
lemma is proven. |

Next we shall prove the three supporting claims. Before doing so, we define the cyclic
ordering of vertices in a cycle which will later be used in the proofs.

» Definition 179 (Cyclic ordering). Let H = (V, E) be a graph. For a given cycle C in H, a
cyclic ordering of the vertices in C' is such that two consecutive vertices in the ordering share
an edge in C.
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Proof of Claim 176. We will show that either there exists a valid face, or that there exists
two inner faces f; # f; and four vertices v1, v, v3,v4 in the cycle Cy such that vy,v3 € f;,
v2,v4 € f; (that is, on the boundaries of the respective faces), and such that in the cyclic
ordering of Cp, v1 < v9 < v3 < vg. Then we will show that the latter case implies there is
an embedding of a 5-clique on the plane, reaching a contradiction. We mention that these
points do not need to be vertices in H, only points on the plane.

Indeed, take a face f; that shares an edge with fy. If it is not valid, it partitions Co \ df;
into disconnected segments (and this partition is not empty since otherwise f; was valid).
If there exists some f; that touches two distinct segments, we can take v;,v3 € f; and
ve,v4 € f; as above. Otherwise, we take some S C Cp \ Jf;, that contains an edge. We now
search for a valid face whose path is contained in S, and continue as before. That is, take
some f;; that shares an edge in S with the outer face. If it is valid we take f;; and if not
we consider the partition of S\ fi as before. We note that this process stops because the
number of edges in the segment in every step strictly decreases - and when we stop we either
find a valid face or four points as above.

Now let us embed the 5-clique. Indeed, we fix a point on the outer face vg in the interior
of fo, and take {vg, v1,v2,v3,v4} to be the vertices of the clique. The edges are drawn as
follows.

1. From vy to every other vertex we can find four non intersecting curves that only go
through fy.27
2. The edges {v1,va}, {va, v}, {vs,va},{vs,v1} are the curves induced by the cycle Cjy.

These curves do not intersect the previous ones (other than in vy, ve, vs,v4) since the

curves in the first item lie in the interior of f.

3. By assumption, the pairs vi,vs € f; and ve,v4 € f; so we can connect these pairs by
curves that lie in the interiors of f; and f; respectively, and in particular they do not
intersect any of the other curves. <

Proof of Claim 177. Let f; be the valid face. Let us denote by eg, ez the edges adjacent to v
in Py which is not an endpoint. Assume towards contradiction that there is another edge e;
adjacent to v. Thus e; either lies in the interior or the exterior of f;.

If it lies in the interior, then by 2-vertex connectivity there exists a path starting at e;
connecting to another point in the boundary of f;, and other than v and the end point, the
path lies in the interior of f;. This is a contradiction, since any such path disconnects f;
to two faces. Otherwise it lies in the exterior, but the argument is the same only with fy
instead of f;. <

Proof of Claim 178. Let vg,v; the end points in P;, and notice that vy, vy participate in a
cycle in H- the cycle bounding the outer face. In particular H; is connected. Remove any
vertex z from Hj. Let P, , be a path that connects two vertices z,y in H \ {z} (that may
contain some vertices in P;). Let us show that we can modify P, , to some P’ in H;\ {z}. By
Claim 177 every vertex in P; which we removed had degree 2. Therefore any path containing
a vertex in Pj, contains all of P; (or its reverse). Thus to mend P, , we just need to show
that and vg, v are in a simple cycle in H;. Indeed, this is true from the definition of a valid

2T For this one can use the Riemann mapping theorem to isomorphically map the outer face to the unit
disc and C to its boundary. Without loss of generality we can choose vo so that it is mapped to the
center. Then we draw straight lines from the image of vy to the rest of the points in the boundary (and
use the inverse to map this diagram back to our graph).
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path: Cj = Pj o Q and Cy = P; o Q' such that all vertices in @, Q" are disjoint besides the
end points. The paths Q, Q' participate in simple cycles therefore Q' o @' is a simple cycle
and we conclude. <

H Expansion of containment walks in the Grassmann poset

To stay self contained we reprove Claim 21 in a similar manner as in [30].

Proof of Claim 21. Although all the claims below apply for Y,, for any w € Y, for a simple
presentation let us assume that w = {0} (the same idea works for arbitrary w). Let
us denote by U; ; the bipartite graph operator from Y (i) to Y (j). We note that U; ; =

1
Uj_1,j---Uit1,i+2Uii+1, and therefore it is sufficient to prove that Ao(U; ;41) < (0.61 4 iX)=.

We do so by induction on .

In fact, we prove a slightly stronger statement, that Aa(U; i41) = (22:1 =g + M)
This suffices because Zézl ﬁ <> 24+711_1 < 0.61. Let D;41,; be the adjoint operator
to Uj it+1, and denote by A\; = A(D;41,:U;,i+1) be the second largest eigenvallue of the two
step walk from Y (i) to Y (¢). To show that A\o(U; ;41) = (22:1 = + M) ® it suffices to

prove that \; = (Zzzl s + i)\).
The base case for the induction is for Uy 2. In this case

1 2
)\1 - A(DQJULQ) - g[ + §M+

where M is the non-lazy version of the walk (namely, where we traverse from w; to ws if
wy + we € Y(2)). The adjacency operator M is the link of {0}, and thus by A-expansion
we have that A\ < %+%)\< 2271_1+)\.

1
Assume that A2(U;i41) < (Z}Zl ﬁ +i)\) * and consider the two step walk on
Y (i+1). As above, we note that

1 1
Ait1 = A(Dig2,it1Uit1,iv2) = gzl t (1 - 2”2—1) M,

where M is the non-lazy version of the walk. We note that the laziness probability 21+7£71
is because every subspace w € Y (i + 2) has exactly 272 — 1 subspaces of codimension 1 (so
this is the regularity of the vertex). Thus we will prove below that A(M;},) < A+ X; <
(22:1 s + (i + 1))\) and this will complete the induction.

Let us decompose the non-lazy walk M+ via Lemma 15. Our components are T =
{Yw}wey ). To be more explicit, note that W3 ~ W5 in the two step walk if and only if
W1+ Ws € Y(i+2). We can choose such a pair by first choosing W € Y (i) and then choosing
an {Wy, W5} in the link Yiy. The distribution of the link if the conditional distribution,
hence taking p to be the Y (i)-marginal of the distribution over flags in Y, we have that
T is a local-to-global decomposition. The local-to-global graph H. connects W € Y (i) to
W €Y (i+1) - so this is just the containment graph (Y (7),Y (i + 1)) which by induction is a
VAi-expander. By Lemma 15, A(M ) < A+ A; < (22:1 s + (i + 1))\) and we can
conclude. g

[SIE
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I A degree lower bound

A classical result in graph theory says that a connected Cayley graph over F} has degree
at least n. Moreover, if the Cayley graph is a A-expander then it has degree at least
Q(W) [2]. Are there sharper lower bounds on the degree if the Cayley graph is also a
Cayley local spectral expander?

In this section we consider the “inverse” point of view on this question. Given a graph G
with m vertices, what is the maximal n such that there exists a connected Cayley complex
over Fy whose link is isomorphic to G. Using this point of view, we prove new lower bounds
for Cayley local spectral expanders, that depend on properties of G. Specifically, we prove
that if G has no isolated vertices then m > 1.5(n — 1); if G is connected we prove that
m > 2n — 1. Finally, if the link is a d-regular edge expander, we prove a bound of Q(dl/gn).
For all these bounds, we use the code theoretic interpretation of the links given in [50].

We begin by describing the link of a Cayley complex, and using this description we give a
lower bound on the degree of the Cayley complex in terms of the rank of some matrix. This
linear algebraic characterization of a degree lower bound is already implicit in [50, Section 6].

After that, we will lower bound the rank of the matrix, and through this we will get lower
bounds on the degree of such Cayley complexes.

A link in a Cayley complex X naturally comes with labels on the edges which are induced
by the generating set (i.e. an edge between x + s1 and = + so in the link of = will be labeled
s1+ $2 which by assumption is a generator in the generating set). Note that if z+ 1,z + s9 is
labeled s; + s3 then there is a 3-cycle in the link between = + s1,x + s3 and = + s1 + s2 where
every edge whose endpoints correspond to two generators is labeled by the third generator.

Let G = (V, E) be a graph with vertex set V' = {vy,vs,...,v,} and a labeling £ : E — V.
The graph G is nice if for every {v;,v;} that is labeled vy there is a three cycle v;, v;, vy in
the graph where {v;, vy} is labeled v; and {v;, vx} is labeled v;. We would like to understand
for which n does there exist a Cayley complex X over Fy so that the vertex links of X
are isomorphic to G. That is, for which n can we find generators s1, s9,..., s, € F§ such
that the map ¢(s;) = v; is a graph isomorphism between the vertex link and G. Observe
that for this to hold, whenever there is an edge {v;,v;} € E labeled by vy, we require that
s; +5; + s = 0. Thus we can define the matrix Hg € IFIQE‘X‘Vl to have in every row the
indicator vector of 4, j, k for every {v;,v;} € E labeled by v;. Let us show that this is a
sufficient condition.

> Claim 180. Let G be a nice graph with m vertices. Let S = {s1, $2,...,8m} € F5 and let

M, be the matrix whose rows are the s;’s. Then the following is equivalent.

1. The columns of M, are in the kernel of H.

2. There exists a Cayley complex X over Fy and whose link is isomorphic to G whose
underlying graph is Cay(F3, S).

In particular, if X is connected then m > n + rank(Hg).

This equivalence is essentially what was proven in [50, Lemma 77]. The degree bound is a
direct consequence of it. Nevertheless, we prove it in our language for clarity.

Proof. If the first item occurs, this means that for every {v;,v;} € E labeled by vk, s; +s; +
sk = 0 and therefore the 3-cycles (z,x + s;,x + s; + s; = & + si, ) are in Cay(Fy, S) so add
{z + s;,x + sj,x + si} into the triangle set of X. Then it is straightforward to verify that
the link of X is isomorphic to G.
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On the other hand, from the discussion above, the isomorphism to G implies that for

every edge {v;,v;} in G with label, their corresponding generators satisfy s; + s; + s, = 0.

Hence the columns of M are in Ker(Hg).

In particular, this implies that rank(M;) < dim(Ker(Hg)) = m — rank(Hg). On the
other hand, if the complex is connected then rank(M;) > n. Combining the two we get that
the degree of X is lower bounded by m > n + rank(Hg). <

» Corollary 181. Let X be a connected Cayley complex over Fy with degree m such that
the link of X contains no isolated vertices. Then m > 1.5(n — 1). Moreover, if the link is
connected then m > 2n — 1.

Proof. The corollary follows from the inequality m > n + rank(Hg), together with the
observation that rank(Hg) > %3 which we now explain. We can greedily select independent
rows from Hg such that whenever a generator s; has not appeared in any selected rows, we
take an row where s; appears. As every newly selected row contains at most 3 new generators,
we can find at least | %] such equations. Thus, m > n + %] and the bound follows.

If the link is connected, we can improve on this argument. At every step when we select
a row, we denote by D C V the set of vertices that have appeared in the selected rows. Since
the link is connected, therefore while D # V we can always choose a new row containing
vertices from both D and its complement, in which case the new row (besides the first

m

one) introduces at most 2 new vertices. Thus rank(Hg) > 1+ 252 = 2 — 1 The bound

follows. <

1.1 Improved bound from expansion

If the graph G is an (edge) expander, we can improve the naive bounds above. Let m be the
degree of the Cayley complex and d be the degree of a vertex in the link. We get a degree
bound of m = Q(d'/?)n. In particular, if the degree goes to infinity (which is also a necessary
condition to get better and better spectral expansion), this lower bound tends to infinity as
well.

» Lemma 182. Let X be a simple Cayley HDX over FY with m generators.?® Assume that
the link is d-regular and denote it by G = (V, E). Let c € (0,1) be such that for every subset
of vertices D C'V in the link ,
P [zeD,y¢D]>c IP’V[xED] P [yeV\D]
ze y

(zy)~E ~V
where the probability is over sampling an edge (oriented) in the link. Then
m = Q(cd**n).

A few remarks are in order.

» Remark 183.
1. We note that the edge expansion condition in the lemma is equivalent to one-sided
A-spectral expansion for some A < 1 by Cheeger’s inequality. Thus whenever A is bounded

away from 1 we can treat c as some constant absorbed in the {2 notation, and write
m = Q(d"/?n).

28 Simple, means that there are no loops or multi-edges. This also implies that every two labels of edges
that share a vertex are distinct.
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2. Moreover, the well-known Alon-Boppana bound implies that d-regular A-one sided spectral
expanders have d = Q(A~2). Therefore, this bound also implies

m = QA" n).

However, this is not as sharp as the bound given in [2].
3. We prove this lemma for regular graphs for simplicity. The argument could be extended
for more general edge expanders.

Proof of Lemma 182. We will assume without loss of generality that d > 36 since otherwise
the claim is trivial from the bound m > n. By Claim 180, m > n + rank(Hg) therefore it
suffices to prove that

rank(Hg) > (1 _0 (CC;/Q» m (L1)

to prove the lemma.

This lower bound follows from the same greedy row selection process we conducted above.
We start by greedily selecting rows from Hg such that the selected rows are independent.
We keep track of the vertices/variables that appear in the selected rows, and select new rows
such that every new row introduces the least number of new vertices possible. We will prove
that there is a way to select rows so that only O(ﬁ) fraction of the rows selected will
introduce more than one new vertex (and the number of newly introduced vertices in one
step is always < 3). Since the process terminates after rank(Hg) steps, the argument above
implies that rank(H¢g) - (1 + O(ﬁ)) > m which in turn implies (I.1).

For i = 1,2,...,rank(Hg) we denote by D; the set of variables that are con-
tained in one of the first i rows selected. By assumption, P, g [z € Di,y ¢ D;] >
cPlz € D;]P[y € V' \ D;]. Equivalently,

P [J?EDZ‘yng]}CP[.TEDZ]

(z,y)~E
In particular, for every D; there exists a vertex y; € V' \ D; such that at least ¢cP[z € D;] - d
of its outgoing edges go into D;. In particular, once Pz € D;] > Cdﬁ every y; has at least
d'/? edges into Dj.

Hence, we select rows as follows. If P[D;] < cd%ﬂ we select new rows arbitrarily that
introduce as few new vertices as possible. After P[x € D;] > ﬁ? if in the i-th step every
new row introduces at least two new vertices, we select a row that contains y; (as defined
above) and a vertex in D; (such a row exists by our choice of y;). We observe that if every
new row introduces at least two new vertices, this implies that the edges connecting y; to D;
are labeled by distinct generators in V' \ D;. In particular, after selecting y; which adds y;
and another new vertex to D, 1, there are at least A2 —1> %d1/2 edges from y; to D; 41
that are labeled by distinct vertices in V' \ D; 1 (since these edge labels were not in D; when
we inserted y;). So the next > %dl/ 2 steps of the process add at most 1 new vertex per step.
In particular, for every such step where 2 vertices are inserted to D; to get D;1, there is a
sequence of > %dl/ 2 steps each of which adds < 1 new vertex. In conclusion, there are at
most O(% + 5172 ) steps that introduce more than one new vertex to D; (out of at least
m

T % steps) and the lemma follows. <
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