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—— Abstract

Maximum Satisfiability (MaxSAT), the constraint paradigm of minimizing a linear expression over
Boolean (0-1) variables subject to a set of propositional clauses, is today used for solving NP-hard
combinatorial optimization problems in various domains. Especially anytime MaxSAT solvers that
compute low-cost solutions within a limited available computational time have significantly improved
in recent years. Such solvers can be divided into SAT-based methods that use sophisticated reasoning,
and stochastic local search (SLS) methods that heuristically explore the search space. The two are
complementary; roughly speaking, SLS struggles with finding feasible solutions, and SAT-based
methods with minimizing cost. Consequently, most state-of-the-art anytime MaxSAT solvers run
SLS before a SAT-based algorithm with minimal communication between the two.

In this paper, we aim to harness the complementary strengths of SAT-based, and SLS approaches
in the context of anytime MaxSAT. More precisely, we describe several ways to enhance the
performance of the so-called core-boosted linear search algorithm for anytime MaxSAT with SLS
techniques. Core-boosted linear search is a three-phase algorithm where each phase uses different
types of reasoning. Beyond MaxSAT, core-boosted search has also been successful in the related
paradigms of pseudo-boolean optimization and constraint programming. We describe how an SLS
approach to MaxSAT can be tightly integrated with all three phases of the algorithm, resulting in
non-trivial information exchange in both directions between the SLS algorithm and the reasoning
methods. We evaluate our techniques on standard benchmarks from the latest MaxSAT Evaluation
and demonstrate that our techniques can noticeably improve on implementations of core-boosted
search and SLS.
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1 Introduction

Maximum Satisfiability (MaxSAT) has, over the last few years, matured into a thriving
optimization paradigm that is today used for solving NP-hard optimization problems across
various domains [6]. While especially theoretical work tends to treat MaxSAT as the problem
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of computing assignments that maximize the (sum-of-weights) of satisfied clauses, most
modern MaxSAT solvers treat MaxSAT as the equivalent problem of minimizing a linear
cost function over 0-1 variables subject to a set of propositional clauses. Modern MaxSAT
solving techniques can roughly be divided into two categories: exact and anytime solvers.
Exact solvers aim to compute minimum-cost solutions using as little time and memory
as possible. While there has been some recently renewed interest in branch and bound
techniques for MaxSAT [33], a clear majority of current exact approaches build on the highly
successful conflict-driven clause learning (CDCL) SAT solvers [35] and, essentially, reduce
the optimization task into a sequence of decision queries [37, 2].

In this work, we focus on anytime MaxSAT, which aims to compute as low-cost solutions
as possible within limited computation time and memory. Existing approaches to anytime
MaxSAT can roughly be divided into approaches based on CDCL solvers, called SAT-based
approaches [40, 38, 10, 20], and approaches based on stochastic local search (SLS) [30, 31, 32,
18, 17, 28]. SAT-based anytime solvers extensively use CDCL solvers and apply sophisticated
reasoning techniques in their search. SLS approaches, in turn, heuristically traverse the
search space for solutions as effectively as possible while looking for low-cost solutions.
The two approaches are known to exhibit orthogonal performance. Roughly speaking, the
reasoning techniques employed by CDCL-based approaches excel at finding feasible solutions
or escaping local optima, while SLS approaches excel at quickly finding low-cost solutions
in local optima when given a feasible solution from which to start. This orthogonality and
the promise of combining reasoning-based CDCL-like and search-based SLS-like methods
have previously been realized in related fields. As a notable example related to our work, we
note that integrating a local search component in a CDCL solver has been shown to increase
performance, especially on satisfiable instances [15].

The orthogonal performance of SAT-based and SLS methods for anytime MaxSAT is
well understood by MaxSAT solver developers. Since 2018, practically all anytime solvers
participating in the MaxSAT evaluations first apply a SAT solver to obtain any feasible
solution, use that solution as a starting point for an SLS algorithm, and finally — if the
time limit is not yet reached — attempt to improve the solution returned by the SLS
approach through a SAT-based algorithm. In the other direction, some SLS approaches to
MaxSAT use the propagation mechanics of a CDCL-type solver to escape local optima [16].
We study further ways to combine the strengths of SAT-based and SLS approaches to
anytime MaxSAT. In particular, we work with the so-called core-boosted linear search
algorithm to anytime MaxSAT [10] that uses a multitude of CDCL-based reasoning techniques,
including preprocessing, lower-bounding core-guided search [41], and upper-bounding solution
improving search [42]. Core-boosted linear search has been used in many applications,
including interpretable data analysis [24, 44] and scheduling [19]. Similar algorithmic ideas
have also successfully been applied in more expressive constraint paradigms like Pseudo-
Boolean optimization [21], constraint programming [23] and in more general optimization
tasks like multiobjective optimization [26].

More specifically, in this work, we i) identify several novel ways of integrating an SLS
approach to all phases of core-boosted search and ii) provide a systematic study on the
effect of applying SLS prior to a CDCL-based algorithm in anytime MaxSAT. The main
novel integrations of SLS with CDCL-based search we propose are the use of unsatisfiable
cores in SLS and the use of SLS interleaved in the so-called increasing precision heuristic
(called varying resolution in previous work) [20]. Our experimental evaluation on standard
benchmarks demonstrates that sophisticated ways of integrating SLS can result in improved
performance of core-boosted search, but the precise effect significantly depends on the specific
solver instantiations.
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The rest of the paper is structured as follows. In Section 2, we discuss anytime MaxSAT,
core-boosted linear search, and SLS for MaxSAT to the extent required for understanding
our work. In Section 3, we detail the ways in which SLS can be integrated with all three
phases of core-boosted linear search. In Section 4 we report on an experimental evaluation
of the effectiveness of the resulting integration of SLS and core-boosted search, before giving
concluding remarks in Section 5.

2 Core-Boosted Linear Search and SLS for anytime MaxSAT

In this section, we define Maximum Satisfiability (MaxSAT) and related terms that are used
throughout the paper, followed by descriptions of core-boosted linear and stochastic local
search (SLS) for MaxSAT.

2.1 Maximum Satisfiability

A literal ¢ is a {0, 1}-valued variable x or its negation z. A clause C' = ) . ¢; > 1 is an
at-least-one constraint and a (CNF) formula F is a set of clauses. We will often treat clauses
as the set of literals that appear in them. An objective O is a pseudo-Boolean expression
>, cili where each ¢; is a positive integer. A (truth) assignment o maps variables to 0 (which
we identify with FALSE) or 1 (TRUE). The semantics of assignments are extended to literals,
clauses, and formulas in the standard way: a(z) = 1 — a(z), o(C) = max{a(f) | £ € C},
and o(F) = min{a(C) | C € F}. The value (or cost) of O under «a is a(O) = >, c;a(;).
With a slight abuse of notation, we sometimes treat an objective O as a set of its terms, i.e.
write cf € O if O = cl + ), ¢il;. o is a solution of F if a(F) = 1. F is satisfiable if it has
solutions and unsatisfiable if not.

We adopt two equivalent definitions of Weighted Partial Maximum Satisfiability (WPMS)
to present core-boosted linear and stochastic local search (SLS). Specifically, SLS approaches
are more naturally described in terms of the so-called clause-based definition of MaxSAT
in which an instance (Fg, Fs,w) consists of two formulas, the hard clauses Fy, the soft
clauses Fg, and a weight function w that associates a positive integer weight w(C') to each
soft clause C' € Fg. The goal is to compute a solution a of Fy that minimizes the cost
COST(Fs,w,a) = > e pw(CO)(1 — a(C)), defined as the weights of falsified soft clauses.
Core-boosted linear search (and indeed any approach that makes use of a CDCL SAT-solver)
for MaxSAT is more natural to describe in terms of the so-called objective-based definition of
MaxSAT in which an instance (F,O) consists of a formula F' and an objective O. The goal
is to minimize O subject to F, i.e. compute a solution « of F' that minimizes a(O) over all
solutions of F'. For both definitions of MaxSAT a minimum-cost solution of F' is called an
optimal solution of F'. The optimum cost of the instance is the cost of an optimal solution.
In anytime MaxSAT solving, the goal is to compute a solution of as low cost as possible
within some fixed amount of computational resources, typically computation time.

For intuition on the equivalence between the clause-based and the objective-based def-
initions of MaxSAT, note that a term cf of an objective can be viewed as a soft clause
(€) with weight c. Thus, any objective-based instance (F,0) can be seen as the clause-
based instance (F,{(f) | ¢/ € O}, w) where w(({)) = ¢ whenever ¢/ € O. In the other
direction, a clause-based instance (Fy, Fs,w) can be viewed as an objective-based instance
(FuU{CVbc | C € Fs},) cer, w(C)be) formed by: (i) extending each soft clause C' with a
fresh variable be, (ii) forming a formula that contains the hard clauses and the extended soft
clauses, and (iii) forming an objective to be the sum of the weights of soft clauses and their
extension variables. For more details on the transformation and the equivalence between the
definitions, we refer the reader to [6].
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optimal solution found

fix-point or \

time-out time-out
(Fy, Fs,w) —> Preprocess cG @—) Return: apegy

(F,0 +1by) (F U carp, OF + lbz)/v

optimal solution found

Figure 1 Core-boosted linear search. CG is the core-guided phase, and SI is the solution-improving
phase. We assume every step can update the best-known solution apest.

» Example 1. Consider the clause-based MaxSAT instance (Fy, Fs, w) with: F = {(x1 V
ig), (Ii‘l \Y ifg), (1’2 \Y .’ig)}, Fs = {((El V $2), (Ii‘l \Y LCQ), (1’1 V xo V xd)}, and ’LU((IL‘l V ZCQ)) =
Lw((Z1Ves)) =2, w((x1 Vo Vas)) = 3. The corresponding objective-based instance (F°, O)
has F° = Fg U {(xl V o \/bl), (ff'l V o \/bg), (1‘1 Vxo Vs \/bd)} and O = by + 2by + 3b3.
An optimal solution « to the instance assigns a(x2) = a(z3) = a(b;) = a(bs) = 0 and
a(x1) = a(by) = 1 and has cosT(Fs,w,a) = a(0) = 2.

2.2 Incremental SAT Solving and Unsatisfiable Cores

Core-boosted linear search makes extensive use of incremental SAT-solving under assumptions
and unsatisfiable cores. An unsatisfiable core of an objective-based MaxSAT instance (F,O)
is a clause C' that: (i) only contains variables that appear in the objective, and (ii) is satisfied
(i.e. assigned to 1) by any solution to F. Notice that satisfying a core requires assigning
at least one objective variable to 1, thus incurring cost in O. In this sense, cores provide
information on the lower bound of the optimal cost of the instance.

To see the connection between our clause-based definition of a core and the more classical
one in terms of unsatisfiable subsets of constraints, note that requirement (ii) that all
solutions to F' satisfy C'is equivalent to the formula FFA A, ? being unsatisfiable. Thus, our
definition of a core could be viewed as the negation of an unsatisfiable subset of F' obtained
by assigning each literal in C' to 0 and simplifying accordingly.

In practice, cores of MaxSAT instances are extracted using incremental SAT solving
under assumptions [22, 7]. We abstract the use of an incremental SAT solver (i.e. a decision
procedure for propositional logic) into the function Inc-SAT-solve(F,.A) where F' is a CNF-
formula and A is a set of literals, typically called assumptions. The call returns a triplet
(sat?,C, ). If sat? is true, then « is a solution to F' that extends A, i.e. assigns a(¢) =1
for all £ € A. Otherwise (if sat? is false), no such solution exists, and C' is a clause satisfied
by any solution of F' containing negations of some of the literals in A. Notice that F' has
solutions iff Inc-SAT-solve(F, () returns true. Unsatisfiable cores of MaxSAT instances are
then extracted by having A contain negations of objective variables. Practically all modern
SAT solvers offer an assumption interface out of the box [22, 7].

» Example 2. Consider the objective-based instance (F°,0) detailed in Example 1. In-
voking Inc-SAT-solve(F?, {by}) returns true and (for example) the solution a; that as-
signs ai(z1) = ai(x3) = ai(xz) = ai(be) = 0 and «a1(by) = ai(b3) = 1. Invoking
Inc-SAT-solve(F?, {by,by}) returns false and the core (by V by).
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2.3 Core-Boosted Linear Search for Anytime MaxSAT

Figure 1 overviews core-boosted linear search for computing a low-cost solution to a (clause-
based) MaxSAT instance (Fp, Fg,w) [10]. Core-boosted search consists of three separate
phases: preprocessing, core-guided search, and solution-improving search. Each phase can —
in theory — find and identify an optimal solution to the instance. More importantly, each
phase will also modify and simplify the instance, and the following phase is always invoked
on the modified instance rather than the original one. Intuitively, this allows core-boosted
search never to be much worse than any individual phase, while also allowing subsequent
phases to benefit from deductions made in previous ones. We next detail all three phases.

The Preprocessing Phase

The preprocessing phase converts the input clause-based instance (Fg, Fs,w) into an
objective-based one using the transformation outlined in Section 2.1. Additionally, the
step applies different simplification techniques. These can range from removing tautologies
and reusing unit soft clauses as objective terms to more sophisticated preprocessing rules
used in SAT and MaxSAT solving, including bounded variable elimination and subsumed
label elimination [8, 25]. For the correctness of core-boosted linear search, we assume that
the preprocessing techniques are cost-preserving.

» Definition 3. Invoke the preprocessing phase on an instance (Fg, Fs,w) and assume
it returns the instance (F,O + lby) where lby is a constant. The preprocessing phase is
cost-preserving if both of the following hold:
(i) If o is a solution of ' then there exists a solution o to Fy for which cosT(Fs,w,a) <
af(0) + 1b;.
(ii) If o« is a solution of Fy then there exists a solution of to F for which of (O) 4 1by =
cosT(Fs,w, ).
Several examples of cost-preserving preprocessing techniques are known. For practically all
of them, given a solution o to the preprocessed instance (F,O + Iby), a solution « to the
original instance (Fy, Fs,w) for which cosT(Fs,w,a) < af(O) + Ib; can be obtained in
linear time with respect to the number of clauses in Fg U Fs [8, 25].

The Core-Guided Phase

The next phase of core-boosted linear search applies core-guided search on the preprocessed
instance (F, O + lby). In the core-boosted setting, core-guided search only runs for a limited
time. More precisely, the phase extracts a set CORES of cores of (F,O + lby) by repeated
invocations of an incremental SAT solver in the way described in Section 2.2. When either
the time limit for the core-guided phase is reached or no more cores can be found, the
core-guided phase forms a new instance (F' U CARD, O + [by) by relaxing all cores in CORES.
For some informal intuition on core-guided search, we have that the difference by —1b; > 0 is
equal to the minimum cost incurred by satisfying the cores in CORES, and that the objective
O measures the additional cost on top of satisfying the cores in CORES that solutions of
(F'U CARD) incur in O. More precisely, we require that the core relaxation step is solution
preserving in the sense of the next definition.

» Definition 4. Invoke the core-guided phase on the instance (F,0 + lby) and let (F U
CARD, OF + 1by) be the instance returned. The core-guided phase is solution-preserving if the
following conditions hold:

28:5
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(i) a®(OF) +1by = a®(O) +1by for any solution o to F U CARD.
(ii) Any solution a to F can be extended into a solution o® to F U CARD for which
a®(OR) + by = a(O) + 1by.

In practice, all core-guided algorithms for MaxSAT that we are aware of are solution-
preserving and can be used for core-boosted linear search. All of them implement the core
relaxation step by introducing new variables of form 0’5 to OF as indicators for at least k > 2
variables in the core C' being assigned to 1 by solutions of (F'U CARD). Essentially, such
variables ensure that a solution to F'U CARD can assign one variable from each core to 1
without incurring cost in O, but need to assign one of the new variables to 1 (thus incurring
cost) for any subsequent ones. The additional clauses in CARD contain CNF encodings of
reified cardinality constraints equivalent to ), € >k — of,. While existing instantiations
of core-boosted search for MaxSAT only extract cores over original objective variables, in
the general case, due to core relaxation changing the objective function, subsequent cores
could also contain the new variables of,.

The Solution-lmproving Phase

The solution-improving phase is invoked on (F U CARD, O + Iby), the final working instance
of the core-guided phase. The phase looks for low-cost solutions of (F U CARD, O) by
invoking a SAT solver on the formula F U CARD U AS-CNF(O < et (OF)) where apess is
the current lowest-cost solution, and AS-CNF(OF < apes(OT)) is a CNF encoding of the
objective-improving constraint OF < abest(OR) that is satisfied by any solution « for which
a(OF) < apest(OF). If the SAT solver returns a solution, it will cost less than ayes;. Then,
the objective-improving constraint is tightened, and the solver is invoked again. If, instead,
the SAT solver determines that no such solution exists, the current best-known solution is
returned as optimal. The solution-improving phase runs until either an optimal solution
of (F U cARD,O%) is found, or a time-limit is reached, at which point, the solution a of
the input clause-based instance (Fy, Fs,w) for which COST(Fs,w, @) < apest(O) + by is
returned.

An essential intuition of core-boosted linear search is that any solution of F' U CARD
that has a low-cost wrt OF + [by will correspond to a solution a of (Fy, Fg,w) for which
cOST(Fs,w, a) is low. This is because the core-guided phase is solution-preserving, and the
preprocessing phase is cost-preserving. Next, we detail two additional heuristics designed for
any time solution-improving search that are important for our work.

Increasing Precision. Solution-improving search with increasing precision [20] heuristically
picks a constant p and runs solution-improving search on the objective O” = | O /p| obtained
by: (i) dividing each coefficient in O by p, (ii) rounding down, and (iii) removing all variables
with 0 coefficient. For some intuition on the name, notice how O” is a “lower precision”
approximation of O for which the solution improving constraint O” < apes(OP) can be
encoded with fewer clauses. While the division of an objective obviously can change the cost
of solutions, in practice it has been observed that solutions that have a low-cost wrt Of also
tend to have a low-cost wrt OF [20, 10]. If a minimum cost solution wrt O7 is found, the value
of p is lowered — thus increasing the precision — and the search restarted. Solution-improving
search with increasing precision ends either when a minimum-cost solution of O” is found
when p = 1, or when a time limit is reached.

Phase Saving. Phase saving refers to overriding the default polarity selection of the SAT
solver to guide its search toward solutions of low cost. The intuition underlying phase saving
is that a SAT solver, in its default setting, aims to find any solution of its internal formula or
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prove that one does not exist. In the context of anytime MaxSAT, not all solutions are equal,
so phase saving aims to ensure that the first solution that the solver finds is as low-cost as
possible. Typical phase-saving schemes employed in anytime MaxSAT [3, 20, 38] involve
setting the default polarity of the variables in the objective to not incur cost, and set the
polarity of the remaining variables to match the current lowest-cost solution apeg;.

2.4 Stochastic Local Search for MaxSAT

Algorithm 1 SLS for MaxSAT.

Require: (Fy,Fs,w), a, max-flips
Ensure: oy is a solution

1: UPDATE-BEST-KNOWN-SOL

2: w®'® < INIT-WEIGHTS

3: while flip-count < max-flips do

4: if a(Fy) =1 and COST(Fs,w, o) < best-cost then UPDATE-BEST-KNOWN-SOL
5: end if

6 if 3 decreasing variable then ws'® < UPDATE-WEIGHTS

7 end if

8 « ¢ SELECT-AND-FLIP-VARIABLE

9: flip-count ¢ flip-count + 1

10: end while

11: return apeqs

12:
13: function UPDATE-BEST-KNOWN-SOL
14: Qpest ¢ @, best-cost + COST(Fs,w,«), flip-count + 0

15: end function

Algorithm 1 details the overall structure of a stochastic local search (SLS) algorithm for
computing a low-cost solution to a clause-based MaxSAT instance (Fp, Fs,w). In addition
to the instance itself, the algorithm expects a user-specified parameter on how long to search
for. In contrast to the algorithms that make use of a SAT solver, an SLS approach is, in

general, not able to identify optimal solutions, which makes the limit parameter mandatory.

A typical way of limiting the run time of SLS approaches is to enforce a maximum number of
flips max-flips and terminate the search if no improving solutions have been found within
max-flips flips. Finally, the algorithm also expects a solution a of Fj as input. In the
general setting, an SLS algorithm can be invoked using any assignment of the variables in
Fy U Fs. However, prior work has shown that invoking an SLS approach with a solution of

Fy leads to much better performance in terms of the cost of the final solution being found.

Since we are working on different ways of integrating SLS with SAT-based approaches to
MaxSAT, we can assume that we always have access to some solution of the instance being
solved. In our setting, such a solution can be obtained, e.g. by invoking the SAT solver on
the hard clauses.

Algorithm 1 begins by initializing its best-known solution ayes; to equal the input solution
a and a flip counter to 0 on Line 1. Afterward, the SLS weights wS®

Fy U Fg are initialized. Importantly, these are not the same as the weights of the soft clauses
sls

for all clauses in

in the instance given by w. Instead, w®'® will be used to define the score of each variable.

28:7
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» Definition 5. Assume an SLS approach has a current assignment o« and SLS weights ws"s

when solving an instance (Fg, Fs,w). For a variable x let o, be the assignment obtained by
flipping the value of x, i.e. ay agrees with o on all variables except x. The score of x wrt «
is then SCORE(z) = cOST(Fy U Fs,w®"* o) — cosT(Fy U Fg,ws'* ay).

In other words, the score of a variable z is the difference in the sum of weights wrt w3's of
falsified clauses (hard or soft) when flipping the variable z. Informally speaking, flipping a
variable z with a high positive score will result in the current solution improving. With this
intuition, the main loop (Lines 3 to 9) first checks on Line 4 whether the current assignment
o' is a solution of lower cost than the best know, and if it is, the best-known solution and
best-cost are updated. Additionally, the flip counter (flip-count) is reset to 0. Note
specifically that the flip counter measures the number of flips since the last improvement to
the solution was found. Afterward, the existence of so-called decreasing variables is checked.
Here a variable is decreasing if its score is positive since flipping variables with a positive
score decreases the cost of the assignment wrt ws'® (cf. Definition 5). If no such variables
are updated
to escape it. Note that practical implementations of SLS algorithms directly modify and

exist, the algorithm has encountered a local optimum, and the SLS weights ws's

store the score of affected variables as well. Finally, a variable is selected, and the current
assignment is updated by flipping its value on Line 8, and the flip counter is increased
on Line 9. Commonly, variable selection employs the Best from Multiple Selection (BMS)
heuristic [14], where a fixed number of variables is drawn randomly with replacement, and
the variable with the highest score is selected from those.

Different SLS algorithms differ mainly in how the SLS weights are built and updated,
and the specific choice of weighting scheme is known to impact the empirical performance of
the approach significantly. In our work, we make use of the so-called NuWLS 2.0 weighting
scheme for MaxSAT that was introduced in the NuWLS-¢-2023 solver [17] that won all four
anytime tracks of the MaxSAT evaluation 2023 and has since been integrated into other,
well-performing MaxSAT solvers as well [5, 11, 27, 39]. When solving a MaxSAT instance
(Fy, Fs,w) NuWLS 2.0 initializes the weight of each hard clause to 1 and the weight of each
soft clause to 0. Informally, this encourages Algorithm 1 to initially flip variables more likely
to satisfy the hard clauses. The way the weights are updated on Line 6 depends on if the
current assignment « is a solution of Fy. If not, the weights of all falsified hard clauses are
increased by 1. Otherwise, if a(Fy) = 1, the weights of all soft clauses are increased by their
tuned weight.

» Definition 6. Given an instance (Fyg, Fs,w), the tuned weight of a soft clause ¢ € Fg s

w(c)|Fs]

equal to (@)’
S

In other words, the tuned weight of a soft clause ¢ is w(c) divided by the average weight of
all soft clauses. Dividing by the average effectively distributes the tuned weights around
1: clauses ¢ with smaller-than-average (respectively larger-than-average) w(c) have a tuned
weight € (0,1) (respectively > 1).

3 Integrating SLS with Core-boosted Linear Search

In this section, we describe the different ways in which we integrate SLS with all phases
of core-boosted linear search. Many of the techniques we describe involve invoking an
SLS algorithm (i.e. Algorithm 1) on an objective-based instance (F,O). This should be
understood as invoking Algorithm 1 on the clause-based instance obtained by treating each
term ¢/ € O as a unit soft clause (£) of weight ¢. In the following sections, assume that
core-boosted linear search is invoked on a clause-based instance (Fy, Fg, w).
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3.1 SLS in the Preprocessing Phase

A very natural way of integrating SLS with a core-boosted linear search would be to first
run the preprocessing phase on the clause-based input instance to obtain the objective-based
instance (F,O + lby), then invoke a SAT solver on F' to obtain an initial solution «, and
finally invoke Algorithm 1 on (F,O) with « as the initial assignment and use the apes
returned as an initial assignment for the rest of the core-boosted linear search. This idea
is well-studied in the context of anytime MaxSAT and corresponds to the de facto way in
which most state-of-the-art anytime MaxSAT solvers integrate SLS with a CDCL-based
algorithm [39, 28, 17].

While the effectiveness of applying an SLS algorithm before a CDCL-based algorithm is
well understood in anytime MaxSAT (as witnessed e.g. by the results of the latest MaxSAT
evaluations), much less is known about the relative effectiveness of running an SLS algorithm
on a clause-based MaxSAT instance compared to the objective-based MaxSAT instances
obtained after preprocessing. In this work, we study the effect of running Algorithm 1 both
before and after the preprocessing phase of the core-boosted search. More precisely, given
(F,O +1by), we first call Inc-SAT-solve(F, () in order to obtain a solution « of F which we
use as a starting point to invoke Algorithm 1 on the instance (F,O), and obtain a solution
o (potentially equal to ). Then, we invoke Algorithm 1 on the instance (Fp, Fis,w) using
the solution o of Fyy that corresponds to the solution o/ of F as the initial assignment.

Notice that, especially when employing more advanced preprocessing rules like bounded
variable elimination, the clauses in F' might significantly differ from those in Fy U Fis and the
relative effectiveness of Algorithm 1 in terms of the cost of the solution returned is an open
question. Another important intuition here is that the solution S returned by Algorithm 1
when invoked on (Fp, Fg,w) need not be a solution of F, thus while the cost COST(Fs,w, /3)
is an upper bound on the optimal cost of (F,O + Ib1), 5 can not be used for phase saving
(cf. Section 2.3). In our implementation, we store 8 throughout the rest of the core-boosted
search, and in the end, compare the best solution found by core-boosted search with g and
return the better of the two.

» Example 7. Consider the clause-based instance (F, Fs,w) from Example 1. Assume the
preprocessing phase (as a consequence of e.g. applying bounded variable elimination) returns
the objective-based instance (F, O) with F' = {(z1Vb1), (£1Vb2)}, and O = 4b1+2by. Invoking
Inc-SAT-solve(F, ) could obtain the solution a that assigns a(z1) = a(b) = a(by) =1
with a(O) = 6 that can be used as the starting point for SLS (Algorithm 1) invoked on
(F,0). « corresponds to the solution 8 of Fy that assigns S(z1) = 1, 8(x2) = f(z3) =0
that has cOST(Fs,w, ) = 2 and can be used as a starting point for running Algorithm 1 on
(FH, Fs, 'LU)

3.2 SLS in the Core-Guided Phase

During the core-guided phase of a core-boosted linear search, most of the SAT solver
invocations are expected to return false and a new core. Core extraction essentially boils
down to learning new clauses, and since SLS approaches can not learn new clauses nor
determine that an instance is unsatisfiable, their applicability during the core-guided phase
is limited. For general core-guided algorithms, SLS could conceivably help with heuristics
that rely on finding intermediate solutions, most notably the so-called core exhaustion (also
called cover optimization) technique [1, 36] that seeks to greedily strengthen the extracted
cores with additional SAT calls under relaxed sets of assumptions. Since the PMRES [41]
core-guided algorithm that the particular instantiation of core-boosted search we work with
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uses can not be extended with core exhaustion, we instead study ways in which the cores
learned during this phase can be used to improve the performance of the SLS approach in the
solution-improving phase where the goal is to compute new solutions, and SLS is expected to
perform better. Additionally, we use the SLS approach at the end of the core-guided phase
to find a low-cost solution to the instance obtained after the core-guided algorithm performs
the core relaxation steps.

Using Cores in SLS

The core-guided phase is invoked on the objective-based instance (F, O + lby) obtained after
the preprocessing phase. It iteratively extracts a set of cores CORES of (F,O) in the form of
clauses over the variables in O that are satisfied by all solutions in F. An essential intuition
for how we use cores in an SLS algorithm is that the subsequent solution-improving phase of
a core-boosted algorithm is invoked on the instance (F U CARD, O) that also contains all
the clauses in F. Thus, all the solutions of interest during the solution-improving phase will
also have to satisfy all the cores extracted during the core-guided phase. Furthermore, such
cores are obtained by the sophisticated reasoning performed by the SAT solver and can, as
such, represent information that the comparatively much simpler SLS algorithm does not
have access to, motivating the inclusion of cores in the SLS algorithm.

A very natural idea of how to incorporate cores into Algorithm 1 during the solution-
improving phase is to add all cores as (hard) clauses to the instance, i.e. to run Algorithm 1
on the instance (F U CARD U CORES, OF) rather than (F U cARD, OF).

» Example 8. Assume the core-guided phase was executed on the objective-based instance
(F,O) from Example 7, and found the core C' = (b V by). As C is satisfied by all solutions
of F, it can be added to its clauses without changing the set of solutions. It can, however
steer the search of the SLS algorithm more effectively toward feasible solutions by effectively
communicating that both of the soft clauses (b;) and (by) in the clause-based representation
of (F,O) that SLS in invoked on, cannot be satisfied simultaneously by any solution.

While the direct addition of the cores is conceptually simple and an easy-to-implement
way of communicating information from the cores to the SLS algorithm, adding a potentially
large number of new clauses into the instance risks decreasing the overall effectiveness of
Algorithm 1 and slowing down the rate at which flips can be performed. Thus, we also
consider a way to integrate information in the cores directly in the weighting scheme of
Algorithm 1. Recall that the score of a variable (cf. Definition 5) essentially indicates to the
algorithm how important it is to flip that variable to steer toward low-cost solutions, and
that the score of a variable represents a cost reduction wrt the solver-internal clause weights
w** (cf. Definition 5). The higher the score, the likelier the variable is to get flipped.

Informally speaking, our “core-aware” extension of the NuWLS weighting scheme described
in Section 2.4 increases the scores of variables that appear in cores that are assigned to 0 by
the current assignment of the SLS algorithm to guide the algorithm toward feasible solutions
and decreases the scores of variables appearing in cores that are already assigned to 1 to
discourage the search from setting more than one variable to 1 from each core, as doing so
would incur more cost in the objective. Additionally, we note that some of the variables
in the cores might have had their coefficients set to 0 in O%. Conceptually, all the cost of
assigning such a variable to 1 is already accounted for in the lower bound derived by the
core-guided phase. As such, assigning them to 1 during the solution-improving phase incurs
no additional cost. With this intuition, we lower the scores of such variables by a larger
amount to encourage the SLS algorithm to satisfy the cores on these variables specifically.



O. Liibke and J. Berg

Algorithm 2 Modification of SLS scores to incorporate cores.

Require: (F UCARD,OF), CORES, scores, core-factor «
1: for C' € CORES do
n < number of literals in C' assigned to 1 by «
for /€ C do
w <+ tuned weight of ¢ in OF
if w = 0 then change + core-factor - maximum tuned weight in OF
else change < i
end if
if n =0 then add change to scores[(]
else subtract n - change from scores[/|
end if
11: end for
12: end for

—_
e

Algorithm 2 details the core-based extension of variable scores that we invoke after the
weight initialization phase of SLS (cf. Algorithm 1, Line 2). The procedure alters the score
of each literal ¢ that appears in a core found during the core-guided phase based on the
tuned weight (cf. Definition 6) of £ in O where OF is the objective resulting after the
core-relaxation steps performed by the core-guided phase. The change in score is based either
on the coefficient of £ in OF, or — if the coefficient of ¢ is 0 — by the maximum tuned weight
of any literal in O,

During the SLS procedure, whenever a variable is flipped, we determine the affected
cores (the implementation maintains a mapping from variables to cores), update the count
of satisfied literals, and then modify the variable scores of each affected core accordingly,
i.e. the variable scores of falsified cores are increased by the inverse corresponding weight,
and those of satisfied cores are decreased by n times the inverse corresponding weight. Note,
that initially, n > 0 for all cores, since we always start SLS from an initial assignment that
is a solution, so it satisfies all cores. After a variable flip we do not run Algorithm 2 again,
but update the scores so that the resulting values are equal to the values we would obtain
by executing Algorithm 2 if the current assignment were the initial assignment. The idea
of using information from cores in the SLS-phase bears some resemblance to encoding the
constraints of an optimization problem into the optimization criteria via so-called penalty
functions [45]. However, as all cores are logically entailed by the constraints in the instance,
including any of them in the weighting function does not relax the instance or change the set
of feasible solutions to it.

SLS for Obtaining a Solution to the Relaxed Instance

At the end of the core-guided phase, the cores of (F,O + lb;) are relaxed and the instance
(F U cARD, O + [by) on which the solution improving phase will be invoked is formed. At

this point, the SAT solver used by the core-boosted search only contains the clauses in F.
As a consequence, the best-known solution aes; will only assign the variables in F' and O.

To obtain an upper bound on the optimal cost of (F U CARD, OF + [by) and a solution for
the solution improving phase to use phase saving with, ap.s: needs to be extended into a
solution of (F U CARD, O + [by).

Before our work, the de facto way in which implementations of core-boosted search
algorithms for MaxSAT extended s into a solution of F'U CARD was to invoke a SAT
solver on the clauses F' U CARD with assumptions that correspond to apess, i.€. invoke
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Inc-SAT-solve(F U CARD, {£ | apest(¢) = 1}) and use the obtained solution « as a starting
point for the solution-improving phase. In our preliminary experiments, we observed that
the solution a obtained this way often is quite poor, i.e. has a high a(OF). An intuitive
explanation for this is that most core-guided MaxSAT algorithms encode the semantics of
the new variables in OF as implications rather than equivalences. As a consequence, there
are several extensions of apes into solutions of F'U CARD that all have a cost wrt OF that
is at least apest(O) and often much higher. A SAT solver does not differentiate between
these extensions and can return any of them. Our solution is to invoke an SLS algorithm on
(F U CARD, OF) using « as a starting point. This allows the SLS algorithm to search not
only over the extensions of apess, but also improve on e itself.

» Example 9. Consider the instance (F,O) from Example 7 and assume the best assignment
pest found so far assigns apest (1) = pest(b2) = 0 and apest(b1) = 1. If the core-guided
phase finds the core (b V by) it will form the new objective OF = 2b; + 20 and new
clauses CARD = AS-CNF((by + by > 1) — o}). Invoking a SAT solver on F' U CARD with the
assumptions {#7,bs, b1} can obtain the solution « that assigns a(of) = 1, even though a
solution that assigns of, = 0 is also a valid extension.

3.3 SLS During the Solution-Improving Phase

In contrast to the core-guided phase, the solution-improving phase of core-boosted linear
search focuses on finding solutions of clauses in F'U CARD under different precisions (cf.
Section 2.3) of OF. An important intuition for integrating SLS with the phase is that the
number of clauses required for encoding an objective improving constraint |O®/p| < B of
the objective under a precision p depends on the bound B. Thus, a low-cost (wrt |Of/p])
solution can be used to decrease the number of clauses that need to be added to the SAT
solver in the solution-improving phase and thus make the SAT calls faster to solve. To obtain
such a solution, we invoke SLS on the instance (F' U CARD, |OF/p]) once for every precision
considered during the phase. If the SLS algorithm finds a solution of cost 0, the SAT solver
is never invoked, instead the p is lowered and the SLS algorithm invoked again.

Note, that these more frequent SLS calls can be performed without reinitializing the
SLS solver. After the core-guided phase, we initialize the solver once with the instance
(FUCARD, OF). We directly modify the weights inside the SLS solver to apply the increasing
precisions.

» Example 10. Counsider the instance (F, O) from Example 7. Assume that the first precision
considered in the solution-improving phase is 4. Then |O/4] = by, initially, only one objective
variable is being considered. Executing SLS on (F, |0O/4]), could yield an assignment that
sets z1 = TRUE, which is a 0-cost solution for |O/4], and thus trivially an optimal solution
for |0/4].

4 Experimental Evaluation

We implemented the techniques outlined in Section 3 in the anytime core-boosted linear
search solver Loandra from the MaxSAT Evaluation (MSE) 2024 [10, 11]. This version of
Loandra uses the SAT solver Glucose 4.1 [4] and runs the local search component of the
NuWLS-c solver [17] on the full objective-based instance at the start of each new precision
level during solution improving search.

The baseline solver in our evaluation, Base, is the 2024 MSE version of Loandra with
NuWLS-c exchanged for BouMS 2.1.0 [34] and Glucose for CaDiCaL 2.0 [13]. Since the current
experimental evaluation focuses on the algorithmic ideas rather than specific parameter
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Figure 2 Anytime scores for different variants of running SLS before core-boosted linear search.

values, we set the parameters of Base to equal those used in previous work [17, 11, 42]; the
max-flips of BouMS was set to 107, the preprocessing phase and the core-guided phase are
both invoked for a maximum of 30 seconds, the precision for the solution-improving phase
was set to 10, and the solution-improving constraints realized with the dynamic polynomial
watchdog encoding. The solver implementing all of our techniques is available in open source
at: https://doi.org/10.5281/zenodo.15584837.

In our experiments, we use the 216 unweighted and 229 weighted instances from the any-
time track of the MSE 2024 (https://maxsat-evaluations.github.io/2024/benchmarks.
html) [12]. We employ the same comparison metric as the MSE, the average (over all
instances) of the anytime score that for a solver s on an instance i is calculated as
T e e o ot 155+ The score is 1 if the solver finds a solution whose cost
matches the best-known, and 0 if no solution is found. All evaluations were performed on
2.40-GHz Intel Xeon Gold 6148 machines in RHEL under a per-instance 32-GiB memory
limit and 15-minute time limit. The choice of a larger (compared to the 5 minutes used in
the MaxSAT Evaluations) time limit is motivated by previous work [43] demonstrating that
involved search techniques in anytime MaxSAT tend to require a slightly larger time limit to
be beneficial.

We first assess the impact of running SLS before the core-guided phase (Section 4.1),
followed by an evaluation of running SLS for assignment extension and on different precision
levels (Section 4.2). Then we examine the impact of using cores with the previous techniques
(Section 4.3). Finally, we compare the resulting solver to the leading state-of-the-art solvers
from the MSE 2024 (Section 4.4).

4.1 Impact of Running SLS on the Clause Based Instance

Our first experiment investigates different ways of invoking an SLS solver at the start of the
search. For this, we consider two variants (described in more detail in Section 3.1) of the
Base solver. The Init solver invokes SLS on the objective-based instance obtained after the
initial conversion. This corresponds to the most common way in which modern SAT-based
anytime solvers already use SLS in their search. The ExtInit solver extends the Init
configuration by additionally invoking SLS on the original clause-based instance. Remember
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Figure 3 Anytime scores comparing variants of using SLS-enhanced assignment extension and
increasing precision.

that, when preprocessing (which we denote by Preproc) is applied in the conversion from
clause-based to objective-based, there can be a significant difference between the clause-based
and the objective-based instance.

Figure 2 shows the results of the experiments. On unweighted instances, Preproc
decreases the performance of Base, but Init improves the average score by 0.005. ExtInit,
however, is not as effective as Init only. On the weighted instances, ExtInit achieves a
score 0.009 higher than Init, and 0.031 higher than Base. In contrast to the unweighted
instances, Preproc improves the performance of Base and Init, yet still degrades that of
ExtInit by 0.005. We conclude that, on weighted instances, invoking an SLS search prior
to the search of a SAT-based algorithm can perform noticeably better on the clause-based
instance than on the objective-based one to the extent of being more effective than running
preprocessing.

4.2 Impact of SLS-Enhanced Assignment Extension and Increasing
Precision

For unweighted instances, the linear search phase only has one precision level. Therefore,
using SLS to extend a solution to the relaxed instance after the core-guided phase (AssignExt
as described in Section 3.2) is practically equivalent to running SLS at the start of each
precision level (IncPre as described in Section 3.3). Hence, we do not evaluate the latter on
unweighted instances. Figure 3 shows the results of applying the two techniques in isolation,
in combination with each other, and in combination with the best initial SLS routine for
each of the two benchmark sets as determined in Section 4.1. AssignExt improves the score
by 0.006 for unweighted instances and profits from being paired with Init; the combination
of the techniques yields an improvement of 0.011. AssignExt, in isolation, also improves
the score on the weighted instances (by 0.021), and performs similarly to IncPre. However,
when paired with ExtInit, IncPre outperforms every other possible combination, and yields
an improvement of 0.036 compared to Base.



O. Liibke and J. Berg

g 0.95
g 2 0.90
2 S 085
0.80
110 120 130 140 150 0.75 10 60 20 100 120
#benchmarks #benchmarks
I Init+AssignExt (0.6) _ ExtInit+IncPre (0.885)
——  Init+AssignExt+CoreScores (0.6) —— ExtInit+AssignExt+CoreClauses (0.885)
Init+AssignExt4-CoreClauses (0.598) ——  ExtInit+IncPre+CoreScores (0.884)
AssignExt+CoreClauses (0.596) —_ ExtInit (0.88)
AssignExt (0.595) ——  ExtInit+IncPre+CoreClauses (0.88)
_— Init (0.594) _— ExtInit+AssignExt (0.88)
P Base (0.589) —— ExtInit+AssignExt+CoreScores (0.88)
——  AssignExt+CoreScores (0.585) AssignExt+CoreClauses (0.878)
—_ AssignExt+CoreScores (0.875)
e IncPre+CoreClauses (0.872)
IncPre+CoreScores (0.872)
AssignExt (0.87)
IncPre (0.869)
_— Base (0.849)
(a) unweighted. (b) weighted.

Figure 4 Anytime scores comparing the two variants of using cores.

In conclusion, both SLS integration techniques evaluated in this subsection improve the
performance of Base, and yield the highest scores when paired with running SLS during
the initial phase. In such a pairing, on weighted instances, however, IncPre outperforms
AssignExt.

4.3 Impact of Using Cores in SLS

Figure 4 shows the effect of adding cores as clauses (CoreClauses) and using them to modify
the SLS weighting scheme (CoreScores), as described in Section 3.2. For CoreScores, the
core-factor parameter is set to 1. Both AssignExt and IncPre benefit from CoreClauses,
improving the score of AssignExt by 0.001 on unweighted instances and by 0.008 on
weighted instances. The score of IncPre is improved by 0.003. The CoreScores variant
is not effective on unweighted instances, but on weighted instances its performance is
comparable to CoreClauses when combined with IncPre, and slightly worse in conjunction
with AssignExt.

The benefits of these (simplistic) approaches of using cores are overshadowed by invoking
SLS at the beginning of the search; Init+AssignExt remains the best variant for unweighted
instances and does not benefit from cores. On weighted instances, ExtInit+ IncPre wins, and
adding a core strategy reduces the score. Yet, CoreClauses can help ExtInit+ AssignExt
to achieve performance equivalent to ExtInit+ IncPre.

In conclusion, while SLS can benefit from the additional information generated in the
core-guided phase, employing SLS before the search is more effective. Adding the cores as

clauses yields higher scores than the weighting scheme modification introduced in this paper.

Yet, both perform almost equivalently on weighted instances, making us carefully optimistic
that more sophisticated weighting schemes based on cores could be developed.
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4.4 Comparison to State-of-the-Art Solvers

Finally, we note that we did also compare our Base solver to the best-performing any-
time solvers of the 2024 MSE (SPB_MaxSAT Band and SPB_MaxSAT FPS [28]) as
well as Loandra as it participated in the 2024 MSE. Detailed results are presented in Ap-
pendix A, but the takeaway message is that the best-performing variant of our Base solver
(Init+AssignExt for the unweighted instances and ExtInit+IncPre for the weighted) were
still outperformed by the 2024 MSE version of Loandra by an average score of 0.018 on
unweighted and 0.010 on weighted instances. To look into this, we ran the same experiments
with a version of Base that uses Glucose as a backend. Without preprocessing, the conclu-
sions with glucose as the backend were very similar to those presented in previous sections.
When preprocessing with MaxPRE [29] was turned on, the performance of the solver improved
significantly to the extent that any benefits from the SLS integration techniques disappeared.
In short, we conclude that variants of Loandra that use Glucose as the backend benefit
much more from preprocessing before search than from tighter SLS integration. In contrast,
preprocessing has a significantly smaller impact when CaDiCal is the backend, allowing
us to observe benefits from SLS integration regardless. Currently, the best performance of
Loandra is achieved with Glucose as the backend and preprocessing.

All in all, our results show that more sophisticated methods of integrating SLS with
core-boosted linear search can result in increased performance, but the devil is in the details,
and developing universally effective methods is a significant research challenge. We also note
that the techniques we describe can be expected to work with any SLS approach for MaxSAT
and that the approach implemented in BouMS is not state-of-the-art.

5 Conclusions

We studied the potential synergy between stochastic local search and CDCL-based reasoning
for computing low-cost solutions to MaxSAT instances. Focusing on the so-called core-
boosted linear search algorithm that makes use of many different CDCL-based optimization
algorithms and cost-preserving reasoning, we identified several ways an SLS algorithm can
enrich the reasoning performed by the SAT-based search. In addition, we studied ways a
SAT-based algorithm can provide non-trivial information about the instance being solved
in the form of unsatisfiable cores. Our experimental evaluation of the ideas demonstrated
some support for the potential benefits of sophisticated methods of integrating SLS with
CDCL-based reasoning in the context of MaxSAT. Further interesting work includes studying
more sophisticated ways in which cores can be utilized in SLS.
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Figure 5 Anytime scores comparing the best performing configuration to other state-of-the-art
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A Detailed Comparison to State-of-the-Art Solvers

Figure 3 shows a comparison of the best combinations of techniques described in this paper
to the winners of the MSE 2024, SPB_ MaxSAT _Band and SPB_MaxSAT_FPS [28], and
Loandra as it participated in the same MSE. To assess the performance of our resulting solvers

28:19

CP 2025


https://doi.org/10.1007/s10601-013-9146-2
https://doi.org/10.3233/SAT-200126
https://doi.org/10.3233/SAT-200126
https://doi.org/10.3233/SAT-231504
https://doi.org/10.1609/aaai.v28i1.9124
https://doi.org/10.1007/978-3-319-94144-8_3
https://doi.org/10.4230/LIPICS.CP.2024.26
https://doi.org/10.1007/s10601-023-09348-1

28:20

SLS-Enhanced Core-Boosted Linear Search for Anytime Maximum Satisfiability

we include variations of Loandra with sophisticated preprocessing disabled (_noPreproc)
and with Glucose exchanged for CaDiCal. (LoandraCaDiCaL). Keep in mind, that Preproc
(Base) is LoandraCaDiCaL(__noPreproc) without any SLS.

We can see that Loandra performs worse with CaDiCal. than with Glucose, and prepro-
cessing is also much less effective, or even detrimental for this variant. Given the reduced
performance of Base, it is no surprise that our best configurations cannot outperform the
best anytime solvers currently available. Still, the substantial improvements over Base show
that the techniques described in this paper effectively improve the performance of anytime
core-boosted linear search.
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