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—— Abstract

An automaton is called reachable if every state is reachable from the initial state. This notion has

been generalized coalgebraically in two ways: first, via a universal property on pointed coalgebras,
namely, that a reachable coalgebra has no proper subcoalgebra; and second, a coalgebra is reachable
if it arises as the union of an iterative computation of successor states, starting from the initial state.

In the current paper, we present corresponding universal properties and iterative constructions
for trees. The universal property captures when a coalgebra is a tree, namely, when it has no proper
tree unravelling. The iterative construction unravels an arbitrary coalgebra to a tree. We show that
this yields the expected notion of tree for a variety of standard examples.

We obtain our characterization of trees by first generalizing the previous theory of reachable
coalgebras. Surprisingly, both the universal property and the iterative construction for trees arise as
an instance of this generalized notion of reachability.
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1 Introduction

Reachability and having a tree structure are two fundamental structural properties of state-
based systems. For instance, a deterministic automaton is reachable if for every state, there
exists a path from the initial state to it, and it is a tree if for every state, there is a unique
path from the initial state (the latter makes sense in particular if the transition map is
partial, otherwise it forces the automaton to be infinite). Analogous notions of reachability
and tree structure can be defined for many variations of automata and graphs.

Reachability has been characterized at the level of pointed coalgebras — intuitively,
coalgebras with an initial state — providing a general notion that instantiates to a wide
variety of systems beyond deterministic automata. There are, in fact, two equivalent
characterizations (cf. Figure 1). First, a pointed coalgebra is reachable if it has no proper
pointed subcoalgebras [2]. Second, a pointed coalgebra is reachable if, intuitively, the entire
state space is obtained when starting at the initial state and iteratively computing next
states [27, 7]. The latter construction makes use of the notion of least bounds to compute
one-step successor states (originally introduced under the name base by Blok [9]). While
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15:2 Trees in Coalgebra from Generalized Reachability

Notion Universal Property Morphism Class Iterative Construction
Reachable  No proper subcoalgebra [2] Monic Union of least bounds [7, 27]
Trees No proper unravelling Arbitrary Coproduct of F-precise maps

Figure 1 Properties of coalgebras and their constructions.

the first approach characterizes reachability abstractly via a universal property, the second
approach provides an iterative process that can be used to obtain the reachable part of a
pointed coalgebra.

In the current paper, we extend this theory by providing characterizations of when the
underlying graph of a pointed coalgebra is a tree. Analogously to the case of reachability,
we provide two equivalent characterizations, one via a universal property and one via an
iterative construction. These are summarized in the second row of Figure 1.

The first characterization intuitively says that a pointed coalgebra is a tree if it has no
proper unravellings, where an unravelling can copy shared nodes and unfold loops. Formally,
an unravelling of a coalgebra is captured as a pointed coalgebra homomorphism into it;
the difference with the characterization of reachability is that this homomorphism is not
required to be monic. The second characterization is again an iterative construction: a
coalgebra is a tree if it arises as the coproduct of its iteratively computed successors. There
is, however, a catch: the classic least bound does not account for avoiding sharing of one-step
successors. Therefore, we use the notion of precise maps [24], a variation of least bounds whose
relevance for tree unravelling has been conjectured [25, Ex. 4.16, Fn 2]. The resulting iterative
construction can be used to compute the tree unravelling of a given pointed coalgebra.

We recover expected tree notions for instances such as (partial) automata, coalgebras
for various simple polynomial functors, and coalgebras for the bag functor (multisets).
Interestingly, coalgebras for the powerset functor are never a tree in our characterization, as
this functor allows a form of copying that yields multiple edges between two nodes.

The key idea behind our technical approach is that all characterizations, of reachability
and of being a tree, turn out to be instances of a generalized notion of reachability. While
reachability is studied in [27] in the setting of an (&, M)-factorization system where M
consists of monos (not necessarily including all of them), here we relax this condition to
allow M to be arbitrary. Then, taking M to be all morphisms is precisely what yields the
characterization of trees (see also the morphism class column in Figure 1). In order to make
the generalization work, we have to relax the condition that every M-subcoalgebra is an
isomorphism to the requirement that it is a split epimorphism. When M consists of monos,
this is equivalent to the isomorphism condition, recovering the classical notion of reachability.

We then show that the iterative construction can also be formulated at this level, and that
it is equivalent to the characterization via a universal property, generalizing the corresponding
results from [27, 7]. We thus arrive at a general theory that instantiates both to reachability
and to the property of being a tree, and provides two equivalent characterizations, one via a
universal property and one via an iterative construction.

The outline of this paper is as follows. In Section 2, we recall preliminaries on coalgebras
and factorization systems. In Section 3, we recall the notion of least bounds and precise
morphisms, and relate the two notions. In Section 4, the generalized notion of reachability
is introduced, in terms of a universal property and a matching iterative construction. We
instantiate this generalized notion of reachability in Section 5 to obtain an account of trees
in coalgebras. The paper concludes with a description of future work in Section 6.
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2 Preliminaries

In the following, we assume basic knowledge of category theory (cf. standard textbooks such
as [5, 6]). Usually, C and D denote categories and F' denotes a functor.

» Notation 2.1. Product projections are denoted by pr;: ]_[j A; = A;. Coproduct injections
are called inl: A - A+ B, inrrB—> A+ B, and in;: A; — ]_[j A;. We use the notation [n]
for the set {0,...,n —1}.

» Definition 2.2. Given a category C and an endofunctor F:C — C, an F-coalgebra is a
pair (C,¢) consisting of an object C' (of C) and a morphism c¢:C — FC (in C). For a fized
object I € C, a pointed F-coalgebra is an F'-coalgebra equipped with a morphism ic:1 — C,
called the point. An F-coalgebra morphism h: (C,c) — (D, d) between F-coalgebras (C,c)
and (D, d) is a morphism h:C — D with d+h = Fh ¢ (Figure 2b). A pointed F-coalgebra
morphism h: (C,c,ic) = (D,d,ip) is an F-coalgebra morphism that preserves the point:
ip = h-ig (Figure 2a). We denote the category of F-coalgebras and F-coalgebra morphisms
by Coalg(F), and the category of pointed F-coalgebras and pointed F-coalgebra morphisms
by Coalg;(F).

The functor F' is dropped from the terminology when understood from context. Intuitively,
the carrier C of a coalgebra (C, ¢) is the state space and the point I — C models an initial
state. For C = Set, we fix [ = 1 in this paper. Alternatively, one could choose e.g. I = 2
to model two initial states. The morphism ¢: C' —» FC sends states to their possible next

states. The functor of choice F' defines how these possible next states F'C are structured.

We provide a few examples below, and refer to [14, 18] for more examples and a general
introduction to the theory of coalgebras.

» Example 2.3.

1. The powerset functor P:Set — Set sends each set to its powerset. A P-coalgebra
c:C — P(C) is a transition system, where C' is the set of states, and there is a transition
from z to y iff y € ¢(z). Tt can also be viewed as a directed graph (where self-loops are
allowed).

2. Consider the functor F':Set — Set given by F(X) = X x X + {L}. An F-coalgebra
c:C - CxC+{L} maps every state to either a pair of next states, or to L, representing
termination.

3. Let A be a fixed set (the alphabet), let 2 = {0,1}, and let F:Set — Set be given by
F(X)=2x(X+ {J_})A. Coalgebras for F' are partial deterministic automata. They
are conveniently presented as a pair of maps (0,6):C - 2 x (C + {J_})A. Here, C is
the set of states, and o: C' — 2 is thought of as the output function; we say = € C is an
accepting state iff o(z) = 1. For x € C and a letter a € A, if §(x)(a) = inl(y) for some
y € C, then we say that there is an a-transition from z to y. If 6(x)(a) = inr(L), then
the a-transition of x is undefined. A point gy: 1 — C models the initial state.

We extend § to words 6*:C — (C + {J_})A* in the evident way.

i c C —— FC A—> B
1= T -

> D—%5 FD b»Im(f);nj C>L>D

(a) Point preservation.  (b) F-coalgebra morphism. (c) Factorization. (d) Diagonal fill-in.

Figure 2 Commutative diagrams for Definitions 2.2 and 2.6.
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4. A signature is a set X together with a map ar: ¥ — N, sending each symbol o € X to its arity
ar(c) € N. Every signature ¥ induces a polynomial Set-functor F5(X) = [ [ s x),
Pointed Fyx:-coalgebras can be understood as automata for which a state ¢ marked by a
symbol o € ¥ offers ar(c)-many inputs. Partial deterministic automata for a finite input
alphabet A arise as Fx-coalgebras for the signature 3 = 2 X P(A) with ar(b, S) = |S].

» Definition 2.4. A directed multigraph G = (V, E, s,t) consists of sets V (of vertices) and
E (of edges), and functions s,t: E — V sending each edge to ils source and target vertez,
respectively. A pointed (or rooted) graph additionally has a distinguished vertex vy € V. We
call a graph locally finite if each pair of vertices is related by only finitely many edges. A
path between vertices u and v is a finite sequence of consecutive edges:

Path(u,v) = {p € E" | n € N,s(p1) = u, V1 < k < n.t(p-1) = s(px), t(pn) = v}

We often drop the adjectives and simply speak of graphs. Examples of graphs are visualized
later, e.g. in Figure 11. All commutative diagrams are also examples of graphs, where each
object represents a vertex and the morphisms represent edges, possibly allowing multiple
morphisms between the same pair of objects.

We model multigraphs as coalgebras for the bag (or multiset) functor B, as defined
next, instead of the powerset functor. Our motivation is that the coalgebraic concepts
yield the expected graph-theoretic notions in the instantiation for the bag functor, e.g.
when characterizing trees in the present paper (see Theorem 5.15 later). Another such
example is colour refinement on graphs, which is obtained from coalgebraic bisimilarity on
B-coalgebras [26, Ex. 7.18.3]. Colour refinement is an early phase in the approximation of
graph isomorphism checking via the Weisfeiler-Leman algorithm [19].

» Example 2.5. The bag functor B: Set — Set sends each set to the set of its finite multisets:
BX = {m: X - N | m(zx) =0 for all but finitely many = € X}.

A B-coalgebra c: C — BC' is similar to a transition system, with the difference that there is
a number n € N of transitions from a given state x € C to a state y € C.

We can identify B-coalgebras on V' with locally-finite multigraphs by translating between
coalgebra structures ¢: V' — BV and edge sets E as follows:

E=] [l slnawnk) =v c(u)(v) = |{e € E| s(e) = u,t(e) = v}|.

(u0)eV? t(in(uyv)k‘) =v

From left to right, local finiteness of the graph ensures that the definition of c(u)(v) is a
natural number.

» Definition 2.6 [5, Def. 14.1]. Given classes of morphisms € and M in C, we say that C

has an (€, M)-factorization system provided that:

1. £ and M are closed under composition and contain all isomorphisms. We write — for
morphisms e € £, and = for morphisms m € M.

2. Every morphism f: A — B in C has a factorization f = m -e with e € £ and m € M
(Figure 2c). We write Im(f) for the intermediate object.

3. For each commutative square g+-e =m - f with m € M and e € &, there exists a unique
diagonal fill-in d withm -d =g and d-e = f (Figure 2d).

We denote the classes of all epimorphisms, monomorphisms, isomorphisms, and (arbitrary)

morphisms in C by Epi,Mono, Iso, and Mor, respectively. A factorization system is called

proper if £ € Epi and M € Mono.

Note that in general, the classes £ and M are not assumed to be classes of epis, resp. monos.
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» Example 2.7.
1. Set has an (Epi, Mono)-factorization system.
2. Every category C has an (lso, Mor)-factorization system, which is not proper in general.

» Definition 2.8. For a class M of morphisms in C and a functor F:C — C, let M-carried
be the class of those (pointed) F-coalgebra morphisms h: (C,c) — (D,d) with h € M.

» Proposition 2.9 [25]. If F:C — D preserves M (that is, Fm € M for every m € M),
then everyl (&, M)-factorization system of C lifts to an (€-carried, M-carried)-factorization
system on Coalg(F') and on Coalg;(F).

» Remark 2.10. Factorization systems have cancellation properties similar to those satisfied
by monomorphisms and epimorphisms. For instance, if a composite g - f is in M and ¢ is in
M, then f is in M, too [5, Prop. 14.9(1)] (in the case of properness, the assumption g € M
can be dropped).

» Definition 2.11. We refer to the pullback of an M-morphism along an M-morphism as a
(binary) M-intersection.

» Example 2.12. If M is a class of monomorphisms in Set, then an M-intersection is an
intersection of subobjects in the usual sense. If M = Mor, i.e. M is the class of all morphisms
in C, then an M-intersection is a (general) pullback in C.

» Example 2.13. Pointed F-coalgebras also have M-intersections under mild conditions:
if the base category C has M-intersections and if F' preserves them weakly (i.e. it maps
pullback squares of M-morphisms to weak pullback squares), then Coalg;(F') has pullbacks
of M-carried-morphisms.

1. For C = Set and M < Mono, every functor Set — Set preserves binary intersections up to
redefinition of F'@ [23, 4, 8] (see [27] for a survey). This redefinition leaves Coalg;(F)
untouched, because there is at most one pointed coalgebra on @ (and none if I # @).

2. For C = Set and M = Mor, this preservation condition boils down to the weak preservation
of pullbacks. This criterion is studied at length in the coalgebraic literature [13], as this is
the standard sufficient condition for coalgebraic bisimilarity and coalgebraic behavioural
equivalence to coincide.

3 Precise Morphisms vs. Least Bounds

Towards a description of trees by an iterative construction on coalgebras, we start by
discussing the existing notion of precise morphisms [24, Def. 3.1] that intuitively describes
the relation between two levels of a tree: every node further down is the child of precisely
one node in the level above.

» Definition 3.1 [24, Def. 3.1]. For a functor F:C — D and a class M of morphisms in
C, a morphism p: P —» FR in D is called F-precise (w.r.t M) or simply precise if for all
g:P = FC (in D) and for allm:R - D and n:C — D in M, the following implication
holds:

p—2 S FR . pP-—L5FR

N R A AL

! Note that this includes non-proper factorization systems; earlier proofs, e.g. by Kurz [16, 1.3.5-1.3.7],
impose restrictions on £ and M.

15:5
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1

X f Y X P Y h vy

f1X > FY o -@ u p X - FY' 1@ Ly "
z1 L % z1— L / 1
xQ/—> Yo o T2 — 1y, Y2
22~ (41, 92) s 22 (y1,92) :
x5 (y2,92) 13 Y3 x3e (ys,0a) 73 vs /y3

za L 334—9 Ya za L 174—9\)3/4'1 Ya
Figure 3 A non-precise map f that factors through the F-precise p for FX = X x X + {L} [24].

If M is part of an (£, M)-factorization system, then by m,n € M, the diagonal d is
necessarily in M as well (Remark 2.10). The present definition is a mild generalization of
the original definition [24], which can be reobtained by setting C = D and setting M to be
the class of all morphisms.

» Example 3.2 [24]. For intuition, we consider the simple case where M is the class of all
morphisms and C = D = Set. For a polynomial Set-functor F', a map p: P —» F'R is F-precise
iff every element of R is mentioned precisely once in the definition of the map p. In particular,
for the functor FX = X X X + {L} on Set, a map p: P —» FR is precise iff

Vy € R, 3(z,i) € P x{1,2}:p(x) = (y1,2) and y; = y.

The map f: X — FY in Figure 3 is not F-precise, because y, is used three times (once in f(x5)
and twice in f(x3)), and y3 and y4 do not occur in f at all. The map p: X — FY'is F-precise
because every element of Y' is used precisely once in p. The equality Fh-p = f witnesses
that f is indeed not precise. To see this, consider the commutative square Fh-p = Fidy - f.
There is no diagonal d: Y — Y' with k- d = idy. Thus, f does not satisfy the definition of
precise maps (Definition 3.1).

» Remark 3.3. If C has weak M-intersections and F' preserves them (i.e. weak pullbacks of
M-morphisms), then the morphism m in Definition 3.1 can be assumed to be the identity.
That is, p is precise already if it fulfils the above definition for m = id [24, Rem. 3.2}, i.e. if
for all g: P - F'C and for all n: C' - R in M with p = F'n - g, there is a d: R — C such that
Fd-p=gandn-d=idg. In particular, n has to be a split epi. If, moreover, M S Mono,
then p is precise iff for any g and n € M, p = Fn - g implies that n is an isomorphism.

The lifting property of maps for the identity functor Id boils down to a special case of
the diagonal lift of a factorization system:

» Proposition 3.4. Suppose C has an (€, M)-factorization system. Then a map p: P - R
is ldc-precise (w.r.t. M) iff p € £.

As illustrated in Figure 3, certain functors allow factorization of morphisms of the shape
X — FY through precise maps.

» Definition 3.5 [24, Def. 3.4]. We say that F':C — D admits precise factorizations if for
every f: P — FY | there exists an F-precise morphism p: P - FR and h: R =Y € M with
Fh-p=f (cf Figure 4). The triple (R,p,h) is called the precise factorization of f.

The original definition [24] is for endofunctors and parametric in a class S of objects
(requiring P, R € S), which we omit in the present paper for the sake of simplicity. In any
case, even though the diagonal in the definition of precise morphism is not required to be
unique, we can still deduce uniqueness of precise factorizations:
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P 2N FR x -2 FY,
l Fd - l
p2 = Fg
m th ig Fh
FY FYy, — FZ
Figure 4 Existence of precise factorizations. Figure 5 Uniqueness of precise factorizations.

» Lemma 3.6. If M is part of an (£, M)-factorization system, then precise factorizations
are unique up to isomorphism. Concretely, if p1 and py are precise and g,h € M in the
commutative square in Figure 5, then the induced morphism d is an isomorphism.

Many functors admit precise factorizations:
» Proposition 3.7. |d; admits precise factorizations, if C has an (€, M)-factorization system.

» Proposition 3.8 [24, Prop. 3.6]. Let M = Mor and C = D. The following functors admit
precise factorizations:

1. Constant functors, if C has an initial object.

F- F', if F' and F' do so.

[1F;, if all (Fy)ier do so.

i€l

LI F;, if all (F;)ier do so and C is I-extensive.

i€l

Right adjoint functors.

LA S

» Corollary 3.9. Let C be an extensive category. Then all polynomial endofunctors on C
admit precise factorizations.

Proof. Consequence of Proposition 3.7 and Proposition 3.8. |

Still for M = Mor, the powerset functor P: Set — Set does not admit precise factorizations,
because {e¢} = {e,e} = {e,e,e} = ... for any e. Therefore, any e can be considered to be
mentioned unboundedly often. This idea formalizes as follows:

» Example 3.10. A map f: X — PY is P-precise (w.r.t Mor) iff Y = @.

» Example 3.11. The bag functor B: Set — Set admits precise factorizations [24, Prop. 4.3]:
a map p: X — BY is precise iff ) p(z)(y) =1 for every y € Y. For the factorization of a
general f: X — BY, we create for each x € X and y € Y as many copies of y as given by
the multiplicity f(z)(y) € N. Let Z = [{, ,yexxy[f(#)(y)]. Then, define m:Z —» Y by

m(ing (k) =y and p: X — BZ by p(x)(iny (k) = 1if x = 2" and 0 otherwise.

» Remark 3.12. The definition of precise morphisms (Definition 3.1) looks similar to that of

(E,M)-functors [5, Chp. 17], but differs in the following aspects:

1. For precise morphisms, both m and n are required to be in M, which is crucial for
the unification with least bounds, as discussed next. In contrast, in the diagram for
(€,M)-functors [5, Chp. 17], only the “opposite side” n is required to be in M.

2. In contrast to (£, M)-functors, the diagonal in Definition 3.1 is not necessarily unique.

3. The factorization of (£,M)-functors is defined in terms of sources, that is, families of
morphisms with a common domain.

If we instantiate M to be a class of monomorphisms, precise factorizations coincide with
the notion of least bound (also called base [9, 7]) for a functor:

CALCO 2025
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» Definition 3.13 [9, 27]. For a functor F:C — D and a class M of monomorphisms in
C, we say that F has least bounds (w.r.t. M) if for every morphism f: X — FY, there is
a least morphism m:Z » Y in M such that f factors through Fm (via some g: X —» FZ).
Concretely, this means that

X -5 Fz

N

ry

commutes and for every m':Z - Y and g': X - FZ' with Fm'- g' = f, there is a morphism
h:Z — Z' withm'-h =m. The triple (Z,g,m) is called the least bound of f.

In Set, Z intuitively consists of those elements of Y that are actually used by f. Then, m is
just the subset inclusion, and since m “omits” only those elements which are not used by f
anyway, we can restrict the codomain of f to F'Z, yielding g: X — FZ.

» Example 3.14. For Set and M being the class of all monomorphisms (i.e. injective maps),
consider the map f: X — FY from Figure 3 (for FX = X X X + {L}). The least bound of
the map is given by

Z={yryo} mZoY ¢gX-oFZ xie Lm0 (y1,52), 13 (y2,92), T4 L
Here, m is the subset inclusion and g witnesses that the codomain of f restricts to F'Z.

» Example 3.15. The bag functor B on sets (and M = Mono) has least bounds. The least
bound of f: X — BY is given by those elements of Y that appear with non-zero multiplicity:
Z:={yeY |3JreX:f(x)(y)# 0} and f then factors through Bm for m: Z - Y.

A key observation for the generalization of reachability to possibly non-proper factorization
systems in Section 4 is that precise factorizations instantiate to least bounds in the following
sense:

» Proposition 3.16. For every functor F:C — D, M S Mono, and f: X = FY, we have:

1. If the precise factorization (w.r.t. M) of f exists, then it is also the least bound of f.

2. If F preserves M-intersections, if F'm is monic for every m € M, and if the least bound
of [ exists, then the least bound of f is also the precise factorization of f.

In particular, under the given conditions, each of them exists iff the other one does.

» Example 3.17. Consider the least bound (Z,g,m) of f from Example 3.14. Since
FX = X x X + {1} preserves intersections and monos, Proposition 3.16.2 implies that
(Z,g,m) is also the precise factorization of f (w.r.t. M = Mono). Thus, the map g is precise
w.r.t. M = Mono but not precise w.r.t. M = Mor.

4 Generalized Reachability

In the original definition [2, Def. 3.15], a coalgebra is reachable if it has no proper subcoalgebra.
Here, a subcoalgebra refers to a (pointed) coalgebra morphism into the coalgebra of interest,
carried by a monomorphism. Later [27], this condition was generalized from monomorphisms
to a class M of monomorphisms, not necessarily including all of them. In the present
paper, we generalize both the definition and the reachability construction to work for general
(&€, M)-factorization systems, even those that are not proper. This is crucially used in
Section 5, where we instantiate the theory to obtain characterizations of trees.
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c D}y E}
C n D 9, E O) N\
- qo —> q1 — 42 — - = Do 3P -/ 11 _hy ]
4 X g
Figure 6 Surjective coalgebra morphisms without splittings. Figure 7 R(_)—coalgebras.

4.1 Universal Property

The universal property of reachability captures that it is not possible to “omit” states. The
omission of states is formally encoded by a coalgebra morphism from a class M:

» Definition 4.1. Fiz a functor F:C — C and a class M of morphisms in C.

1. A pointed M-subcoalgebra of a pointed coalgebra (C,c,ic) is a pointed M-carried-
morphism (T,t,ip) = (C,c,ic). We simply speak of subcoalgebras if M is clear from
the context (even if M is not assumed to be a class of monomorphisms).

2. The coalgebra (C, c,ic) is called M-reachable if every pointed M-subcoalgebra of (C, c,ic)
is a split epimorphism of coalgebras (i.e. the splitting is also a pointed homomorphism).

Note that the term subcoalgebra needs to be understood abstractly because it is parametric
in the class M which may contain morphisms that are not monic. Still, we stick to the term
subcoalgebra because it conveys the right intuition if M S Mono is assumed. Under this
assumption, we recover the usual definition of reachability:

» Lemma 4.2. If M < Mono, then a coalgebra is reachable iff every pointed subcoalgebra is
an isomorphism.

» Example 4.3. For B-coalgebras and M = Mono, a pointed directed multigraph is reachable
as a coalgebra (V, c,vg) iff for every vertex u € V, there is some path from v, to u, that is,
iff Path(vg,u) # @ for all u € V.

» Example 4.4. For M = Mono, a partial deterministic automaton (o, §): C' = 2x(C+{L})*
considered as a coalgebra with a point gg: 1 — C' is reachable iff for each state ¢ € C, there
is an input word w € A™ such that §*(qo)(w) = inl(q).

» Example 4.5. Let us briefly look at a small example to discuss split epimorphisms of
coalgebras. Consider the (lso, Mor)-factorization system in Set and coalgebras for the identity
functor, visualized in Figure 6. The map g: (D, d,py) — (E,e,£) is in Mor. However, there
is no coalgebra morphism (F,e) — (D, d) (regardless of point preservation), so g is not a
split epimorphism of pointed coalgebras. And indeed, F is not a tree (by intuitive means)
because it has a cycle. The underlying map g: D — E has two splittings (s;: £ — pg and
s9: 4 — py), showcasing why we require split epis of coalgebras in Definition 4.1.2. Likewise,
D is also not a tree (by intuitive means) because it has a cycle of length 2. And again, D
is not Mor-reachable as witnessed by the coalgebra morphism A which has no splitting in
coalgebras (though being surjective). This example naturally embeds into coalgebras for
polynomial functors with at least one symbol of arity at least 1.

Later, in Example 5.2, we will discuss why Definition 4.1.2 only requires a split epimorph-
ism instead of an isomorphism.
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. N . L[ . o [Fln . ] .
Cp —2 FChsy 125 Gy =2 Taew Cr =% [ FCrit —= 5B ] [,y Ci
mkI Ika \ l[mk]ka\, F[mk]keNl
¢ —— FC c c e
Figure 8 Level k. Figure 9 The morphism [m;,] from the coproduct of all levels.

» Lemma 4.6. Let M be part of an (€, M )-factorization system.

1. If h: (C,c,ic) » (D,d,ip) is an M-morphism between M-reachable coalgebras, then h
is an isomorphism.

2. If C has M-intersections and F preserves them weakly, then every coalgebra has at most
one M-reachable subcoalgebra. Thus, we may speak of the M-reachable subcoalgebra (if
it exists).

The proof of Lemma 4.6 differs from the simple case when M S Mono, because the uni-
versal property of M-reachability only provides split epimorphisms instead of isomorphisms.

» Remark 4.7. In Lemma 4.6.1, it is crucial that h is required to be an M-morphism.
Otherwise, the statement is wrong for M = Mono and for functors that do not preserve
preimages. A concrete example is the functor F X = R0 [13], for which successors in
a coalgebra can disappear when being identified. Figure 7 shows examples of coalgebra
morphisms for this functor. The composition g - h: C — E is a morphism between reachable
f-coalgebras, but g - h is not an isomorphism.

If we have factorizations of coalgebra morphisms, the following characterization of
reachability in terms of £ is immediate:

» Lemma 4.8 [25, Lem. 4.6]. If M < Mono is part of an (€, M)-factorization system and F
preserves M, then a coalgebra C is M-reachable iff every homomorphism h: D — C is in E.

4.2 Construction

Having shown uniqueness, we now discuss sufficient conditions for the existence of the M-
reachable subcoalgebra of a given pointed coalgebra. We do so by generalizing the iterative
reachability construction [7, 27] to arbitrary factorization systems:

» Assumption 4.9. For the remainder of Section 4.2, we fix a functor F:C — C on a category
C with an (€, M)-factorization system such that F preserves M-morphisms and F admits
precise factorizations w.r.t. M.

» Construction 4.10. For a pointed F-coalgebra (C,c,ic), we define a sequence of morphisms
my: Cy, = C in M and precise morphisms c: Cy, = FCiy1 (k € N) inductively:
ic

1. Take the (£, M)-factorization of ic: I — C into [ i 1

I —S% 0y s ¢

2. For my:Cy, — C, let ¢, and my,; € M be the precise factorization of ¢ - my, (Figure 8).
We call Cy, the k-th level.

» Lemma 4.11. In the setting of Construction 4.10, the coproduct of levels is a coalgebra
making [my, Jxen @ pointed coalgebra morphism (Figure 9).

Taking the factorization of this homomorphism yields a pointed coalgebra again:
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» Theorem 4.12. In the setting of Construction 4.10, the image R of the coalgebra morphism
[my Jken is an M-reachable coalgebra:

[mk]keN
f [ex] v
erN Ck klkeN R m C

» Remark 4.13. A restricted variant of this result was shown in [7, Theorem 17] with a
fixed factorization system (where £ is the class of strong epis and M = Mono, arising by
assumptions on the category), and at a more general level in [27, Thm. 5.20.2], assuming
only that M S Mono. Here, we make no assumptions about M. Still, we follow the proof of
[27, Thm. 5.20.2], but the current proof differs in that we do not (and cannot) use that the
morphisms in M are monic, which was used in the final steps of the earlier proof. To address
this, the constructed sequence of morphisms dy, in the proof satisfies a tighter property (which
does not, involve m').

Proof of Theorem 4.12. For easier comparison, we stick close to the notation of the proof
of [27, Thm. 5.20.2] wherever possible. Let h: (S, s,ig) = (R,7,ir) be a pointed subcoalgebra,
for which we now need to show that it is a split epimorphism. In the following, we will define
morphisms di: Cy = S (in M) satisfying

Cp > R Cp — FCyy

de / and dkl le:m for all k € N. (1)
S

S —2 5 FS

Note that [ep ]xen € &, but e, (for each k € N) is in M because my, = m'-ey, and my, m' € M.
Thus, every such dj, will necessarily be in M as well.

Formally, we prove by induction that there exist morphisms d; (k € N) such that for all
k €N, we have h-dy, = e, and, if £ = 1, also s - dy_1 = Fdy, * c;,—;. We define dy: Cy » S
using the diagonal fill-in property:

I =% C,
isl do/ Ieo
“h
S— R

In this diagram, the outside commutes since ip = € z'C and h preserves the point.

In the inductive step, given d;:C), » S with h - d; = e, the left-hand diagram below
commutes. Using that ¢;, is precise and h, epy1 € M, we obtain the diagonal fill-in dj,; (on
the right) satisfying the two desired equalities.

Cp =————— FCiy Cj, ———— FCu
@] LN pef. R 3d,.., W] ) Crn
S T) R Fegs = S Fdy, & ’ﬁl/// lelﬁl
T +1 7
*l  Hom. Fh\ s g<h ,p
FS — S FR FS

Thus, (1) and the definition of dy yield that [dy Jxen is a pointed coalgebra morphism,
making the left-hand diagram commute:
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ing i [ex Jnen
I — [en Ci > [pen FC — F [ ien Gk [1en Cr %MZ R
keN Ck [Fings1lken - 7
isg l[dk]kEN F[dk]keNl [dk]keNl . g H
< h

S s FS s¥—" LR

Thus, the right-hand square is a commutative square in the category of pointed coalgebras.
Using the factorization system, we obtain a diagonal fill-in g: R — S that satisfies h - g = idp,
showing that & is indeed a split epimorphism of coalgebras. |

» Corollary 4.14. A coalgebra is M-reachable iff it is isomorphic to the reachable coalgebra
R from Theorem 4.12.

» Example 4.15. For every set functor F':Set — Set, there is a canonical way to transform
F-coalgebras into coalgebras for the powerset functor, which is interpreted as a directed
graph and called the canonical graph [12]. Whenever F has least bounds for M € Mono, then
an F-coalgebra is reachable iff its canonical graph is reachable (in the usual graph-theoretic
sense) [27, Ex. 2.7, 5.26]. In such a case, the reachable subcoalgebra can simply be computed
on the canonical graph.

5 Trees

We instantiate M-reachability for the non-proper (lso, Mor)-factorization system that exists
on every category C. For simplicity, we spell out the definitions and constructions explicitly.

5.1 Universal Property
For M := Mor, reachability (Definition 4.1) instantiates to the following, which we call tree:

» Definition 5.1.

1. An unravelling of a pointed coalgebra (C,c,ic) is a pointed homomorphism h: (T,t,ir) —
(O, C, ic).

2. The coalgebra (C,c,ic) is called a tree if every unravelling h is a split epimorphism of
pointed coalgebras.

3. A tree unravelling of a coalgebra is an unravelling that is a tree.

Intuitively, the definition expresses that a tree (in the usual graph-theoretic sense) is a
graph that cannot be unravelled any further, because it has no loops and no nodes share
descendants. Unsurprisingly, if a coalgebra contains a cycle, then its tree unravelling is
infinite (see e.g. Figures 6 and 14).

» Example 5.2. Figure 10 shows a simple unravelling of E that sends both ¢ and r in D to
the same node ¢ in E. There is no coalgebra morphism E — D, which shows that E is not a
tree by the above definition. The coalgebra D is a tree, however. For instance, the coalgebra
C' contains two copies of D, so C = D + D (as plain coalgebras), and the homomorphism
V =[idp,idp]: D+ D — D has a right inverse, namely, inl (when assuming that the left-hand
tree corresponds to the left-hand component; inr: D — D + D does not preserve the point).
Observe that V is not an isomorphism, which showcases why Definition 4.1 of M-reachability
only requests M-subcoalgebras to be split epimorphisms instead of isomorphisms.

» Remark 5.3. Note that F from Figure 10 shows that even if the canonical graph of a
coalgebra is a tree (in the graph-theoretic sense), the coalgebra itself might not be a tree.
The canonical graph of E is simply — p — ¢, which is a tree.
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Figure 10 Unravelling for FX = X x X + {Ll}. Figure 11 Unravelling of a B-coalgebra.

In the example above, inl: D — C is not surjective and thus not a split epimorphism of
coalgebras, which shows that C' is not a tree. This is no coincidence, because trees are always
reachable:

» Lemma 5.4. For any (£, M )-factorization system, every tree is M-reachable.

Proof. Let (C,c,i¢) be a tree, and h: (T,t,ip) = (C,c,ic) a pointed M-subcoalgebra.
Then h is immediately a split epimorphism of pointed coalgebras as (C,c, i) is a tree. <«

There is a slight variation of the definition of trees in terms of reachable coalgebras:

» Definition 5.5. For a class of morphisms M, a pointed coalgebra C € Coalg;(F') is called
(M-)reachably unfolded if every pointed coalgebra morphism h: R — C from an M-reachable
coalgebra R € Coalg;(F) is an isomorphism.

Under some conditions, trees coincide with M-reachably unfolded coalgebras:

» Theorem 5.6.
1. If SplitMono € M, then every tree is M-reachably unfolded.

2. If every pointed coalgebra admits a morphism from some M-reachable coalgebra, then
every M-reachably unfolded coalgebra is a tree (and in particular, is also M-reachable).

Proof.

1. Let (C,c,ic) be a tree, and h: (R,7,ig) — (C,c,ic) a homomorphism from an M-
reachable (R,r,ip). As C is a tree, h is a split epimorphism so that it has a section
s:(C,c,ic) = (R,r,ig). Since sections are split mono by definition and s is a pointed
coalgebra homomorphism, s is a pointed M-subcoalgebra of R. Thus, s is also split epi,
and so an isomorphism. Then, also h must be an isomorphism. Hence, C' is reachably
unfolded.

2. Let (C,c,ic) be reachably unfolded and h: (T,t,i7) — (C,c,ic) some unravelling. Let
R':(R,r,ig) = (T,t,ir) be a morphism from an M-reachable coalgebra R. By assump-
tion, A - ' must be an isomorphism, so that it has an inverse, say s:C — R. Then, B s
is a section of has h+ (h'-s) = (h-h')-s=idc. Further, ' and s are pointed coalgebra
homomorphisms, so their composition is as well.

For the additional comment on M-reachability, note that since (C,c,i¢) is a tree, it is
also M-reachable by Lemma 5.4. <

» Remark 5.7. The notion of M-reachable unfoldedness degrades if the assumptions of
Theorem 5.6 are not met, and then, M-reachable unfoldedness differs from being a tree:

15:13
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1. Let M = Iso (note that SplitMono ¢ M). Then every coalgebra is M-reachable and thus
a pointed coalgebra D is reachably unfolded iff every coalgebra morphism C' — D is an
isomorphism. Thus, no coalgebra in Set is reachably unfolded for M = Iso, because one
can always put C':= D+ D (and D + D # D), see for example V:C' — D in Figure 10.

2. Let M = Mor, i.e. the class of all morphisms in C (note that Definitions 4.1 and 5.5 impose
no assumptions on M). Then, M-reachability is the property of being a tree. There are
functors F' for which there is a F-coalgebra (C, ¢,ic) without any tree-unravelling (see
Example 5.17 later and Figure 7 for concrete examples). Such a (C, ¢, i) is in particular
not a tree, but is M-reachably unfolded, for the trivial reason that no morphism from a
tree (i.e. M-reachable coalgebra) exists.

From the generalized uniqueness result (Lemma 4.6.1), we obtain that tree unravellings
are unique up to isomorphism:

» Lemma 5.8.

1. Every coalgebra morphism h: C — D between trees is an isomorphism.

2. If C has pullbacks and F preserves them weakly, then every coalgebra has at most one
tree unravelling.

In contrast to other categorical uniqueness results (e.g. that of (co)limits), tree unravellings
are not unique up to unique isomorphism, because isomorphic but distinct subtrees can
always be permuted by automorphisms. For example, consider the automorphism s: D — D
in Figure 10 that swaps ¢ and r; since s # idp, the tree unravelling D of E is not unique up
to unique isomorphism.

Let us look at a few more examples of trees. We start with partial deterministic automata.

» Definition 5.9. For a partial deterministic automaton (0,6):C = O X (C' + (LD with a
point qy: 1 — C, define the coalgebra of defined inputs (0,d) by

P={weA" |3geC:6" (¢)(w) =inl(q)}, a:P -0 o(w)=0(6"(q)(w)) e:l—P

inl(wa) if 6(6%(go)(w)) = inl(q) for some q € C
inf(L)  otherwise.

3:P - (P+{1)*  §(w)(a) = {
In other words, P is the domain of the partial map 6*(qp): A* = C. Thus, 6" (o) restricts
to a total map 6" (gy): P — C, which is a pointed coalgebra morphism by construction.
» Lemma 5.10. For every partial DFA, the coalgebra of defined inputs is a tree.
» Corollary 5.11. The tree unravelling of a partial DFA is given by its defined inputs.

We now take a look at graphs.

» Definition 5.12. For a pointed multigraph G = (V, E, s,t,vy), define the coalgebra of
rooted paths by

1 if there is e € E with (p,e) = p'

E:=| | Path(vy,v d&:E—-BE d e
U (vo,v) (P)(p) {O otherwise.

veV
The distinguished point ip := € is the path of length 0 (from vy to vg).
This coalgebra satisfies the property of being a tree (Definition 5.1):

» Lemma 5.13. The coalgebra of rooted paths is a tree (in the coalgebraic sense).
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Figure 12 Unravelling a P-coalgebra. Figure 13 Unravelling a B-coalgebra.

» Proposition 5.14. For each pointed multigraph G, the map t: E — V sending each path
to its target vertex is a pointed coalgebra morphism from the coalgebra of rooted paths to G
considered as a B-coalgebra.

» Theorem 5.15. For every B-coalgebra (V,c, iy ), the following are equivalent:
1. (V,e,iy) is a tree (in the coalgebraic sense).
2. The morphism t: E — V from the coalgebra of rooted paths is an isomorphism.

3. For every v € V, there is precisely one path from vy to v.

Proof.
1 = 2: Since E and V are both trees, ¢ is an isomorphism by Lemma 5.8.1.
2 = 1: V is isomorphic to its coalgebra of rooted paths E, which is a tree (Lemma 5.13).
Thus, V is also a tree.
2 < 3: Follows immediately from the definition of t: E — V and the characterization of
bijections as having unique preimages. |

» Example 5.16. In Figure 11, the coalgebra morphism h: C — D is the tree unravelling
of D. Note that for every vertex x € D, the number of paths from the root r to x determines
the number of copies of z in the tree unravelling C'. For instance, there are three paths to g:
one direct edge from r and two paths via p.

One might first be tempted to model graphs as P-coalgebras. However, P-coalgebras do
not provide the right notion of trees:

» Example 5.17. If a P-coalgebra is a tree, then it has one vertex and no edges. In other
words, no P-coalgebra with an edge is a tree. The intuitive reason is that {z} = {x, 2}, so
it is always possible to duplicate siblings. For a concrete example, see Figure 12. Since
{q} = {q,q}, the coalgebras D and E are identical (in a pure set-theoretic sense). The
coalgebra D is not a tree, as witnessed by the unravelling to C. Now C' is still not a tree,
because we can apply the same principle again to duplicate the transition from p to q. As a
consequence, no P-coalgebra with an edge has a tree unravelling.

In summary, a B-coalgebra is a tree iff it is a tree in the usual sense of a directed graph. In
this case, the above issue of transition duplication can not happen, as visualized in Figure 13.
In the coalgebra F, the transition from p to ¢ has multiplicity 2, which we understand as
a multigraph with two edges (visualized as D). Thus, ¢ can be duplicated at most once,
resulting in the coalgebra C. Every coalgebra morphism from a reachable coalgebra to C' is
then necessarily an isomorphism.
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Figure 14 Tree unravelling h of an Fy-coalgebra, for ¥ = {a/0,b/0, */2}.

5.2 Construction

The generalized reachability construction (Construction 4.10) instantiates nicely to trees for
& = Iso and M = Mor:

» Construction 5.18. For a pointed coalgebra (C,c,ic), we define the following sequence of
maps hy: Ty = C and precise maps ty: Ty, = FTy1 (k€ N):

1. Ty=1, hg=ic:Ty - C.

2. t, and hy4q are the precise factorization of ¢« hy:

T, ~%> FTiuy

hkl J/Fthrl

C —— FC

We call Tj, the k-th level and [hy Jren: | [, Tk — C the coproduct of levels of (C,¢,ic).
» Theorem 5.19. For every coalgebra, the coproduct of its levels is a tree unravelling.
» Corollary 5.20. A coalgebra is a tree iff it is isomorphic to the coproduct of its levels.

» Example 5.21. Addmek and Porst [3] consider the elements of the final coalgebra as trees.
However, no coalgebraic definition of being a tree for a general functor is provided. Instead,
they define a tree coalgebra A; for a polynomial functor Fy: Set — Set and an element ¢ of the
final Fy-coalgebra (T, 7) [3, I1.3]. Such an element ¢ € Ty, is a partial function ¢t: N* — %
that, intuitively speaking, returns the symbol o € 3 whose location in the tree is described by
p € N*. For t € T, the tree coalgebra A, then consists of the domain of the partial function
t, which is intuitively the set of rooted paths in the tree, analogous to the coalgebras of
rooted paths and defined inputs considered above. As they observe already, the coalgebra A,
is not isomorphic to the sub-coalgebra of Ty, generated by t. With our coalgebraic definition
of tree, we now see that A; is not only a tree in our sense, but also the tree unravelling of
the pointed Fx.-coalgebra (T, 7,t).

» Example 5.22. An example of an Fx-coalgebra is visualized in Figure 14. Its tree
unravelling with levels (T}, )ren arising from Construction 5.18 is shown on the left. The
resulting coalgebra is the same as the tree coalgebra A; [3, IL.3]. Note that there is a unique
pointed coalgebra morphism h: T — C.

6 Conclusions and Future Work

Having characterized what it means for a coalgebra to be a tree, it remains open how other
graph-based notions can be described by universal properties. Here, we think of notions like
directed acyclic graphs (DAGs), shortest paths, and maximum flow.
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What also remains for future work is to define a coalgebraic recursion principle on trees
that works for possibly infinite trees. Established coalgebraic recursion principles known
from well-founded coalgebras and recursive coalgebras restrict to finite-depth structures due
to their “bottom up” strategy [17, 20, 22, 21, 15, 1].

It also remains for future work to connect our coalgebraic tree notion to trees considered
in the open-map approach to bisimilarity, where a tree is a colimit of paths [10], covering
non-deterministic systems and weighted systems [11].

Natural transformations «: F' — G canonically extend to functors Coalg;(F') — Coalg;(G).
It is an open question which sufficient (or even necessary) conditions on the natural trans-
formation « ensure that it preserves the property of being a tree. This may also give insights
into how to relate the coalgebraic notion of trees in Set to properties of the canonical graph.
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