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—— Abstract

Genome comparison often involves quantifying dissimilarities between genomes with identical gene
sets, commonly using breakpoints — points where adjacent genes in one genome are not adjacent in
another. The concept of a median genome, used for comparison of multiple genomes, aims to find a
genome that minimizes the total distance to all genomes in a given set. While median genomes are
useful for extracting common genomic information and estimating ancestral traits, the existence of
multiple divergent medians raises concerns about their accuracy in reflecting the true ancestor. The
median problem is known to be NP-hard, particularly for unichromosomal genomes, and solving it
becomes increasingly challenging under different genome distance models. In this work, we introduce
a novel branching algorithm to efficiently find all breakpoint medians of k£ linear unichromosomal
genomes, represented as unsigned permutations. This algorithm constructs a rooted labeled tree,
where the sequence of labels along each complete ray defines a genome, providing a structured and
efficient way to explore the space of candidate medians by narrowing the search to a well-defined and
significantly smaller subset of the permutation space. We validate our approach with experiments
on randomly generated sets of three permutations. The results show that our method successfully
finds the exact medians and also identifies many near-optimal approximations. Our experiments
further show that most medians lie relatively close to the input permutations, in agreement with
prior theoretical results.
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1 Introduction

Comparing genomes with the same syntenic blocks involves computing their dissimilarities.
This dissimilarity is often quantified by identifying breakpoints, points at which genes are
adjacent in one genome but not in the other. Introduced formally by Sankoff and Blanchette
in 1997 [13], the total number of breakpoints serves as a metric for dissimilarity. To compare
multiple genomes, we can use the concept of median. Given a set of three or more genomes
X ={g1,..,9x} and a distance d, a median for the set X is a genome that minimizes the
total distance function dp(-) := Zle d(g;,-). The concept of the median was first employed
by Sankoff et al. [14] in 1996 within the context of evolutionary gene order models. Motivated
by the search for ancestral genomic information and its applications to small phylogeny

problems, the median problem has since attracted significant attention [2, 3, 15, 7, 6, 16, 17].
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However, the complexity of the median problem varies with different genome distances,
often proving to be NP-hard [3, 15, 7] particularly for unichromosomal genomes. For
instance, the breakpoint median problem was shown to be NP-hard by Bryant [2] for
linear unichromosomal genomes. Moreover, identifying a median in which adjacency sets
are contained within the union of the adjacency sets of the input genomes has also been
proven to be NP-hard [2]. Following the reduction of the median problem to the Traveling
Salesman Problem (TSP) by Sankoff and Blanchette [13], in 2012, Boyd and Haghighi [1],
using Concorde (a fast software to find TSP solutions), presented a fast algorithm to find
breakpoint medians of samples of large genomes.

While median genomes aim to extract common information among given genomes and
estimate ancestral characteristics, the existence of multiple medians with considerable
divergence [8] raises questions about their proximity to the true ancestor or their usability
in providing ancestral insights. Additionally, determining which, if any, of these medians
accurately reflects ancestral traits poses a significant challenge. In fact, Zheng and Sankoff [18],
Jamshidpey and Sankoff [10] and Miardan et al. [12] showed that median may fail to
approximate the ancestor for the long-time evolution of genomes, while for genomes involved
in evolution for a shorter period of time medians may approximate the true ancestor.

To address the challenge of identifying relevant medians, we propose a novel branching
algorithm for efficiently finding all breakpoint medians of k linear unichromosomal genomes
represented by unsigned permutations of length n. This exponential algorithm constructs
a rooted labeled tree, whose sequence of labels for each ray (a shortest path connecting
the root to a leaf) with length n — 1 determines a unichromosomal genome (represented
as a permutation). The set of all such unichromosomal genomes contains all medians of
the k input genomes. We show that this tree construction reduces the median search space
significantly compared to the full space of n! permutations (see Table 3).

This paper is organized as follows. We begin by laying the foundation. In Section 2
we introduce the basic concepts of a genomic space with breakpoint distance and review
some essential prior results in the literature. In Section 3, we delve into the methodology
behind our branching algorithms designed to identify all medians within a given set of
genomes. Subsequently, in Section 4, we provide empirical validation of our approach through
a series of experiments using sets of three random permutations. A key contribution of this
experimental section is that our method is able to compute the median value exactly, even
in cases where it remained unknown in previous work. We examine how the median value
behaves as the permutation length increases and analyze the distribution of approximate
medians in the reduced search space generated by our algorithm. The results indicate that,
although not all permutations in this space are true medians, a substantial proportion have
total distances very close to the minimum, making them effective median approximations.
We also explore how far the medians tend to be from the input permutations and find that
most lie relatively close, an observation consistent with prior theoretical results [8, 9, 11, 4].
We conclude the paper with a discussion of our findings, their implications, and potential
avenues for future research.

2 Breakpoint medians

We represent an unichromosomal genome by a permutation 7 which is a bijection on
[n] ;== {1,---,n}. In other words, a permutation 7 can be represented by 7(1),--,m(n),
which indicates a specific order on [n]. When there is no risk of ambiguity, we often write
m; instead of 7 (i), and denote 7m := .. m,. We define the set of adjacencies of 7 as
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Ap = {{m,miy1} | 1 <i <n— 1}, where each adjacency is treated as an unordered pair.
Let S,, denote the set of all permutations of length n. Given z,y € S,, we denote by
Agy = Ay N Ay the set of all common adjacencies of z and y. For a set X C S,,, we also
denote by Ax := [, x Az the set of all common adjacencies of permutations in X. The
breakpoint (bp) distance between = and y is define by d(z,y) :=n—1—|A; |

The breakpoint distance is neither a geodesic distance nor an edit distance, and for
this reason the notion of partial geodesics was introduced by Jamshidpey et al. [9]. We
can consider the breakpoint distance as a generalized edit distance that determines the
parsimonious (shortest) paths of transforming one permutation to another, but with many
missing points in the parsimonious path. In other words, in edit distances the length of every
jump from a point in the parsimonious path to its closest point in the the same path is one,
while in generalized edit distances such as the breakpoint distance this length may be bigger.
A partial geodesic [9] between = and y is a maximal chain x = mg, 71, ..., Tp—1, T = y in S,
such that Zf;ol d(m;, miy1) = d(z,y). We denote by [z,y] the set of all permutations lying
on partial geodesics connecting x,y € S, and call them geodesic points of z and y.

For a set of three or more genomes X = {z1,...,x;}, a breakpoint median is a genome
that minimizes the total distance function dr (-, X) := Zle d(z;,-). The minimal value of
dr is known as the median value of the set X, denoted by u(X). The set of all breakpoint
medians of X is denoted by M (X).

For a set of permutations X = {z1,...,zx} in S, for which the pairwise breakpoint
distances take the maximum value n — 1, Jamshidpey et al. [9] provide a necessary and
sufficient condition for a permutation m to be a median of X, that is m is a median of X if

and only if

Am C | Aa

zeX

Also from [9], a permutation 7 is a geodesic point of two permutations z and y, and so it is
a median of {z,y}, if and only if A, , C 7 C A, UA,. On the other hand, we do not have a
result establishing a necessary and sufficient condition for a permutation to be a median of a
general set of permutations X. In fact, it is known that there may exist a median that does
not contain all common adjacencies of permutations in X, i.e., there may exist a median m
such that Ay ¢ A,,, as the example given by Bryant [2]. However, even though there may
exist medians not containing all common adjacencies of elements of X, there always exists
at least one median with this property, namely, there exists at least one median m such
that Ax C A, (cf. [2]). In addition, when we have a general set of permutations X, even
counter-intuitively, it is not necessary that every adjacency of a median m is an adjacency of
at least one of the permutations in X, that is, there may exist a median m such that

Am & | As,

zeX

as is shown by Bryant [2]. However, [5] provides an upper bound for the maximum number
of adjacencies of a median that are not in J,. y A. as stated in Theorem 1 (whose proof is

provided in Appendix A). Before the statement of Theorem 1, we need the following notation.

Denote by P(S) the set of all subsets of a set or space S. Let X = {x1,...,2x} C Sy, and let
BX =By .. =, . .2 Then, for any j =1,--- k, let

BX o= A o aw - \BX .
T1see T 1, Tt 15 The 1yeesTj—1,& 415 Tk T,y T
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Continuing this, for any i1, ,4, € [n] and U = {z;,, ..., z;, } C X, we set
By =B .. =Au\({J BY).
Ugv

In other words, B¥ includes all adjacencies that are common in every z € U, but missing
from every y € X \ U. We have the following theorem.

» Theorem 1 ([5]). Let X = {z1,...,xr} C Sy, be such that
dp(zk, X) = Enlinde(a:i,X),

and let m € M(X). Then

k k—1

A\ (JAe) SOu(X) =D (r=1) > IBS .| (1)

i=1 r=2 1<ir <...<ip<k

In particular, for k =3, for any m € M(X)

3
A \ | Asi| < On{ar, 22,23)) = B, L, |.

i=1

» Remark 2. Note that the theorem makes use of the upper bound dr(m, X) < dr(zy, X),
for any m € M(X). In particular, for z = 3, dp(z3, X) = min;—; 2 3 dr(z;, X) is equivalent
:5(17:v2| = min;x; |B£i7:vj |. In this

case, On(X) = |BY . | = min;»; |B§$J| implies that the upper bound is the number of

Z1,T2

to d(x1,x2) = max; ; d(z;, z;), which itself is equivalent to |B

adjacencies common in the pair of farthest genomes, i.e. x1,x2, which are missing from x3.

This upper bound significantly restricts the median search space, and by making use of
it, we develop an algorithm to find all breakpoint medians of a general set of permutations.

We first analyze exponential algorithms that construct specific rooted labeled trees, where
each ray (a shortest path from the root to a leaf) of length n — 1 corresponds to a permutation
determined by the sequence of labels along the path. The set of all such label sequences
includes all medians, thereby significantly reducing the search space. Specifically, the new
median search space consists of the set of all leaves of these trees. While the volume of this
new search space is exponential, it is negligible compared to the size of the permutation
group of length n.

3 An algorithm to find medians

To describe our algorithms, we first define the neighbors of a point (i.e., a number representing
a syntenic block or gene) with respect to a given set of permutations. Specifically, for
X ={x1,...,zp} C S, and i = 1,-- - n, we define

k
NX(Z) :Nwl,...,zk(i) = {.7 : {Za.]} € U -AJ:l}
1=1
Note that for each ¢, 1 < [Nx(i)| < 2k. The equality [Nx ()| = 1 holds when ¢ satisfies both
of the following conditions: i is either the first or last number in each permutation z;, for
1 <1< k; and 7 is an extremity of an adjacency in Ayx. On the other hand, the equality
INx (7)| = 2k holds when i satisfies both of the following conditions: 7 is neither the first
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nor the last number of any permutation x;, for 1 <[ < k; and i is not an extremity of an
adjacency in Ay, . , for any [ # p. If X is such that d(z;,z,) = n — 1 for any I # p, then
k< |Nx(i)| < 2k.

Our main goal in this paper is to find all medians for a given set of permutations X C S,,.

To achieve this, we construct a family of labeled rooted trees of height n— 1 with the following
properties: Each vertex v of the tree is assigned a label, denoted by ¢(v), which is a number
between 1 and n. In order for two vertices, u and v, to be connected by an edge, it is
necessary that £(v) € Nx(¢(u)). Furthermore, for each path of length n — 1 from the root
to a leaf, the sequence of labels along the path forms a permutation y satisfying certain
conditions. In particular, the labels of the root and leaf determine the first and last numbers
in y, respectively, i.e., y; and y,. We refer to y as a permutation given by a leaf.

In the rest of this paper, we first present an algorithm in Section 3.1 for constructing
trees in which every permutation y given by a leaf satisfies

A, C | A
zeX
In this case, if the breakpoint distance between every pair of permutations in X attains the
maximum value n — 1, then from Jamshidpey et al. [9], any permutation y given by a leaf at
level n — 1 is a median of X. Consequently, the algorithm finds all medians of X.
Next, in Section 3.2, we construct trees where every permutation y given by a leaf satisfies

Ax c A, C | A.

zeX

In this case, if the upper bound given in (1) is zero — a weaker condition than requiring all
pairwise distances in X to be maximal — then at least one of the permutations given by a
leaf of the tree is a median of X (cf. [2]). This allows us to determine the median value
within a relatively smaller search space.

Finally, in Section 3.3, we introduce a modification of the algorithm from Section 3.1,
providing additional flexibility to identify all medians of a general set of permutations. This
is achieved by allowing permutations to contain a limited number of adjacencies not present
in |J,cx Az. The upper bound in (1) ensures that all medians of X are represented among
the leaves of the tree constructed by this flexible algorithm.

3.1 Finding all medians of permutations with maximum pairwise
distance to each other

Let id denote the identity permutation in S,,, and let z € S,, be a permutation such that
d(id,x) = n — 1. We first describe the algorithm for the case of two permutations, id and z,
and later extend it to £ > 2 permutations.

For each i = 1,...,n, we construct a tree whose root is labeled by i. We denote the root

of this tree by @. The root & has |Nq,(i)| children, denoted by @1, 22, ..., 3|N;q4.(i)|.

The label of each child is a number in Njq . (%), such that if j # 5/, then ¢(@j) # ¢(25'). In

other words, there is a bijection between the set {¢(@r) | 1 < r < |Niq (i)} and Niq . (7).

By convention, we fix this bijection so that ¢(&r) is an increasing function of r; in particular,
((21) and (| Nja,.(7)]) are the smallest and largest numbers in N;q . (7), respectively.

Each vertex @j, for 1 < j; < [N (2)], has [N, (0(@31)) \ {i}| children, denoted by
D1 ja2, where 1 < jo < [N (0(j1)) \ {i}], with £(Sj1j2) € Nia,.(€(241)) \ {i}. Moreover,
if jo # jb, then £(Dj1ja) # £(Fj175). Continuing this process, the parent of a vertex
Dj1g2 - .- Ji—1j1 at level I is the vertex @j1jo...5_1. If

Nidz(((Djrjz - - Jim1d1)) \ {0(2),(D1), ..., (Djrjz ... ji-1)} # 0,

18:5
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then its children are @j1js ... j1—171j1+1, for
1 < jit1 < Wiae(U(@G172 - - Ji—151)) \ {€(2), £(@j1), - . ., €(Djrjz - - - Gi—1) }],

where (D j1j2-Ji—1jiji+1) € Nide(U(Djrjz---Ji—151)) \ {(2),(Dj1), ... ((Djrj2---Ji-1)}-

Again, if ji11 # ji,, then £(@j1j2 ... jijiv1) # €(Dj1j2 - - - Jijj,,)- Since this is a finite
process, it results in a labeled tree for each i as the label of the root, with 1 <14 < n.

More precisely, the sequence of labels along every (&, u)-path, where u is a leaf at level
n — 1, represents a permutation y such that A, C A;q U A,. Since A;q N A, = 0, we have
y € [id, z], meaning that we can identify all geodesic points of id and x when d(id, z) = n — 1.
Furthermore, the number of permutations in [id, 2] is equal to the number of (&, u)-paths of
length n — 1 in all n trees. An example is illustrated in Figure 1.

For each 7, 1 <14 < n, we denote by 7;Zdz the tree constructed as above, where the root is
labeled by i. We also define Tig . := {7}, | 1 <i < n} as the set of all these n trees.

1
2 3 5
3 4 4 6 2 6
1 6 3/ 5\ EITOCEE N ERNT RIS
5/ \6 2 f4\2
i Y 6oL\, SR AP ER AL 4
6l I5l5 llsis 6 Is 2 6 2 2l3i244

Figure 1 The representation of the tree 7;11’1, for x = 246315, with its labels. In this example
we have N;a.(1) = {2,3,5}, NMia(2) = {1,3,4}, Nia,x(3) = {1,2,4,6}, Nia.(4) = {2,3,5,6},
Nia,z(5) = {1,4,6} and Njq,.(6) = {3,4,5}. Also, d(id,x) =n — 1 =5, and so each path from the
root to a leaf in level 5 constitutes a permutation in [id, z]. The list of permutations in [id, z] given by
this tree is: id = 123456, 123465, 123645, 123654, 124365, 124563, 132456, 132465, 136542, 154236,
154632, 156432, 156423, 156342 and 156324. These are all the permutations in [id, z] that start at 1.
The bold edges represent the adjacencies of id and the other edges represent the adjacencies of x.

More generally, let X = {x1,...,z1x} C S, be a set of permutations. Following the same
steps just replacing Njq (i) with Ny, 4, (i), we can construct n labeled rooted trees, T3,
such that the sequence of labels along each (&, u)—path, where u is a leaf at level n — 1, forms
a permutation y satisfying A, C Ule Ag,. Therefore, if X = {z1,...,21} C S, satisfies
d(z;,xp) = n— 1 for any [ # p, then the set of all permutations given by leaves at level n — 1
in the trees 7%, for i = 1,...,n, is exactly the set of all medians of X. We denote

Tx = {T+;1<i<n}

and let Y(73%) be the set of all permutations y € S, that are given by a leaf of T{ at level
n — 1. Moreover, let

n

Y(Tx) = Y (7).

i=1

Each vertex of a tree T3 is a sequence @jijs...5; where each j;, i = 1,..,1, is a number
between 1 and 2| X|. To construct a child vertex and its label from its parent and the parent’s
label, we define the following operation. Given a sequence of symbols u = uy ...u; (e.g.,
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numbers) and a symbol r, we define the operation u @ r as a new sequence of symbols
u @ r = ui..yyr. We emphasize that in the above algorithm w; = @ and wue,..,u; and r
are natural numbers in {1, ...,2|X|}. For each fixed tree of Tx, we denote by T}, (7%) = T,
the ordered sequence of labels assigned to the vertices along the (&, u)—path for a vertex
u in Ti. Observe that T, is a sequence of digits, where each digit is between 1 and n,
and all digits are distinct. We denote by dig(T,,) the set of labels appearing in T, and let
Nx(T,) := Nx(£(u)). Additionally, we define L;(7%) = L; to be the set of all vertices of
the tree T+ at level j, for 0 < j < n — 1, considering the root at level zero. Using these

notations, the tree construction process for k£ > 2 permutations is described in Algorithm 1.

These notations will also be used in the subsequent sections.

Note that we can also view the tree construction in suffix-tree terms, as follows. Each
tree T3 has root label 7, and every internal node that spells a prefix (i,u1,...,u;) branches
to a child u;41 if and only if u;4, is adjacent to u; in at least one genome in X, and u;41
has not yet appeared in the prefix.

Algorithm 1 Gives permutations y such that A, C |J As.
zeX

Data: X = {z1,....,zx} C Sy.
k
Result: Permutations y such that A, C |J As,.
=1

fori=1,...,ndo
for w=0,...,ndo
| Ly <+—0

Lo+ {@}

Ty i

for j=1,...,n—1do

for u € L;_; do

r+—20

for k € Nx(T,) do

if k ¢ dig(T,) then

r<—r+1
Lj <— Lj U {u@ ’I’}
TuEB’r‘ %Tu@k

for u e L,,_1 do
| print T,

» Remark 3 (Finding permutations with maximum distance of a set X). Given X =
{@1,..,;zi} C Sp, denote by Nx(i) = Ny, . (i) == [n] \ Nx(i) the complement set
of Nx (i), for 1 <i < n. Note that, if we replace Nx(-) by N x(-) in Algorithm 1, we obtain
all permutations with maximum distance from X, i.e, we find all permutations y such that
dly,z;) =n—1, for 1 <i<n.

3.2 Finding all geodesic points for a general set of permutations

A segment s of a set of adjacencies I C A,, for m € S, is a maximal set of consecutive
adjacencies of I, i.e. it is a set

s={{r(r),7(r+ D} {x(r+1),7(r+2)},--- Ar(r+k—-1),7(r+k)}} CI

18:7
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such that {7 (r—1),n(r)}, {w(r+k), 7(r+k+1)} ¢ I, for r > 1 and r+k < n. We often denote
sby ||x(r), -, w(r+k)||, and write s€I. We say that Int(s) := {m(r+1), - ,7(r+k—1)} are
the internal points of s, and End(s) := {m(r),m(r + k)} are the end points of s. Generalizing
the idea, the internal and end points of I C A, are defined by

Int(I) := | J Int(s), End(I):= | ] End(s).
s€l s€I
Note that the above definitions do not depend on a specific choice of 7, that is, the definitions
remain intact if we replace m by any «’ for which I C A,.

Now consider the case where x € S,, satisfies d(id, z) < n — 1, that is, A;q, # 0. We can
apply a similar idea as in the case of maximum distance, but now with some restrictions.
From [9], a permutation y € m if and only if Ajq» C Ay C Aig U Az As a result, if
s = ||no, ..., || is a segment of A;4 », then the ordered sequence of digits ng...n; must appear
in the ordered sequence of labels of the (&, u)-paths with length n—1. In order for this to hold,
first note that no internal point of A;q , can be a label of the root. In fact, if ¢ € Int(Aiqz),
then there exist j and j’ with {i,5} and {¢,5'} in A;q,. Therefore, if i is the label of the
root, any permutation y given by a leaf at the level n — 1 will contain either {4, j} or {3, j'}
(but not both), and thus cannot satisfy A;q, C A,. This implies that if i € Int(Aiqz),
then i can only be a label of an internal vertex of the tree. Moreover, since [N;q, (i) = 2,
the vertex of the label equal to ¢ will have exactly one child. Therefore, for any segment
s = ||no, -, ni||EAig,z, either ng or n; should appear before nq,...,n;—1 in T, for any leaf u.
To ensure the condition A;q, C Ay, it follows that each segment s = ||ng, ..., n||€Aiq 4, if a
vertex v has label £(v) = ng and n; is not in T, (or the opposite, {(v) = n; and ng is not in
T,), then v must have exactly one child v @ 1 with label £(v @ 1) =n; (or £(v B 1) = ny_q).

To describe the tree construction process, for a given segment s€Ax and j € End(s),
we denote by j the other end point of s and by j* the unique point (number) such that
adjacency {7,j*} € s. In the case where d(id,z) < n — 1, for each i € [n] \ Int(Aiqz) we
construct a rooted tree 7';1@ with the root label 7. At each level [, a vertex @7jy...5;_17; is a
child of @jl...jlfl. NOW, if Md’m(ﬁ(gjl...jl,ljl)) \ {g(@), 6(@]1), ceny é(@jljg...jlfl)} # @ then
@j1...51—17; has children defined as follows. If £(j;) € End(s) and £(j;) ¢ dig(Twj,...;,), for
some segment s€A;q ., then @7j;...5; has exactly one child @7;...5;1 with label £(2j;...5;1) =
0(Dj1...51—171)*. Otherwise, its children are @7j...5;j1+1, for

1 < jit1 < WNiago(U(@g1..Ji—151) \ {6(D), £(Djr), ..., U(Djrj2-.-Ji—1) },

where £(®j1j2---jl—1jljl+1) € Md,m(é(gjl---jl—ljl)) \ {f(@), f(@jl), s f(@jljg...jl_l)}, in the
same way that if jiy1 # jj 1, then £(Djija...Jiji11) # U DJ1j2--Jifiy,). After a finite number
of steps, we construct |[n] \ Int(l;q)| trees such that for each leaf u at the level n — 1, T,
gives a permutation y satisfying A;q. C Ay C Ajq U Ay.

We can generalize this idea to a set of k permutations X = {x1,...,xx} C S,. Following the
same steps, just replacing N;q . (i) with Nx (¢) and A;q4 ., with Ax, we construct |[n]\Int(Ax)]

labeled rooted trees 7’;{, such that for each leaf u at the level n—1, the sequence T;, corresponds
k
to a permutation y with Ax C A, C |J As,. Denote by
=1

Tx = {Txsi € [0]\ Int(Ax)}
and define Y(74JX) to be the set of all permutations y € .S,, given by a leaf of 7’3(7 and let

YTx) = |J YTy
i€[n]\Int(Ax)
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For a set X where the upper bound in (1) is equal to zero (recall that this condition is
weaker than requiring all permutations in X to be at maximum pairwise distance), from [2],
there exists at least one y € Y(T x) that is a median of X. More precisely, in this case, any
y' € Y(T x) such that

k K
Zd(l’l,y/) = mlﬂ d(xlay) ’
=1 yeY(Tx) \i=1

is a median of X. Thus, in addition to finding some medians of X, this algorithm also finds
the median value of X efficiently. The tree construction process is described in Algorithm 2.

Algorithm 2 Gives all permutations y such that A,

k
op CAy C U Asy-
=1

Data: X = {z1,...,xx} C Sp.
k
Result: Permutations y such that A,, ., C A, C |J Az,
=1

forie{1,...,n}\ Int(Ax) do
for w=0,...,n do
| Ly <—0

Lo +— {@}

To +— 1

for j=1,...,n—1do

forue L;_; do

r<—0

if ((u) € End(Ax) and £(u) ¢ dig(T,) then

r<—r+1

Lj — Lj U {’LL b ’I’}

| Tuer <— Ty ® L(u)*

else

for k € Nx(T,) do

if k ¢ dig(T,) then

r«—r+1
Lj < Lj U {U@ 7’}
Tu@r — Tu D k

for u € L,,_1 do
| print Ty,

Note that, if X = {x1,..., 21} is a set of permutations such that d(z;,z,) = n — 1, for
any [ # p, then Ax = (). Therefore, in Algorithm 2, the condition

l(u) € End(Ax) and ¢(u) ¢ dig(T,,)

does not hold, and hence the algorithm proceeds directly to the“else” branch. In this case,
Algorithm 2 yields exactly the same output as Algorithm 1. Furthermore, for a general set of
permutations X = {x1, ..., 2}, the tree T3 produced by Algorithm 1 contains, as a subgraph,
the tree Ty generated by Algorithm 2, for all i € [n] \ Int(Ax). The main properties of
these subtrees are:

WABI 2025
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No internal point of Ax can be used as the label of the root, as previously noted;

For any path starting at the root, once the path reaches one of the end points of a segment
s€Ax, say j, the path continues without branching until it reaches the other end point
of s, namely j.

3.3 An algorithm to find all medians of a general set of permutations

As seen in Theorem 1, O, (X), for X € S, is an upper bound for the number of adjacencies
of any median m € M (X) outside Upec x.A,. To apply this result to &k independent random
permutations, namely &1, ...,& € Sy, recall that a sequence of random variables (Z,,)nez,
converges in probability to a random variable Z, as n goes to infinity, if for any € > 0,
P(|Z, — Z| > €) — 0. We know that O, ({&1,...,&,}) is very small, with high probability.
More explicitly, from [5], we know that

On(X)

Qnp

— 0, n — oo,

in probability, for any sequence (a,)nen diverging to oo, such that a,/n — 0, as n — oo.
Therefore, if we consider the flexibility of using O, (X) adjacencies out of Uzex A, in
Algorithm 1, then we obtain all permutations y with at most O, (X) adjacencies out of
Uzex Az, which we call O,,(X)—freedom permutations. These permutations include all
medians of X with high probability. More generally, for a non-negative integer o > 0, we
say a permutation 7 is a—freedom with respect to X C S, if |A; \ UzexAz| < . In this
section, we extend our algorithm to construct a—freedom medians of X C .S, for a« = O,,(X),
i.e. the medians of X that include at most a adjacencies out of U,ex Ag.

Let X = {x1,...,z} C S, be a set of permutations such that O, (X) # 0. For every
i =1,...,n, we construct a tree with a root labeled by ¢. We denote by @ the root of this
tree. Now for each vertex of a tree we add a new parameter, namely, for each vertex u
we assign a number 7, with 0 < 7, < O,,(X), that determines the number of children of
vertex u in the tree and the number of adjacencies that are not in U,cx.A, and appear
in T, in the following way: if 7, # 0 then u has n — |dig(7T,)| children, i.e., we construct
n — |dig(Ty)| sequences of labels by adding to the T, all possible numbers j, from 1 to n,
that did not appear in T,,, and so we add the adjacency {¢(u),;} for each permutation y
that is being constructed from the sequence of labels, which also includes adjacencies that
are not in UzexAg. If 7, = 0 then any descendent vertex v of w has 7, = 0 and u has
the same number of children given by Algorithm 1, which is |[Nx (¢(u)) \ dig(T,)|- So in
this case, T, already contain O, (X) adjacencies out of U,ecx.A,. For the root we assign
Te = On(X). So the root has n — 1 children, called @1, @2, ..., @(n — 1), with £(@j) = j,
for j < i, and £(@j) = j + 1, for j > i. We assign 75; = 75 — 1 if £(@j) ¢ Nx (i), or
Ty = Tgj if £(Dj) € Nx(i). For each vertex &j, if 75 # 0 then @ has n — 2 children, called
@jj’, for 1 < j' < n—2, with £(@jj") € [n] \ {€(2),£(25)} such that there is a bijection
between set {£(255') : 1 < j < n—2} and [n] \ {£(2),4(25)}. I £(D]5") ¢ Nx(£(D7))
then 74, = 755 — 1, and if £(@jj") € Nx(¢(2j)) then 74, = T5;. On the other hand, if
Tz; = 0, then @5 has [Nx (£(@7)) \ {i}| children, namely @5, for 1 < j* < |[Nx (£(@4))\ {}|
with 74, = 0 and £(@jj") € Nx(¢(@7)) \ {i} in the way that if j* # j”, then ((@jj') #
£(247"). Continuing this process, the parent of a vertex @jija...Ji—141, in level [ is the vertex
@jljg...jl_l. If TS j1j.. Ji1—171 7& O, then @jljg...jl_ljl has n — |dig(T@jlj2mjL—1jl)| children,
called @j1ja... 51141, with £(@j1j2...Ji—1715141) € (] \ dig(T o4y js...5,_17 ) sSuch that there is a
bijection between set

{U(@gijz--gijiv1) 1 < giv1 <n—|dig(Tejyjs.. 55|}
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and [n] \ dig(Tojo...jo1ji)- I L(Djrja-dijiv1) ¢ Nx(€(@jrj2..-51)) then Toj o gy, =
T&j1ja...d1 —1,and iff(@jljg...jljprl) S Nx(f(gjljgjl)) then T@j1ja-gijigr = T@j1ja...ji- Now,
in the case that 74, j,..j, = 0, the children of @j;js...5; are labeled by Nx (¢(@j1j2...51)) \
dig(Tj,js..5.)s as in Algorithm 1. After a finite number of steps, we construct the tree
denoted by T}’i(’@ (or T)i(’a for general o > 0) such that each permutation given by a leaf in
the level n — 1 is an O, (X)—freedom permutation (a—freedom permutation, respectively).
We denote Tx.0 = {Tx o : 1 <i<n}, and Tx o = {T{, : 1 <i < n}. We also let
Y (Tx o) be the set of all permutations y € S, that are given by a leaf of Ty (, in the level
n—1,and let Y(Tx 0) := Ui, Y (Tx o). The definitions of Y (7% , ), and Y (Tx ) are similar.
The construction of such trees is described in the following Algorithm 3, for general o > 0.

Not only does Algorithm 3 give all O,,(X)—freedom permutations but also for each
possible permutation in the level n — 1, the parameter 7 indicates the exact number of
adjacencies of the permutation from outside of U,ex A;, e.g., if 7, = i then (O, (X) — 1)
adjacencies are from outside in T),. The trees constructed from Algorithm 3 have as subtrees
the trees given by Algorithm 1, considering the same set of permutations. An example is
given in Figure 2.

Figure 2 Representation of 7}70, for X = {id = 12345,52341, 23145}, where O5(X) = 1. The

subtree induced by the blue edges is 7‘; and the subtree induced by the blue and red edges is
T+. The median value of X is w(X) =4 and 14523 is the unique median given by the tree 7};@
which is different from the input permutations. In this example, all medians given by the tree
7');@ are actually in the subtree ?} Also, 13254 is an example of a permutation in the set
{y € Sn; Ax C Ay C U, Ax} that is not a median for X.

4 Experimental results

For each n from 6 to 15, we performed 100 independent runs of Algorithm 3 on a set
X = {x1,x9,23} € S, of three permutations, where z; = id and x5, x3 are randomly
generated such that O,,(X) < 3. For each n, we compute the mean of the normalized median
value. As shown in Figure 3, the mean of the normalized median value increases with n, and
we expect it to approach 2 as n — oo, which is in accordance with the last Theorem in [9].

Although not all the permutations in Y (7x 0) are medians, we find that non-median
permutations in Y (7x 0) often have total distances close to the median value, indicating
that they serve as good approximations. To formalize this, we define

K;(Tx,0) = {y € Y(Tx,0); ) dy,x) — p(X) = j},

zeX

18:11

WABI 2025



18:12

Identifying Breakpoint Median Genomes: A Branching Algorithm Approach

Algorithm 3 a-freedom permutations w.r.t. X.

Data: X = {x1,...,2x} C Sy.
Result: a-freedom permutations w.r.t. X

fori=1,...,ndo

for w=0,...,n do

| Ly <—0

Lo «— {2}

Tg%?:

Ty <

for j=1,...,n—1do

foruec L;_; do

r<—0

if 7, > 0 then

for k=1,...,ndo

if k ¢ dig(T,,) then
r<—r+1

Lj«— Ly U{u®dr}
Tugr <— Ty, Bk
ifk%Nx(Tu) then
| Tugr $— Tu—1

else
L Tugr $— Tu

else
for k € Nx(T,) do
if k ¢ dig(T,,) then
r—r+1
Lj — Lj U {U (&) ’f’}
Tugr <— Ty Bk

forue L,,_1 do
| print T,

and compute the mean of the proportion |K;(7x,0)|/|Y(7Tx,0)| over 100 runs for each
6 < n < 15. Note that Ko(7x,0) = M(X) and for small j > 0 we can consider the
permutations in K;(7x,0) as approximate medians, since the total distance is close to the
minimum total distance.

Figure 4 shows that a significant portion of permutations in Y (7x o) have total distances
concentrated near the minimum, indicating that while most are not exact medians, many
are close approximations.

In fact, across all tested values of n, the union Ky U K; U K5 consistently contains over
33% of Y (Tx,0), confirming the abundance of near-optimal solutions in the reduced space.
For example, at n = 6, this set accounts for 61.9% of candidates; for n = 12, it still covers
36.4% despite the increase in size. Table 1 summarizes these proportions numerically for
selected values of n.

To analyze the proportion of medians far from the input set, we denote by M; := {m €
M(X);d(m,xzy) > i, for z, € X}. Note that My = M(X), M; C M, for | < i, and M; is
empty set for ¢ > 2n /3. Figure 5 shows the mean of the ratio of |M;|/|M (X)|, for 6 <n < 15.
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size of n

Figure 3 The blue line represents the mean normalized median value for sets of three permutations
{id, x2,x3}, where x2 and z3 are randomly and independently sampled (also independently for each
run) such that O, ({id,z1,z2}) < 3. The red and green lines indicate the minimum and maximum
normalized median values observed across 100 independent runs of Algorithm 3, for each genome
size n =6, ..., 15.

HHE©Oo®o~NoO

3 333333
Il

o

W N R o

>
Il

n=14
n=15

Figure 4 The mean of |K;(Tx,0)|/|Y (Tx,0)|, for each 6 < n < 15.

The results indicate that the proportion of medians far from all input permutations decreases
rapidly, consistent with the observations and conjectures of Haghighi and Sankoff [8]. For
example, when n = 12, over 91% of medians are within distance 3 of all inputs, and fewer
than 0.8% exceed distance 6. This illustrates the general trend that most medians tend to
remain close to at least one input genome.

However, as n increases, the number of medians that lie far from all inputs also grows.

Table 2 reports the proportion of medians lying in M; for values of i near |2 |, which

corresponds to the breakpoint distance of a “midpoint” genome — that is, one that draws
approximately one-third of its adjacencies from each of the three input genomes. As expected,

18:13
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Table 1 Proportion of permutations in Ko U K1 U K> over Y (7x,0) for selected values of n.

n | Ko| | K| | K| Total proportion (%)
6 7.77% 22.58% 31.55% 61.9%
8 491% 16.03% 25.08% 46.0%
10 4.07% 13.04% 21.01% 38.1%
12 4.25% 12.87% 19.29% 36.4%
14 4.46% 13.23% 20.20% 37.9%
1.0
— N=6
n=7
— =8
— n=9
0.81 -~ n=10
= n=11
n=12
— =13
n=14
— =15
0.6
0.4 4
0.2
0.0 T T u u u u u u u
i=0 i=1 i=2 i=3 i=4 i=5 i=6 i=7 i=8 i=9 i=10

Figure 5 The mean of |M;|/|M(X)|, for each 6 < n < 15.

the proportion of medians with distance at least |2 | from all inputs is either zero or

negligible across all tested values of n, reflecting the rarity of truly equidistant medians. Still,
for slightly smaller values such as L%"J -1, L%"J — 2, 0r L%"J — 3, the proportion increases
noticeably. For instance, when n = 14, the set Mg, consisting of medians at distance at
least 6 from all three inputs, contains more than 11% of all medians, and Ms contains over
41%. These medians are still far from each input genome — at least 5 breakpoints away —
yet appear with consistent frequency, indicating a non-negligible presence near the midpoint
region as n increases.

To quantify the algorithm’s efficiency, we compare the size of the reduced space to n!.
Table 3 demonstrates that the number of permutations explored by Algorithm 3 represents
only a tiny fraction of S, yet suffices to find all exact and many near-optimal medians. For
instance, when n = 15, the number of candidate medians generated by the algorithm — i.e.,
the search space — is less than 0.003% of the full 15! ~ 1.31 x 10'2 permutations.

Although Algorithm 3 was run with O, (X) < 3, allowing up to three adjacencies outside
the union of the input adjacencies, we observed that such instances were extremely rare —
and when they occurred, each involved only a single external adjacency. For example, at
n = 6, only 0.04 medians per run (roughly 0.35% of all medians) included one adjacency not
present in the union of the inputs. At n = 12, the mean was 0.48 per run (under 0.015%).
For all other values of n < 15, there was no external adjacency. These results indicate that



P. H. da Silva, A. Jamshidpey, and D. Sankoff

Table 2 Mean proportion of medians in M; for values of ¢ near the midpoint distance L%J

o o] i (3o o [B] -2 io[F]-as
7 0 3.8% 42.54% -

8 0 0.57% 27.59% -

9 0 9.34% 50.74% -

10 0 2.97% 26.85% -

11 0 15.83% 52.02% -

12 0 0.08% 6.94% 36.54%
13 0 2.06% 18.16% 53.56%
14 0 0.76% 11.90% 41.63%
15 0 0 5.29% 29.11%

Table 3 Reduction in search space by Algorithm 3 for selected values of n (with O, (X) < 3).

n  Total candidates Total medians n! candidates (07
6 180.94 11.46 720 25.13%

8 2981.10 82.86 40320 7.40%

10 24824.90 513.54 3628800 0.68%

12 353921.52 3387.82 4.79 x 108 0.07%

14 1882425.04 23815.54 8.72 x 100 0.002%
15 36659,718 48372.52 1.31 x 10*2 0.0028%

nearly all medians are already covered when we allow zero-freedom, that is, when every
adjacency is drawn from the input genomes. In practice, therefore, we can use Algorithm 1,
which corresponds to the zero-freedom version of Algorithm 3, to recover most of the medians
while achieving substantial speed-ups. When no adjacency is taken from outside the union
Uzex Az, the algorithm completes around 0.75 seconds and uses approximately 19.26 MB of
memory for n = 10; about 40 seconds and 104.16 MB for n = 13; and around 3.5 minutes
and 289.94 MB for n = 15 (mean runtime and memory usage over 5 runs, measured on a 2.3
GHz quad-core Intel Core i7 machine with 32 GB RAM).

Finally, although it is known that, given a set of genomes X, there may exist medians that
do not contain all adjacencies in Ax, we verified that for the input sets tested (6 <n < 15),
all medians returned by Algorithm 3 contained the full set of common adjacencies Ax
shared by the input genomes. As a result, Algorithm 3 produced the same set of medians as
Algorithm 2 on all tested instances.

5 Conclusion

In this paper, we introduced a novel algorithmic framework to find all breakpoint medians
of a given set of linear unsigned genomes. Unlike previous methods — which reduce the
breakpoint median problem to an instance of the Traveling Salesman Problem (TSP) and
return only a single median — our approach is based on the construction of rooted, labeled

trees that allow us to find all medians, along with a substantial number of near-medians.

Each path of length n — 1 from the root to a leaf encodes a unique permutation, and the tree

structure is designed to efficiently capture the combinatorial space in which medians reside.

18:15
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This structural strategy provides a new perspective on the median problem. It not
only allows us to find all medians in exponential time, but also to systematically explore a
constrained and meaningful subset of the permutation space. This is particularly valuable for
comparative genomics, where the goal is often to infer an ancestral genome that minimizes
evolutionary distance to the observed genomes. Having access to the entire set of medians
makes it possible to evaluate and compare them based on additional biological or statistical
criteria, such as similarity to known ancestral features or consistency with gene orientation
and synteny.

From a theoretical point of view, we demonstrated that our method finds the exact
median value, even in cases where prior methods could not. Experimentally, we showed
that the number of candidate permutations generated by our trees is a vanishingly small
fraction of the full symmetric group (e.g., less than 0.0028% of Si5), yet this restricted space
reliably captures all medians and a large portion of near-optimal solutions. In particular, we
found that a substantial fraction of permutations in the output tree fall into Ky U Ky U Ko,
indicating that many are either exact or high-quality approximate medians. We also observed
that even when allowing up to three adjacencies outside the input set, the inclusion of such
external adjacencies was extremely rare, often occurring in fewer than 1% of medians.

Finally, we investigated how far medians tend to lie from all inputs using the M;
decomposition. While truly equidistant medians are rare, we found that a non-negligible
proportion of medians are located near the theoretical midpoint region. Moreover, we
observed that most medians are relatively close to the input permutations, an observation
that aligns with theoretical results in the literature [8, 9, 4]. This suggests a layered structure
in the space of medians that could be exploited for further biological modeling and inference.

While our work focuses on the breakpoint median problem for unsigned unichromosomal
genomes, the algorithm and underlying methodology are not limited to this setting. The
core tree-based construction and median search strategy naturally extend to more general
models, including signed permutations and multichromosomal genomes. Overall, our method
not only offers a new algorithmic contribution but also opens up a range of possibilities for
deeper combinatorial and biological analysis of breakpoint medians and their role in gene
order phylogeny.
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Proof of Theorem 1

Below, we include the proof of Theorem 1, as presented in [5].

Proof. For a permutation m and r < k, let &\, (7) := [Az N Bflm |. To ease the
notation, we let By, ... i, = Bu,, .z, Let n = | Ay \ Uj_ Az, [ Then
k
77—1—2 Z éffw,ir(m) =n-—1
r=11<i1 <...<i, <k
As m is a median of X, we have
X =X
dr(m,X) =k(n—1) = > [r > Eil,...,ir(m)]
r=1 1<i<..<i <k
k
=(k-Dn-D+n-X[r-1) > & ;m)
r=2 1<iy <. <ip <k
Sdr(ee, X)=(k-1n-1) - X [Bi/+2 ¥ B,
1<ii <k 1<i1<ia<k
toot(k-2) 2 B ip il + (k= DIBE L)

1<i1<...<ip_2<k
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Hence,
n <
k k
O =1 > & m)-Q -1 > B i il)
r=2 1<ii <. <<k r=2

1<i1 <. <ipo1 <k

<> =1 > IBY .l @)

1<ir<... <ip<k
where the last inequality holds because &Y ;. BY | forany r <kand1<i <
o< < k.
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