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—— Abstract

Partial vertex cover and partial dominating set are two well-investigated optimization problems.

While they are W[1]-hard on general graphs, they have been shown to be fixed-parameter tractable
on many sparse graph classes, including nowhere-dense classes. In this paper, we demonstrate that
these problems are also fixed-parameter tractable with respect to the twin-width of a graph. Indeed,
we establish a more general result: every graph property that can be expressed by a logical formula
of the form ¢ = Jx1 - - - Jxx Zae] #ya(x1,...,28,y) > t, where 1), is a quantifier-free formula for
each o € I, t is an arbitrary number, and #y is a counting quantifier, can be evaluated in time
f(d,k)n, where n is the number of vertices and d is the width of a contraction sequence that is
part of the input. In addition to the aforementioned problems, this includes also connected partial
dominating set and independent partial dominating set.
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1 Introduction

VERTEX COVER, INDEPENDENT SET, and DOMINATING SET are well-known graph problems
that have driven significant advancements in parameterized complexity theory. Despite
being NP-complete, these problems motivated the development of new approaches, as the
difficulty of finding solutions of size k appears to increase significantly from one problem to
the next [15]. On general graphs, VERTEX COVER has been found to be fixed-parameter
tractable, while INDEPENDENT SET is W[1]-complete and DOMINATING SET is W[2]-complete.
Consequently, researchers have designed faster algorithms for solving VERTEX COVER on
general graphs [9, 4, 7, 8, 10, 14, 36, 37, 40], while identifying more and more general graph
classes that admit fixed-parameter algorithms for the other two problems. This progression
started with planar graphs [1] and led to nowhere-dense graph classes via intermediate
results [13, 19, 38, 12]. All three problems can be expressed in first-order logic, and significant
advances have been made in meta-algorithm design to solve the first-order model-checking
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problem. This progression begins with bounded-degree graphs, continues through bounded
genus, minor-closed, bounded expansion, nowhere-dense, and finally monadically stable
classes [39, 22, 20, 11, 25, 16].

Twin-width is a recently introduced width measure that generalizes clique-width [6].
Classes of bounded twin-width do not contain bounded degree graph classes and are not
necessarily monadically stable. They are therefore incomparable to the sparsity hierarchy.
Bonnet et al. have developed a parameterized algorithm for first-order model-checking on
classes of bounded twin-width [6]. Please note that, unlike tree-width, there is no efficient
way known to compute or even approximate twin-width. Moreover, most twin-width based
algorithms, including first-order model-checking, require as part of the input not only the
graph but also a contraction sequence. The contraction sequence proves that the graph
has small twin-width and guides an algorithm. This guidance can be compared to that of
dynamic programming on tree decompositions. An optimal tree decomposition can, however,
be relatively efficiently computed and even faster approximated. In the world of sparsity
algorithms operating in classes of bounded expansion or nowhere-dense classes, the situation
is even better: no underlying structure is needed; the algorithm works correctly on every
graph but becomes slow when applied outside its scope.

While this represents a significant body of work on VERTEX COVER, INDEPENDENT SET,
DOMINATING SET, and many other first-order expressible problems, the story does not end
here. In VERTEX COVER, you ask for k£ nodes that cover all edges, and in DOMINATING
SET, you seek k nodes that dominate all other nodes. Generalizations of these problems
are the partial versions: given k and ¢, are there k nodes that cover ¢ edges or are there k
nodes that dominate ¢t nodes? These problems are known as PARTIAL VERTEX COVER and
PARTIAL DOMINATING SET; note that in the parameterized setting, k is the parameter. As
generalizations, they turn out to be harder than their complete counterparts. For example,
while VERTEX COVER is fixed-parameter tractable on general graphs, PARTIAL VERTEX
COVER has been shown to be W[1]-hard [26], and while DOMINATING SET is fixed-parameter
tractable on degenerate graphs, PARTIAL DOMINATING SET is W[1]-hard [24]. However, it is
fixed-parameter tractable with respect to ¢ even on general graphs [29]. Another example
of how the partial variant can be harder are c-closed graphs, where non-adjacent vertices
share at most ¢ neighbors. DOMINATING SET is fixed-parameter tractable for bounded ¢ [30],
while PARTIAL DOMINATING SET becomes a hard problem even for ¢ = 2 [28].

Another sequence of papers has demonstrated that PARTIAL DOMINATING SET can be
solved in time f(k)n®(®) for larger and larger graph classes. Amini, Fomin, and Saurabh
developed an algorithm with a running time of O(f(k)-t-n“#) for the class of H-minor-free
graphs, where Cy is a constant dependent only on H. The graph classes with bounded
expansion and nowhere-dense graph classes introduced in the sparsity project by Nesetril and
Ossona de Mendez [35] contain all H-minor-free classes. For bounded expansion, there exists
a meta-algorithm that solves many problems, including PARTIAL DOMINATING SET in linear
fixed-parameter tractable time, i.e., in f(k)n steps [18]. Additionally, for nowhere-dense
classes, there is a more restricted meta-algorithm that is general enough to solve PARTIAL
DOMINATING SET in time O(f(k)n'*€) for every € > 0 [17].

The “simpler” PARTIAL VERTEX COVER has not seen as much attention, but has still
been investigated as well; see, for example [32, 21, 33].

Our contribution. We demonstrate that both PARTIAL DOMINATING SET and PARTIAL
VERTEX COVER can be solved efficiently on graph classes with bounded twin-width. To
achieve this, we develop two dynamic programming algorithms that work along a contraction
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sequence provided as part of the input. Interestingly, both algorithms share similarities in
their complexity, while usually PARTIAL VERTEX COVER is the much easier problem. The
algorithms are based on ideas developed by Bonnet et al. in order to solve the (complete)
DOMINATING SET problem on bounded twin-width [5].

Having separate algorithms for related problems is not ideal and it would be beneficial
to have them emerge as special cases within a more comprehensive framework. Again,
the language of logic could facilitate this. We present a meta-algorithm that solves the
model-checking problem for formulas of the form ¢ = Jxq .- JxpH#Hy Y (2z1,...,Tk,y) >t
where 1 must be quantifier-free (this logic was considered in [17]). Such a formula is true in
a graph G = (V, E) if it contains nodes vy, ..., vy such that ¥(v1,..., vk, u) holds for at least
t many nodes u € V. For instance, with ¢(z1,..., 25, y) = \/f:l(E(mi7y) Vx; =y), we can
solve PARTIAL DOMINATING SET. With a quantifier-free 1), we can express numerous other
intriguing problems, including CONNECTED PARTIAL DOMINATING SET and INDEPENDENT
PARTIAL DOMINATING SET, as well as more exotic ones like “Are there k nodes that are all
part of triangles and dominate at least ¢ of all other nodes?” or “How many vertices do we
have to delete in order to get a 2-independent set of size k?” (see [27, 2] for applications).
The time needed to decide G = ¢ is dOW*dp_which is linear FPT time. “Linear” means
that the input has to be shorter than the classical encoding of the underlying graph as
an adjacency list or adjacency matrix. While graphs of bounded twin-width can have a
quadratic number of edges, they can still be encoded via their much shorter contraction
sequence [6, 23]. Note that our single-purpose algorithm for PARTIAL DOMINATING SET
achieves a better running time of (kd)®*¥n.

Our meta-algorithm can, in fact, model-check even more general formulas, namely
formulas of the form ¢ = 31 -3z > o ; #y Va1, ..., 2, y) > t, where 1), is a quantifier-
free formula for each o € I. Such a formula ¢ is true if the sum of the numbers of vertices
y satisfying the formulas ¢, is at least t. Using such a formula, we can also express the
PARTIAL VERTEX COVER problem, see Example 15.

Finally, let us remark that if we take a power of a graph, then its twin-width remains
small [6]. This simple observation allows us to tackle the “distance-r” variants of PARTIAL
DOMINATING SET as well by using transductions.

2 Preliminaries

For integers i and j, we let [i,j] := {n € N: i <n < j} and [i] := [1,4]. We study finite,
simple and undirected graphs with non-empty vertex set.

Twin-width. A {rigraph G is a graph whose edge set is partitioned into a set of black and red
edges. The set of red edges is denoted R(G), and the set of black edges B(G); standard graphs
are viewed as trigraphs with no red edges. The red graph G of G is the graph (V(G), R(G))
and the black graph GP of G is the graph (V(G), B(G)). Any graph-theoretic notion with a
color adjective (black or red) has its standard meaning applied in the corresponding graph.
For example, the red degree of u € V(G) in G is its degree in G%.

Given a trigraph G, a contraction of two distinct vertices u,v € V(G) is the operation
which produces a new trigraph by (1) removing u, v and adding a new vertex w, (2) adding a
black edge wx for each x € V(G) such that zu, zv € B(G), and (3) adding a red edge wy for
each y € V(G) such that yu € R(G), or yv € R(G), or y contains only a single black edge
to either v or u. A sequence C' = (G = G,...,G,) is a contraction sequence of G if it is a
sequence of trigraphs such that |V (G,)| = 1 and for all i € [n — 1], G4 is obtained from

13:3

MFCS 2025



13:4

Solving Partial Dominating Set and Related Problems Using Twin-Width

E F EF EF EF
CDEF
C D C D C CD
ABCDEF
A B A B AB AB AB e
Figure 1 A contraction sequence of width 2 for the leftmost graph, consisting of 6 trigraphs.

G; by contracting two vertices. The width of a contraction sequence C' is the maximum red
degree over all vertices in all trigraphs in C. The twin-width of G is the minimum width of
any contraction sequence of G. An example of a contraction sequence is provided in Figure 1.

If a contraction sequence C' = (Gy,...,G,) of G is clear from context, then for each
i € [n] and u € V(G;), we call the set of vertices of G contracted to u the bag of u and
we denote it f(u). Formally, 8(u) = {u} if u € V(G), and S(u) = f(v) U B(w) if there is
i € [2,n] such that u € V(G;), v,w € V(G;_1), and u is created by contracting v and w.
Note that if a vertex appears in multiple trigraphs in C, then its bag is the same in all of
them. If T C V(G;) for some i € [n], then we use 3(T’) to denote |, B(T).

Basic profiles. Now we define basic profiles, inspired by the k-profiles in the DOMINATING
SET algorithm from [5]. Intuitively, a profile describes a “type” of a subsolution we compute
during our dynamic algorithms. For each profile, we will compute a subsolution that is, in
some sense, best for the profile. In the end, we can read the answer to our problem from the
profiles associated with the last trigraph G,, in the contraction sequence.

In the following sections, we will expand the basic profiles with extra information in two
different ways: to extended profiles, which we will use to solve PARTIAL DOMINATING SET
and PARTIAL VERTEX COVER in Section 3, and to virtual profiles, which we will use for the
model-checking in Section 4. Note that the k-profiles in [5] can also be viewed as extensions
of our basic profiles. After defining the basic profiles, we will prove some of their properties,
which we will later generalize to the extended and virtual profiles.

Let us fix a graph G, a contraction sequence (G = Gy, ..., G,) of width d, and an integer
ke N.

» Definition 1. If i € [n], then a basic i-profile is a pair (T, D) such that T C V(G;),
IT| < k(d+ 1), T is connected in GE, D C T, and |D| < k.

For example, in the PARTIAL VERTEX COVER algorithm, k will be the number of covering
vertices, D will be the set such that the covering vertices are in 4(D), and T is the “context”
in which the cover is considered, i.e., we are interested in which edges of G[3(T")] are covered
(this intuition will be formalized in Definition 5).

Now we define how a basic i-profile can be decomposed into several basic (i — 1)-profiles,
again inspired by [5]. Later, we will analogously define decompositions for extended and
virtual profiles.

Let i € [2,n], let v € V(G;) be the new vertex in G;, let uy,us € V(G;-1) be the
two vertices contracted into v, let # = (T, D) be a basic i-profile such that v € T, and let
T = (T\v)U{uy,uz}. Wesay that aset D’ C T" is compatible with 7 if D\{v} = D'\{u1, ua},
|D'| <k, and v € D if and only if u; € D’ or uy € D’. Note that the condition |D’| < k is
necessary only to prohibit the case |D| = k and uy,us € D'.
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Figure 2 Right: A basic i-profile m = (7', D). Vertices of T are colored in gray, and vertices
of D have thick boundary. The new vertex of G; is represented by the bigger disc. Left: A
D’-decomposition {(T1, D1),...,(Tu, D4)} of . The sets Ti,...,Ts are represented by the colors
blue, green, yellow, and pink. Vertices of D’ have thick boundary, and the two vertices to be
contracted are inside a dashed rectangle.

We say that a set {(T1,D1),...,(Tm, Dm)} of basic (i — 1)-profiles is a D’-decomposition
of m, see Figure 2, if:
1. The sets T4, ..., T, are pairwise disjoint.
2. T = Uje[m] T;, D' = Uje[m] D;, and D’ is compatible with .
3. fz €T, and y € D, for j # ¢, then zy ¢ R(G,—1).

Let us give some intuition behind condition 3. If y € Dy, then there is a dominating (resp.
covering) vertex y’' € 5(y). If zy € R(G;—1), then we would not know which vertices of 5(z)
are dominated by y’ (resp. how many edges in {z'y’: 2’ € §(x)} are covered by y’). Hence,
the connections between profiles must be homogeneous (either a black edge or a non-edge).

Now let us prove that a small decomposition always exists (and can be found efficiently).

> Lemma 2. Ifi € [2,n], V(Gi) \V(Gi—1) = {v}, V(Gi—1) \V(Gi) = {ur,ue}, 7= (T, D)
is a basic i-profile such that v € T, T' = (T'\ v) U {u1,uz}, and D' CT" is compatible with
m, then there is a D'-decomposition D of m containing at most d + 2 basic (i — 1)-profiles.
Moreover, D can be found in time O(kd?).

Proof. Let {T1,...,T,,} be the connected components of 77 in G£ | and let D; = T; N D’
for each j € [m]. Observe that (T}, D;) is a basic (¢ — 1)-profile if and only if |T}| < k(d+ 1).
Hence, if |T;| < k(d+1) for each j € [m], then {(T%, D1), ..., (T, Dm)} is a D'-decomposition
of m; condition 3 is satisfied because there are no red edges between distinct 7; and Tp. Let
j € [m] and observe that since 7' is connected in GF, there is a vertex u € T} such that either
uv € R(G;) or u € {u1,us}. Since v has red degree at most d in G;, we have m < d + 2 as
required.

Now suppose that |T;| > k(d + 1) for some j € [m]. Since |T| < k(d+1) and T; C T", we
deduce that |T;| = k(d+1)+1, m = j =1, and (T}, D;) = (1", D’). Since each vertex in D’
has red degree at most d in G;—1 and |D’| < k, there is a vertex w € T'\ D’ such that wz ¢
R(G;_1) for cach x € D'. Let {T},...,T,} be the connected components of 7"\ {w} in G
and let D, = T;N D’ for each j € [p]. Now observe that {(T7, D}), ..., (T}, D,)} U{({w},0)}
is a D’-decomposition of mr. Since T/ contains a vertex adjacent to w in GJ* for each j € [p],
we have p+ 1 < d + 2 as required.

Observe that the proof naturally translates into an algorithm finding the desired decom-
position and that all the operations can be performed in time linear in |7”] + |R(G;—1[T"])].
Since |T'| < k(d+ 1) + 1 and each vertex of T” has red degree at most d in G;_1, there are
O(kd?) red edges in G;_1[T"], and so the stated running time is achieved. <
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Now we prove that the number of basic i-profiles containing any fixed vertex of G is
small.

» Lemma 3. Ifi € [n] and v € V(G;), then the number of basic i-profiles (T', D) such that
v e T is in d°F) . Moreover, such profiles can be enumerated in time d°*% .

3 Partial Dominating Set and Vertex Cover

In this section, we show that the following parameterized problems are fixed-parameter
tractable. When a graph G is clear from context, we denote the closed neighborhood of
S CV(G) in G by N[S], i.e., N[S] = SU{u € V(G): u has a neighbor in S}.

PARTIAL DOMINATING SET USING TWIN-WIDTH

Input: A graph G, a contraction sequence for G of width d, integers k and ¢
Question: Is there a set S C V(G) of size k such that |[N[S]| > ¢?
Parameter: k+ d

PARTIAL VERTEX COVER USING TWIN-WIDTH

Input: A graph G, a contraction sequence for G of width d, integers k and ¢

Question: Is there a set S C V(@) of size k such that at least ¢ edges have an endpoint in S?
Parameter: k+d

Henceforth, we refer to these problems simply as PARTIAL DOMINATING SET and PARTIAL
VERTEX COVER.

3.1 Extended Profiles

For both of these problems, we will need a notion of a profile, obtained by extending basic
profiles introduced in Section 2. Let us fix a graph G, a contraction sequence (G = Gy, ...,G,)
of width d, and an integer k.

» Definition 4. Let i € [n] and let 71 = (T, D) be basic i-profile. An extended i-profile
is a tuple 7’ = (T, D, M, f) such that M C T and f: T — [0,k] is a function such that
Y wer f(w) <k and for each u € T, f(u) < |B(u)], and D = {u € T: f(u) # 0}.

Informally, the function f specifies the distribution of the dominating (resp. covering)
vertices across D, and the set M specifies which bags we want to dominate vertices in. Note
that for PARTIAL VERTEX COVER, M will not be used, i.e., M = () will always hold (this
allows us to use the same definition of a profile for both problems). The following definition
formalizes this idea.

» Definition 5. Leti € [n] and let 7 = (T, D, M, f) be an extended i-profile. A set S C S(T) is
a solution of 7 if for everyu € T, f(u) = |SNB(u)|. We define the dominating-set-value of S
in7 as |[N[S]NB(M)| and the vertex-cover-value of S in 7 as |[{uv € E(G): u € S,v € B(T)}|.

Note that each set S C V(G) can be a solution of more than one extended i-profile for
each i € [n]. Indeed, S determines only D and f, whereas there are more choices of T' and
M (T can be any small red-connected set containing D). However, it will always be clear
from context which profile a solution belongs to, and so we will often simply say, e.g., the
dominating-set-value of S (omitting “in 7).

Let us give a quick informal overview of how the profiles will be used to solve PARTIAL
DOMINATING SET. During the algorithm, we proceed through each time ¢ ranging from 1 to
n and compute for each extended i-profile 7 its optimal value; that is, the maximum value ¢



J. Balaban, D. Mock, and P. Rossmanith

such that a solution of = dominates ¢ vertices from S(M). To compute the optimal value, we
need to decompose the profile: each decomposition is a small set of extended (i — 1)-profiles,
see Section 3.2 for a formal definition. Crucially, each solution of 7 is described by some
decomposition, and the best solution described by a decomposition D = {ry,..., 7y} can
be computed from the optimal solutions of the profiles in D (which were computed in the
previous iteration). Hence, the optimal solution of 7 can be computed by trying all possible
decompositions. More precisely, we do not try all decompositions but only one decomposition
of each “type”. Finally, to determine how many vertices can be dominated by a set of size
k in G, it suffices to examine the optimal value of one particular n-profile = (note that G,
consists of a single vertex, and so it is easy to define 7 explicitly). We get this value at the
end of the run of Algorithm 1.

Let us now show that the number of extended i-profiles containing any fixed vertex of G;
is bounded.

» Lemma 6. Ifi € [n] and v € V(G;), then the number of extended i-profiles (T, D, M, f)

such that v € T is in 20kdloskd) — NMoreover, such profiles can be enumerated in time
zo(kdlog(kd)).

3.2 Extended Decompositions

Now we generalize the D’-decompositions defined in Section 2 to extended profiles.

Let ¢ € [2,n], let v € V(G;) be the new vertex in G;, let uy,us € V(G;_1) be the
two vertices contracted into v, let mg = (T, D) be a basic i-profile such that v € T, let
T' = T\ {v} U {u1,us}, and let 7 = (T, D, M, f) be an extended i-profile. Let M =
M\ {v} U {us,us} if v € M, and M = M otherwise. We say that a function f’: T/ — [0, k]
is compatible with 7 if f(u) = f/(ur) + f(u2), f'(ur) < |B(un)], f(uz) < |B(us)], and for
each u € T\ {v}, f(u) = f'(u). Note that there is at least one function compatible with 7
because f(v) < |8(v)|.

Let us fix a function f’ compatible with 7, let D' = {u € T": f'(u) # 0}, and let M’ be
the set defined as follows.

M’ = {u € M: u has no black neighbor in D" in G;_1}. (1)

We say that a set of extended (i — 1)-profiles D = {(T},D;,M,, f;): j € [m]} is

an f’-decomposition of w if f' = Uje[m] fj, D = Uje[m] D;, M' = Uje[m] M;, and
{(Th,D1),...,(Tim, D)} is a D’-decomposition of 7.
» Remark 7. Equation 1 allows us to avoid double-counting in the algorithm for PARTIAL
DOMINATING SET. Indeed, if u € M has a black neighbor w in D’ then all vertices in 3(u)
are dominated by some vertex in S(w). Hence, if we added u to some Mj, then vertices in
B(u) would be counted as dominated twice.

Now we prove that a small f’-decomposition exists for each f’ compatible with .

» Lemma 8. IfZ S [2,’/1], V(Gl) \ V(Gl_l) = {U}, V(G1_1) \ V(Gl) = {ul,uQ}, T =
(T, D, M, f) is an extended i-profile such that v € T, T =T\ {v} U {us,us}, and f': T' —
[0, k] s a function compatible with 7, then there is an f’-decomposition D of m with cardinality
at most d + 2. Moreover, D can be found in time O(k*d?).

The following lemma shows that a solution of a profile 7 can be constructed by “merging”
the solutions of profiles in a decomposition of .

» Lemma 9. Ifi € [2,n], m is an extended i-profile, {m;: j € [m]} is an f’-decomposition of

7, and S; is a solution of w; for each j € [m], then S := Uje[m] S; is a solution of .
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3.3 Partial Dominating Set

Let (G,C = (Gy,...,Gp),k,t) be an instance of the PARTIAL DOMINATING SET problem;
recall that C' is a contraction sequence of width d. In this section, we show that Algorithm 1
solves the problem in time (dk)®(@)n, see Theorem 13. For an outline of the algorithm, see
Section 3.1.

We will use the notion of extended profiles, see Definition 4, and the notion of solutions,
see Definition 5. Instead of the dominating-set-value of a solution, we will say simply the
value. We say that a solution S is an optimal solution of an extended profile 7 if no other
solution of 7 has higher value than S.

Before presenting the algorithm, let us make two key observations.

» Lemma 10. Let i € [2,n], m be an extended i-profile, {(T;, Dj, M;, f;): j € [m]} be an
f'-decomposition of w, S be a solution of w, and S; = SN B(T};) for each j € [m]. For each
Jj € [ml:

a) The value of S; equals |N[S] N B(M;)].

b) If u € T} has a black neighbor in D, for some £ € [m], then 5(u) C N[S].

Proof. For a), let us fix j € [m]. It suffices to prove that N[S;] N 3(M;) = N[S] N B(M;).
Suppose for contradiction that there are vertices ug € f(M;) and vy € S\ S; such that
uovg € E(G). Let u,v € V(G;—1) be such that uy € B(u) and vy € S(v), and observe
that v € Dy for some ¢ € [m], ¢ # j. Since u € M;, wv is not a black edge in G;_1, see
Equation (1). However, uv is not a red edge in G;_1 either, by condition 3 in the definition
of a basic decomposition in Section 2. This is a contradiction with ugvg € E(G).

For b), let us fix j € [m] and u € T} that has a black neighbor v € D, for some £ € [m].
By Definition 4, f'(v) # 0 and there is a vertex w € g(v) N S. Hence, 8(u) C N(w) C N[S]
as required. |

Now we show that in each iteration of the loop on lines 10-17 in Algorithm 1, a solution
of the currently processed profile 7 and its value are computed. Informally, for each profile
m; in the decomposition of m, we avoid double-counting dominated vertices in BMNT ) by
partitioning MN T; into two subsets, M; and C;: B(M;) contains vertices dominated “from
inside”, i.e., via a red edge considered in one of the previous iterations, and 8(C;) contains
those dominated “from outside”, i.e., via a black edge to D’.

» Lemma 11. Let i € [2,n], ® be an extended i-profile, ' be a function compatible with 7,
and v and S be the values computed by Algorithm 1 on line 16 in the iteration processing f’.
If for each extended (i — 1)-profile ©', S’ is a solution of ™' of value V', where (S’,1V') is the
pair computed in o;—1 ('), then S is a solution of m of value v.

Proof. Let 7 = (T, D, M, f) and let {m;: j € [m]} be the f’-decomposition of 7 found on
line 11 in the iteration processing f’. For each j € [m], let T;, D;, Mj, f;,S;,v;, and C; be
the values computed on lines 13 and 14. By Lemma 9, S is a solution of w. To simplify
notation, let §(A4) := [N[S]N S(A)| for any A C V(G;) or A C V(G;_1). Now it suffices to
show that v = §(M).

Let M be defined as in the algorithm, see line 9, and observe that §(M) = §(M). Since
Ti,...,T,, are pairwise disjoint, it suffices to show that for each j € [m], value; computed
on line 15 equals 6(M N T}). Let us fix j € [m], and observe that M NT; = M; U C; and
M;NC; =0, see Equation (1) and line 14. By Lemma 10a, we have v; = §(M;) because v; is
the value of S;. By Lemma 10b, B(u) C N[S] for each u € C;, which implies 6(C;) = |8(C})].
Hence, value; = 6(M;) + 6(C;) = 6(M NT}), and v = (M) as required. <
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Algorithm 1 Algorithm for PARTIAL DOMINATING SET.

Input: A graph G, contraction sequence (G = G, ..., Gy,) of width d, and k,t € N.
1 for each extended 1-profile m = (T, D, M, f) do o1(n) := (D,|D N M])
2 for i from 2 to n do

3 v := the new vertex in G;

4 u1, Uz := the two vertices of G;_1 contracted into v

5 for each extended i-profile # = (T, D, M, f) do

6 if v ¢ T then o;(7) := 0;_1(7); continue with next 7

7 oi(m) := (null, —1)

8 T = (T\v)U{uy,us}

9 if v € M then M := M\ {v} U {uj,us} else M := M
10 for each function f': T' — [0, k] compatible with = do

11 Let {m;: j € [m]} be an f’-decomposition of m s.t. m < d+ 2; it exists by

Lemma 8.

12 for each j € [m] do

13 (T3, Dj, Mj, f5) := w55 (S5,v5) := 0i1(m;)

14 Cj = {u € M NTj: u has a black neighbor in D, for some £ € [m]}
15 value; :=v; + Zuecj |B(u)|

16 V=) e m Valuej; S = Ujepn) S5

17 if v > vy, where (So,vo) = 04(m) then o;(7) := (S, v)

18 (S.) == ou({u}. {u}. {u}. {(u. k)}). where {u} == V/(G,)

19 return v >t

Now we show that we are able to find an optimal solution for each profile. The idea is to
describe an optimal solution with a function f’ compatible with the considered profile, and
then to show that the solution found in the iteration processing f’ is optimal as well.

» Lemma 12. For each i € [n] and each extended i-profile m, if the final value of o;(m)
computed by Algorithm 1 is (S,v), then S is an optimal solution of m and v is the value of S.

Proof. Let i € [n] and m = (T, D, M, f) be an extended i-profile. We proceed by induction
on i. First, suppose that ¢ = 1. Since there are no red edges in G; = G and T is connected
in G, we know that T = {u} for some u € V(G). Notice that D,M € {0,{u}} and
fe{{(«w,0)},{(u,1)}}. In particular, = has only one solution, namely D, and the value of
D is |D N M| as required, see line 1. Now suppose that ¢ > 1. Let v € V(G;) be the new
vertex in G; and let uy, us € V(G;—1) be the two vertices contracted into v. If v ¢ T, then
7 is also an (i — 1)-profile. By induction hypothesis, o;_1(7) is an optimal solution of m,
which ensures that o;(7) is also an optimal solution of 7, see line 6. Hence, let us assume
that v € T and let 7" = (T'\ v) U {u1, u2}. By induction hypothesis and Lemma 11, 7 has a
solution since there is a function compatible with 7.

Let S* be an optimal solution of 7, let v* be the value of S*, and let f': T" — [0, k]
be defined as f/'(u) = |S* N B(u)|. Observe that by Definition 5, f/(u) = f(u) for each
we T\ {v}, and f(v) = [S* N B(0)| = [S* N Bur) |+ [S* N Blua)| = F/(ur) + F/(uz), i, f'is
compatible with 7. Let us consider the iteration of the loop on lines 5-17 processing 7 and the
iteration of the loop on lines 10-17 processing f’. Let {m;: j € [m]} be the f’-decomposition
of m found on line 11. For each j € [m], let T}, D;, M;, f;,5;,vj, and C; be as in the
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algorithm. Let v and S be the values computed on line 16. By Lemma 11, S is a solution of
7 with value v. Similarly to the proof of Lemma 11, we denote §(A) = |[N[S] N B(A)| and
§*(A) = |N[S*]NB(A)| for any A CV(G;) or ACV(G;_1).

Suppose for contradiction that v < v*, i.e., §(M) < §*(M), see Definition 5. Let M
be as in the algorithm, see line 9, and observe that §(M) = §(M) and §*(M) = 6*(M).
Hence, there must be j € [m] such that §(M N T;) < 6*(M N Ty); let us fix such a j. By
Lemma 10b, if u € Cj, then f(u) C N[S] N N[S*]. Hence, §(C;) = |B(C;)| = 6*(C};), which
implies (M) < 6*(M;) because M NT; = C; U M; and M; N C; = 0. Let St =5"np(Ty)
and observe that S is a solution of m;. By Lemma 10a, 6(M;) is the value of S; and §*(M;)
is the value of S7. By induction hypothesis, S; is an optimal solution of 7;, which is a
contradiction with 0(M;) < 6*(M;). Hence, v = v*, and S is an optimal solution of 7, too.

After the iteration of the loop on lines 10-17 processing f’, o;(7) = (S, ) because S is an
optimal solution of 7. Observe that the second component of o;(7) cannot change in any of
the following iterations because v is always the value of some solution of 7 by Lemma 11.
Hence, after all functions compatible with 7 have been processed, o;(7) is indeed an optimal
solution of 7 and its value, as desired. |

Using Lemma 12, it is easy to show the correctness of Algorithm 1.

» Theorem 13. Algorithm 1 decides the PARTIAL DOMINATING SET problem in time
90 (kdlog(kd)) . ;.

Proof. Let . = (G,C = (G = G4,...,G,), k,t) be the input instance, where C' is contraction
sequence of width d. Let V(G,,) = {u} and let 7 = ({u}, {u}, {u}, {(u, k)}). Note that 7 is
an extended n-profile unless n < k, in which case, ¢ is trivially a NO instance. By Lemma 12,
S is an optimal solution of 7 with value v, where (S, v) is the pair computed by Algorithm 1
on line 18. By Definition 5, |S| = k and v = |[N[S] N S({u})| = |N[S]|. Hence, ¢ is a YES
instance if and only if v > t, as required.

Now need to argue that Algorithm 1 achieves the desired running time. As an optimization,
we maintain a single function o (instead of o; for each i € [n]). Since there are O(n) extended
1-profiles, line 1 can be performed in time O(n). There are n — 1 iterations of the outermost
loop (i.e., the loop on lines 2-17); let us consider the iteration processing i € [2,n] and let v be
the new vertex in G;. Let m = (T, D, M, f) be an extended i-profile. Since o(7) has already
been computed if v ¢ T, it suffices to consider only profiles such that v € T; these profiles
can be enumerated in time 20(Fd10g(kd) by Lemma 6. There are at most k + 1 functions f’
compatible with 7 and for each of them, we can find an f’-decomposition of size at most
m < d+ 2 in time O(k?d?) by Lemma 8. Hence, the running time of one iteration of the
20(kdlog(kd)) ' \which implies that the total running time is 20 (kdlog(kd)) . p
as required. |

outermost loop is

3.4 Partial Vertex Cover

In this section, we prove the following theorem.

» Theorem 14. There is an algorithm that, given a graph G, a contraction sequence
(G1=G,...,G,) of width d, and two integers k and t, decides the PARTIAL VERTEX COVER
problem in time 20 (kdlog(kd)) . p

Because of similarity to the proof of Theorem 13, we only informally discuss the differences.
The details can be found in the full version of the paper [3]. One difference mentioned already
in Section 3.1 is that it suffices to consider extended i-profiles m = (T, D, M, f) such that
M =0.
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Recall that the vertex-cover-value of a solution S C 8(T) is the number of edges in G[3(T)]
covered by S, see Definition 5. Hence, if D = {(T}, D;,0, f;): j € [m]} is a decomposition
of 7, then the edges in G[B(T})] covered by S are covered also by S N (7). This means
that when merging solutions of profiles in D, we must only add the number d;, of covered
edges with one endpoint in 5(7}) and the other in 5(7}) for distinct j,£ € [m]. Since there
cannot be a red edge connecting D; and T by definition of a basic decomposition, we can
compute d;, by inspecting the black edges between T; and T,. Observe that a black edge
wv € B(G;_1) semi-induces a complete bipartite graph between 5(u) and S(v) in G. Because
we have to avoid double-counting, we obtain the following equation:

o=y Fiw-1B)+ fe(v) - 1B(u)] = fiu) - fe(v)
u€Ty veTy,
ww€B(Gi—1)

Using this equation, we can compute an optimal solution of 7. The rest of the proof of
Theorem 14 is analogous to the proof of Theorem 13.

4 (3*X #QF) Model Checking

We now turn our attention to the framework mentioned in the introduction. For a back-
ground in (counting) logic, we refer the readers to [31]. We consider a generalization of a
fragment of the counting logic FO(>0), namely problems expressible by formulas of the form
3wy -k Y pep #Y Va1, .. wr,y) >t for some quantifier-free formulas ¥, a € I, and
t € N. Such a formula is true in a graph G if there are vertices vy, ...,v; € V(G) such that
Y oact #FYValvi, .. v, y) > t, where #yq(v1, ..., vk, y) is the number of vertices w € V(G)
such that ¥, (v1, ..., v, w) holds in G.

We are interested in giving an FPT algorithm on graph classes of bounded twin-width to
solve the model-checking problem for this logic.

(3* > #QF)MODEL CHECKING USING TWIN-WIDTH

Input: A graph G, a contraction sequence for G of width d, a finite set I, a quantifier-free
formula 1), with k + 1 free variables for each o € I, and t € N

Question: Are there vertices v1, ..., v € V(G) such that G =3 o, #yva(vi... vk, y) > 7
Parameter: k + d*

It is not hard to express PARTIAL DOMINATING SET in this logic, see Section 1. Let us
illustrate how PARTIAL VERTEX COVER can be expressed.

» Example 15. We can express PARTIAL VERTEX COVER with I = [k] and the following
formulas. For « € I, let ¥o(x1,...,2k,y) = E(zq,y) A /\ve[a—l] y # x,. Intuitively, ¢,
counts the number of edges covered by z,. To avoid double-counting, the potential edge
T~ is counted by 1, only if a < v (and otherwise it is counted by ).

4.1 Virtual Profiles

In Section 3, we used extended profiles, which were obtained by “extending” basic profiles
introduced in Section 2. In our model checking algorithm, we will again “extend” the basic
profiles in a certain way. This time, however, these profiles will need to contain even more

! Note that we assume that each formula 14 is normalized, i.e., there is no shorter formula equivalent to
Y. Without this assumption, the parameter would have to be k +d + ZaEI [Yal-
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information than the extended profiles. Intuitively, the reason behind this change is that
the k existential variables in the considered formula are not interchangeable, whereas the k
vertices in a partial dominating set (or vertex cover) are. Hence, a part of a virtual profile is
a function f, which describes where each existential variable should be realized.

However, we need to be able to capture the fact that some variables may be realized
in a part of G not covered by the profile; this is done by adding a bounded number of
“virtual” vertices and edges (V and £). Note that the virtual vertices are “new objects”; e.g.,
V(G) NV = 0. Moreover, we need to remember which atomic formulas (x4, = 7y, E(z4,Tp),
and negations of these two) are satisfied by which existential variables: this information is
encoded in a vertex-labeled graph H. Note that if a virtual profile has a solution, then H
must be compatible with f and £.

» Definition 16. Let i € [n] and let (T, D) be a basic i-profile. A virtual i-profile is a tuple
= (T,D,V,E, f,H), where:

V is the set of at most k virtual vertices.

EC{uwv:ueVUT,v eV} is the set of virtual edges.

f:[k] = DUV is a surjective function such that |f~1(u)| < |8(u)| for each u € D.

H is a graph with at most k vertices with vertex set labeled as {h1, ..., hy}.
The expanded graph of m, denoted G, is the graph with vertex set S(T) UV and edge
set E(G[B(T)]) U{uv € €: u,v € VI U {ugv: wv € E,v € Vyu € T,ug € B(u)}. A tuple

s = (s1,...,5k) € V(Gr)* is a solution of 7 if:
for each a € [k], sq = f(a) if f(a) €V, and s, € B(f(a)) if f(a) € D;
the function s, — hg is an isomorphism from Gr[{s1,...,sr}] to H.

The value of s is defined as . .; {u € B(T): G |E Ya(s1,...,5,u)}|. A solution's of m is
optimal if no other solution of ™ has higher value than s.

The expanded graph G illustrates the concept of virtual profiles: the subgraph of G
induced by the bags from T is expanded with the virtual vertices. The virtual vertices are
uniformly connected to vertices from each bag in T' as dictated by £. A solution s of 7 must
then adhere to 7 in the following way: each s, in s has to be the correct virtual vertex or a
vertex from the correct bag as dictated by f; and s has to induce the desired subgraph H
in the expanded graph G,. When an optimal solution has been computed for each virtual
profile, we can find the answer to the problem by inspecting an n-profile 7* such that V and
& are empty, ' = V(G,,) and S(T) = V(G), and f is the unique function from [k] to V(G,,).
In contrast to the case of PARTIAL DOMINATING SET, the profile 7* is not unique; one has
to try all possible choices of H.

Now we show that the number of virtual profiles is bounded.

» Lemma 17. Ifi € [n] and v € V(G;), then the number of virtual i-profiles (T, D, V,E, f, H)

such that v € T is in 20K dlog(d)) Moreover, such profiles can be enumerated in time
90(k*dlog(d))

4.2 Virtual Decompositions

To achieve our goal of finding optimal solutions of virtual profiles, we continue similarly as in
the previous section about PARTIAL DOMINATING SET and PARTIAL VERTEX COVER. We
will again need a notion of a decomposition for our virtual profiles. However, we must ensure
that the profiles in the decomposition are “compatible” with each other with respect to the
virtual vertices. Informally, the virtual edges must correspond to the black edges between
the profiles in G;_1.
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Figure 3 Leftmost: A graph H with vertex set {h1,...,he}. The circle representing h, contains
the digit a. Middle left: A virtual i-profile 7 = (T, D, V, &, f, H) for k = 6. Virtual vertices are
represented by violet stars and virtual edges by violet lines. T is the set of all non-virtual vertices.
For each a € [6], the vertex f(a) contains the digit a. D is the set f({2,5}). Middle: The circles,
and black and red edges represent G;_1[T"], the violet star is the vertex in V, and the violet lines
represent £’. The digits represent the function f’. The set 7" has two red-connected components: T}
colored in green and T» colored in orange. Middle right: The profile (T1, D1, V1, &1, f1, H). Note
that the facts that fi(5) = f1(6) and f1(3)f1(4) ¢ & follow from H; they cannot be deduced from
T or T'. Rightmost: The profile (Ts, D2, V2, &2, f2, H).

Let ¢ € [2,n], let v € V(G;) be the new vertex in G;, let uj,us € V(G;—-1) be the
two vertices contracted into v, let mg = (T, D) be a basic i-profile such that v € T, let
7= (T,D,V,E, f,H) be a virtual i-profile, let T = T \ {v} U {u1,uz}, and let & = {uw €
E:u,w € T'"UVIU{ugw, ugw: vw € £}. We say that a function f’: [k] — T'UV is compatible
with 7 if f'(a) € {u1,u2} when f(a) = v, and f'(a) = f(a) otherwise.

If a function f’ is compatible with 7, then a set {m; = (T}, D;,V;,&;, f;, H): j € [m]} of
virtual (¢ — 1)-profiles is an f’-decomposition if D' = range(f")NT", {(T1, D1),..., (T, Dm)}
is a D'-decomposition of 7y, and for each j € [m]:

V;j =V U{hg: f'(a) € D'\ D,}.

fi(a) = f'(a) if f'(a) € D; UV, and fj(a) = h, if f'(a) € D"\ Dj.

&; is the union of the following sets.

{uw € & u,w e VUT;}.
{uhg: u € VUT}, f'(a) =w e D'\ Dj,uw € &' UB(G;_1)}.
{hahy € B(H): f'(a), f'(b) € D'\ D,}.

The intuition behind this construction of 7; is that for each vertex in D"\ D;, which are
the vertices with some variable assigned to them, we add a new virtual vertex to V;, and &;
contains & “restricted” to T (the first term), edges between a new virtual vertex h, and
an “old” virtual vertex u € V or a vertex u € T} (the second term), and edges between two
new virtual vertices (the third term). Note that we used the vertices of H to label the new
virtual vertices, which means that two new virtual vertices h, and h; may be equal even
when a # b; this ensures the possibility of an isomorphism from a solution of 7; to H. See
Figure 3 for an illustration of a virtual decomposition.

Again, we prove that a small f’-decomposition exists for each f’ compatible with 7.

» Lemma 18. [f’L S [2,7?,], V(Gl) \ V(Gl_l) = {U}, V(Gl_l)\V(Gl) = {ul,uQ}, T =
(T,D,V. &, f,H) is a virtual i-profile such thatv € T, T = T\ {v}U{u1,uz}, and f': [k] —
T UV is a function compatible with w, then there is an f’'-decomposition D of ™ with
cardinality at most d + 2. Moreover, D can be found in time O(k%d?).
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4.3 Combining Solutions

In Section 3, we obtained a solution for an extended i-profile 7 by simply taking the union
of solutions of profiles in a decomposition of . In this section, combining solutions is more
complicated because each solution is a tuple, which may contain some virtual vertices.

» Definition 19. Leti € [Tl], let m = (Tl, Dy, Vy, &, fl,H) and mo = (Tg,DQ, Vs, &, fa, H)
be two virtual i—proﬁles, and let s' = (s},...,s}) and so = (s},...,s%) be solutions of m and
7o, respectively. By st 69 s2, we denote the tuple (s1,...,s1) € (B(D1) UV (Gy,))* such that
for each a € [k], sq = sk if fl( ) € D1, and s, = s2 otherwise.

Note that in general, the operation & is neither associative nor commutative. However,
we will use it only to combine solutions of profiles in a decomposition (and when restricted
to such inputs, & is both associative and commutative, which will be implicit in the proof of
the following lemma). Let s = @ ¢ s’ = =s'@ (s?@...). Formally, s = s! if m = 1 and
s=8' © D, s otherwise.

» Lemma 20. Ifi € [2,n], 7 is a virtual i-profile, {m;: j € [m]} is an f'-decomposition of ,
and 87 is a solution of m; for each j € [m], then s = @ em] s’ is a solution of . Moreover,

if vj is the value of s;, then the value of s is de im] V.

Proof. Let 7 = (T,D,V,&,f,H) and s = (31,...,5k). For each j € [m], let m; =
(T;,D;,V;,&j, fj, H) and let s; = (s{, . .,si). For each j € [m], let G7 := Gr,-

First, let a € [k] be such that f(a) € V. Observe that for each j € [m], f(a) = f'(a) =
fi(a) = sJ, which means that s, = f(a) as desired (because s, = s/ for some j € [m] by
Definition 19). Second, let a € [k] be such that f(a) € D and let j € [m] be the unique index
such that u := f’(a) = fj(a) € D;. By Definition 19, s, = s € 8(u) because fi(a) ¢ Dy for
each £ € [m] \ {j}. By definition of f/, if u € V(G;—1) N V(G;), then f(a) = u. Otherwise,
f(a) is the new vertex in G;, and s, € S(u) C B(f(a)). In both cases, s, € 5(f(a)) as
desired.

Now we need to show that the function s, — h, is an isomorphism from G [{s1,...,sk}]
to H. Let us fix a,b € [k]. Since s; is a solution of 7; for each j € [m], it suffices to
show that s,s, € E(Gy) ¢ sisl € E(G7) and s, = s, ¢ s = s] for some j € [m].
First, if sq,s5 € V or sq,8, € S(T;) for some j € [m], then s, = sJ and s, = s7, and
505 € E(Gr) > 848y € BE(G)UE « 5! s{) € E(G7) as required. Moreover, we clearly
have s, = s, <> s} = s{), note that in all other cases, s, # s, and s/ # si. Second,
if s, € V and s, € B(u) € B(v) for some u € T;, j € [m], and v’ € T, then s,s;, €
E(Gr) ¢ squ' € € & squ € & + 548, € E(GY). Finally, assume that j,¢ € [m], j # ¢,
and s, € 5(T}),sp € f(Ty). Let uw = f'(a) = fj(a) and v = f'(b) = fi(b). By definition of
a solution, we have s, € 3(u) and s, € 5(v). Recall that D" = ¢, Dy, that u,v € D',
and that {(T},,D,): p € [m]} is a D’-decomposition of the basic i-profile (T, D). Hence,
by condition 3 in the definition of a D’-decomposition, see Section 2, uv ¢ R(G;—1). Now
SaSb € E(Gr) <> s¢5p € E(Q) <> uv € B(G;_1) <> uhy € & <> s{lsi € E(GY) as required.
Note that after the third equivalence, we could have used h,v € & and continued analogously.
We have shown that s is a solution of .

What remains to be shown is that the value of s equals ¢, v;. Since B(T) = B(1"),

where T = Uje[m] Tj, it suffices to show that for eachj € [m], u € B(T;) and o € I,
Gr = Ya(s1,. .., 8k, u) if and only if GV |= zpa(s{, ..., 87, u). Using the isomorphisms to H,
we obtain that s, — s/ is an isomorphism from G, [{51, —ysp}] to GI[{s], ..., s1}]. Hence,
it suffices to show that for each a € [k], (1) u = s, <> u = s, and (2) us, € E(G ) <

a’

us) € E(G7). If s, = sJ, then (1) clearly holds, and if s, # s?, then s, ¢ 8(T}) and s? € V;,
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which implies u ¢ {s,, s?}. Now let us focus on (2). Let u; € Tj and v’ € T be such that
u € B(uj) C BW). If s, = s) € B(Ty), then us, € E(Gx) > us, € E(G) + us, € E(G?) as
required. If s, = sJ ¢ B(T}), then s, € V, and us, € E(Gy) <> u/sq € € ¢ ujs, € & +

us, € E(GY) as required. Finally, suppose s, # s2, i.e., s, € 8(T)\ B(T}), and s) = h, € V;.

Let w = f’(a) and observe that, by definition of a solution, s, € f(w). Since w € D', we
have ujw ¢ R(G;—1), see condition 3 in the definition of a D’-decomposition. Hence, we
have us, € E(Gr) <> usq € E(G) ¢ ujw € B(Gi—1) > ujh, € & <> uh, = us) € E(G7) as
required. We have proven that the value of s is 3., v; as desired. <

4.4 Model Checking Algorithm

Algorithm 2 Algorithm for (3* Y #QF)MODEL CHECKING.

Input: A graph G, a contraction sequence for G of width d, a finite set I, a
quantifier-free formula v, with k + 1 free variables for each « € I, and t € N
1 for each virtual 1-profile # = (T, D, V., &, f, H) do
2 | = (F(1),..., f(R))
3 if s is a solution of m then o1(7m) := (8, c; Hy € T: G = Yal(s,y)})
4 else oy () := (null,0)

5 for i from 2 to n do

6 v := the new vertex in G;; u1,us := the two vertices of GG;_1 contracted into v

7 for each wvirtual i-profile m = (T, D,V, €&, f, H) do

8 if v ¢ T then o;(7) := 0;_1(7); continue with next 7

9 o;(m) := (null, 0)

10 T := (T \v) U{ug,us}

11 for each function f': [k] = T/ UV compatible with = do

12 Let {mj: j € [m]} be an f’-decomposition of m s.t. m < d+ 2; it exists by
Lemma 18.

13 for each j € [m] do

14 L (Sj7l/j) = O'ifl(’ﬂ'j)

15 if s7 = null then continue with next f’
16 V=Y icim Vis 8 = Djepm &
17 if v > vy, where o;(7) := (so, o) then o;(7) := (s,v)

18 solution := null; count := 0; {u} :=V(G,,)

19 for each graph H with vertex set labeled as {hi,...,h;} do

20 (s,v) := o, ({u}, {u},0,0, f, H), where f(a) = u for each a € [k]
21 if v > count then solution :=s; count := v

22 return count > ¢

Now we can start proving the correctness of Algorithm 2. First, let us show that the
algorithm computes an optimal solution for each virtual profile = (or it discovers that 7 has
no solution).

» Lemma 21. For each i € [n] and each virtual i-profile 7, if the final value of o;(m) computed
by Algorithm 2 is (s,v), then s is an optimal solution of © and v is the value of s. On the
other hand, if o;(w) = (null,0), then m has no solution.

Using Lemma 21, it is easy to show the correctness of Algorithm 2.

13:15

MFCS 2025



13:16

Solving Partial Dominating Set and Related Problems Using Twin-Width

» Theorem 22. Algorithm 2 decides the (3* > #QF )MoDEL CHECKING USING TWIN-WIDTH
problem in time 20K d108(d)y,

Proof. Suppose that the algorithm is given a graph G, a contraction sequence (G; =
G,...,Gy) of width d, and a formula ¢ = Jzy---Fap Y c; #YValz1,. .., 2k, y) > t. Let
us say that a graph H with vertex set labeled as {hy,...,hi} is a template graph. Let
us consider an iteration of the loop on lines 19-21 processing a template graph H, let
7y = ({u}, {u},0,0, f, H) be as on line 20, and let (sg, vy ) be the tuple computed on line 20.
By Lemma 21, sy is an optimal solution of mx with value vy, or (sg,vy) = (null,0) if 7g
has no solution. Since there are no virtual vertices in mg, if 7y has a solution, then sy is a
tuple in V(G)*, and vy =3 . {u € V(G): G = ¥a(s,u)}.

Let (s,v) the final value of (solution, count) computed by Algorithm 2. If s = null and
v = 0, then 7y has no solution for any template graph H, which means that for any tuple
s eV, Y i HueVI(G): G = vqa(s',u)}| =0, and (G, ¢) is a YES-instance if and only
if t = 0. Otherwise, s € V(G)*, v =3 ., {u € V(G): G = ¥a(s,u)}|, and v = max{vy: H
is a template graph}. Clearly, for each tuple (s1,...,sx) € V(G)¥, there is a template graph
H such that s, — h, is an isomorphism from G[{s1, ..., si}] to H, which means that (G, ¢)
is a YES-instance if and only if v > ¢. This shows the correctness of Algorithm 2.

Now we need to argue that Algorithm 2 achieves the desired running time. As in the proof
of Theorem 13, we maintain a single function o (instead of o; for each i € [n]). First, observe

20(k*dlog(d)) . virtual 1-profiles. Hence, executing

that by Lemma 17, there are at most
the for loop on lines 1-4 takes time at most 20(k*dlog(d)) . . Second, observe that there are
n — 1 iterations of the loop on lines 5-17; let us consider the iteration processing ¢ € [2,n]
and let v be the new vertex in G;. Let 7 = (T, D, V, &, f, H) be a virtual i-profile. Since
o () has already been computed if v ¢ T, it suffices to consider only profiles such that v € T
these profiles can be enumerated in time 20(k*dlog(d)) by Lemma 17. There are at most 2*
functions f’ compatible with m and for each of them, we can find an f’-decomposition of size
at most m < d + 2 in time O(k?d?) by Lemma 18. Hence, the running time of one iteration
of the loop is 20(kd10e(kd) - Finally, since there are 2°**) choices of H, executing the loop on
lines 19-21 takes time 2°*+*). In total, the running time is 90(k*dlog(d) . p a5 required. <«

5 Conclusion

We have demonstrated that several optimization problems requiring counting can be efficiently
solved on graphs with small twin-width. This encompasses not only well-known problems such
as PARTIAL VERTEX COVER and PARTIAL DOMINATING SET, but also all problems expressible
by a restricted fragment of first-order counting logic. It would be desirable to extend this
result by providing a more comprehensive fragment that accommodates additional problems.
For bounded expansion, we can utilize formulas of the form 3x; - - - Jxp#y d(x1, ..., 2),
where ¢ is an arbitrary first-order formula rather than a quantifier-free one, and even slightly
more complex formulas [18, 34]. Can we achieve the same for graphs of bounded twin-width?
Moreover, we can handle even more complicated formulas with nested counting quantifiers
approzimately [18]. Once again, does the same or a similar result hold true for bounded
twin-width? It should be noted that the best result for nowhere-dense classes is basically the
same as our result for twin-width [17].
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