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—— Abstract

Motivated by the growing interest in graph clustering and the framework proposed during the
Dagstuhl Seminar 23331, we consider a natural specialization of this general approach (as also
suggested during the seminar). The seminar introduced a broad perspective on clustering, where the
goal is to partition a graph into connected components (or “clusters”) that satisfy simple structural
integrity constraints — not necessarily limited to cliques.

In our work, we focus on the case where each cluster is required to have bounded vertex cover
number. Specifically, a connected component C' satisfies this condition if there exists a set S C V(C)
with |S| < d such that C' — S is an independent set. We study this within the framework of the
VERTEX DELETION TO d-VERTEX COVER COMPONENTS (VERTEX DELETION TO d-VCC) problem:
given a graph G and an integer k, the task is to determine whether there exists a vertex set S C V(G)
of size at most k such that every connected component of G — S has vertex cover number at most d.
We also examine the edge-deletion variant, EDGE DELETION TO d-VERTEX COVER COMPONENTS
(EDGE DELETION TO d-VCC), where the goal is to delete at most k edges so that each connected
component of the resulting graph has vertex cover number at most d. We obtain following results.

1. VERTEX DELETION TO d-VCC admits a kernel with O(d%k?) vertices and O(d°k*) edges.

2. EDGE DELETION TO d-VCC, admits a kernel with O(d*k) vertices and O(d°k) edges.

Both of our kernelization algorithms run in time O (1.253d . (kd)o(l) -nlog n) It is important to
note that, unless the Exponential Time Hypothesis (ETH) fails, the dependence on d cannot be
improved to 2°(? | as the case k = 0 reduces to solving the classical VERTEX COVER problem, which
is known to require 24 time under ETH.

A key ingredient in our kernelization algorithms is a structural result about the hereditary graph
class Gq, consisting of graphs in which every connected component has vertex cover number at most
d. We show that G4 admits a finite obstruction set (with respect to the induced subgraph relation)
of size 20<d2), where each obstruction graph has at most 3d + 2 vertices. This combinatorial result
may be of independent interest.
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Clustering into Bounded Vertex Cover Components

1 Introduction

Graph modification problems, especially vertex and edge deletions to achieve a desired
structural property, are central to algorithmic graph theory [4, 6, 15, 30, 35]. Formally, given
a fixed graph class G, the goal is to delete at most k vertices or edges from an input graph G
so that the resulting graph belongs to G. This general framework captures a wide variety
of well-studied problems, including VERTEX COVER [16], FEEDBACK VERTEX SET [16],
PLANAR DELETION [26, 28], MuLTIWAY CUT [31], INTERVAL DELETION [9], CHORDAL
DELETION [10], and CLAW-FREE DELETION [15]. A key motivation for studying such
problems is that many computationally hard problems become tractable when restricted
to graphs in G [1, 7, 15, 20]. Among these, the VERTEX COVER problem is particularly
fundamental. Given a graph G and an integer k, the VERTEX COVER problem asks whether
G contains a vertex set S C V(G), also called vertex cover of G, of size at most k such that
G — S does not contain an edge.

One of the classical graph modification problems also viewed as a graph clustering problem
asks whether a given graph can be transformed into a cluster graph (i.e., a graph in which
every connected component is a clique) by deleting at most k vertices or k edges [23, 29].
This blends the perspectives of graph editing and clustering. Building on this line of work,
and inspired by the framework proposed during the Dagstuhl Seminar 23331 [27], we consider
a natural specialization of this general approach (also suggested during the seminar). The
seminar introduced a broad perspective on clustering, where the goal is to partition a graph
into connected components (or “clusters”) that satisfy simple structural integrity constraints,
not necessarily limited to cliques.

One such question proposed during the seminar is the VERTEX DECOMPOSITION INTO
SMALL DOMINATOR CLUSTERS problem. Given a graph G and parameters (k,d), the task
is to determine whether at most k vertices can be deleted from G to obtain a graph G’
such that each connected component of G’ has domination number at most d [27]. The
seminar posed the open question of whether this problem is fixed-parameter tractable (FPT)
when parameterized by the combined parameters k£ and d. Since the problem is known to
be W[2]-complete when k = 0 [16], it remains computationally hard even in the absence of
deletions. Nonetheless, it was natural to ask whether an algorithm exists when the parameter
d is allowed to appear in the exponent of n. This question was recently answered in the
affirmative by Bentert et al. [5], who presented an algorithm with running time f(k, d) - n®(@.

In this work, we investigate two natural variants of this emerging family of vertex-deletion
and edge-deletion clustering problems. Specifically, we study the VERTEX DELETION TO
d-VERTEX COVER COMPONENTS and EDGE DELETION TO d-VERTEX COVER COMPONENTS
problems, where the objective is to delete at most k vertices or edges, respectively, so that
each connected component of the resulting graph has vertex cover of size at most d.

In the same seminar [27], Karypis et al. also proposed the study of the VERTEX
DECOMPOSITION INTO SMALL VERTEX COVER CLUSTERS problem, referred to as the
LAYERED VERTEX COVER problem. In this problem, the goal is to delete a small number of
vertices so that every connected component of the resulting graph can be further reduced by
deleting at most d; vertices, resulting in a graph where each connected component has a
vertex cover of size at most dy. This formulation is closely related to our investigation of the
VERTEX DELETION TO d-VCC and EDGE DELETION TO d-VCC problems.

While in the work of Bentert et al. [5], the classical DOMINATING SET problem played a
central role in characterizing the connected components after the deletion of a small number
of vertices, in our work, the VERTEX COVER problem serves an analogous foundational role.
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The VERTEX COVER is one of the most extensively studied problems in parameterized
complexity, and has served as a cornerstone in the development of both theoretical frameworks
and algorithms especially in the context of kernelization, which is a central theme of this
paper [16, 19].

Kernelization is a core technique in parameterized complexity. It focuses on designing
polynomial-time preprocessing algorithms that reduce a given instance to an equivalent one
of size bounded by a function of the parameter, while preserving correctness guarantees
(see Definition 9 for a formal definition). The VERTEX COVER problem has inspired a rich
toolbox of such techniques, including crown rule reductions, the Nemhauser—Trotter theorem,
and LP-based kernelization methods [16, 19, 13, 32, 33, 18, 3, 2, 14, 8, 25].

1.1 Our Results and Methods

From a parameterized complexity perspective, both VERTEX DELETION TO d-VCC and
EDGE DELETION TO d-VCC exhibit rich algorithmic structure. Our main result is an
almost-linear-time kernelization for both problems.

» Theorem 1. VERTEX DELETION TO d-VCC admits a kernel with at most O(d°k®) vertices
and O(d°k*) edges. Furthermore, it can be computed in time O (1.253% - (kd)®® - nlogn).

» Theorem 2. EDGE DELETION TO d-VCC admits a kernel with at most O(d*k) vertices
and O(d°k) edges. Furthermore, it can be computed in time O (1.253% - (kd)®™M) - nlogn).

In the same report [27] by Dagstuhl, the importance of developing “truly linear-time” FPT
algorithms was emphasized — those with running time O(n + f(k)) — to handle large-scale
network data. While recent advances have made progress in this direction [11, 12], the area
remains relatively underexplored. We believe that our kernelization results also contribute
meaningfully to this growing body of work.

A central ingredient in our kernelization framework is a structural result concerning the
hereditary graph class G4, defined as the class of graphs in which every connected component
has vertex cover number at most d. We show that this class admits a finite forbidden induced
subgraph characterization: every minimal obstruction has at most 3d + 2 vertices, and the
total number of such obstructions is bounded by 20(4*)  This structural result may be of
independent interest and could find applications in other graph modification problems where
the goal is to decompose a graph into connected components with bounded vertex cover
number.

Let Obsc,(G4) denote the set of minimal forbidden induced subgraphs for G4. Observe
that, since each graph H € Obsc,(Gy) has at most 3d 4 2 vertices, one can design a fixed-
parameter tractable (FPT) algorithm for both VERTEX DELETION TO d-VCC and EDGE
DELETION TO d-VCC with running time d®®*) .n®@  The idea is to enumerate all subsets of
V(Q) of size at most 3d+ 2 and check whether any such subset induces a graph in Obsc,(Gq).
If so, the algorithm branches on how to intersect the obstruction using at most k deletions. A
natural question that arises is whether we can identify an obstruction graph H € Obsc,(Gq)
more efficiently than by brute-force enumeration. This leads us to the following algorithmic
problem.

MEMBERSHIP OR AN OBSTRUCTION TO Gy

Input: An undirected graph G.

Task: Either correctly determine that G' € Gq, or output a graph H € Obsc,(Ga)
such that H C; G.

20:3
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We design the following algorithm for the MEMBERSHIP OR AN OBSTRUCTION TO Gy
problem.

» Theorem 3. Let G be a graph on n vertices. Then, in time 0(1.253%d°Mnlogn), one can
either verify that G € Gq, or output an induced subgraph H C; G such that H € Obsc,(Gy)
and |V (H)| < 3d+ 2.

It is important to note that, while the algorithm of Bentert et al. [5] necessarily incurs
an n@ dependence in its running time, our results achieve an almost-linear dependence
on the input size. At the same time, unless the Exponential Time Hypothesis (ETH) fails,
the dependence on d cannot be improved to 2°(%) in our setting either. This is because the
special case k = 0 reduces to the classical VERTEX COVER problem, which is known to
require 244 time under ETH [24].

Finally, we turn to the EDGE DELETION TO d-VCC problem. Observe that for d = 0,
the problem is solvable in polynomial time: in this case, the task reduces to deleting all edges
from the input graph, yielding an edgeless graph, which trivially satisfies the vertex cover
condition. This stands in contrast to the classical VERTEX COVER problem. However, this
tractability does not extend beyond d = 0. In fact, one can show that EDGE DELETION TO
d-VCC becomes NP-complete already for d = 1. Specifically, we can prove that deciding
whether one can delete k edges to obtain a graph in which every connected component is a
star is NP-complete, via a reduction from the DOMINATING SET problem.

As a final remark, we observe that the above formulation captures a hierarchy of increas-
ingly general problems. When d = 0, the vertex-deletion variant reduces to the classical
VERTEX COVER problem. For d = 1, each connected component becomes a star. As d
increases, the allowed components grow in structural complexity, yet remain bounded by a
core of size at most d that governs their internal interactions. This hierarchy offers a smooth
trade-off between expressiveness and algorithmic tractability.

2 Preliminaries

Graphs. We use standard graph-theoretic notation, and we refer the reader to Diestel [17]
for any undefined terms. We consider simple unweighted undirected graphs. For a positive
integer ¢, We use [{] to denote the set {1,...,¢}. For a graph G, we use V(G) and E(G) to
denote the set of vertices and edges of G, respectively. For vertices u,v € V(G), we write
uv to indicate that {u,v} € E(G). For a graph G and a vertex set S C V(G), we define
G — S to be the graph obtained after deleting the set of vertices S from G. If S C V(G) is
singleton, that is S = {s}, then we use G — s instead of G — {s}. Similarly, for a subset of
edges S C FE(G), we define G — S to be the graph obtained after deleting the set of edges
S from G. If S C E(G) is a singleton, that is S = {uv}, then we use G — uv instead of
G — {uv}.

For a vertex v € V(G), we say that u is a neighbor of v if uv is an edge in G. Further,
we denote neighborhood of a vertex v in graph G as Ng(v) to be the set of vertices that
are neighbor to v, i.e., we have Ng(v) := {u | uv € E(G)}. For a set of vertices S C V(G),
the neighborhood of S is denoted by N¢(S) and defined as Ng(S) = (U,egNa(v)) \ S.
Similarly, for a set of vertices S C V(G), the closed neighborhood of S is denoted by Ng[S]
and defined as Ng[S] := (U,es Na(v)) US. We omit the subscript G when the graph is clear
from the context. For a graph G and a vertex v, we denote by F, the set of edges incident
to v, that is, E, == {uv | uwv € E(G)}.

We say that a graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G). Further we
say that a graph H is an induced subgraph of G if V(H) C V(@) and E(H) = {uv | {u,v} C
V(H) and uv € E(G)}. We define the neighborhood of H as Ng(V(H)) \ V(H) and denote
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it by Ng(H). We say that an edge uv € E(G) is an internal edge of H if u,v € V(H). For a
pair of vertices u,v € V(G), a u — v path is a sequence of vertices (v = x1,z3,...,2 = v)
such that z;2;41 € E(G) for all ¢ € [k — 1]. The vertices s, ...,x;_1 are called the internal
vertices of the u — v path. The length of a path is defined as the number of vertices it
contains.

The distance between two vertices u and v in a graph G, denoted by distg (u, v), is defined
as the length of any shortest path between them in G. A subgraph T of G is called a tree if
it is connected and acyclic. We say that T is a rooted tree if there is a designated root, and
we denote the root of T' as root(T).

We denote ve(G) to be the size of a minimum vertex cover of G, and alternately we
call it as vertex cover number of G and minvc(G) to be a minimum vertex cover set of
G. Further, we denote by CC(G) the set of connected components in G. Note that every
connected component of a graph G is an induced subgraph of G. For a connected component
C € CC(G), we define ve(C) to be the size of a minimum vertex cover of the connected
component C of G.

Further, we define the boundary of a set of vertices in G as follows:

» Definition 4 (Boundary of a set of vertices [19]). For a graph G and a verter subset
S CV(G), we define the boundary of S as

9a(9) ={ve S| Na(v)\ S #0}.

We refer to 0c(S) as the boundary of S. When the graph G is clear from context, we omit
the subscript and write 9(S).

Now we state the well-known Hall’s theorem which we need in Section 3.

» Theorem 5 (Hall's theorem [17]). Let G = (AU B, E) be a bipartite graph with bipartition
A and B. Then, there exists a matching that matches every vertex in A to a distinct vertex
in B if and only if for every subset S C A, it holds that |[Ng(S)| > |S].

» Theorem 6 (Hopcroft-Karp algorithm [22, 16]). Let G be an undirected bipartite graph with
bipartition Vi and Vo, on n vertices and m edges. Then we can find a mazimum matching
as well as a minimum vertez cover of G in time O(m+/n). Furthermore, in time O(m/n),
either we can find a matching saturating Vi, or an inclusion-wise minimal set X C V1 such

that |N(X)| < |X].

» Definition 7 (Tree Decomposition [16]). A tree decomposition of a graph G = (V, E) is

a pair (T,{X, CV |t e V(T)}), where T is a tree and each node t of T is assigned a set

X; CV, called a bag, such that:

1. For every vertex v € V, there exists at least one bag X such that v € X;.

2. For every edge {u,v} € E, there exists a bag X, such that {u,v} C X;.

3. For every vertex v € V, the set of nodes {t € V(T) | v € X} induces a connected subtree
of T.

» Definition 8 (Tree Width [16]). The width of a tree decomposition is the size of its largest
bag minus one, i.e., max;cy (7 | X¢| — 1. The treewidth of G, denoted tw(G), is the minimum
width over all possible tree decompositions of G.

It is easy to note that for a graph G, we have tw(G) < vc(G), where ve(G) is the size of
a minimum vertex cover of G [16].

20:5
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Let vc.(G) denote the maximum over vertex cover number of all the connected components
of GG, that is,

vee(G) = max{ve(G[C]) | C is a connected component of G}.

We say that a graph G satisfies vec.(G) < d if every connected component of G has vertex
cover number at most d.

Due to space constraints, the proofs of the results marked (3 ) will be presented in the
full version of the paper.

Parameterized algorithms and Kernelization. In parameterized complexity, computational
problems are analyzed based on two inputs: the main input size n and an additional
parameter k, which typically captures some structural aspect of the instance.

Kernelization is a formal framework for polynomial-time preprocessing in parameterized
complexity.

» Definition 9 (Kernelization). Given an instance (I,k) of a parameterized problem, a
kernelization algorithm transforms it in polynomial time into a new instance (I', k') — called
the kernel — such that:
the size of (I', k") is bounded by a function f(k) (independent of the original input size),
and
the new instance is equivalent to the original one; that is, (I, k) is a YES-instance if and
only if (I', k") is.
If f(k) is a polynomial function, then the kernel is referred to as a polynomial kernel.

For a detailed introduction to parameterized algorithms and kernelization, we refer the
reader to the textbooks [16, 19].

3 Bounding the Size of Minimal Obstructions and an Algorithm to
Compute it

For a non-negative integer d, let G; denote the class of graphs in which every connected
component has vertex cover number at most d. That is,

Ga = {G | ve.(Q) < d}.

Note that G, is a hereditary graph class — meaning that if G € G4, then every induced
subgraph of G also belongs to Gg.

Our problems, VERTEX DELETION TO d-VCC and EDGE DELETION TO d-VCC, cor-
respond to deleting at most k vertices or k edges, respectively, to obtain a graph in G,.
A standard approach for designing FPT algorithms or polynomial kernels is to identify a
finite forbidden subgraph characterization of the base class G4. In this section, we pursue
this approach. For a fixed integer d, we also develop a recognition algorithm that, given
a graph G, runs in near-linear time and either confirms that G € G4, or returns a small
induced subgraph that certifies G ¢ G4 (see Theorem 3).

3.1 Finite Forbidden Characterization

To show that G; admits a finite forbidden characterization under the induced subgraph
relation, we begin by defining the notion of minimal obstructions for hereditary graph classes.
A graph H is called an obstruction for a graph class F if H ¢ F. We now formally define
the family of minimal such obstructions.
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» Definition 10 (Family of Minimal Obstructions). Let F be a hereditary graph class. A
graph H is a minimal obstruction for F under the induced subgraph relation if H ¢ F, but
every proper induced subgraph of H belongs to F. The set of all such minimal obstructions is
denoted by Obsc, (F), and is defined as:

Obsc,(F)={H ¢ F|forall H C; H, H € F}.
Here, H' C; H indicates that H' is a proper induced subgraph of H.

The following lemma establishes that all minimal obstructions for the class Gy are
necessarily connected graphs.

» Lemma 11. Let G4 be the graph class defined above. Then every graph H € Obsc,(Gq) is
connected.

Proof. Suppose, for the sake of contradiction, that there exists a graph H € Obsc,(G,) that
is disconnected and has at least two connected components. Since vc.(H) > d, at least
one connected component, say C, must have vertex cover number greater than d. But then
H[V(C)] is a proper induced subgraph of H and also violates the condition ve.(G) < d,
implying H[V(C)] ¢ Gq4. This contradicts the minimality of H, as not all its proper induced
subgraphs belong to G;. Hence, every minimal obstruction must be connected. |

Next, we establish several structural properties of the minimal obstructions for G4. These
results will later be combined in Lemma 16 to show that the set of minimal obstructions for G4
is finite and its size is bounded by 20(d%), Moreover, we show that every such obstruction
has a number of vertices linear in d. As a first step, we prove that every minimal obstruction
for G4 has vertex cover number exactly d + 1.

» Lemma 12. Let Gy be defined as above. Let H € Obsc,(Gy) then ve(H) =d + 1.

Proof. By Definition 10, since H € Obsc,(Gq), we know that H ¢ G4. This implies that
vc(H) > d+1. To complete the proof, we show that ve(H) < d+1. Suppose, for contradiction,
that ve(H) > d + 2.

Let T be a spanning tree of H, and let « be a leaf of T. Then the graph H' = H \ {z}
is connected, since removing a leaf from a spanning tree does not disconnect it. Moreover,
H' C; H. Observe that removing a vertex from a graph can decrease the size of a minimum
vertex cover by at most one. Therefore,

ve(H') >ve(H)—1>(d+2)—1=d+1.

This implies that H' ¢ G4, contradicting the fact that H is a minimal obstruction — since all
proper induced subgraphs of H must belong to G .

We conclude that our assumption ve(H) > d + 2 is false. Hence, ve(H) = d + 1, as
claimed. |

To establish a bound on the size of each graph H € Obsc,(G4), we make use of the
following well-known result, which relates the vertex cover number and the connected vertex
cover number of a connected graph. While the size bound is well known, we are not aware of
any existing implementation that computes the corresponding set efficiently in linear time.

Proofs of the lemmata marked with ¥ are provided in the full version of the paper.

» Lemma 13 (k). Let G be a connected graph, and let S C V(G) be a vertex cover of G.
Then there exists a set Y C V(G) \ S with |Y| < |S| — 1 such that the induced subgraph
G[SUY] is connected. Moreover, such a setY can be computed in O(m + n) time.

20:7
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Next, our goal is to establish an upper bound on the size of each minimal obstruction
in G4. To achieve this, we first prove the following lemma, which we use in the subsequent
lemma to derive the desired size bound on minimal obstructions.

» Lemma 14 (). Let G be a connected graph with ve(G) = £. Suppose we are given sets
S C §*, where S is a vertex cover of size £ and G[S*] is connected. Let I = V(G)\ S*, and
suppose I' C I with |I'| = £+ 1. Then there exists a vertex v € I' such that G — v remains
connected and vc(G — v) = £. Moreover, such a vertex can be found in time O(£*).

We are now ready to prove the upper bound on the size of an obstruction.
» Lemma 15. Let Gy be as defined above. Let H € Obsc,(Gq) then |V (H)| < 3d + 2.

Proof. Suppose for contradiction that there exists a graph H € Obsc,(G4) such that |V (H)| >
3d + 3. By the definition of Obsc,(G,4), we have that H is connected and ve(H) = d + 1.

Let S be a minimum vertex cover of H, so |S| = d+ 1. The complement I :=V(H)\ S
is an independent set, and we have:

1] = |V(H)| = |S] > (3d +3) — (d+1) = 2d + 2.

Since H is connected and S is a vertex cover, we can apply Lemma 13 to find a subset
Y C I of size at most d such that the subgraph H[S UY] is connected. Let S* = SUY, and
observe that G[S*] is connected and |S*| < d+1+d=2d+ 1.

Now define I* :=I\'Y. Then

| > 1= Y| > (2d+2)—d=d+2.

Now, let I’ C I'* be an arbitrary subset of size exactly ¢ + 1 where { = d + 1 = ve(H).
Thus, all conditions of Lemma 14 are satisfied: H is connected, vc(H) = ¢, S is a vertex
cover of size ¢, S C S* with H[S*] connected, and I’ C V(H) \ S* with |I'| = ¢+ 1.

By Lemma 14, there exists a vertex v € I’ such that the graph H' := H — v is connected
and ve(H') = £ = d+1. But then H' is a proper induced subgraph of H that is still connected
and has vertex cover number d 4+ 1. This contradicts the assumption that H € Obsc,(Gq),
since H would not be minimal.

Thus, our assumption was false and we must have |V(H)| < 3d + 2, completing the
proof. |

We combine the results obtained above in this section to prove the following lemma.

» Lemma 16. Let G4 be as defined above. Then the obstruction set Obsc,(Gq) contains at
most 20(d) graphs. Moreover, every graph H € Obsc,(Gq) has at most 3d + 2 vertices.

Proof. By Lemma 15, every graph H € Obsc,(G4) has at most 3d + 2 vertices and vertex
cover number vc(H) = d + 1. Therefore, the total number of such obstructions is bounded
by the number of connected graphs on at most 3d + 2 vertices. This number is at most
2(8d+2)” — 20(‘12), yielding the claimed bound on the size of the obstruction set. |

3.2 Membership or an Obstruction to G,

In this section, we present an algorithm for MEMBERSHIP OR AN OBSTRUCTION TO Gy
parameterized by d. In particular, we prove the following result.

» Theorem 3. Let G be a graph on n vertices. Then, in time (’)(1.253dd0(1)n10g n), one can
either verify that G € Gq, or output an induced subgraph H C; G such that H € Obsc,(Gq)
and |V (H)| < 3d +2.
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For our algorithm, we require the following result, which combines a linear-time kernel for
the classical VERTEX COVER problem [34] with the currently known fastest parameterized
algorithm for VERTEX COVER [21].

» Proposition 17. VERTEX COVER can be solved in time O(1.2537 - n°M + nn) or O(27 -
7% +nn) on an instance (G,n), where |V (G)| = n.

We use this result as a subroutine in our algorithm for MEMBERSHIP OR AN OBSTRUCTION
TO G4, where we need to repeatedly solve VERTEX COVER on various induced subgraphs of
the input graph. Since the parameter d in MEMBERSHIP OR AN OBSTRUCTION TO G4 bounds
the vertex cover number of each connected component in the target graph, we can apply the
proposition with n < d + 1, ensuring that each call to VERTEX COVER runs efficiently with
respect to the parameter d.

Our proof proceeds in the following steps:

Step 0. We begin by applying a modified breadth-first search (BFS) that either determines

that the total number of edges in G is at most dn, or returns a subgraph G’ C G with
|[E(G")| = dn + 1.
Observe that if G € G4, then the number of edges in G is upper bounded by dn. Indeed,
if a connected component C' has vertex cover number at most d, then the number of
edges in C is at most d - |V(C)|. Summing this bound over all connected components
yields the claimed global bound of dn on the total number of edges.

In the latter case, when the algorithm returns a subgraph G’ C G with dn + 1 edges, we
can immediately proceed to Step 2. This entire step can be executed in time O(dn).
Step 1. Given a graph G, we first use Proposition 17 to check whether vc.(G) < d. If this
test fails, then there exists a connected component C' C G such that ve(G[C]) > d. From
this point onward, we focus on the subgraph G[C], and aim to output an obstruction
H € Obsc,(Gq) with V(H) C V(C). Without loss of generality, we refer to G[C] as G

itself, as we may assume G is connected.

Step 2. In the second step, we identify a connected induced subgraph H” C G such that
ve(H")=d+ 1.

Step 3. Next, we obtain a subgraph H' C H” by making the argument of Lemma 15
constructive. This guarantees that |V (H')| < 3d + 1. However, H' may not yet belong to
Ongi (gd)

Step 4. Finally, by removing additional vertices from H', we obtain a graph H € Obsc,(Gy).

This completes the description of the algorithm for MEMBERSHIP OR AN OBSTRUCTION
TO Gy4. Next, we show the implementation of some of the non-trivial steps below. The
implementation of Steps 2, 3 and 4 will be provided in the full version of the paper.

Running time. The initial graph H’ has at most 3d + 2 vertices. In each iteration, we
go over all vertices v € V(H) and compute the vertex cover number of H — v. This takes
O(3d+2) vertex cover computations per step as the number of connected component in H —v
is O(3d + 2). Since one vertex is removed in each iteration, the total number of steps is at

most 3d+2. Hence, the total running time to implement this step is bounded by 1.253% .41,

4  Cubic Vertex Kernel for Vertex Deletion to d-VCC

This section presents a polynomial kernel for VERTEX DELETION TO d-VCC parameterized
by k. As a first step, we compute an O(d)-approximate solution for VERTEX DELETION TO
d-VCC, which serves as the basis for further reduction.
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4.1 Approximation Algorithm for Vertex Deletion to d-VCC

» Lemma 18. Let (G, k) be an instance of VERTEX DELETION TO d-VCC. Then, in time
O(k - (1.2534d°Mnlogn)), we can either find a set S C V(G of size at most (3d + 2)k such
that ve. (G — S) < d, or correctly conclude that (G, k) is a No-instance of VERTEX DELETION
TO d-VCC.

Proof. We iteratively construct a solution S C V(G) of size at most k(3d + 2) by repeatedly
identifying a minimal obstruction using Theorem 3. We also maintain a family P of induced
subgraphs and a counter k* <— 0. The procedure proceeds as follows:
1. While G contains a minimal obstruction H € Obsc,(Gq) and k* <k + 1, do:

a. Add V(H) to the solution: S + SUV(H),

b. Add H to the family: P+ PU{H},

c. Increment the counter: k* < k* 4+ 1,

d. Remove V(H) from G.
2. If k* = k4 1, return that (G, k) is a No-instance of VERTEX DELETION TO d-VCC.
3. Otherwise, return the set S.

Correctness follows from the fact that the obstructions added to P are pairwise vertex-
disjoint. Since each obstruction is a minimal forbidden induced subgraph for G,, any feasible
solution must delete at least one vertex from each obstruction to ensure that the resulting
graph belongs to G4. Thus, if we identify & + 1 such disjoint obstructions, any solution must
contain at least k + 1 vertices, implying that (G, k) is a No-instance.

In the other case, we remove at most k disjoint obstructions. By Lemma 15, each
obstruction contains at most 3d + 2 vertices. Hence, the total number of vertices added to
S is at most k(3d + 2). Moreover, since G — S contains no induced obstruction, we have
veo(G — S) < d, and therefore G — S € Gg.

Finally, since we invoke Theorem 3 at most k + 1 times, the overall running time is
bounded accordingly. This concludes the proof. |

4.2 Marking and Irrelevant Vertices

From this point onward, we assume that we are given a set S C V(QG) of size at most (3d+2)k
such that ve.(G — S) < d. We now examine the connected components of the graph G — S.
Let CC(G — S) denote the set of connected components of G — S. We partition CC(G — S)
into two subsets based on the size of the components: We now partition the set of connected
components CC(G — S) based on their size:

Let Cy :={C € CC(G — 5) | [V(C)| = 1} denote the set of singleton components (i.e.,
isolated vertices).

Let Co :={C € CC(G — 5) | |[V(C)] > 1} denote the set of components with more than
one vertex.

We first introduce the following simple reduction rule, which removes all connected
components C' of G such that ve(C) < d. The safeness of this rule is immediate.

» Reduction Rule 1. Let C € CC(G — S) be a connected component such that every vertex
v € V(C) satisfies Ng(v) NS = 0. In this case, remove C from the graph. The resulting
instance is (G — C, k).

Next, we aim to bound the number of connected components in CC(G — S) that contain
more than one vertex, i.e., the components in the set C3. To achieve this, we make use of the
Expansion Lemma.
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» Definition 19 (¢-Expansion). Let G be a bipartite graph with vertex bipartition (A, B), and
let X CA, Y CB. We say that X has a g-expansion into Y if there exists a collection of
q|X| edges from X toY such that:
Each vertex in X is incident to exactly q of these edges, and
The endpoints of these q|X| edges in' Y are distinct (i.e., no vertex in'Y is incident to
more than one of the selected edges).
Equivalently, there exists a collection of q pairwise vertex-disjoint matchings from X into Y.

» Lemma 20 (Expansion Lemma [19]). Let q be a positive integer, and let G be a bipartite
graph with vertex bipartition (A, B) such that:
(i) Bl > q|Al, and
(ii) There are no isolated vertices in B.
Then, there exist nonempty vertex sets X C A and Y C B such that:
The set X has a q-expansion into Y, and
No vertex in' Y has a neighbor outside X, that is, N(Y) C X.
Furthermore, the sets X and'Y can be found in time O(m+/n).

To bound the number of non-trivial connected components in G — S, we apply the
q-Expansion Lemma. Specifically, we aim to upper-bound the number of components in Cs.
To this end, we construct a bipartite graph B = (S U Cq, E5) that captures the adjacency
between the approximate deletion set S and the components in Cy. Formally, the bipartition
of B is defined as follows:

The left side of the bipartition corresponds to the set S C V(G), and

The right side contains one representative vertex for each connected component C' € Cs.
We add an edge between a vertex p € S and a component C € C, if and only if p is adjacent
(in G) to at least one vertex in C; that is, if Ng(p) N V(C) # (). We slightly abuse notation
by referring to both a connected component C' € Cy and its corresponding vertex in B using
the same symbol.

Note that by Reduction Rule 1, every component in Cs has at least one neighbor in S;
hence, there are no isolated vertices on the right side of the bipartite graph B. We now
apply the Ezpansion Lemma (Lemma 20) to this bipartite graph to argue that if |C3] is too
large relative to |S|, then the instance must be a No-instance. This leads to the following
reduction rule:

» Reduction Rule 2. If [C5| > (d + 1)|S|, then apply the algorithm guaranteed by the
Expansion Lemma to compute sets X C S and Y C Cy such that X has a (d + 1)-expansion
into Y and Np(Y) C X. Remove the vertices in X from G and reduce the parameter
accordingly. The resulting instance is (G — X,k — | X|).

To establish the correctness of Reduction Rule 2, we prove the following lemma.

» Lemma 21 (% ). Reduction Rule 2 is safe; that is, the instance (G, k) of VERTEX DELETION
TO d-VCC is a Yes-instance if and only if the reduced instance (G — X,k — |X|) is a Yes-
instance.

After exhaustively applying Reduction Rules 1 and 2, we obtain that the number of non-trivial
components in Cq satisfies the bound |C2| < (d + 1)(3d + 2)k. However, if we remove these
connected components one by one as suggested, the overall running time may no longer
remain bounded by O((kd)®Mnlogn).

To address this, we proceed as follows. Let Q C S be the subset of vertices in .S that
have at least k 4+ d + 1 neighbors on the right side of the bipartite graph B, i.e., into Co. We
claim that every solution Z C V(G) of size at most k& must contain all vertices in Q.
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Indeed, suppose for contradiction that there exists a vertex v € @Q \ Z. Since v has at
least k + d + 1 neighbors in Co, and Z contains at most k vertices, there are at least d + 1
components in Co that are completely disjoint from Z. But then, in the graph G — Z, the
vertex v, along with these d + 1 components, induces a subgraph that requires a vertex
cover of size at least d + 1, contradicting the assumption that Z is a valid solution (i.e.,
veo(G — Z) < d). This proves that all vertices in @ must belong to any valid solution of size
at most k.

» Reduction Rule 3. Let QQ C S be the subset of vertices in S that have at least k + d + 1
neighbors on the right side of the bipartite graph B, i.e., into Co. The new instance is

(G-Q,k—|Ql).

Since the number of edges in the bipartite graph B is upper bounded by the number of
edges in G, we can compute the set @ in time O(n(d + k)). After removing @, let Cy C Co
denote the set of components that become isolated on the right side of B. These correspond
to all connected components C C G — @ such that ve(C) < d. By applying Reduction
Rule 1, we can remove all such components in Cy simultaneously. This step also takes linear
time. Following this reduction, the number of remaining non-trivial components — i.e., the
size of Co, which corresponds to the non-isolated vertices on the right side of the updated
bipartite graph B — is upper bounded by (3d 4 2)k(k + d). We now apply Reduction Rule 2
exhaustively on this reduced bipartite graph to further shrink Cs to at most (3d + 2)kd
components. The number of times Reduction Rule 2 needs to be applied is at most O(k2d),
and each invocation takes time O(|E(B)| - /|V(B)]). Since the number of edges in B is at
most O(d?k?) and the number of vertices is at most O(k%d), the total time required for this
step is bounded by O(k%d%). We summarize our results in the following lemma.

» Lemma 22. Given an instance (G, k) of VERTEX DELETION TO d-VCC and a set
S CV(Q) of size at most (3d + 2)k such that ve.(G — S) < d, we can compute, in time
O((kd)®Mn), an equivalent instance (G', k') of VERTEX DELETION TO d-VCC, where G’ is
an induced subgraph of G, satisfying the following properties:

The graph G’ has no connected component C such that ve(C) < d, and

The number of non-trivial connected components (i.e., C3) in G' — S is at most (3d+ 2)kd.

Let (G, k") be the equivalent instance of VERTEX DELETION TO d-VCC obtained from
(G, k) by application of Lemma 22. For clarity of presentation, we rename (G’, k) back to
(G, k). We now enhance the set S to a new set S’ C V(G) such that G — S’ is an independent
set; in other words, S’ is a vertex cover of G. To this end, observe that each connected
component in Cy has a vertex cover of size at most d, and by previous reductions, the number
of such components is at most (3d + 2)kd. In particular, we get the following.

» Lemma 23 (%). Let (G, k) be an instance of VERTEX DELETION TO d-VCC where G
has no connected component with vertex cover at most d, and let S C V(G) be a set of size
at most (3d 4 2)k such that vc.(G — S) < d. Then, in O(1.253% - d°W) . n) time, we can
compute a set S’ O S such that:

S’ is a vertex cover of G, and

|S| < (3d+2)k +d - (3d + 2)kd = O(d>k).

Next, we apply a marking scheme to bound the size of the independent set G — S’ obtained
after augmenting S.

» Marking Scheme 1. The marking procedure is defined as follows:
(1) For eachp € S, mark d+ k + 1 neighbors of p in G — 5.
(2) For each pair p;,p; € S', mark k+ 1 common neighbors of p; and p; in G — 5'.
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Let Mark be the set of marked vertices. After marking the vertices of G — S’ we give the
following reduction rule.

» Reduction Rule 4. Let U = V(G) \ (5" UMark) be the set of unmarked vertices of G — S’.
The new instance is (G — U, k).

To prove the safeness of above Reduction Rule 4, we proof the following lemma.

» Lemma 24 (k). The instance (G, k) of VERTEX DELETION TO d-VCC is a Yes-instance
if and only if (G — U, k) is a Yes-instance of VERTEX DELETION TO d-VCC.

We now describe an implementation of Reduction Rule 4.

For every pair of vertices (u,v) € S’ x S’, we maintain a set Mark(u,v), where u may
be equal to v. Along with each such pair, we keep a counter k() that tracks the size of
Mark(u, v). Initially, for all (u,v) € S x ', we set Mark(u,v) = 0 and k(, ) = 0.

Next, we iterate over each vertex € V(G) \ S’ and perform the following operations:

For every neighbor y € N(z), if k() < k +d, then add = to Mark(y, y) and increment

the counter: k(, ) < Ky + 1.

For every unordered pair y, z € N(z) with y # 2, if k¢, ) < k, then add = to Mark(y, )

and increment the counter: k, .y < k() + 1.

Note that since V(G) \ S’ is an independent set, each vertex x € V(G) \ S’ has all of its

neighbors in S’. By earlier bounds, we know that |S’| = O(d®k), and hence |[N(z)| < O(d3k).

Therefore, for each vertex z, we perform at most O(|N(x)|?) = O(d®k?) operations.
As a result, the entire marking procedure (Marking Scheme 1) and application of Reduction
Rule 4 can be carried out in total time O((kd)©Mn).

» Lemma 25. Reduction Rule 4 can be applied in time O((kd)®Mn).

The size of the kernel is upper bounded by the number of vertices in S’ and those in the
marked sets. Specifically, the total number of vertices is bounded by:

O (dk + d°k*(k + 1) + &*k(k + d + 1)) = O(d°k®).

Furthermore, if the number of edges in the reduced graph exceeds O(d?k*), we can safely
return a trivial No-instance, as such a graph cannot admit a solution of size at most k& within
the class G4. The running time of the overall algorithm is computed as follows:
Approximate solution: Compute the set S, an approximate solution, using Lemma 18,
in time O(k - (1.253%d°Mnlogn)).
Vertex cover augmentation: Compute a set S’ O S such that:
S’ is a vertex cover of G, and
|S'| < (3d +2)k +d - (3d + 2)kd = O(d>k),
using Lemmas 22 and 23, in time O(1.253% - d°M) - n + (kd)®Mn).
Applying Reduction Rule 4: This is done using Lemma 25, in time O((kd)®Mn).

Hence, the overall running time of the algorithm is
0(1.253% - (kd)°™ - nlogn).
This gives us the following result.

» Theorem 1. VERTEX DELETION TO d-VCC admits a kernel with at most O(d°k®) vertices
and O(d°k*) edges. Furthermore, it can be computed in time O (1.253 - (kd)®® - nlogn).
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5 Linear Vertex Kernel for Edge Deletion to d-Vertex Cover
Components

In this section, we design a polynomial kernel for EDGE DELETION TO d-VCC. Our approach
follows the same high-level outline as the one used in Section 4. As a first step, we compute
an O(d?)-approximate solution for EDGE DELETION TO d-VCC.

5.1 Approximation Algorithm for Edge Deletion to d-VCC

» Lemma 26. Let (G, k) be an instance of EDGE DELETION TO d-VCC. Then, in time
O(k - (1.253%d°Mnlogn)), we can either find a set P C E(G) of size O(d?k) such that
veo(G = S) < d, or correctly conclude that (G, k) is a No-instance of EDGE DELETION TO
d-VCC.

Proof. We iteratively construct a solution P C E(G) of size O(d?k) by repeatedly enumerat-
ing edge-disjoint obstructions of bounded size (in number of edges). This is accomplished by
identifying a minimal obstruction for induced subgraph relation using Theorem 3. Note that
this may not be minimal obstruction with respect to subgraph relation. From Lemma 15,
the number of vertices in the obstruction is upper bounded by 3d + 2, hence the number of
edges by (9d? + 12d + 4). We also maintain a family P of induced subgraphs and a counter
k* <= 0. The procedure proceeds as follows:

1. While G contains a minimal obstruction H € Obsc,(Gq) and k* <k + 1, do:

a. Add E(H) to the solution: P + PU E(H),

b. Add H to the family: P+ PU{H},

c. Increment the counter: k* «+ k* 4+ 1,

d. Remove E(H) from G.

2. If k* = k4 1, return that (G, k) is a No-instance of EDGE DELETION TO d-VCC.

3. Otherwise, return the set P.

Correctness follows from the fact that the obstructions added to P are pairwise edge-disjoint.
Since each obstruction is a minimal forbidden induced subgraph for G4, any feasible solution
must delete at least one edge from each obstruction to ensure that the resulting graph belongs
to G4. Thus, if we identify k£ 4 1 such disjoint obstructions, any solution must contain at
least k + 1 edges, implying that (G, k) is a No-instance.

In the other case, we remove at most k£ disjoint obstructions. By Lemma 15, each
obstruction contains at most 3d + 2 vertices. Hence, the total number of edges added to S is
at most k(9d? + 12d + 4) = O(d?k). This is indeed an O(d?) approximate solution for EDGE
DELETION TO d-VCC. Moreover, since G — P contains no induced obstruction, we have
vee(G — P) < d, and therefore G — P € G,.

Finally, since we invoke Theorem 3 at most k£ + 1 times, the overall running time is
bounded accordingly. This concludes the proof. |

5.2 Marking and Irrelevant Vertices

From this point onward, we assume that we are given a set P C E(G) of size O(d?k) such
that ve.(G — P) < d. We now examine the connected components of the graph G — P. Let
CC(G — P) ={C1,Cs,...,Cs} denote the set of connected components of G — P. Note that
for each C; € CC(G — P), where i € [{], we have vc(C;) < d. For each i € [{], we compute
a minimum vertex cover Z; C V(C;) using the best-known FPT algorithm for VERTEX
COVER parameterized by the solution size d, which runs in time ©0(1.253% - d°™M) . n) (see

Proposition 17). We define the set

I = V(C;)\ (Z; UV (P)),
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Let k; denote the number of edges in P that are incident to at least one vertex in C;.

Then ), k; is at most 2|P|, since each edge in P can be charged to at most two distinct
components of G — P in the summation, and no edge outside P contributes to >, k;. We
now describe a marking scheme that will be used to identify irrelevant vertices, enabling
their removal from G in order to obtain a kernel for the instance (G, k).

» Marking Scheme 2. The marking scheme is defined as follows:

(1) For alli € [¢], we do the following. For each pair u,u’ € Z; with u # u', mark k; + 1
common neighbors of v and v’ in I;.

(2) Foralli € [f] and v € Z;, mark k; +d + 1 neighbors of v in I;.

Let Mark be the set of marked vertices obtained from the above marking scheme.

7

¢
» Reduction Rule 5. Let U = |J I; \ Mark be the set of unmarked vertices in
i=1

7

t
L;. The
=1

new instance is (G — U, k).
For the correctness of Reduction Rule 5, we state and prove the following lemmata.

» Lemma 27 (%). Let (G,k) be a Yes-instance of EDGE DELETION TO d-VCC, and
let P C E(G) be a solution such that vc.(G — P) < d. Let Cy,...,Cy be the connected
components of G — P. Then there exists a solution S C E(QG) of size at most k such that:

ISNE(C)| <k; foralliel[l],

where k; denotes the number of edges in P that are incident to at least one vertex in
C; € CC(G - P).

Finally, we present a lemma that establishes the safeness of the reduction rule.

» Lemma 28 (k). (G, k) is a Yes-instance of EDGE DELETION TO d-VCC if and only if
(G —U,k) is a Yes-instance of EDGE DELETION TO d-VCC.

Similar to implementation of Marking Scheme 1 and Reduction Rule 4, we can implement
Marking Scheme 2 and Reduction Rule 5 in time O((kd)®Mn).

» Lemma 29. Reduction Rule 5 can be applied in time O((kd)®Mn).

» Theorem 2. EDGE DELETION TO d-VCC admits a kernel with at most O(d*k) vertices
and O(d°k) edges. Furthermore, it can be computed in time O (1.253% - (kd)®™1) - nlogn).

Proof. Let (G, k) be an instance of EDGE DELETION TO d-VCC. We begin by exhaustively
removing all connected components C' of G such that vc(C) < d. These components already
satisfy the target property and require no further edge deletions. After this preprocessing
step, every remaining connected component must require at least one edge deletion. This
can be performed in O(1.253% - d°M1) . n) (see Proposition 17).

Next, we apply Reduction Rule 5 to further simplify the instance in time O((kd)®Mn)
by Lemma 29. We now analyze the structure of the remaining graph and proceed to bound
its size.

a d-sized vertex cover Z; of Cy, for all i € [{]

the vertices of I; those are marked by Marking Scheme 2, for all i € [¢].

V(P).
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Finally, we are ready to bound the number of vertices in the reduced graph. For
a fixed 7 € [¢], Marking Scheme 2 marks ('Z‘)(k + 1) + |Z|(k; + d + 1) vertices, i.e.,
(g) (ki + 1) + d(k; + d + 1) vertices of I;. So, the total number of marked vertices in one
connected component C; of G — P is at most (g) (ki+1)+d(k; +d+1). Hence for each i € [{],
there are d + |V (P) NV (C;)| + (9) (k; + 1) + d(k; + d + 1) vertices of C; in the reduced graph.
Summing over all the connected components C; in CC(G — P), we get that the number of
vertices in the reduced graph is

i <d+ V(P)NV(Ci)| + <;i> (ki +1) +d(k; +d + 1)> = O(d*k).

i=1

We now proceed to bound the number of edges. Let C; be a connected component of G — P.
There are at most O(d?) edges in the vertex cover Z; of C; of size at most d. In C;, C; — Z;
is an independent set and hence there are no edges in C; — Z;. Because of the reduction rule,
the number of vertices in C; — Z; is at most d(k; + d + 1) + d?(k; + 1), and therefore the
number of edges between Z; and C; — Z; is at most d(d(k; +d+ 1) +d?(k; +1)). So the total
number of edges in component C; is at most d® + d(d(k; + d + 1) + d?(k; + 1)). Hence, the
total number of edges in the graph is |P| + le‘ d? +d(d(k; +d+ 1) + d*(k; + 1)), which
is O(d°k) (since Y, k; < 2|P|). Hence, the number of edges is bounded by O(d°k). This
concludes the theorem. <

6 Conclusion

In this paper, we designed an almost-linear-time kernelization algorithm for clustering into
components with bounded vertex cover number. An interesting direction for future work
is to extend this framework to other notions of structural simplicity in clusters — such as
bounded feedback vertex number or bounded odd cycle transversal.

Another natural question is whether our algorithm can be further optimized to achieve
fully linear-time preprocessing. Additionally, designing a kernel for the vertex-deletion variant
whose size is linear in the number of vertices remains an intriguing open problem.
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