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—— Abstract

We study the computational complexity of fundamental problems over the p-adic numbers Q,, and the
p-adic integers Z,. Guépin, Haase, and Worrell [9] proved that checking satisfiability of systems of
linear equations combined with valuation constraints of the form v,(z) = ¢ for p > 5 is NP-complete
(both over Z, and over Qp), and left the cases p = 2 and p = 3 open. We solve their problem by
showing that the problem is NP-complete for Zs and for Qs, but that it is in P for Zs and for Qs.
We also present different polynomial-time algorithms for solvability of systems of linear equations
in Q, with either constraints of the form v,(z) < ¢ or of the form v,(z) > ¢ for ¢ € Z. Finally, we
show how our algorithms can be used to decide in polynomial time the satisfiability of systems of
(strict and non-strict) linear inequalities over Q together with valuation constraints v,(x) > ¢ for
several different prime numbers p simultaneously.
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1 Introduction

The satisfiability problem for systems of polynomial equations is an immensely useful
computational problem; however, it has a quite bad worst-time complexity: it is NP-hard in
arbitrary fields, undecidable over Z [14], not known to be decidable over Q, and not known
to be in NP for R [15]. In contrast, the satisfiability problem for systems of linear equations
has a much better computational complexity: it can be solved in polynomial time over R and,
equivalently, over Q, and even over Z (see, e.g., [16]). It is therefore natural to search for
meaningful extensions of the satisfiability problem for linear systems that retain some of the
pleasant computational properties; in particular, extensions that remain in the complexity
class P. It is also interesting to search for meaningful restrictions of the satisfiability problem
for systems of polynomial equations that are no longer computationally hard.
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One of the well-studied expansions of linear systems is the expansion by linear inequalities.
Note that x < y can be expressed over R by 3z(z + 22 = y) (and it can also be expressed
over Q and Z, but we then need a different formula), so this expansion can also be viewed as
a restriction of the mentioned problem for systems of polynomial equations. The satisfiability
problem for linear inequalities is known to be NP-complete over Z, but remains in P over Q
and R (e.g., via the ellipsoid method; see, e.g., [16]).

Other interesting, but less well-known expansions of the linear existential theory of
Z and Q come from p-adic valuations v,, for p a prime number: For x € Z, one defines
vp(x) := sup{j : p’|z} € NU {oo}, and one extends this to Q by v,(%) := v,(a) — vy(b).
The complexity of the satisfiability problem for systems of linear equalities combined with
valuation constraints of the form v,(x) = ¢ for ¢ € Z has been studied by Guépin, Haase,
and Worrell [9]. Their results show that the problem over Q is in NP, even if the constants ¢
are represented in binary and p is part of the input. This is remarkable, because for any
r = ¢ € Q that satisfies v,(x) = ¢ > 0, the number a has exponential size in ¢, i.e., doubly
exponential size in the input size. So we cannot simply guess and verify a solution in binary
representation.

The results of Guépin, Haase, and Worrell are actually stated in a different setting:
they phrase their result over the p-adic numbers. The p-adic valuation gives rise to a (non-
archimedean) absolute value, defined for x € Q by |z|, = p~»(*) The field of p-adic numbers
Qy is the completion of Q with respect to | - |,, similarly as R is defined to be the completion
of Q with respect to the standard absolute value. The ring of p-adic integers is the subring
Zy of Q, with domain {z € Q, | v,(x) > 0}, where v, denotes the natural extension of
the p-adic valuation to Q,. Guépin, Haase, and Worrell [9] phrase their mentioned results
as satisfiability problems over Q,; however, the problems are equivalent to the respective
problems over Q; see Proposition 6. They then use their algorithm to prove that the entire
existential theory of Q, in a suitable (linear) language is in NP.

Guépin, Haase, and Worrell moreover obtain some hardness results: they prove that the
satisfiability problem for systems of linear equations over Q, and over Z, with valuation
constraints of the form v,(z) = ¢ is NP-hard for p > 5. They also state: “While we believe it
to be the case, it remains an open problem whether an NP lower bound can also be established
for the cases p = 2,3.” [9, Remark 23].

We solve this problem and prove that satisfiability is NP-complete in the case p = 3 for
both Q, and Z,. For p = 2, however, we prove containment in P. Interestingly, our algorithm
can also cope with constraints of the form v,(z) > ¢, even if p is larger than 2 (Theorem 18).
We also find an algorithm that can test the satisfiability of linear systems for Q, in the
presence of constraints of the form v, (z) < ¢ (Proposition 8); it is the combination of both
upper and lower valuation bounds that makes the problem hard.

Our algorithm can also be used for the satisfiability problem for valuation constraints in
combination with linear inequalities over Q. We prove that the satisfiability of systems of
(weak and strict) linear inequalities together with various valuation constraints, for instance
of the form v,(x) > ¢, can be decided in polynomial time (Theorem 31). We do allow
valuation constraints for different primes in the input; we allow binary representations of all
coefficients in the input. The proof uses the fact that linear programming is in P [16, Section
13], and the approximation theorem for finitely many inequivalent absolute values for Q ([13,
Ch. XII, Thm. 1.2]).

Related Work. The computational complexity for satisfiability problems of semilinear
expansions of linear inequalities over Q (equivalently: over R) has been studied in [3]. The
results there state that every expansion of the satisfiability problem for linear inequalities
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by other semilinear relations is NP-hard, unless all relations R C Q™ are essentially convex,
i.e., have the property that for any two a,b € R, all but finitely many rational points on
the line segment between a and b are also contained in R; moreover, if all relations are
essentially convex, then the satisfiability problem is in P [3, Theorem 5.2]. This result has
later been generalised to expansions of linear equalities instead of inequalities [12]. Valuation
constraints are clearly not essentially convex; however, they are also not semilinear, and not
even semialgebraic, and hence are not covered by the results from [3] and from [12].

Different computational tasks for the p-adic numbers have been studied by Dolzmann
and Sturm [5], and more recently by Haase and Mansutti [10]: they showed that whether a
given system of linear equations with valuation constraints (where the valuation constraints
in [10] are more expressive than the ones from [5], which are more expressive than ours) has
a solution in Q, for all prime numbers p is in coNExpTime.

Another recent results is a polynomial-time algorithm for the dyadic feasibility problem [1],
which is the problem of testing the satisfiability of systems of linear inequalities over Z[%]; it
is unclear how to reduce this problem to the problems studied here and vice versa.

2 Preliminaries

We recall some well-known facts about p-adic numbers, see e.g. [8], and how we treat them
from a logic and a computational point of view. We write P C N for the set of all prime
numbers and we let p € P.

21 Qp and Z,

As Q,, is by definition the completion of Q with respect to the p-adic absolute value |.|,, it is
a metric space whose topology is the p-adic topology. The p-adic absolute value on Q, gives
rise to the p-adic valuation v,(z) = —log,, |z|,. It satisfies the following basic properties:

» Lemma 1. For all a,b € Q, we have
vp(a-b) = vy(a) +vp(b), and
vp(a +b) > min(vy(a), vp(h)), with equality if vy(a) # vp(b).

The set Z, = {x € Q, : vy(x) > 0} forms a subring of Q, called the ring of p-adic

integers. Its unique maximal ideal is generated by p, and Z,/p"Z, = Z/p"Z for every n € N.

This implies the following fact, which we will use several times:

» Lemma 2. For every x € Q, \ {0} with n = v,(z) there exists a unique i € {1,...,p—1}
such that vy(xz — ip™) > n.

This further implies that every p-adic number has a unique p-adic expansion:

» Lemma 3. Every 0 # x € Q, with n = v,(x) is the limit (in the p-adic topology) of a
unique series of the form Y ;2 x;p" with x; € {0,...,p — 1} for every i.

As usual, we let (see Figure 1)

a

L) =2, NQ = {z € Qvpf2) 2 0} = {7 rabe Zptb}.

25:3
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Figure 1 Inclusions between the number domains studied in this article.

2.2 The structure Q,

It will be convenient for some of our results and proofs to take a logic perspective on the
p-adic numbers; for an introduction to first-order logic, see [11]. A signature is a set T of
relation and function symbols, each equipped with an arity, which is a natural number. A
(first-order) structure & of signature 7 consists of a set (the domain, typically denoted by
the corresponding capital roman letter S), a function f€: S* — S for each function symbol
f € 7 of arity k € N (the case k = 0 is allowed; in this case, we refer to f as a constant
symbol), and a relation R® C S* for each relation symbol R € 7 of arity k; we then say that
f denotes f©, and R denotes R®.

A reduct of & is a structure obtained from & by taking a subset of the signature. If R is
a reduct of &, then & is called an ezpansion of R. A substructure of & is a structure &’ with
the same signature 7 as & and domain S’ C S such that for every function symbol f € 7
of arity k, the function fGl is the restriction of f€ to (S')%, and for every relation symbol
R € 7 of arity k, the relation R®  equals R® N (8",

A first-order T-formula is a formula built from first-order quantifiers V,3, Boolean
connectives A, V, =, and atomic formulas that are built from variables, the equality symbol
=, and the symbols from 7 in the usual way; for a proper definition, we refer to any standard
introduction to mathematical logic or model theory, such as [11].

» Remark 4. Often when p-adic numbers are treated from a logic perspective, they are
introduced as “two-sorted structures”, with one sort for the p-adic numbers and one sort
for the values, i.e., Z U {00}, and a function symbol v for the valuation. For our purposes,
however, usual first-order structures (as introduced above) are sufficient.

We work with the structure £, which has the domain @, and the signature
{+7 1} U {SI:v Zf? :Zc?v 7&?7 ‘ ce Z}’

where
+ is a binary function symbol that denotes the addition operation of p-adic numbers as
introduced above;
1 is a constant symbol which denotes 1 € Z,) = Q, N Z as introduced above;
<P is a unary relation symbol that denotes the unary relation {z € Q, | vy(z) < c}; >2,
=P and #? are defined analogously.
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Sometimes, we specify structures as tuples; e.g., we write

Qp = (Qp; +, 1, (L) ez, (2B)cez, (Z8)cezs (#8)cez)

and do not distinguish between function and relation symbols and the respective functions
and relations. Atomic formulas that are built from the relations <2, >2 =P and #? will be
called valuation constraints. For ¢ € Z, we also use the symbols <? as a shortcut for <?_,,

p
and >£ as a shortcut for > ;.

2.3 Primitive Positive Formulas and CSPs

A formula is called primitive positive if it is of the form

Hm1a7xn(w1/\/\wm>

where i1, ..., 1, are atomic. In primitive existential formulas, i1, ..., 1, are allowed to
be negated atomic formulas as well, and existential formulas are disjunctions of primitive
existential formulas. We use the concepts of primitive positive (and primitive existential, and
existential) sentences, theories, definitions, definability, etc., as in the case of first-order logic
(see, e.g., [11]), but restricting to primitive positive (primitive existential, and existential)
formulas.

The computational problem of deciding the truth of a given primitive positive sentence
in a fixed structure & is called the constraint satisfaction problem (CSP) of &. We refer to
the quantifier-free part 11 A - -+ A ¢y, of ¢ as the instance of CSP(&) (i.e., the existential
quantifiers will be left implicit), and a satisfying assignment to the variables will also be
called a solution to ¢.

If the signature of & is infinite, then the computational problem is not yet well-defined,
because we still have to specify how to represent the symbols from the signature in the input;
the choice of the representation can have an impact on the complexity of the CSP. For the
structure 9, introduced above, a natural representation is to represent the relation symbols
<P, >P =P and #? by the binary encoding of p € P and ¢ € Z. Note that v,(x) < ¢ holds if
and only if v,(x) < vp(p®). It will turn out that our polynomial-time algorithms can handle
the constants ¢ stored in binary (which makes p® a doubly exponentially large number). The
hardness results, however, always make use of only finitely many symbols in the signature,
and hence hold independently from the choice of the representation. We will therefore allow
binary representations for the values ¢ in the valuation constraints, since this allows the
strongest formulations of our results.

We will determine the computational complexity of CSP(&) for all reducts of Q,, (The-
orem 27 and 28).

2.4 Primitive positive interpretations

Primitive positive interpretations can be used to obtain complexity reductions between CSPs.
For d > 1, a d-dimensional primitive positive interpretation of a structure 2 in a structure
B is given by a partial function I from B? to A such that the preimages under I of the
following sets are primitively positively definable in B:

A and the equality relation =4 on A,

each relation of [, and

each graph of a function of 2.

25:5
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» Lemma 5 (see, e.g., [2, Theorem 3.1.4]). Let A be a structure with a finite signature and
a primitive positive interpretation in a structure B. Then B has a reduct B’ with a finite
signature such that there is a polynomial-time reduction from CSP(2l) to CSP(B’).

3 Qversus Q,

Note that the structure 9, has a substructure with domain Q. All our algorithms in Section
4 and hardness proofs in Section 5 can be stated equivalently over the uncountable field Q,
or over Q. This is possible due to the following fact, which is a consequence of a result of
Weispfenning [17].

» Proposition 6. For every p € P, the structure Q, and its substructure with domain Q have
the same first-order theory.

Proof. Let 7 be the signature {+,-,0,1,7,div} where 7 is a constant symbol and div is a
binary relation symbol. Weispfenning [17] introduces a certain first-order 7-theory, which he
calls Tpyr,; both Q and Q, give rise to models of Tpyr,, if 7 is interpreted as p and a div b
if and only if v,(a) < v,(b). He then proves that Tpyr, admits quantifier elimination for
linear formulas [17, Theorem 3.6]. That is, every o-formula, for o := {4,0,1, 7, div} (where
the symbol for multiplication is missing, which is why these formulas are called “linear”), is
over Tpyr, equivalent to a quantifier-free o-formula. Clearly, every atomic formula in the
signature of £, can be defined by a o-formula over Q,. Let ¢ be a first-order sentence in
the signature of 9, and let ¢ be the first-order o-sentence obtained from ¢ by replacing all
atomic formulas by their defining o-formula. Then ¢’ is either equivalent to 0 = 0 over Tpvyr,
or it is equivalent to 0 = 1 over Tpyr,. It follows that either both £, and its substructure
with domain Q satisfy ¢, or both 9, and its substructure with domain Q satisfy —, which
is what we wanted to show. |

» Corollary 7. For each p € P, the existential theory of Q, and the existential theory of the
expansion of (Q;+,1) by all relations of the form <P, >P =P and #P, for c € Z, are in NP.

Proof. By Proposition 6, these two existential theories are equal, so the claim follows from
[9, Proposition 21], where it is proven that the existential theory of @, in a more expressive
language is in NP. |

4  Algorithms

We first discuss how to measure the size of input instances to the computational problems
studied in this text. For a,b € N\ {0} coprime, define h(£%) := 1 +log|a| + log |b|, and
define h(0) := 1. Occasionally we might allow special coefficients like co or —oo; we set
h(o0) = h(—00) := 1. For matrices Ay, ..., A, with coeflicients in Q we let

C(Ar,.. ., Ay) =5+ Y ) hlaki)),

k=1 i,j

where s is the maximal number of rows or columns of one of the Ay = (ag;;);, ;. This is
our measure of size of a computational problem that is given by a set of rational matrices.
A rational number p in the input is interpreted as the matrix p € Q'*!, and a finite set
D = {dy,...,d,} C Q is interpreted as the matrix D = (dy,...,d,) € Q'*". For example,
the input size of the algorithm in Proposition 8 below is C(A4,b,p, ¢, D1, ..., Dy).
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We now present two algorithms. The first one, essentially for constraints of the form
vp(x) < ¢, is straightforward. The second one, mainly for constraints of the form v,(x) > ¢,
is more involved. In both settings, among all such valuation constraints on the same variable,
there is a most restrictive one, which can easily be identified (in polynomial time), and
therefore our algorithms are only formulated for one valuation constraint of the form v,(z) < ¢
(or of the form v,(x) > ¢) per variable.

» Proposition 8. There is a polynomial time algorithm that decides, given m,n € N, p € P,
c€ (ZU{oc})™, Ac Q™= be Q™, and finite sets D, ..., D, C Z, whether there exists
x € Q" with Az = b such that v,(x;) < ¢; and vp(z;) ¢ D; forj=1,...,n.

Proof. Let L := {x € Q™ : Az = b} be the solution space of the system of linear equations.
If L = (), the algorithm outputs NO. Otherwise write

d
LZ{yo-FZ)\kyki)\l,---,)\dG@} (4.1)

k=1

with y1,...,7%4 € Q" linearly independent. One can check whether L = () and otherwise
compute such d € N and yy, ..., yq in polynomial time: It is possible to compute one solution
yo € Q™ of Az = b in polynomial time [16, Corollary 3.3a]. Moreover, we can transform A
by elementary row operations into a matrix A’ in row echelon form in polynomial time [16,
Theorem 3.3], and from A’ we can read off the rank d of A and a basis yi,...,yq of

{zeQ": Az =0} ={zeQ": Az =0}.

If ¢; = oo let C; = (Z U {o0}) \ Dj, otherwise let C; = (—o0,¢;] \ Dj, so that the
algorithm has to decide whether there exists « € L with v,(z;) € C; for every j. If for
some j we have that v,(yo,;) ¢ C; and yi ; = 0 for every k = 1,...,d, then every z € L
satisfies vp(x;) = vp(yo,;) ¢ Cj, and the algorithm outputs NO. Otherwise, the algorithm
outputs YES. To see that this is the correct answer, assume now that for every j we have
vp(Yo,j) € Cj or yy j # 0 for some k. Let ¢ = sup(Z\ C;) € Z U {oo}, where we set ¢} := o0
if C; =7Z U {oo}, and let

e:=max{|v,(y;)| 1 k=0,....,d;j=1,...,n;yk; # 0} + max{0, —c},...,—c, } + 1.
We claim that
d
zi=yo+ Y p oy,
k=1

is a solution to all the constraints. For each j let
K;={ke{0,...,d} :yg; # 0}

If K;\ {0} =0, then, by our assumption, v,(z;) = vp(yo,;) € C;. Otherwise,
—e(2k + 1) = —2ke — e < vy (p~2eyr ;) < —2ke + e = —e(2k — 1)

for every k € K, so that the v,(p~2*¢y, ;) for k € K; are pairwise distinct, and therefore,
with k; := max K,

k;
vp(xj) = Up(Zp_2keyk,j) = —2k;e + vp(ykj,j) < C;-
k=0

by the choice of e. This shows in particular that v,(xz;) € Cj;, as required. <

MFCS 2025
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» Remark 9. We might not be able to compute a solution in the usual binary representation,
as already for the single constraint v,(x) < ¢ the smallest solution (with respect to the p-adic
absolute value |z|, := p~»(*)) is p~¢. The algorithm not only works for the p-adic valuation
on Q but for arbitrary so-called discrete valuations on a computable field K in which a
solution of a given linear equation, a basis for the solution space of a homogeneous linear
equation, and the valuation of an element can be computed; the resulting algorithm has a
polynomial running time if these computations can be performed in polynomial time.

For our second algorithm we need some preparations. As the algorithm achieves a stronger
result, we just mention without proof that the usual Hermite normal form allows to check in
polynomial time whether Az = b has a solution z € Z?p) (see, e.g., [16, Chapter 5]). However,
already checking for solutions z with x; € Z,) for 1 <j<randz; € Qforr+1<j<n
requires new ideas. Also, if we want to allow constraints of the form v,(x;) > ¢; rather than
just vp(x;) > 0, one could replace x; by z;p~%, but only as long as p% is polynomial in
the input size. This would be the case if the ¢; would be coded in unary, but if the ¢; are
coded in binary, as is our convention (see above), replacing x; by x;p~% will blow up the
coefficients of the linear equation exponentially. We therefore do not replace z; by x;p~%
but instead do some extra bookkeeping, exploiting the fact that although we might not be
able to compute finite sums of elements of the form z;p% in polynomial time, we can at least
compute their valuations.

» Lemma 10. There is a polynomial-time algorithm which, given p € P, n € N, and pairs
(ar,c1),..., (an,cn) € Q X Z, computes v, (Y i, a;ip®) € Z U {co}.

Proof. First remove all (a;, ¢;) with a; = 0 from the list. If n = 0 then output co. Replace
each (a;,¢;) by (aip~"*(%), ¢; + v,(a;)) to assume that v,(a;) = 0. Let ¢ = min, ¢;. If there
exists a unique iy with ¢ = ¢, then output v,(>", a;p®) = c¢. Otherwise assume without
loss of generality that ¢ = ¢; = ¢o. Then a1p® + asp®® = (a1 + a2)p®. Remove (a1,¢1) and
(az2,c2) from the list and append (a; + a9, ¢). Repeating this process will terminate after at
most n steps. |

We also need a certain row echelon form. Before we give the definition, we present two
motivating examples.

» Example 11. Suppose we want check whether a linear equation
a1xy + -+ apxy, = b (42)

with a1, ...,a,,b € Q has a solution x € Q™ with v,(z,;) > 0 for every j € {1,...,n}. Such
an z exists if and only if v,(b) > min, v,(a;): For any such z,

vp(b) = vp(arxr + - - - + apzy) > min{vy(ar) + vp(z1), ..., vp(an) + vp(zn)}

2 min U:D(aj)ﬂ
J
and conversely, if v,(aj,) < v,(b) for some jo, we can let =, := aj_olb and set the other z; to
0 (unless a;, = 0, in which case b = 0 and we can let = 0).

» Example 12. Suppose we are given a nonempty set X C Z?p_l and want to check whether
for some (3, ...,,) € X there exists x1 € Z,) satisfying (4.2). As long as a; # 0, we can
solve for z; and obtain

n
z1=a;'(b— Zajxj).
j=2
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However, computing v, (z1) can be difficult from just the values v,(x;) for j = 2,...,n, since
we are only guaranteed

vy (a1 (b= Y- asay)) 2 minfo,(6) — vplar), min (vy(a;) — vp(ar) + vy(a)}
=2

and it can happen that the inequality is strict. The right hand side is certainly nonnegative as
long as v, (a1) < vp(b) and vp(a1) < vp(a;) for every j. And in fact, when vy (a1) < vp(a;) for
every j, the condition v,(a1) < v,(b) is also necessary for the left hand side to be nonnegative:
If vp(a1) > wvp(b), then vy(b) — vp(ar) < 0 but vy(a;) — vp(ar) + vp(z;) > 0 for every j,
so the inequality is actually an equality. Therefore, as long as a; has minimal valuation
among the a;, for any (z2,...,2,) € X there exists 21 € Z, satisfying (4.2) if and only
if vp(a1) < vp(b). This criterion easily generalizes to systems of several equations Az = b

where A is in row echelon form and each pivot element has minimal valuation in its row.
This is what Definition 13 below expresses in the special case of the function f(a,j) = v,(a).

» Definition 13. A pivot function s a function

f:QxN—=>QU{oco,—o0}

such that f(a,j) = oo if and only if a = 0. For a pivot function f, we say that a matriz

A = (a;5)i; € QM*™ is in f-minimal row echelon form if the following two conditions are

satisfied.

(a) A is in row echelon form, i.e., setting j; := inf{j : a;; # 0} fori € {1,...,n}, there
exists k € {0,...,m} such that j; < -+ < ji < Jr41 ="+ = Jm = 00.

(b) FEach pivot element a; j, of A minimizes f within its row in the sense that for each
1e{l,...,k},

flaij,, ji) = min{ f(ai;,7) : j = ji, ..., n}.

» Example 14. To explain why we need more general functions f than just f(a,j) = v,(a),
suppose we replace the conditions v,(z;) > 0 in Example 12 by vp,(z;) > ¢; for some
¢;. Rewriting this as v,(z,;p~%) > 0 we see that we could instead consider the matrix
A’ = (aj;)i; given by a;; = a;;p“ and apply the criterion from Example 12. However, the
numbers p® have exponential representation size. This can be avoided by replacing the
condition that each pivot element a;;,p®i of A’ minimizes the function v, within its row by
the condition that each pivot element a;;, of A minimizes the function f(ai;, j) = vp(aij)+¢;
within its row, where the second argument indicates the column.

We write GL,,(Q) for the general linear group of degree m over the field Q, i.e., the group
of all invertible matrices in Q"*™. If o € S,, is a permutation, then Py = (6; 5(;))i,; € GLn(Q)
denotes the corresponding permutation matrix. For a pivot function f and o € S,,, we write
fo for the pivot function given by

fla,07'(5) ifje{t,....n}
f(a,j) otherwise.

If S is a set, then S* denotes the set of non-empty words over the alphabet S| i.e., the
set of finite sequences of elements of S.
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» Lemma 15. Let f: Q x Nx (ZU{—0})* = QU {o0,—o0} and assume that for each
¢ € (ZU{—o0})*, the map f. defined by (a,j) — f(a,j,c) is a pivot function. For every
m,n €N, Ae Q™ " andc e (ZU{—oo})* there exist U € GL,,,(Q) and o € S,, such that
UAP, is in (fe)s-minimal row echelon form. If f is computable in polynomial time, then
such U and P, can be computed in polynomial time.

Proof. We describe how to get U and P, in terms of elementary row and column operations,
where the only elementary column operations allowed are swapping two columns. If A =0,
then we are done. Otherwise, possibly swap two rows to assume that ai; # 0 for some j.
Choose k € {1,...,n} such that f.(aix, k) = min{f.(a1,,j) : 5 = 1,...,n} (which implies
in particular that ayp # 0, since f.(0,k) = oo by assumption). If k # 1, then swap the first
column with the k-th column. Add multiples of the first row to the other rows to achieve
that a;; = 0 for every ¢ > 1. Reduce the fractions in the entries of the matrix. Now take
the (m — 1) x (n — 1)-submatrix with rows ¢ = 2,...,m and columns j = 2,...,n, and
iterate (extending each of the following row and column operations to the whole matrix). It
is well-known that the representation size of the involved numbers stays polynomial (see,
e.g., [16, Theorem 3.3]). This process terminates after at most max{m,n} steps, and the
resulting matrix is of the desired form. <

In the following, if x € Q™ and ¢ € (Z U {—o0})", we will write v,(z) > c if vp(z;) > ¢;
for every j € {1,...,n}.

» Remark 16. Note that if B = UAP, for some U € GL,,(Q) and o € S,,, then Az = b has a
solution z € Q™ such that v,(x) > ¢ if and only if By = Ub has a solution y € Q" such that
vp(y) > P, le (the map z — P, lx is a bijection between the solutions to the first system
and the solutions to the second system).

The following result allows constraints of the form v,(x) > c.

» Theorem 17. There is a polynomial-time algorithm that decides, given m,n € N, p € P,
c€ (ZU{—o0})™, Ac Q™" andb e Q™, whether there exists x € Q™ with Ax = b such
that v, (z) > c.

In the case p = 2, we can additionally treat constraints of the form ve(z) = ¢. The tuple
0 encodes which constraint applies to which variable. The following is a generalisation of
Theorem 17.

» Theorem 18. There is a polynomial-time algorithm that decides, given m,n € N, p € P,
c€ (ZU{-oo})™, 6 € {0,1}", A € Q™ ", and b € Q™, whether there exists x € Q™ with
Az = b such that vy,(x) > ¢ and, in the case p =2, §; =1, and ¢; # —o0, also vy(z;) = ¢;.

Proof. We can assume that if §; = 1 for some j, then p = 2 and ¢; # —oo. Define the pivot
function
. 0

F(a,3) = vpla) + ¢ + 2,
where we use the convention co + (—o0) := oo. Clearly, f is computable in polynomial time
(as a function of a, j, p and ¢ and §). By Lemma 15 we can compute U and P, in polynomial
time such that UAP, is in fy-minimal row echelon form. We may replace A by UAP,, b by
Ub, c by P;tc, and § by P, 1§ (adapting the idea from Remark 16 appropriately in the case
p = 2), and henceforth assume without loss of generality that o = id and that A is already
in f-minimal row echelon form.
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Let k£ and ji,...,jx be as in Definition 13. The algorithm then outputs YES if
1. bj=0foreveryiec{k+1,...,m}, and
2. wp(ay,) +cj + 05, < vp(bs — D255, 05ai5p%) for every i € {1,...,k},
and otherwise it outputs NO. Note that Condition (2) can be checked in polynomial time
by Lemma 10. Since A is in row echelon form, Condition (1) holds if and only if there
exists € Q™ with Az = b. To see that the algorithm gives the correct answer, we have to
show that (1) and (2) holds if and only if there exists x € Q™ with Az = b, v,(z) > ¢ and
vp(z;) = ¢; for every j with §; = 1.

For the forward direction, we assume that (1) and (2) hold and construct x as follows.
For each j € {1,...,n}\ {j1,...,Jk}, let z; := p% if ¢; € Z, and otherwise let z; := 0. For
i ==Fk,...,1 define z;, iteratively by

Ty, = az_jj . (bl - Z aijxj). (43)
J>Ji
Since A is in row echelon form, the so constructed z satisfies Ax = b. Moreover, for each
J & {j1,-..,Jx} one has by definition that v,(x;) > ¢; and v,(x;) = ¢; if 6; = 1, and one
needs to show that the latter conditions also hold for j € {ji,...,Jx}, using that A is in
f-minimal row echelon form.
The full proof can be found in the arXiv-version of the paper [6]. |

5 NP-hardness and reductions

For a set A and a € A, we use #, as a relation symbol for the unary relation A\ {a}, and
later write x # a instead of #,(x).

» Lemma 19. Let G be a finite cyclic group of order n > 3. Then CSP(G;+,#¢) is NP-hard.
In particular, the primitive existential theory of (G;+) is NP-hard.

Proof. The primitive positive formula Je,z(e + e = e Ay + 2z = e Az + z # 0) defines the
binary relation # over G. A finite graph with vertices [n] and edges E C [n]? can be colored
with n = |G| colors if and only if A\; ;)cp ®; # @; is satisfiable in G. For n > 3, the graph
coloring problem is NP-hard [7, Section 4], so the claim follows from Lemma 5. <

» Lemma 20. For every prime number p and every e € N the structure (Z/p°Z;+,#0) has
a primitive positive interpretation in (Zy;+, <P).

Proof. The quotient map ~: Z, — Z,/p°Z, = Z/p°Z does the job: As y~1(0) = p°Z, is
primitively positively definable in (Z,;+), also the pullback of the graph of + is primitively
positively definable in (Z,;+). Finally, v,(z) < e is a primitive positive definition in
(Zyp; +, <P) of the unary relation v~1(#£¢) = Z,, \ p°Z,. <

» Proposition 21. The primitive positive theory of CSP(Zy,;+,=) is NP-hard for p > 3,
and CSP(Zy; +, <) is NP-hard for all prime numbers p.

Proof. If p > 3, then (Z/pZ;+, #o) is NP-hard by Lemma 19. Moreover, by Lemma 20 it
has a primitive positive interpretation in (Z,; +, =) = (Z,; +, <!) and so CSP(Z,; +,="}) is
NP-hard by Lemma 5.

If p is an arbitrary prime number, then (Z/p?Z;+) is cyclic of order p? > 3 and we
have that CSP(Z/p?Z; +, #0) is NP-hard by Lemma 19. The structure (Z/p?Z; +, #¢) has
a primitive positive interpretation in (Z,; +, <5) by Lemma 20, and hence (Z,;+,<5) =
(Zyp; +,<%) is NP-hard by Lemma 5. <
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Let ¢ be a positive integer. In primitive positive formulas over structures whose signature
contains + and 1, we use cy as a shortcut for y + --- 4+ y, and ¢ as a shortcut for c1. We
—_——

c times
also freely use the term x + ¢ for ¢ € Z; if ¢ = 0, then this can be replaced by z, and if

¢ < 0, then this can be rewritten into a proper primitive positive formula by introducing
a new existentially quantified variable y, replacing x + ¢ by y, and adding a new conjunct
z=y+]|c.

» Lemma 22. For p > 3, the primitive positive formula
Jy,z(vp(y) =0Av(2) =0AZ =y + 2)

defines the relation >} in (Qu;+,=F). The primitive positive formula
Jy, z(v2(y) =0 A v2(2) =0A 22 =y + 2)

defines the relation >2 in (Qq;+,=3).

Proof. First let p > 3. Suppose that « € Q, is such that v,(z) > 0. Let i € {0,...,p — 1}
be such that v,(2z — i) > 0 (Lemma 2). Since p > 3, there exists ¢ € {1,...,p— 1} \ {io},
and & = (x — 1) + ¢ with v,(z — ¢) = 0 and v,(¢) = 0. Then setting y to v — ¢ and z to 1, all
the three conjuncts of the given formula are satisfied. Conversely, if v,(y) = vp(2) = 0, then
vp(y+ 2) > 0.

For p =2, if x € Qy is such that vy(z) > 0, then 2z = (22 — 1) + 1 with vy(22 — 1) =0
and v2(1) = 0. Conversely, if y, 2 € Qg are such that vo(y) = va(2) = 0, then vo(y + 2) =
va((y—1)+ (2 —1)+2) > min{va(y — 1), v2(z — 1),v2(2)} > 0 by Lemma 2, so if 22 =y + z,
then 1+ ve(x) = v2(22) = v2(y + 2z) > 1, hence va(z) > 0. <

The following solves an open problem from [9, Remark 23] for p = 3; the NP-hardness for
p > 5 was already shown in [9, Prop. 22].

» Corollary 23. Let p > 3 be prime. Then CSP(Q,;+,=f) is NP-hard.

Proof. Note that (Z,;+,=}) has a primitive positive interpretation in (Q,;+,=f), because
>P is primitive positive definable in (Qp;+,=f) by Lemma 22. Since CSP(Z,;+,=}) is
NP-hard by Proposition 21, the statement follows from Lemma 5. |

» Lemma 24. Let c € Z. The relation =2 has the primitive positive definition
3y(v2(y) >0NT =2+ 20+1y)

in (Qa;+,1,23), and in (Zy; +,1) the primitive positive definition
Fy(z = 2°+2°Fy).

Proof. If va(x) = ¢, then @ = 2¢ + 2Ty with va(y) > 0, i.e., y € Zy (Lemma 2). Conversely,
if 2 = 2°¢ + 2¢Fly with ve(y) > 0, then va(z) = min{vy(2°), v2(2°T1y)} = c. <

Note that the primitive positive formula in Lemma 24 has exponential representation size,
since 2¢t! is a doubly exponentially large number. However, in all hardness proofs where we
use this formula, ¢ will be a constant and hence the length of the formula will be a constant
as well.
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» Lemma 25. For all p € P, the relation #5 has the primitive positive definition

Z\ (x—1i) <0

n (Qp;+,1, <), and in (Z,;+) the primitive positive definition Jy(py = z).

Proof. If v,(x) > 0, then v,(x — i) = vp(i) = 0 for every 1 < i < p, and if v,(x) < 0, then
vp(x — i) = vp(x) < 0 for every i. Conversely, if v,(x) = 0 there exists ip € {1,...,p — 1}
with v,(x — ip) > 0 (Lemma 2). In Z,, vy(z) # 0 just means v,(x) > 1, i.e., x = py with
Y € Zyp. <

» Lemma 26. Let d € Z. Then <! has the primitive positive definition

/\ (z+ipttt) #£d+1

n (Qp;+,1, #ZH) for p >3, and in (Qq;+,1,#2) the primitive positive definition
vo(z +2%) # d.

Proof. First let p > 3. If v,(z) < d, then vy(z + ip®™') = vy(z) < d + 1 for every
i =1,...,p— 1. Conversely, if v,(z) > d, then either v,(z) > d + 1, in which case
vp(z + ip™t) = d+ 1 for every i = 1,...,p — 1, or vy(z) = d+ 1. In this case, there
exists (exactly) one iy € {1,...,p — 1} with vy(z + iop?™!) > d + 1 (Lemma 2), and
vp(z +ip?t) = v, (p?*) =d+ 1 for alli € {1,...,p— 1} \ {ip}. Such an i exists by the
assumption that p > 3.

Now let p = 2. If va(z) < d, then va(z + 2%) = va(x) < d, and if va(z) = d, then
vo(x +2%) > d (Lemma 2). Conversely, if vo(x) > d, then vy(x + 2%) = d. <

» Theorem 27. Let p € P be such that p > 3. Let R be a reduct of Q, whose signature T
contains {+,1}. Then CSP(R) is in P if R is a reduct of one of the structures

(QP7 -+, 1 ( )cGZ? (#g)CGZ) (51)
(va+71a(— )CEZ) 5.2

and is NP-complete otherwise.

Proof. The containment of CSP(R) in NP follows from Corollary 7. If 7 contains =2 for
some ¢ € Z, then the relation =) is primitively positively definable in 9t and CSP(R) is

NP-hard by Corollary 23 and Lemma 5. So suppose that 7 does not contain =? for any c € Z.

If ! does not contain > for any ¢ € Z, then R is a reduct of the structure in (5.1). In this
case, the polynomial-time tractability of CSP(R) follows from Proposition 8 and Proposition

6. So suppose that R contains >? for some ¢ € Z. If 7 also contains <!} for some d € Z,

then the relation =} is primitively positively definable as well, and we are again done. If 7

contains #? for some ¢ € Z, then <_, is primitively positively definable in R by Lemma 26,
and we are in a case that we have already treated. Otherwise, 7 contains neither of #P, <P,

and =P for any ¢ € Z, and hence R is a reduct of the structure (5.2). The polynomial-time
tractability in this case follows from Theorem 18 and Proposition 6. <

25:13

MFCS 2025



25:14

Polynomial-Time Tractable Problems over the p-Adic Numbers

» Theorem 28. Let R be a reduct of Qo whose signature T contains {+,1}. Then CSP(R)
is in P if R is a reduct of one of the structures

(QQ; +,1, (gg)celv (%E)CEZ) (5'3)
(Q2; +, 1, (:g)CEZv (23)062)’ 5.4

and is NP-complete otherwise.

Proof. The containment of CSP(fR) in NP follows again from Corollary 7. If 7 contains neither
#2 nor <2 for any ¢ € Z, then R is a reduct of the structure in (5.4), and the polynomial-time
tractability of CSP(fR) follows from Theorem 18 and Proposition 6. Otherwise, the relation
<2 is primitively positively definable in %t by Lemma 26. If additionally >2 is primitively
positively definable in R, then the structure (Zo; +, <?) has a primitive positive interpretation
in R, and the NP-hardness of CSP(R) follows from Proposition 21 via Lemma 5. If not,
then by Lemma 22 we may assume that 7 contains neither >? nor =2 for any ¢ € Z. In this
case, R is a reduct of the structure in (5.3), and the polynomial-time tractability of CSP(fR)
follows from Proposition 8 and Proposition 6. <

6 Combining several primes, and the ordering

The complexity classification results for reducts of 9, from Theorems 27 and 28 translate to
complexity classification results for expansions of (Q; 4+, 1) by relations from

Tp = {SIZ’Z&:]S?#]@) l ce Z}a

for fixed p € P, via Proposition 6. Interestingly, we can even derive results about expansions of
(Q; +,1) by relations from UpeIP Tp. Moreover, we may also obtain results about expansions
of (Q;+,1,<) and of (Q;+,1,<). The key to this is the following consequence of the
approximation theorem for absolute values. As in the introduction, define |x|, := p~r(®) for

z € Q.

» Lemma 29. Let m,n,r € N, ¢ >0, A € Qm™*", b € Q™, and let p1,...,p. be distinct
prime numbers. For each i € {0,...,r} let 2 € Q" be such that Az = b. Then there
exists x € Q™ with Ax = b such that for every j € {1,...,n} and i € {1,...,7} we have
|z; — x§0)| <eand |z; — a:g-i) p < €.

Proof. Write the solution space L C Q" of Az = b as in (4.1). The map L — Q%
Yo + 22:1 Aeyk — (A1, ..., Ag) is @ homeomorphism with respect to the real topology and
with respect to each p-adic topology. We can therefore assume without loss of generality
that L = Q", i.e., that A = 0 and b = 0. The claim is then precisely the statement of
the approximation theorem for finitely many inequivalent absolute values on a field K ([13,
Ch. XII, Thm. 1.2]) in the case K = Q, applied for each j € {1,...,n}. <

Let Q be the expansion of (Q;+,1) by new relations for 7:= {<} UU,cp 7p-

» Proposition 30. Let ¢ be a conjunction of atomic ({+,1} U T)-formulas. Let p be all
conjuncts of ¢ formed with the symbol <, let ¢, be all conjuncts of ¢ formed with symbols
from 7, and let o— be all the conjuncts formed with =. Then ¢ is satisfiable in Q if and
only if o= N p< is satisfiable in Q and p— A @, is satisfiable in Q for each p € P.

Proof. The forward implication is trivial. For the converse, let s< € Q" be a satisfying
assignment for o— A ¢, let P denote the (finite) set of prime numbers such that ¢ contains
symbols from 7, and for each p € P let s(P) € Q" be a satisfying assignment for ¢_ A ©p-
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The set U C Q" of satisfying assignments for ¢~ is open in the real topology, and the set
U, of satisfying assignments for ¢, is open in the p-adic topology, for each p. In particular,

there exists € > 0 such that the whole box {y € Q™ : |y; — sj<| < e for every j} is contained

in U., and similarly {y € Q™ : |y; — s§p)|p < ¢ for every j} C U, for every p € P. Therefore,

by Lemma 29, there exists s € Q™ such that s satisfies ¢— and s € U- N ﬂpEP
a satisfying assignment for . <

Uy, hence s is

Proposition 30 only works for strict inequalities, and the corresponding statement would
be false for weak inequalities. Algorithmically, however, there is a way to reduce the problem
to the satisfiability problem for strict inequalities, and we obtain the following result.

» Theorem 31. Let R be a reduct of (Q, <) whose signature T contains {1,+}. If T contains
=P for some c€Z andp € P with p > 3, or

>P and a relation from {<E ,#P } for some ci,c2 € Z and p € P with p > 3,

o
a relation from {>2 =2} and a relation from {<2 ,#E } for some c1,c3 € Z,

then CSP(R) is NP-complete; otherwise, CSP(R) is in P.

Proof. If 7 contains a symbol of the form =¥ for some p > 3, or contains > and a symbol
of the form <% or #P, then the NP-hardness of CSP(R) follows from Theorem 27 and

Proposition 6. Moreover, if the signature contains a symbol of the form =2 or >2 and a

symbol of the form §f, or #P, then the NP-hardness of CSP(R) follows from Theorem 28 and
Proposition 6. Otherwise, let ¢ be an instance of CSP(9R). Similarly to Proposition 30 let

@< be the conjuncts of ¢ formed with the symbol <,

< the conjuncts formed with <,

¢p the conjuncts formed with symbols from 7, and

= the conjuncts formed with =.

Let P be the set of p € P such that a symbol from 7, occurs in ¢. For any instance 1) denote
by 1< the instance obtained by replacing all < by <.

We first check with known methods whether there is a solution for g := p=Ap< Ap< (see,
e.g., [16, final remark in Section 13.4]). If there is no solution, then output NO. Otherwise,
let U be the set of conjuncts of ¢<. We then test for each 1» € ¥ whether the formula
o A< is still satisfiable (again, uging known methods). If pg A 9 < is unsatisfiable, then

every solution of ¢y must satisfy the formula 1= obtained from % by replacing < with =.

We then recursively run the entire algorithm on the formula where we replace the conjunct ¥
by =. Otherwise, if for every ¢ € ¥, the formula ¢o A 9= has a solution s, then ¢ has a
solution s< as well. This is clear if ¥ = ); otherwise, we note that the function f: Q¥ — Q
given by (z1,...,zk) — %Zle x; applied componentwise preserves +, 1, <, and strongly
preserves < in the sense that f(x1,...,2x) < f(y1,--.,ux) if 1 < 91, ..., 2k < yr and
x; < y; for at least one i € {1,...,k}. This shows that we may take s< := ﬁ > pew Sy

We run the polynomial-time algorithm from Theorem 28 on ¢— A @2 and for each
p € P\ {2} the polynomial-time algorithm from Theorem 27 on ¢— A ¢,. If one of these
algorithms returns NO, then ¢ is unsatisfiable by Proposition 6. If all of the algorithms
return YES, then ¢< has a solution by Proposition 6 and Proposition 30, and therefore also
© has a solution.

Finally, CSP(Q) is in NP as can be shown by repeating the argument from the previous
paragraphs for an instance ¢ of CSP(9) and using Corollary 7 instead of the polynomial-time
algorithms. |
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Table 1 An overview of polynomial-time tractability and NP-hardness for systems of linear
equations with valuation constraints.

Qp,p >3 ‘@p’p:2 Lp,p =3 Lp,p=2
0 P: Gauss algorithm P: Hermite normal form
vp(x) > ¢ P: 18
vp(z) =0 | NP-hard: P: reduce to | NP-hard: 21 P: reduce to () 24
def. Z,, 22 vp(x) >0 24
vp(x) = ¢ | NP-hard: solves | P: 18 NP-hard: solves | P: 18
vp(x) =0 vp(x) =0
vp(x) <0 P: special case of v,(z) < ¢ NP-hard: same | P: same as
as vp(x) =0 vp(x) =0
vp(x) <1 P: special case of v,(z) < ¢ NP-hard: 21
vp(x) <c pP:8 NP-hard: solves vp(z) <1
vp(x) #0 | P: 8 or reduce to v,(x) < 0 via 25 P: reduces to @ via 25
vp(x) # ¢ P:8 NP-hard: def. v,(z) <1 via 26

7 Conclusions and an open problem

We have presented polynomial-time algorithms for the satisfiability problem of systems of
linear equalities combined with various valuation constraints. For such systems, the satisfiab-
ility in Q,, is equivalent to satisfiability in Q (Proposition 6). We also prove the matching
NP-hardness results, answering open questions from [9] (Theorem 27 and Theorem 28; also
see Table 1). Our results can be combined with the polynomial-time tractability result for the
satisfiability of (strict and weak) linear inequalities over Q, and we may even solve valuation
constraints for different prime numbers simultaneously (Theorem 31). Our polynomial-time
tractability result for linear inequalities with valuation constraints of the form vy (z) = ¢, for
constants ¢ € Z given in binary, would also follow from a positive answer to the following
question, which remains open.

» Question 32. Is there a polynomial-time algorithm for the satisfiability problem of systems
of weak linear inequalities where the coefficients of the inequalities are of the form 2¢ where
c is represented in binary?

Such an algorithm would also imply a polynomial-time algorithm for mean-payoff-games
(see [4] for related reductions) which is a problem currently not known to be in P.
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