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—— Abstract

We study how the application of morphisms affects the number r of equal-letter runs in the
Burrows—Wheeler Transform (BWT). This parameter has emerged as a key repetitiveness measure in
compressed indexing. We focus on the notion of BWT-run sensitivity after application of morphisms.
For binary alphabets, we characterize the class of injective morphisms that preserve the number
of BWT-runs up to a bounded additive increase by showing that it coincides with the known
class of primitivity-preserving morphisms, which are those that map primitive words to primitive
words. We further prove that deciding whether a given binary morphism has bounded BWT-run
sensitivity is possible in polynomial time with respect to the total length of the images of the two
letters. Additionally, we explore new structural and combinatorial properties of synchronizing and
recognizable morphisms. These results establish new connections between BWT-based compressibility,
code theory, and symbolic dynamics.
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1 Introduction

Morphisms are a powerful combinatorial mechanism for generating a collection of repetitive
texts, and have been largely used in the field of combinatorics on words and formal languages
[22, 31]. Formally, a morphism maps each character of an alphabet to a word over the
same or another alphabet, by preserving the operation of concatenation. That is, if p is a
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morphism and u and v are words, then p(uv) = p(u)u(v). Iterating morphisms can produce
long and often highly repetitive sequences, which makes them a natural model for studying
repetitiveness in words. Morphisms find applications in a wide range of contexts. Injective
morphisms are widely used in information theory, data compression, and cryptography, as
they define uniquely decodable codes [4]. More recently, morphisms have been employed in
combination with copy-paste mechanisms to define novel compression schemes, known as
NU-systems [28], further highlighting their versatility in modeling and processing repetitive
data.

The Burrows—Wheeler Transform (BWT) is a reversible transformation introduced in
1994 in the field of data compression [6] and now underpins some of the most used tools
in bioinformatics, such as bwa [21, 34] and bowtie [20, 19]. It permutes the characters of
a text in a way that makes it more compressible, by clustering characters that precede
similar contexts in the text. This property often results in long runs of identical characters,
particularly in repetitive texts. The number r of such equal-letter runs, known as BWT-runs,
has recently emerged as a measure of repetitiveness [27]. Several measures have been proposed
to quantify repetitiveness in strings [26], such as the number z of phrases in the Lempel-Ziv
parsing, the size g of the smallest context-free grammar generating the text, the size v of
the smallest string attractor [17, 8]. Among these, the measure r has recently attracted
considerable attention due to its close connection with compressed indexing structures, such
as the r-index [13], which use space proportional to r and support efficient pattern matching
and retrieval in highly repetitive text collections, including genomic datasets and versioned
document archives. Akagi et al. [1] explored the question of how much one character edit
affects compression-based repetitiveness measures. In [14], the effect of single edit operations
on the measure r has also been analyzed.

In this paper, we study how the application of a binary morphism affects the measure
r, i.e., the number of BWT-runs. We focus on two notions of BWT-run sensitivity, which
capture how much the number of BWT-runs can change when a morphism p is applied to a
word. The additive sensitivity function AS,, gives, for every n > 0, the maximum increase
in the number of BWT-runs that can occur when applying the morphism p to any word
of length n, while the multiplicative sensitivity function MS,, gives, for every n > 0, the
maximum ratio between the number of BWT-runs after and before the morphism p is applied,
over all words of length n. These notions allow us to quantify the impact of a morphism on
the compressibility of the resulting text. An initial approach to the study of how morphisms
affect the number of BWT-runs was given in [12], where we showed that Sturmian morphisms
are the only binary injective morphisms that preserve the number of BWT-runs. Here, we
tackle the problem of characterizing those binary morphisms that preserve the BWT-based
compressibility of a text, in the sense that they have an additive sensitivity function bounded
by a constant. We first prove that all non-injective binary morphisms have a bounded
additive sensitivity function. In the injective case, which is the most interesting one, we prove
that this class coincides with the known class of primitivity-preserving morphisms, which
are those that map primitive words to primitive words. As a direct consequence, for these
morphisms the multiplicative sensitivity function is also bounded. Primitivity-preserving
morphisms are a well-studied class in algebraic theory of codes, and they are crucial in
applications involving symbolic sequences, code synchronization, and the structural analysis
of words [32, 30, 11, 25, 22, 4, 15].

In addition to establishing a novel connection between BWT-based compressed indexing,
combinatorics on words, and code theory, a key contribution of our paper consists in identifying
new combinatorial and structural properties of primitivity-preserving, recognizable, and
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synchronizing morphisms. These properties are central to our main results but also hold
independent interest in information theory and symbolic dynamics, where such morphisms
play a fundamental role in coding, synchronization, and symbolic representations of dynamical
systems [3, 4]. In fact, recognizability ensures that the morphic image of a word can be
uniquely decomposed, up to rotations, into a sequence of morphic images of the letters
of the alphabet. Synchronizing morphisms guarantee that a window of bounded length is
sufficient to detect boundaries between codewords, a property that is crucial for decoding
and synchronization in data streams.

We further show that all binary morphisms have bounded multiplicative sensitivity, but
this result does not extend to alphabets with more than two symbols.

Furthermore, we prove that it is decidable in polynomial time whether the additive
sensitivity function of a binary morphism is bounded by a constant, which makes our
results practically applicable to the design of compression and indexing techniques that work
directly on morphic encodings of highly repetitive text collections. Such a result builds upon
fundamental results in the field of combinatorics on words, including properties of codes and
solutions to word equations.

The rest of the paper is organized as follows. In Section 2, we present the preliminaries
on words, morphisms, and the BWT. Section 3 introduces new combinatorial and structural
properties of primitivity-preserving, recognizable, and synchronizing morphisms. Section 4
formalizes the sensitivity of r with respect to the application of morphisms and motivates
our measures. Section 5 contains our main theorem characterizing the morphisms with
a bounded additive sensitivity function. Section 6 discusses the multiplicative case, and
Section 7 concludes with final remarks and open problems.

2 Preliminaries

Basics

Let ¥ = {ay,as,...,a,} be a finite sorted set of letters a1 < ag < -+ < a,, which we call an
alphabet. A finite word w = w[l]w[2] - - -w[n] is any finite sequence of letters where w[i] € X,
for i € [1,n], and n = |w| is the length of the word. The empty word, denoted by e, is the
unique word of length 0. The set of all finite words (resp. all non-empty words) over the
alphabet ¥ is denoted by X* (resp. X1). For a letter a; € ¥, |w|,, denotes the number of
occurrences of a; in w. The vector (|wlq,,. .., |w|q, ) is called the Parikh vector of w.

If w =wu[l]---u[n] and v = v[1] - - - v[m] are words, the concatenation of u and v is the
word uv = u[1]---u[n]v[1] - -v[m]. We let I¥_;w; denote the concatenation of the words
Wi, Wa, . .., wy in that order, and w® the concatenation of the word w with itself k times.

For any 1 < < j < |w]|, we use the notation w[i, j] to denote the word wliJw[i+1] - - - w[j],
which we call a factor of w. If i > j, then we assume wli, j] = €. We let F(w) denote the set
of all factors of w. For any £ C ¥*, we write F(L) = e F(w). A factor of w is proper if
it is different from w itself. The factor wli, j] is called a prefiz when i = 1, and a suffiz when
j =n. The longest common prefix between two words u and v is the longest word that is a
prefix of both words. The length of this word is denoted by lcp(u,v). The longest common
suffiz and the associated function lcs are defined symmetrically.

The run-length encoding of a word w, denoted rle(w), is the sequence of pairs (¢;, ;) with
¢i € ¥ and I; > 0, such that w = ¢*c2---¢lr and ¢; # ¢4y for every i € [1,7 —1]. The
length |rle(w)| is the number of equal-letter runs in w.
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A rotation, or conjugate, of the word w = w[l]w[2]---w[n] is a word of the form w[i +
1,n]wl[1,4], for some 0 < i < n, obtained by shifting ¢ letters cyclically. We let R(w) denote
the multiset of all the |w| rotations of w. A word in F(w) := F(R(w)) is called a circular
factor of w.

k implies k = 1; otherwise, w

A word w is primitive if for every word u € X1, w = u
is called non-primitive (or a power). A word of length n is primitive if and only if it has
exactly n distinct rotations, i.e., if R(w) has all-distinct elements. We let Q(X*) denote the
set of all primitive words in ¥*, and Q(X*) the set of all non-primitive words in ¥*. We say
two non-empty words u,v commute if uv = vu. This is equivalent to saying that both uwv

and vu are not primitive.

Codes and morphisms

A set X C TV is a code if for all m,¢ > 0 and u;,v; € X with ¢ € [1,4],5 € [1,m], the
equation ujug -+ Uy = V1Ug - - Uy, implies that £ = m and u, = vy, for all k € [1,4]. Or
equivalently, every word w € X has a unique factorization in words in X. Given a word
w € X1, aword u is an X -factor of w if there exists a rotation w’ of w (which can be w
itself) that can be factored as w’ = sup such that u,ps € X*.

Whenever a code X consists of two words, the following property holds [16, 32].

» Lemma 1. A set X = {u,v}, u,v € ¥, is a code if and only if u and v do not commute,
i.e., uv # vu.

If u and v do not commute, then they are not powers of the same word, but in principle
this does not exclude the case that either u, v, or both are non-primitive. For example,
X = {aa,bb} is a code.

Let ¥ and " be two alphabets. A morphism p is a map from 3* to I'* such that
w(uv) = p(u)p(v) for all words u,v € L*. Therefore, a morphism g can be defined by
specifying its action on the letters of 3, and can therefore be denoted as p = (u(aq), ..., p(as)).
The size of the morphism p is defined as |u| = o5, |u(c)|. When ¥ =T, for all £ > 0 and
w € Xt we have pf(w) = p(p!~H(w)) and p®(w) = w.

» Remark 2. Let p be a morphism. If w and w’ are conjugates, then so are u(w) and p(w’).
Moreover, since every conjugate of a power is a power, if pu(w) is a power, so is u(w’) for
every conjugate w’ of w.

A morphism p is cyclic if there exists z € I't such that u(a) € z* for each a € X.
Otherwise, it is called acyclic.

As shown in the following proposition, there is a very strong relation between codes and
injective morphisms.

» Proposition 3 ([4]). Let X C I'* be a code. Then, any morphism p : ¥* — I'* which
induces a bijection of some alphabet ¥ onto X is injective. Conversely, let y: X* — T'* be
an injective morphism. Then, X = u(X) is a code.

» Remark 4. By Lemma 1 and Proposition 3, one has that for a binary morphism g :
{a,b}* — T*, injectivity is equivalent to acyclicity, which in turn is equivalent to the
condition p(ab) # u(ba). For this reason, injective morphisms are often considered in
applications, such as theory of codes, information theory, etc.

Examples of injective morphisms are the Fibonacci morphism ¢ = (ab, a), the Thue—Morse
morphism T = (ab, ba), and the period-doubling morphism © = (ab, aa).
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From the relationship between codes and morphisms, many properties of codes are
reflected in the corresponding properties of injective morphisms. Combinatorial properties of
injective morphisms are explored in Section 3.

The Fibonacci morphism belongs to a wider class of morphisms called Sturmian morphisms,
strictly related to the well-known Sturmian words [5]. Sturmian morphisms can be defined as
those that can be obtained by composition from: the Fibonacci morphism ¢, the morphism
E = (b,a), and the morphism ¢ = (ba, a).

Let us suppose that both 3 and I" are endowed with a total order relation that yields
a lexicographic order, denoted by <p and <y, respectively. A morphism p : ¥* — I'* is
abelian order-preserving if for every pair of distinct words x,y € ¥* having the same Parikh
vector, it holds that x <y y <= pu(x) <r w(y). A morphism u is abelian order-reversing
if for every pair of distinct words x and y having the same Parikh vector, it holds that
x<sy < p(x) >r p(y). We simply write < whenever ¥ and I' are clear from the context.

When ¥ = {a, b}, the following result holds.

» Lemma 5 ([12]). Let p: {a,b}* — IT'* be an acyclic morphism. Then p is either abelian
order-preserving or abelian order-reversing.

For our purposes, the fact that binary acyclic morphisms are either abelian order-
preserving or abelian order-reversing is a crucial property, since it implies that they preserve
or reverse the order on the set of rotations of any given binary word.

Burrows—Wheeler Transform

The Burrows—Wheeler transform (BWT) of a word w, denoted by bwt(w), is a permutation
of the letters of w obtained by sorting all the rotations of w in ascending lexicographic order
and then concatenating the last letter of each rotation. The original word can be recovered
if one stores the position where it appears in the list of sorted rotations. Figure 1 shows the
sorted rotations of the word w = ¢*(a) = abaababa and bwt(w) = bbbaaaaa.

We let 7(w) denote the number of equal-letter runs of bwt(w), i.e.,

r(w) = |rle(bwt(w))].

Such a value can be considered as a measure of the repetitiveness of w. In fact, if a word w
is highly repetitive, the number of equal-letter runs of its BWT tends to be small. From
Figure 1, one can see that r(abaababa) = 2.

One can verify that for each word v € R(w), bwt(v) = bwt(w) and, consequently,
r(v) = r(w) and r(u(v)) = r(u(w)) for every morphism pu.

Let w be a non-primitive word, i.e., w = 2P, for some z € ¥ and p > 1. It is well known
that if bwt(z) = aiaz - - - a),|, then bwt(w) = ala} - - afz‘ [24]. This implies that r(w) = r(z).

Some results proved in [24, 29, 10] establish a strong connection between the BWT and
Sturmian morphisms, as synthesized in the following theorem.

» Theorem 6. Let w be a word over {a,b} that is not a power of a single letter. Then the
following are equivalent:

1. w= (u(a))’ for a Sturmian morphism u and for some £ > 0.
2. r(w) =2.
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TSR Q2 2 9
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Figure 1 BWT-matrix of the word *(a) = abaababa: for each i, the ith row corresponds to
the ith rotation of ¢*(a) in lexicographic order, and the Burrows-Wheeler Transform bwt(¢*(a)) =
bbbaaaaa = b*a® is highlighted in bold in the last column. So, r(abaababa) = 2.

3 New combinatorial properties of injective morphisms

This section focuses on some combinatorial properties and characterizations of some classes
of morphisms which are well-known in the context of coding theory and symbolic dynamics.
The results provided in this section may be of independent interest and will later be related
to BWT-run sensitivity in the next sections.

3.1 Primitivity-Preserving Morphisms

A morphism p : ¥* — I'* is called primitivity-preserving if for every w € Q(X*), it holds
that p(w) € Q(I'*), that is, primitive words are mapped to primitive words. Primitivity-
preserving morphisms are injective, and the associated codes are known in the literature as
pure codes [25]. Such codes have been introduced in [30] to study the relationships between
locally testable languages and synchronizing properties of codes.

Given a morphism y : ©* — I'*, we call a primitive word w a p—power if u(w) = 2*,
for some primitive word z and an integer k > 1. Intuitively, it is a word that witnesses
the non-primitivity-preserving property of a morphism. By P* we refer to the set of all
p—power words. From the definition, hence, P* = § if and only if the morphism p is
primitivity-preserving.

» Example 7. Let m = (ab, aa) be the period-doubling morphism. The word b is a 7—power,
since 7(b) = a%. Hence, b € P™, and 7 is not primitivity-preserving.

» Example 8. Let = (a,bab). The word ab is a u—power, since p(ab) = (ab)?. Hence,
ab € P*, and p is not primitivity-preserving.

In this section, we prove a new characterization of the decompositions of binary primitivity-
preserving morphisms. To do so, we first recall the following lemma, characterizing the
combinatorial structure of binary primitivity-preserving morphisms.

» Lemma 9 ([16, Theorem 3.1]). Let ;1 = (u,v) be an injective morphism, with u,v two
distinct primitive words. Then u is a primitivity-preserving morphism if and only if all words
in {u™™ | n,m > 1} are primitive.

The following lemma describes what happens when the property of Lemma 9 is not
verified. In particular, it considers the combinatorial structure of the non-primitive words
generated by the morphism when applied to some primitive word distinct from a single letter.
Recall that if u™v™ = 2*, for some primitive word z and k > 1, then we can derive that
n=1orm=1 (see [23]).
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» Lemma 10 ([2, 33]). Let u = (u,v) be an injective morphism, and let W = {u"v | n >
1} U{uv™ | n > 1}. Then, there is at most one primitive word z and one integer k > 1 such

that 2F € W, i.e. [WNQ({a,b}*)| < 1. Moreover, let Y = u(Q({a,b}*)22) N Q({a,b}*).
ThenY = R(zF) N {u,v} .

The next lemma provides a characterization of the structure of the set P* for an injective
morphism p.
» Lemma 11. Let u = (u,v) be an injective morphism, and let W = {u"v | n > 1} U {uv™ |
n > 1}. We can distinguish the two cases:
1. [(WNnQ{a,b}*)| =0. Then only one of the following occurs:

a. PH=0;
b. P* ={c}, for some c € {a,b};
c. P*={a,b}.

2. [WnNnQHa,b}*)| = 1. Then there exists a unique w € {a,b}* such that p(w) € W N
Q{a,b}*), and only one of the following occurs:
a. Pt =R(w);

b. P* =R(w)U{c}, for some ¢ € {a,b}.

Note that, among the cases described in Lemma 11, the Case la is the only one in which
every primitivity-preserving morphism g = (u, v) falls. In this case, both u and v are primitive
words. If the morphism g = (u,v) is not primitivity-preserving and W N Q({a,b}*) = 0, then
we deduce from Lemma 11 that either only one between u and v is a non-primitive word
(Case 1b), or both are non-primitive words (Case 1c).

A classification of the non-primitivity-preserving morphisms p = (u,v) that fall in Cases 2a
and 2b, with W N Q({a,b}*) # 0, and their respective u-power words, can be derived from a
result given in [15, Theorem 8].

The set of primitivity-preserving morphisms is closed under composition, as stated in the
following lemma.

» Lemma 12. Let p; : X% — T, po : I' — A* be two morphisms. If pu1 and po are both
primitivity-preserving, then s o 1 is primitivity-preserving too.

However, it is possible to obtain primitivity-preserving morphisms even as a composition
of morphisms that do not necessarily satisfy this property. The following proposition gives a
complete characterization.

» Proposition 13. Let p: {a,b}* — {a,b}* be an injective morphism. The morphism p is
primitivity-preserving if and only if, for all ¥, x : {a,b}* — {a,b}* such that p =1 o, it
holds that x = (p, q) is a primitivity-preserving morphism and v is an injective morphism
such that P¥ N {p,q}* = 0.

» Example 14. Let o = (abaa, aaab). One can verify that p = 7o 7, where m and 7 are the
period-doubling morphism and the Thue-Morse morphism, respectively. We have that 7 is
not primitivity-preserving and P™ = {b}. Since 7 is a primitivity-preserving morphism and
b ¢ {ab,ba}™, from Proposition 13 it follows that yu is primitivity-preserving too.

» Example 15. Let ¢ = (aba,b), and consider the morphism p = (abab, baba) = ¢ o T,
where 7 is the Thue-Morse morphism, which is primitivity-preserving. In this case, 1 is not
primitivity-preserving (since 1 (ab) = (ab)?), nor is p.

49:7
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3.2 Recognizable Morphisms

In this subsection, we focus on some structural and combinatorial properties of morphisms
that generate words admitting a unique factorization in circular factors, similarly to the
notion of circular code [4].

Let £ C ¥*. An injective morphism p : ¥* — I'* is recognizable on u(L) if for every
non-empty word w € p(L£) and every word w’ € R(w), there exist, and are unique, p € I't,
qeT* ze€X¥* and ¢ € ¥, such that w’ = qu(z)p and pg = u(c). If L = X*, we simply say
that p is recognizable.

In other words, every image under a recognizable morphism p has a unique circular
factorization in words of ;(L£). Equivalently, a recognizable morphism on £ can be regarded as
an injective map on the necklaces over L, i.e., for all 2,y € L, it holds that R(u(z)) = R(u(y))
if and only if R(z) = R(y).

b b
b ? a a ? a
. )
b a a a
-9 ‘.' ":,
a b b b
* o":‘_\‘
b a a ; a
. v ~ +
b a \\‘,’ a a b \\“r a
(a) w = baaabbabbbaa. (b) w = baabaabaabaa.

Figure 2 On the left, the unique circular factorization of w = baaabbabbbaa into pi(a) = baa and
p1(b) = abb. On the right, two distinct circular factorizations of w = baabaabaabaa into p2(a) = baa
and p2(b) = aba, respectively in blue and red.

» Example 16. Let us consider the injective morphism g1 = (baa, abb). Such a morphism
is recognizable since every word in p1({a,b}*) has a unique circular factorization into the
words p1(a) and py(b), as shown in Figure 2a.

The recognizability of a morphism is well studied in the context of bi-infinite words and
symbolic dynamics [3]. Here, it is adapted to necklaces, or circular words, which can be
seen as periodic bi-infinite words. Note that most of the results known in the literature on
bi-infinite words focus on the aperiodic case. Therefore, the results provided in this section
can also be interpreted as contributions toward the less-explored setting of periodic bi-infinite
words.

The following lemma establishes the close relationship between recognizable morphisms
on u(X*) and a property related to the so-called very pure codes, which are properly included
in the class of pure codes [30].

» Lemma 17 ([4, Proposition 7.1.1]). An injective morphism p : * — T* is recognizable if
and only if for every u,v € T, if uv,vu € pu(X*) then u,v € u(X*).

In the case of binary injective morphisms, the next lemma provides a useful characteriza-
tion of recognizable morphisms.

» Lemma 18. A primitivity-preserving morphism p = (u,v) is recognizable if and only if u
and v are not conjugates.
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» Example 19. Consider the injective morphism ps = (baa, aba). Since po(a) and pq(b) are
conjugates, by Lemma 18, ys is not recognizable on us({a,b}*), as shown in Figure 2b, where
two distinct circular factorizations of the word baabaabaabaa are indicated. Indeed, us(aaaa)
and p9(bbbb) are equal up to rotations. Figure 3a shows two distinct circular factorizations
of (ab)® into 7(a) and 7(b). Hence, 7 is also not recognizable. One can note that ps = @ o 7,
where @ = (ba, a), confirming the characterization established in the following theorem.

The following result shows an important structural property of the primitivity-preserving
morphisms that are not recognizable. In particular, we prove that they can always be
obtained by composing another morphism with the Thue-Morse morphism.

» Theorem 20. Let p: {a,b}* — IT'* be a primitivity-preserving morphism. Then exactly
one of the following cases occurs:

1. u is recognizable;

2. =1 ot for some injective morphism 1, where T is the Thue—Morse morphism.

Proof. We show that, under the hypothesis of the theorem, it holds that u = (uv,vu)
if and only if 4 = v o 7 for some injective morphism ¢, and by Lemma 18, the thesis
directly follows. For the first direction, one can define ¢ = (u,v), and therefore u =
(Y(7(a)),v(7())) = (¢(ab),v(ba)) = (uv,vu). For the other direction, if ;1 = ¢ o 7, then
i = ($(7(a)), B(r (b)) = (Y(ab), Y(ba)) = (Y(@)(b), ¥(B)(a)), and the thesis follows. <

3.3 Synchronizing Morphisms

An important notion in the context of injective morphisms is that of synchronization pair,
which intuitively marks a position within a factor of a morphic image where the boundary
between two codewords can be uniquely identified. Synchronization provides a way to “align”
a segment of the morphic image of a circular word with the images of the letters of the
alphabet.

Let p: X% = T*, £ C X% and u € F(u(L)). We say that (u;,up) is a synchronization
pair of u on p(L) if u = uyuy and, for all vy, vy € I* and f € F(L), vyuvy = p(f) implies
viug = p(f1) and ugve = p(fa), for some fi, fo € f(ﬁ) such that f1fo = f.

Observe that a morphism p is recognizable on p(£) C u(X*) if and only if every word
w € u(L) admits at least one synchronization pair, since from it one can uniquely recover
the preimage w’ = p~1(w), up to rotations.

The following notion of synchronization with delay gives a quantitative measure of the
width of a window sliding along the morphic image of a circular word that guarantees the
detection of a synchronization point. This is an adaptation to our setting of a definition
commonly used in the context of HDOL-systems [7, 18].

We say that a morphism p : ¥* — I'* is synchronizing with delay k > 0 for w € pu(¥*) if
every circular factor of w of length at least k£ admits a synchronization pair. Given £ C ¥*,
we say that p is synchronizing with delay K > 0 for p(L) if it is synchronizing with a finite
delay for every w € £ and

sup {mig{k | p is synchronizing with delay k for ,u(;v)}} < K.
re

It has been proved [30, Theorem 5.1] that a morphism is recognizable if and only if
it is synchronizing with finite delay for p(X*). The following example shows that the
recognizability of a morphism on a proper subset of x(X*) does not necessarily imply being
synchronizing with finite delay for that subset.

49:9

MFCS 2025



49:10

Morphisms and BWT-Run Sensitivity

» Example 21. Let 7 be the Thue—Morse morphism. Figure 3a shows that the Thue—
Morse morphism 7 is not recognizable. In fact, 7(aaaaaa) and 7(bbbbbb) are equal up to
rotations and produce distinct circular factorizations. However, 7 is recognizable on 7(L),
where £ = {a"b,b"a | n > 0}, as shown in Figure 3b. Observe that even though 7 is not
recognizable, 7 is recognizable on 7(L£), since (7(a), (b)) and (7(b), 7(a)) are synchronization
pairs that occur in every word of 7(L£). In the figure, the unique circular factorization of
7(a®b) = (ab)®ba is depicted; the two black squares identify the synchronization pairs (b, b)
and (a,a). Moreover, 7 is synchronizing with delay 11 on (ab)®ba; more in general it is
synchronizing with delay 2n 4+ 1 for (ab)"ba and for (ba)™ab. However, T is not synchronizing
with finite delay for 7(L£), since the supremum of all minimum finite delays for all the words
in £ is unbounded.

Let £ = 7({a,b}*) = {ab, ba}*. Unlike the previous cases, the synchronization pairs (a, a)
and (b, b) occur in every word of F(7(L£)) of length at least 5, hence 7 is synchronizing with
delay 5 for 7(£’). In fact, as shown in Figure 3¢, every factor of 7(abbaab) = abbabaababba
having length at least 5 contains a black square that identifies a synchronization pair.

a b a a b,,,:" b a b o b
L » L e
b : b b a b a
o 4 / oA -
a a a / " a a a
¢ by ;’i_\ w
b b b b a b
a“b\,:a a\,fb a b‘\‘"a b
(a) w = abababababab. (b) w = abababababba. (c) w = abbabaababba.

Figure 3 Circular factorizations into 7(a) = ab and 7(b) = ba are depicted, where 7 is the
Thue-Morse morphism. On the left, two distinct circular factorizations of (ab)® in blue and red,
respectively; in the center, the unique circular factorizations of w = abababababba; on the right, the
unique circular factorizations of w = abbabaababba. Each black square identifies a synchronization
pair.

We now give a new combinatorial characterization of synchronizing morphisms with finite
delay on p(L), for any £ C {a,b}*. This characterization is based on the powers of single
letters occurring in £ in the case of non-recognizable primitivity-preserving morphisms, while
it is based on the pu-power words in the case of non-primitivity-preserving morphisms.

> Lemn~1a 22; Let i :{a,b}* - r* ~be a non-recognizable primitivity-preserving morphism
and let Fo = F(L)N{a}* and Fy, = F(L)N{b}*, where L C {a,b}*. Then u is synchronizing
with finite delay on p(L) if and only if at least one of the sets F, or Fy is finite.

By using analogous techniques, one can prove that for any non-primitivity-preserving mor-
phism, there exists a k& > 0 such that each k-length factor w in F(u(2*)) has a synchronization
pair, unless w € F(u(z*)) for some z € PH.

» Lemma 23. Let i : {a,b}* — IT'* be a non-primitivity-preserving morphism. Then, there
exists an integer k > 0 such that every factor w € T* N (F(u(X*)) \ F({u(z*) | z € P*}))
has a synchronization pair.

From the previous lemma, the following result can be derived:

» Theorem 24. Let p : {a,b}* — T be a non-primitivity-preserving morphism and let
L C {a,b}*. Then p is synchronizing with finite delay on p(L) if and only if the set
F(L)N{w* | w e P*} is finite.
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Table 1 The first column contains the list of all words of length 5, up to rotations. This is not
restrictive, since rotations of the same word have the same value of r. The columns r(w) and r(7(w))

are used to compute ASz(5).

w bwt(w) | r(w) m(w) bwt(m(w)) | r(m(w))
aaaab | baaaa 2 ababababaa | babbbaaaaa 4
aaabb | baaba 4 abababaaaa | baaabbaaaa 4
aabab | bbaaa 2 ababaaabaa | bbaabaaaaa 4
aabbb babba 4 ababaaaaaa | baaaaabaaa 4
ababb bbbaa 2 abaaabaaaa | babaaaaaaa 4
abbbb bbbba 2 abaaaaaaaa | baaaaaaaaa 2

4 Sensitivity of the Measure r to the Application of Morphisms
Let p be a morphism and w a word. In [12] we defined:

A (w) = r(p(w)) - r(w)

A% () = T0D)

- r(w)

Notice that A:L'(w) may be negative for some word w. For example, let u be the morphism
over a 3-letter alphabet {a, b, ¢} defined as pu = (b, a, ¢) and let w = beba. One has that r(w) =
[rle(bwt(beba))| = |rle(beadb)| = 4 and r(pu(w)) = r(acadb) = |rle(bwt(acab))| = |rle(cbaa)| = 3.
However, when p is defined over a binary alphabet, one can prove that A} (w) is always
non-negative [12, Theorem 14].

» Definition 25. The BWT additive sensitivity function and BWT multiplicative sensitivity
function for a morphism u are, respectively, the functions
ASy(n) = max (A;(w)) and MS,(n) = max (A7 (w))

Note that the additive sensitivity function is always a non-negative function, as for every
n, Aj; (a™) > 0 for any letter a.

» Example 26. Let us consider the period-doubling morphism 7. Let us compute the value
of the BWT additive sensitivity function for 7 when n = 5. From Table 1, it is possible to
conclude that AS;(5) = MS-(5) = 2.

» Remark 27. Observe that for any pair of morphisms p; : ¥* — I' and ps : I'™ — A*, and
any word w € X*, it holds that Af . (w) = Af (w) + A} (pu2(w)).

The following lemma shows that cyclic morphisms produce words with a fixed number of
BWT-runs, whatever the words on which they are applied.

» Lemma 28. Let p: {a,b}* — I'* be a cyclic morphism. Then, there exist two constants
kL, kY, which depend on p, such that AS,(n) =k} and MS,(n) =k}, for all n > 2.

[ VI

Proof. Recall that a binary morphism is cyclic if and only if there exist two integers ¢1,t2 > 0
and a non-empty word z € I'" such that p(a) = 2% and u(b) = 2*2. Hence, for each word
w € Bt it holds that r(u(w)) = r(zl®letrtlwlet2) — (2). Let us fix the claimed constants
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ky = r(z) — 2 and k|, = r(2)/2. For all n > 2, let us consider the word s, = a”~'b. By
Theorem 6, it follows that 7(s,) = 2. The proof follows by observing that since r(u(w)) is
constant, the values of A: and A} are maximal when 7(w) assumes the smallest value, that
in the case of binary words is 2, i.e., AS,(n) = maxyesn (r(u(w) —r(w)) = r(2) =r(sn) = k;}
and MS,(n) = maxyexn (r(p(w)/r(w)) =r(z)/r(sn) = k. <

» Example 29. Let us consider the cyclic morphism p = (ababbba, (ababbba)?). It is possible
to verify that for every w € {a,b}™, one has pu(w) = (ababbba)P, for some integer p > 0
depending on w. This means that r(u(w)) = r(ababbba) = 6 for every w € {a, b} ™. For every
length n, we can consider the word a™~1b. We have r(a"~1b) = 2, which is the lowest value
that r can take on a binary word. Then, AS,(n) =6 —2 =4 and MS,(n) =6/2 =3, for
n>2.

The following characterization of Sturmian morphisms in terms of the BWT additive
sensitivity function was proved in [12].

» Proposition 30 ([12, Theorem 21]). Let u be a binary injective morphism. Then AS,,(n) =0
for every n > 2 if and only if pu is a Sturmian morphism.

In the same paper, we showed that the Thue—-Morse morphism 7 increases by 2 the
BWT-runs of every binary word, while in the case of the period-doubling morphism 7, for
each n > 2 we can find an n-length word w for which Af(w) = ©(y/n). We summarize these
results in the following proposition.

» Proposition 31 ([12, Lemma 24 and Proposition 31]). Let 7 and m be the Thue-Morse and
the period-doubling morphisms, respectively. The following properties hold:

1. AS;(n) =2, for alln > 2;

2. AS;(n) =Q(/n).

Note that 7 is not the only morphism for which the additive sensitivity function is
2. In [12] it is proved that this property also holds for the Thue—Morse-like morphisms
Tp.q = (abP,ba?), for some p,q > 0, and any composition of these morphisms with any
Sturmian morphism.

» Example 32. Let us consider the morphism p = (abbaab, ababba). By using Remark 27, it
is possible to verify that u = 70 ¢ o7, where 7 and ¢ are, respectively, the Thue-Morse and
the Fibonacci morphism. By using Propositions 30 and 31, item 1, it follows that AS,(n) =4
for all n > 2.

5 Characterization of Binary BWT-Run Preserving Morphisms

In this section, we are interested in morphisms having a bounded BWT additive sensitivity
function.

» Definition 33. Let k > 0 be an integer. A morphism p : X* — I'* is called k-BWT-run
preserving if for all n > |X|, AS,(n) < k. We simply say BWT-run preserving if such a k
exists.

By Lemma 28, every cyclic morphism is BWT-run preserving since it has a bounded BWT
additive sensitivity function. As a main result of this section, we characterize the acyclic
(and therefore, by Remark 4, injective) binary morphisms which are BWT-run preserving,.
In particular, we prove that they coincide with the primitivity-preserving morphisms.
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a a. a b a b a a a b a b a a|b

a a. a b a b a a b a a a b a.|b
"a a. b a a. a b a b a a. a b a |b |
‘a. a b a. b a a a b a b a a bla |

a. a b a. b a a b a a a b a b |a
a a b alb ‘a. b a a. a b a b a a a b a b|a |
a b a al|b a. b a a. a b a b a a b a a a|b
a b a bla ‘a. b a a. b a a. a b a b a a a|b |
b a a bla ‘a b a b a a a b a b a a b a|a.
b a b ala a b a. b a a b a a a b a b a |a.
‘b a a. a b a. b a a a b a b a|a.|

b a a. a b a. b a a b a a a b |a.
‘b a a. b a a. a b a b a a a b|a.|
‘b aa b a a a b a b a a b a a |a|

b a. b a a b a a a b a b a a |a

Figure 4 Comparison of the BWT-matrices for the word w = aabab (on the left) and its image
after application of the morphism p = (baa, aba) (on the right). The dashed lines partition the
rotations according to the shortest prefixes with at least one synchronization pair (highlighted in
bold). The rotations in light gray correspond to the words in p(R(w)). The rotations in dark gray
correspond to the rotations where bwt(w) is spelled in reverse order.

We first give a lemma, in which we prove that the finite-delay synchronization of a
morphism on the images of a language results in a bounded increase in the number of
BWT-runs.

» Lemma 34. Let £ C X%, where ¥ = {a,b}, and let pn : ¥* — T'* be synchronizing with
delay k > 0 on pu(L). Then, there exists k' > 0 such that A} (u) <K' for all u € L.

The following lemma proves one direction of the main result.

» Lemma 35. Let p: {a,b}* — IT'* be an injective morphism. If p is primitivity-preserving,
then p is BWT-run preserving.

Proof. If u is primitivity-preserving, then by Theorem 20, either (i) u is recognizable or
(ii) there exist an integer ¢ > 0 and a morphism ¥ : {a,b}* — T'* such that gy = 1 o7t
and ¢ # ¢’ o7 for all ¢’ : {a,b}* — T'*. If we fall in case (i), the thesis follows from the
equivalence between recognizable morphisms and synchronizing morphisms with bounded
delay [30, Theorem 5.1] and Lemma 34.

If instead we fall in case (ii), then by Proposition 31, it follows that 7 increases the
BWT-runs by (at most) 2. Hence, the thesis is equivalent to showing that there exists
k > 0 such that r(¢p(u)) < r(u) + k, for every u € 7¢({a,b}*): by using Remark 27, this
would prove that the BWT additive sensitive function is bounded by a constant, that is
AS,(n) = maxyesn (Af (w)) = maxwegn(Ai(Tt(w)) + Af (w)) < k42t for all n > 0. By
Proposition 13, we can distinguish between two subcases: (ii.a) v is recognizable and (ii.b)
1 is not primitivity-preserving and 7¢(a) ¢ PY. If (ii.a), the proof follows analogously to (i).
If (ii.b), then by Lemma 10 all the ¢-power words in the set P¥ consist of either a single
letter or rotations of a unique word in the set {a"b | n > 1} U {ab™ | n > 1}. Observe that
FrHE9) n{(@™b)™, (ab™)™ | n > 3,m > 1} = 0 and F(r1(Z*)) N {(a2b)™, (ab®)™ | m >
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1} = {a2b,ab?}, for all t > 1, while F(74(2*)) N {(ab)™ | m > 1} = {ab, (ab)?} for t > 2 and
F(r(E*)) n{(ab)™ | m > 1} = {(ab)™ | m > 1}. Observe that only the latter does not have
a finite size; however, for t = 1, by hypothesis, we have ab ¢ PY. Hence, .7-'(Tt(2*)) contains
only a finite number of powers of elements from PY¥, and the proof follows by Theorem 24. <«

Now we prove the opposite direction. We consider a class of morphisms that we use to
decompose a generic morphism. For any p > 1, let p, : {a,b}* — {a,b}* denote the injective
morphism (a,b?). Observe that if p > 1, then p, is not primitivity-preserving.

In the following proposition, we prove that such morphisms have an unbounded additive
sensitivity function.

» Proposition 36. Let p, = (a,b?), for some p > 1. Then, AS, (n) = Q(y/n).

In the following proposition, we consider a larger class of morphisms with an unbounded
additive sensitivity function.

» Proposition 37. Given an injective morphism p : {a,b}* — I'*, let u,v € Q(I'*) and
p,q > 1 such that p = (uP,v9). Then,

p=nopsoFEop,ok
where n = (u,v). Moreover, if pg > 1, then AS,(n) = Q(y/n).

The following lemma shows that if a morphism has bounded additive sensitivity, then it
is primitivity-preserving.

» Lemma 38. Let pu: {a,b}* — IT'* be a non-primitivity-preserving injective morphism. For
each k > 0, there exists a word w such that A:‘(w) > k.

Proof. If p(a) or u(b) are not primitive, then the thesis follows by Proposition 37, so let us
assume that u(a), u(d) € Q(I'™).

Recall that a Lyndon word is a primitive word that is lexicographically smaller than all
its proper conjugates. Since p is injective, not primitivity-preserving, and both images are
primitive words, by Lemma 11 there exists some Lyndon word = € P* such that |z| > 1,
w(z) = 2* for some ¢t > 1, and z is primitive. Let ¢ = (a,z) and n = (u(a), z*). Observe that:
i) u((a)) = p(a); and i) p(p(b)) = u(x) = 2t Hence, n = p o 1p. Then, by Proposition 37,
there exists a word w € {a,b}" such that Af(w) = ©(y/n). Since the concatenation uv
of two Lyndon words w and v, with v < v, is a Lyndon word (see [9]), then, for every
m > 1, a™z and az™ are Lyndon words, hence, by Lemma 9, the morphism ¢ = (a, )
is primitivity-preserving, and by Lemma 35 ¢ is BWT-run preserving. Finally, by using
Remark 27, one has A (w) = Af (¢ (w)) + A:Z(w) = Af(¢(w)) +O(1) = ©(y/n), and the
thesis follows. |

» Example 39. Let u = (ba, ababaa). Let x = aab and z = babaa, where z is Lyndon and
z is primitive. It holds that u(z) = p(aab) = ba - ba - ababaa = (babaa)? = z?. We define
the morphisms ¥ = (a, aab) and 1 = (ba, (babaa)?), as described in the proof of Lemma 38.
Indeed, 5 = o 9, a5 u(1$(a)) = p(a) = ba = n(a) and (b)) = p(aab) = (babaa)® = n(b).
The morphism 7 can be written as n = (ba, babaa) o p2, and by Proposition 37 there exists
w € {a,b}* such that r(n(w))—r(w) = O(y/n). On the other hand, 1) is primitivity-preserving,
so it must be the case that r(u(y(w))) —r(Y(w)) = O(/n).

From Lemmas 35 and 38, the main result of the paper can be derived.
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» Theorem 40. Let p : {a,b}* — I'* be an injective morphism. Then p is BWT-run
preserving if and only if it is primitivity-preserving.

Finally, we can show that there exists a finite test case, as stated in the following theorem.

» Theorem 41. Let pu: {a,b}* — T'* be an injective morphism. It is decidable in polynomial
time in the size of u whether p is BWT-run preserving.

Proof. By Lemma 9, to decide whether a given morphism p = (u,v), for some u,v € I't,
is primitivity-preserving, we have to check the primitiveness of all the possible non-trivial
solutions of the equation u‘v™ = 2. Let tyayx = max{|ul,|v|} and tpim = min{|ul, |v|}.
In [15], it has been proved that there are at most O(tmax/tmin) Words to check, each of these
having length ©(|u| + |v]). Since the primitiveness can be checked in linear time in the size
of the words, the total time complexity is O(t2,,../tmin)- <

6 Morphisms with bounded multiplicative sensitivity

Even though in the case of binary morphisms the additive sensitivity is not always bounded
by a constant, it is natural to wonder whether the multiplicative sensitivity is. As shown in
the following example, this is not the case when the alphabet size is greater than 2.

» Example 42. Let [} = ¢©*(a)$ be the k-th Fibonacci word with a letter $ such that
$ < a < b appended. Define ; as u($) = $, u(a) = ab, and p(b) = a. Then u(f5,) = f§k+1'
It is known that r(f5,.,)/r(f5,) = Q(logn) [14]. Hence, MS,(n) = Q(logn).

Observe that if p > 1, then the morphism p, = (a,b?) is not primitivity-preserving. We
first show that MS, _,(n) is bounded.

» Lemma 43. Let w € {a,b}* be a word that contains at least two a’s and one b. Let t be
the length of the longest circular run of b’s in w (i.e., the longest run of b’s in any string in
R(w)). It holds that

r(pp(w)) < r(w)+2 ‘ﬁ(w) N U{abia li € [1,4},

where p, = (a,bP). Moreover, it holds A:jp (w) < 2r(w) and Aj (w) < 3.

Proof. Let ¢ be the length of the longest circular run of b’s in w. Since p, = (a,bP) is
order-preserving, and because the last characters of p,(a) and p,(b) are a and b, respectively,
the sequence obtained by taking the last character of each image of the lexicographically
sorted rotations of w is exactly bwt(w). Moreover, the string formed by concatenating the
last characters of the range of rotations starting with ¢ in the BWT matrix of p,(w) is
exactly bwt(w)[1, |wl,]. Similarly, the string formed by concatenating the last characters of

the (disjoint) ranges of rotations starting with b%a for i € [1,¢] is exactly bwt(w)[|w|, +1, |w]].

Strictly in between the ranges of rotations starting with (=17 and b"a for some i € [1,1],
there is a range of rotations starting with b~VP+sq for each s € [1,p — 1], all ending with
the character b. In the worst case, each of these blocks of rotations can only increase the
number of runs by 2. Hence, the additive increase is at most 2 times the number of circular
factors of the form ab’a in w. This proves the first claim of the proposition.

For the second claim, observe that a change of character occurs in correspondence with
cach block of rotations starting with bia, for each i such that ab’a € F(w). Hence, the second
claim follows because |F(w) NJ{abia|i € [1,1]}] < r(w). <
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We now give a sketch of the main result of this section.

» Theorem 44. For every morphism p : {a,b}* — I'*, there exists an integer k, such that
MS,.(n) <k,

Proof (sketch). We assume p is injective, as otherwise the result follows from Lemma 28.
By Proposition 37, p can be decomposed as pt = 1o pg 0 E o p,o E with n = (u,v) and
u,v € Q(X*). By Lemma 43, both MS, (n) < 3 and MS, (n) < 3, hence MS,(n) is
bounded if and only if M .S, (n) is bounded. If 7 is primitivity-preserving, then by Lemma 35
we are done. Hence, we are left to show the case when 7 is not primitivity-preserving and
both images are primitive. We give a sketch for this case.

Let p = (u,v) be a non-primitivity-preserving injective morphism with u,v € Q(X*). By
Lemma 10, there exists a primitive word z with |z| > 1, such that P* = R(z) and p(x) = z*
with z € Q(¥*) and ¢ > 1.

As a consequence of Lemma 23, there exists an integer k£ > 0, which depends only on p,
such that every rotation with a k-length prefix y ¢ I'* N F({z}*) contains a synchronization
pair. Hence, we can partition these rotations according to their length-k prefix, and the
characters preceding these rotations can be determined.

The remaining rotations starting with a power of some rotation of z are handled in a
similar (though more complicated) fashion with respect to how rotations starting with a
power of b were handled in Lemma 43. This yields an upper-bound for M.S,, depending on
the value |z| instead of 3. <

7 Conclusions and future work

In this paper, we have provided a complete characterization of binary injective morphisms
that preserve the number of BWT-runs up to a bounded additive increase. We have shown
that this class coincides with the class of binary primitivity-preserving morphisms.

Primitivity-preserving morphisms could be considered a general effective tool for studying
and evaluating repetitiveness measures, since such measures remain invariant, up to small
constants, when applied to powers of a word. This suggests that such morphisms could
be seen as a unifying framework for the analysis and comparison of different repetitiveness
measures.

It would be interesting to explore the design of compression and indexing techniques
based on BWT-runs that operate directly on morphic encodings of highly repetitive text
collections. This could have applications, for example, in the domain of privacy-preserving
algorithms. Although our current approach allows for polynomial-time decision proce-
dures for testing whether a given binary morphism is BWT-run preserving or, equivalently,
primitivity-preserving, more efficient algorithms could yield significant improvements in terms
of scalability and practical performance.

Furthermore, BWT-run sensitivity could support a new classification of morphisms,
providing new insights for their structural behavior and the impact on repetitiveness measures.

Finally, we plan to investigate how to extend our results to morphisms over larger
alphabets.
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