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—— Abstract

We study automatic presentations of the structures (N;.5), (N; Es), (N; <), and their expansions
by a unary predicate U. Here S is the successor function, Es is the undirected version of S, and
< is the natural order. We call these structures word structures. Our goal is three-fold. First,
we study the isomorphism problem for automatic word structures by focusing on the following
three problems. The first problem asks to design an algorithm that, given an automatic structure
A, decides if A is isomorphic to (N;S). The second asks to design an algorithm that, given two
automatic presentations of (N;S,U1) and (N; S, Uz), where U; and Us are unary predicates, decides
if these structures are isomorphic. The third problem investigates if there is an algorithm that, given
two automatic presentations of (N; <, U;) and (N; <, Us), decides whether Uy N Uz # (). We show
that these problems are undecidable. Next, we study intrinsic regularity of the function S in the
structure Path,, = (N; Es). We build an automatic presentation of Path,, in which S is not regular.
This implies that S is not intrinsically regular in Path,. For U C N, let dy be the function that
computes the distances between the consecutive elements of U. We build automatic presentations of
(N; <,U) where dy can realise logarithmic, radical, intermediate, and exponential functions.
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1 Introduction

We investigate automatic presentations of the structures (N; <), (N;9), (N; Eg), (N; <, U),
(N; S,U) and (N; Eg,U), where N={0,1,2,...}, < is the natural order, the function S is
the successor function, Eg is the undirected version of S (that is {k,j} € Eg iff k + 1 = j),
and U is a unary predicate on N. The first structure is the ordinal w, the second is the
successor structure, and the third structure is the infinite path graph Path,. For the last
three structures, without loss of generality, we postulate that 0 € U and U is infinite.
Each of the last three structures with the predicate U determines the infinite binary word
ay = ay(0)ay(1l)...ay(i) ..., where ay(i) = 1 if i € U and ay(i) = 0 otherwise. These
binary words are full isomorphism invariants of (N; <, U), (N;S,U), and (N; Eg,U), i.e.,
ay, = ay, if and only if (N; S, Uy) = (N; S, Uz). Thus, here is a definition:
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» Definition 1. Call (N;<,U), (N;S,U), (N; Eg,U) ordered words, successor words,
and graph words, respectively. We also call any of these structures word structures.

» Definition 2. An automatic presentation of the ordered word structure (N; <,U) is a
triple (D; <p,Up), where:
D and Up C D are both FA recognizable languages,
<p s a binary relation on D recognized by two heads synchronous finite automata, and
The structure (D; <p,Up) is isomorphic to (N; <, U).

Automatic presentations of (N;S,U) and (N; Eg,U) are defined similarly.

1.1 Automatic structures

A relational structure (D; R',...,R.*) is automatic if the domain D and the atomic
relations R (of arity n;) are all finite automata recognizable. We assume the reader is
familiar with the basics of finite automata, e.g., runs, acceptance, and recognizability[33].
For the reader, nevertheless, we explain finite automata recognizability of binary relations
R on the set of strings ¥* over the alphabet ¥. So, let x = z1...z, and y = y1...Ym
be two strings over 3. Then we code the pair (x,y) as the string z = x ® y so that
Z = 21... Zmax{m,n} 15 defined as follows: z; = (x;,y;) if i < min{n,m}, z; = (o,y;) if
n <i<m,and z; = (z;,0) if m <i <n, where ¢ ¢ ¥ is a new symbol. The operation @ is
called the convolution operation on strings. The string z = x @ y is a string over the finite
alphabet X' = {(0,0) |c € 2} U{(o,0) |c € Z}UX x X.

Let ®(R) be the language over ¥’ obtained by applying the convolution operation a to
pair of strings in R. Call R finite automata recognizable if ®(R) is recognized by a finite
automaton. One can view finite automata over ¥’ as two-head synchronous automata over
Y. The reader can consult standard papers on automatic structures for details and examples,
e.g., [1, 28, 7, 32, 49, 31], although Definition 2 suffices for this paper. Finally, in this paper,
we use the standard terminology and notations from the theory of finite automata.

The connection between automata, logic and structures traces back to the 1960s when
Biichi proved the decidability of S1S -the monadic second-order theory of (N;S) -using
automata [8]. M. Rabin extended this result, through the use of tree automata, by proving
that the monadic second-order theory S2S of the full infinite binary tree is decidable [47].
In computational group theory context, M. Thurston et al.[12] realized that geodesic words
within Cannon’s group of hyperbolic isometries are finite automata recognizable and defined
the concept of automatic groups, which was extended to Cayley automatic groups in [27] while
retaining its tractable essences. These and related papers constitute a foundation of modern
research on automata, logic, their interactions, and applications. Also, automatic structures
have attracted much attention in the last few decades, see surveys by Gréadel [16], Bardny,
Rubin, and Gridel [2], F. Stephan [52], and Rubin [50, 36]. Several key factors motivate
this study. One is that automatic structures exhibit nice algorithmic and model-theoretic
properties. The theory of every automatic structure is decidable. Automatic structures are
closed under interpretations in first-order logic [7]. The other aspects involve connections
to algebra (e.g., Gromov’s theorem that finitely generated groups of polynomial growth are
virtually nilpotent [17]) and additive combinatorics (e.g., Freiman’s theorem that sets with
small sums are contained in generalized arithmetic progressions [13]). These connections were
revealed in the characterization theorem of finitely generated finite automata presentable
groups [46] [45] and the proof that the group (Q;+) has no automatic presentation [53].

The presentations use finite automata. There are also other presentations of structures:
tree automatic presentations [22, 2, 21], computably enumerable presentations [29, 9, 15], co-
computably enumerable presentations [39], semi-automatic presentations [24, 23], w-automatic
presentations [19, 26] and unary automatic presentations [30, 35], etc.
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1.2 Background and contributions

We describe three, among many, research directions directly related to this work.

1. One direction focuses on first-order (FO) theories and interpretations of automatic
structures in FO-logic and its extensions. For instance, Hodgson [20], Khoussainov and
Nerode [28], Blumensath and Grédel [7] proved that the first-order theory of any automatic
structure is decidable. This is known as the decidability theorem for automatic structures.
This result was extended to FO-logic with “there exists n many modulo m” quantifiers
Im™ [38] and “there exist infinitely many” quantifier 3% [7]. S. Rubin [50] studied extensions
with Ramsey’s quantifiers. Blumensath and Grédel characterized automatic structures in
terms of interpretations [6]. They proved the interpretability theorem that a structure is
automatic iff it has an interpretation in the infinite binary tree with two successor relations,
the prefix order and the equal length predicates [6]. Finding extensions of the FO-logic that
preserve the decidability and interpretability theorems is one of the key topics in the area.

2. The second direction focuses on the classical isomorphism problem. The problem asks
to design an algorithm that, given two automatic structures, decides if the structures are
isomorphic. The isomorphism problem pertains to describing the isomorphism invariants and
extracting structure theorems. For instance, the Cantor-Bendixson ranks of automatic linear
orders turned out to be a useful invariant. The study of Cantor-Bendixson ranks implied
that an ordinal is automatic iff it is less than w® [10]. Using this, Khoussainov, Stephan, and
Rubin proved that the isomorphism problem for automatic ordinals is decidable. Thomas and
Oliver fully described finitely generated automatic groups [46]. Khoussainov, Nies, Rubin and
Stephan characterized and solved the isomorphism problem for automatic Boolean algebras
[34]. Gréadel and Blumensath were the first to prove that the isomorphism problem for
automatic structures is undecidable [7]. Khoussainov, Nies, Rubin, and Stephan proved that
the isomorphism problem for automatic structures is ¥}-complete[34]. D. Kuske, M. Lohrey,
and J. Liu proved that the isomorphism problems for automatic linearly ordered sets and
automatic trees are undecidable, and I19-complete for automatic equivalence relations [40].
Moreover, B. Khoussainov and M. Ganardi show that the isomorphism problem for automatic
equivalence relations on regular domains with polynomial growth is still undecidable[14].

3. The third direction concerns the intrinsic regularity of relations. A relation R in a
structure A is intrinsically regular if from any automatic presentation B of A we can
extract a finite automaton that recognizes the relation R in B [38]. For instance, all first-
order definable relations (with and without parameters) are intrinsically regular. For any
first-order logic formula ¢(z,y), automatic structure A4, the set of all p € A such that
Ha | AE é¢(a,p)}| =k mod n is intrinsically regular [38]. In an automatic partially ordered
set of bounded width, the set of all  that belong to an infinite path is also intrinsically
regular [37].

Let R be an intrinsically regular relation in A. Given a formula ¢(Z, ) we can consider the
expression RZ$(Z,y) (binding ) with the following semantics: {b | {a | A |= ¢(a,b)} = R}.
So, intrinsically regular relations R allow us to define FFO + R logic that extends the first
order logic with the generalised quantifier R. Such extensions preserve the decidability and
interpretability theorems for automatic structures. Thus, intrinsic regularity is intimately
connected with the questions of extending the decidability and interpretability theorems.

To refute that R is intrinsically regular in A, we need to build an automatic presentation
B of A in which R is not regular. For instance, consider the k-ary representation of integers,
k > 1. These presentations make the structure (Z;S) automatic. In these presentations
addition + relation, the relations < and mod (n) are regular. Clearly, the relation + is
not intrinsically regular in (Z;S) because in all unary automatic presentations of (Z;S)
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the addition is not regular. However, proving that < and mod (n) are not intrinsically
regular requires non-trivial arguments. Indeed, there are automatic presentations of (Z; S)
in which the mod (n) relations are not regular [38]. Given that the mod (n) relations are
intrinsically regular in (Z; <) [38], we conclude that the relation < in (Z;S) is also not
intrinsically regular. Moreover, there are presentations of (Z; S) in which < is not regular
but all mod (n) are regular [38]. These presentations can be argued to be “exotic” as they
show that regularity of the successor S implies neither regularity of < nor regularity of
mod (n); they also show that regularity of S and mod (n) does not imply regularity of <.
More examples of non-intrinsically regular relations are in [38] [43] [49]. These examples
bring insights into the understanding of regular relations, their interactions within automatic
presentations, and the exploration of extensions to decidability and interpretability theorems.

There are certainly other exciting directions of research in automatic structures. We
mention the complexity-theoretic issues. For instance, it is important to find exact complexity-
theoretic bounds on the first order theories of automatic structures. D. Kuske and M. Lohrey
proved that the first order theory of automatic graphs of bounded degree is triple exponential
[41]. Blumensath and Gradel proved that there are automatic structures whose first order
theories are non-elementary [6]. Also, D. Berdinsky has investigated the existence of automatic
presentations for various types of vertex transitive graphs [11] [4] .

Our contributions for this work are listed below.

1. The isomorphism problem for (N; S). Our first isomorphism problem asks if we can
decide that given an automatic structure A is isomorphic to (N;.S). Although not explicitly
stated in the literature, the question is natural and has been known since 1996 [44]. Note
that there is an algorithm that, given an automatic structure (D; f) decides if f satisfies
the following two axioms: (a) f is injective, and (b) there is exactly one element y € D
without f-pre-image. the structure (N;S) satisfies these two axioms. However, even if (D; f)
satisfies (a) and (b), this does not imply that (D; f) is isomorphic to (N;S). We prove that
the problem of deciding if an automatic structure is isomorphic to (N;.S) is undecidable. Our
proof shows that this isomorphism problem is I19-complete. Our solution is based on coding
the configuration graphs of total Turing machines (TMs) into automatic presentations of
(N; S). Recall that a TM, whose inputs are strings over a given alphabet ¥, is called total
if for all w € ¥* the machine M halts on u by either accepting or rejecting u. The set of all
total Turing machines is a II3-complete set [25]. Our solution is based on a careful analysis
and coding of the configuration graphs of reversible TMs. Lemma 6 provides the coding.
Theorem 7 transforms the configuration graphs of total TMs into the structure (N;.5). Both,
the lemma and the theorem, involve non-trivial reasoning.

Now we explain why the isomorphism problem for (N;.S) is of particular importance. Let
us compare the structure (N;S) with automatic ordinal w which is similar to (N;.S). First, it
is decidable if a given automatic structure A4 is isomorphic to w. Hence, the isomorphism
problem for w is decidable. Note that every automatic presentation of w produces an
automatic presentation of (N;.S) while the opposite is not true. Hence, it is natural to
ask if one can extend the decidability result for w to (N;.5). There is model-theoretic and
computability theoretic evidence towards a positive answer. Indeed, in the L, ., language,
the structure (N; S) is easier to describe than w. Formally, the Scott rank of (N;.5) is smaller
than the Scott rank of w !. Third, the index set of w is II3-complete? [48]. In contrast,
the index set of (N;9) is a II3-complete set. In summary, from a descriptional complexity

L D. Scott describes every countable structure A by an Ly, w-sentence up to isomorphism [51]. The Scott
rank measures the ordinal complexity of such sentences [18]. The higher the Scott rank of the structure
A, the harder it is to describe it in L, «-language.

2 The index set of structure A is the class of all Turing machines computing the atomic diagram of A.



X. Gong, B. Khoussainov, and Y. Zhuge

viewpoint, w is harder to describe than (N;.S). Likewise, from the viewpoint of computability,
the index set of w is more complex than the one for (N;S). Yet, the isomorphism problem
for automatic w is decidable whereas the isomorphism problem for (N;.S) is not.

2. The isomorphism problem for automatic successor word structures. Our second
isomorphism problem asks if there exists an algorithm that, given two automatic successor
word structures (Dq;S1,U1) and (Da; So, Us), decides if (Dq;.S51,Uy) and (Ds; Sy, Us) are
isomorphic. F. Stephan poses the question in [52]. Just as our first question, this problem
has remained unresolved since the start of the theory of automatic structures in 1996 .In
Theorem 11, we prove that no algorithm exists that decides this problem.

Here are a few important comments about our solution. First, due to the previous result
(that the isomorphism problem for (N;S) is a I19-complete set), it is already undecidable
if a given automatic structure is a successor word structure. Therefore, we want to know
if there is an algorithm that, under the promise that given automatic structures A and B
are successor words, decides if these structures are isomorphic. In case, when A or B is not
a successor word structure, the algorithm can give any answer (not even terminate). In
this sense, solving the problem is more complex than the one for (N;.S) because we need to
consider all algorithms that (1) might not even halt on some inputs, but (2) halt on all inputs
from the I19-complete set of automatic successor word structures. Second, we stress that
the solution to the first problem does not, in any direct way, imply a solution to the second
problem. We use two new techniques. The first technique, through Lemma 13, reduces
the equality problem for TMs to the equality problem of the running times of TMs. The
second technique, via Lemma 14, encodes the running times of pairs of TMs (M7, M>) into

automatic successor word structures A(M;, Mz). This transformation is a key to the proof.

The transformation is not necessarily commutative, that is, the structures A(M7, M3) and
A(Ma, M) could be non-isomorphic. These two techniques are new and non-trivial.

3. The agreement problem. Let A= (D;<,U) be an automatic ordered word structure.

Let U be the image of U under the isomorphism from (D; <) onto (N; <). Clearly, automatic
ordered word structures (Dq;<,U;) and (Dg; <,Us) are isomorphic iff Uy = Uy. It is

unknown if the isomorphism problem for automatic ordered word structures is decidable.
Here we attack the agreement problem, an approximation to the isomorphism problem.
The automatic structures (D1; <,U;) and (Dy; <,Us) agree onn € Nifn € Uy and n € Us.
If no n € N exists on which the structures agree then we say that these structures disagree.

The agreement problem asks to design an algorithm that, given two automatic ordered
word structures (D1; <,U;) and (Ds; <,Us), decides if these two structures agree on some
n. The agreement problem is equivalent to U N Us # (). We prove that the agreement
problem is ¥9-complete. The proof utilises two techniques. The first technique non-trivially
implements the transformation idea from Lemma 14 used in Theorem 11. Our second
technique employs the methods from D. Kuske, J. Liu, and M. Lohrey who showed the
undecidability of the isomorphism problem for automatic equivalence relations [40]. Note
that automatic ordered word structures (D;; <,U;) and (Ds; <,Us) are isomorphic if and
only if (a) the structures (Dy;<,U7) and (Da; <, Dy \ Us) disagree and (b) the structures
(D1;<,D1 \ U1) and (Ds; <,Us) disagree. Thus, the agreement problem can viewed as an
approximation to the isomorphism problem for automatic ordered word structures.

4. Intrinsic regularity in Path,, = (N; Eg). One can prove that a unary relation U in
Path,, is intrinsically regular if and only if U is finite or co-finite. The case for binary relations

turns out to be more complex. The difficult case, for instance, is the successor relation S.

The difficulty of whether or not S is intrinsically regular is attested by the following two

facts. First, any automatic presentation of (N,.S) is an automatic presentation of Path,,.
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Second, all known automatic presentations of the structure Path,, preserve the regularity of
S. It is therefore natural to conjecture that the relation S is an intrinsically regular relation
in Path,,. Counter-intuitively, in Theorem 24 we build an automatic presentation of Path,,
in which the successor relation S is not regular. Our proof employs techniques from [3§]
and non-trivially adjusts them for building such an automatic presentation of Path,,. As
discussed in the introduction, this result implies that we can not extend the decidability
theorem for the Path,, using the generalised quantifier that corresponds to the relation S.

5. Exotic automatic word structures. Let A be an automatic word structure with predicate
U. Let ug,u1,us,... be the listing of all natural numbers in U in increasing order, where
ug = 0. Define dy(n) = up41 — un, where n € N, the distance function realised by
A. The distance functions are full isomorphism invariants of word structures. Thus, the
study of automatic word structures is equivalent to the study of the distance functions dy .
From Theorem 7, one shows that for any total TM M there is an automatic successor word
structure A whose distance function bounds from above the running time of M. In contrast,
the distance functions in automatic ordered words are bounded by exponential functions.
See Corollaries 9 and 10. The interesting case, then, is the study of distance functions in
automatic ordered word structures. In Section 6, we show that exponential, intermediate,
polynomial, radical, and logarithmic functions can be realized as distance functions.

2  The isomorphism problem for (N; S)

We prove that no algorithm exists that, given an automatic structure A, decides if A is
isomorphic to (N;.S). For the proof we recall standard terminology about Turing machines.

A Turing Machine (TM) M is a tuple (Q, %, 4, qo, F, R), where @ is the set of states, X is
the alphabet, ¢ is a set of transitions of the form (q,b) = (¢', ¢, €), go € Q is the initial state
and F, R C @ are the sets of accepting and rejecting states, respectively. Transitions will
also be called instructions of M. The transition (g,b) — (¢, ¢, €) is interpreted as when M
reads b in state g, moves to state ¢/, writes ¢ in the head position, and moves in the direction
of e € {I,r} in the tape. We assume that all our TMs are deterministic.

A configuration C of M is a string uqv, where u,v € ¥* and ¢ € Q). This indicates
that the tape content is uv, M is at state ¢, and the head of M is at the first symbol of the
string v. An initial configuration is gyv, where v € ¥*. A configuration uqv is halting if
g € F U R. For configurations C and C’, we write C — C’ if there is an instantaneous move
of M from C to C’ through one of the instructions. If C — C’ occurs via instruction i, we
also denote this as i(C') = C’. There are no transitions from halting configurations.

A run of the machine M is a sequence of configurations Cy, Co, ..., C;, ... such that
for all § we have C; — Cj41. We say that M is total if its run starting at any initial
configuration halts (in a halting configuration). For a technical reason, we will assume that
our TMs M never stall, that is, for any non-halting configuration C there is a C’ such that
C — C’. We will transform the TMs M into equivalent (reversible) Turing machines M’.
The Turing machines M’, as opposed to M, will be allowed to stall.

» Definition 3. A configuration C is legal if it belongs to a run that starts at an initial
configuration. FElse, C is illegal. A mazximal run of a TM M is called a chain.

Let (Conf(M), —) be the directed graph consisting of all configurations of M and
the edge relation —. This graph is automatic. We call this graph the configuration
graph of M. Thus, we can use graph-theoretic notations for configuration graphs. For every
configuration C' € Conf(M), we have out-deg(C) the cardinality of all outgoing edges from
C'. Similarly, in-deg(C') is the cardinality of all in-going edges into C.
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The non-stalling condition (mentioned above) guarantees that for all configurations C, C
is a halting configuration if and only if out-deg(C) = 0. Because our Turing machines M are
deterministic, for all configurations C' of M we have out-deg(C) < 1.

» Definition 4. A Turing Machine M is called reversible if for all configurations C' €
Conf(M) we have in-deg(C) < 1.

For technical reasons, we can extend the concepts above to multi-tape Turing machines
M. For instance, this can be done by coding the contents of the tapes of M into strings, e.g.,
through the convolution operation (see Section 1.1). To explain this let us assume that M
is a two-tape TM. Let the pair (abbgba, baqaa) represent the contents of the first and the
second tapes, respectively, where ¢ is a state of M. Note that both tapes have the same
state of M. We code this two-tape configuration as the string

e I LT )

We use this type of coding, based on the convolution operation, to represent each configuration
in the configuration graphs of multi-tape Turing machines.

Turing Machines T and T, are equivalent if for all w € X* we have 17 accepts w if
and only if T5 accepts w, and T7 rejects w if and only if 75 rejects w. We briefly present the
proof of the following known result [3] for the reader’s intuition, as it will be useful later.

» Lemma 5. There exists a transformation r that, given a TM M, outputs a reversible TM
M, equivalent to M.

Proof. We outline the construction. Let M be a Turing machine. We build the TM M,
as follows. The configurations of M, are 2-tuples (C,h) where C is a configuration of
M and h € 6* is a sequence of instructions in §. The transitions of M, are defined as
(C,h) — (C',h i) if and only if i(C) = C’. Thus, M, simulates M with instruction ¢ and
records the instruction ¢ on the second tape. <

The configuration graph (Conf(M,), —) satisfies the following important property:
Every chain is either finite or is isomorphic to (N;.S). The graph (Conf(M,), —) contains
no finite cycles.
Note that finite chains have the start and the last configurations. A configuration C' is
the start (or the bottom) configuration in the chain if in-deg(C) = 0. A configuration C' is
the last (or the top) configuration if out-deg(C) = 0.
Note that even if M is total, the configuration graph of M, might contain infinite chains.
We would like to strengthen the lemma above by modifying M, into a reversible equivalent
TM M., such that totality of M implies that every chain in M, is finite.

» Lemma 6. There is a transformation T which, given a TM M, outputs M, such that:
1. M, is reversible.

2. M, is equivalent to M.

3. Configuration graph of M, consists of finite chains if and only if M is total.

Proof. The configurations of TM M. are (C, hy, ha, D, Cnt), where C € Conf(M), hy, ho €

d*, D e {1, |}, and Cnt € {0,1}. We explain the roles of hy, ha, D, and Cni:

1. The string h; is the instruction sequence executed so far (as in M,.) but the head of hq
can be at any position.

2. The string hy checks if h; is a consistent sequence of instructions. The head for hs is at
the right end of heo.

51:7
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3. The symbol D represents the direction of the head for hy. If D =7, then the head moves
to the right along hq, and to the left otherwise.
4. If Cnt = 1, then M, simulates M for one step.

We represent configurations as (C, h/jh", ho, D,Cnt) where the underlying symbol indic-
ates the head positions. Initial configurations of M, are of the form (gow, A, A, 1,0) for some
w € ¥*. Thus, h'jh" says that the head position for the tape h; is at symbol j. There is no
need to specify the position of the head for hy because it is always at the right end of hs.
Since the values of D and Cnt are finite, these can be counted as states of M. Therefore,
M is a 3-tape Turing Machine. Now we describe transitions of M :

R1: (C, hio, A\, 1, 0) = (C, hij, A, 1, 1), C" =34(C).
Intuition: This mimics one computation step of M.

R2: (C,h1j, A, 1,1) = (C,hag, A, 1,0).
Intuition: Preparation to verify if hy is a valid sequence of instructions.

R3: (C,h'j1jah", ha,],0) = (C', b jijah, haja, |, 0), where we have js(C') = C.
Intuition: This rule attempts to validate the instruction sequence h; and records the
validation history on tape hs. Note that ho copies a suffix of hy in reverse.

R4: (C,jah" ho,l,0) — (C, j2h", haja,1,0), where jo(C’) = C and C’ is initial configura-
tion. o
Intuition: Just like Rule 2, this is a preparation step to return the head for hy to the
rightmost position.

R5: (C,h'jijoh", hajs, T,0) — (C', b’ j1jah", h,1,0), where we have j3 = j; and C’ = j;(C)
Intuition: This rule tries to reduce the size of hy and at the same time validates
consistency between hy and hs.

Thus, R1 is the simulation rule, R2 and R4 are preparation rules, and R3 and R5 are
validation rules. Furthermore, if M on input w halts in ¢ steps, then M, on input w runs in
time proportional to 2. One checks that the construction is correct. <

» Theorem 7. The set of all automatic structures (D, E) isomorphic to (N; S) is TI3-complete.
Hence, the problem if an automatic structure is isomorphic to (N; S) is undecidable.

Proof. Let Tot = {M | Turing machine M is total}. This is a standard II3-complete set
[25]. We reduce Tot to the set Is(S) = {(D; E) | (D; E) is automatic and (D; E) = (N; S)}.
Note that Is(S) is a I13-set. Indeed (D; E) € Is(S) if and only if E is an injective function
(this can be computably verified) and there exists a 0p € D such that Op has no pre-image
with respect to E and for every x € D there is an n such that E"(0p) = z. This is a I19
definition of I's(S).

Let M be a Turing machine. Consider the equivalent Turing machine M, built in
Lemma 6. Consider the configuration graph (Conf(M,); —) of all configurations of M. .

Let L be chain in (Conf(M;); —).

This chain has the first element, first(L), such that every other configuration in L is
reachable from first(L) through a finite number of transitions —. If L is finite then it has
its top element as well. The top element of L is its final element (with no successor), where

L=C —-Cy — ... > Cy — ... and Cy = first(L). We introduce C] +" C§ +"
... Cp <" ... the “reverse” copy of the chain, where C" is obtained from C by renaming
each character ¢ in C by the new character ¢". The following lemma utilizes two copies of
(Conf(M,),—) to build an automatic structure (D, Epr) which captures totality of any
™ M.
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» Lemma 8. For any TM M, there exists an automatic structure (Dyr, Ep) such that
the structure (Dyr, Epr) is isomorphic to (N;S) if and only if the configuration graph
(Conf(M;),—) consists of only finite chains.

Let M be a Turing machine. We construct the Turing machine M as in Lemma 6. Based
on M, we build the structure (Dps; Epy) as follows:
1. The domain D) is the set {C' | C' € Conf(M;)} U{C" | C € Conf(M,)}.
2. The set E); is the union of the transitions — and <" together with the following two
sets of transitions:
a. Transitions (C,C") such that C' is the top element of a chain L in Conf(M;).
b. Transitions (C",C"), where C' = first(L) for some chain L and C’ is the length-
lexicographic successor of C' among the set of all first elements of chains in Con f(M.).

One can depict the structure (Dys; Epy) as follows. Let Ly, Lo, ..., Ly, ... be the list
of all chains of the graph (Conf(M,), —) ordered by the length-lexicographical order of
their first elements . Amend this list as follows: L1, L], Lo, L5, ..., Ly, L], .. .. Starting from
the first element of L, The relation Ej; successively applies — transition until the top
element of L is reached. Once the top element C' of L; is reached, the relation Ej; makes a
transition to C”, the reverse of C', and then reverses — transitions by applying <" until the
reverse of the first element of L; is reached. Then FEj; transits to the first element of Lo,
and repeats the process?.

It is clear that (Dps; Epr) is an automatic graph. In this graph the in-degree of each
element is at most 1. Also, the out-degree of each element is exactly 1. If the Turing
machine M is total, then every chain in the space (Conf(M,);—) is finite. Moreover, the
configuration graph excludes cycles. Therefore, E); starting from the first element in L
reaches all elements in Dj,;. If M is not total, then there must exist an infinite chain L
in the directed graph (Conf(M;); —). Let L; be the first such infinite chain. Hence, once
E is applied to the first element of L;, all the transitions in L; stay inside L;. Hence, no
element in L;11 is reachable from the first element of Ly. Therefore (Dys; Epy) is isomorphic
to (N;S) if and only if M is total. We proved the lemma, and hence the theorem. <

2.1 Distance functions on automatic successor word structures

We apply the results of the previous section to build various types of distance functions for
automatic successor word structures. Given A an automatic word structure with predicate U,
let wug, u1, us, ... be the listing of all natural numbers in U in increasing natural order, where
ug = 0. Recall that the function dy(n) = wp41 — Uy, where n € N| is called the distance
function realised by A. Lemma 6 and Theorem 7 give us tools that code various distance
functions in automatic successor word structures.

Let M be a Turing machine with running time 7j;. Construct the Turing machine M., as
in Lemma 6. Then for all z € {0,1}* we have Th(x) < Thy, (2) < CTar(x)?, where C' > 1 is
a fixed constant. Now consider the automatic successor word structure (Dys; Ear, U), where
(Dar; Enr) is constructed in Theorem 7, and U = {0,1}* C Djy. From the construction of
(Dar; Ear) and the unary predicate U, it is not hard to see that 20Ty (uy,)? < dy(n), where
uy, is the length-lexicographic order of {0, 1}*.

3 One might suggest to simplify this description and propose that Ej; moves from the top of L; to the
bottom of L;y1 directly. This, indeed, removes the need for reverse configurations C" and the transitions
«". However, this simplification does not guarantee that the relation built in this way is regular.
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» Corollary 9. For any total Turing machine M there exists an automatic successor word
structure A such that the distance function dy of A bounds the running time Tyy. <

» Corollary 10. There exist automatic successor word structures whose distance functions
are non-elementary. (This corollary strengthens and generalizes the results in [5]) <

3 Automatic successor word structures

Our interest is in the set Is(SW) of all pairs (A, B) such that both A and B are isomorphic
automatic successor word structures. The question is this: Is there an algorithm that, given
two automatic successor word structures, decides if these structures are isomorphic? This
is a promise problem in the sense that we care about those input that are word automatic
successor structures. If any of the inputs is not a word automatic structure, then we do not
care about the output of the algorithm. See our contribution in the Introduction Section.

Now we prove that this isomorphism problem for automatic successor word structures is
undecidable. Our proof uses the construction of the structures (Djs; Eps) from Theorem 7.

» Theorem 11. The isomorphism problem for automatic successor word structures is
undecidable.

Proof. Our goal is to show that no algorithm exists that, given two automatic presentations
of successor word structures, decides if these structures are isomorphic. In our proof, we
use the operator 7 defined in Lemma 6. By this lemma, we always assume that our Turing
machines are reversible. Moreover, a Turing machine M is total if and only if, in the
configuration graph (Conf(M;);—) of M, all chains are finite. Our proof also uses the
following folklore fact from computability theory [25]:

» Lemma 12. No algorithm exists that given two total Turing machines My and My decides
if My is equivalent to Ms.

We assume that the outputs of Turing machines are either accept or reject. Let M be a
total Turing machine (over an alphabet X). For each w € ¥*, let Tjs(w) be the number of
steps taken for M to halt its computation on w. Then the following lemma can be established
upon Lemma 12:

» Lemma 13. No algorithm exists that given two total TMs My and My decides if Thr, = T, -

Let M and M’ be Turing machines. For M and M’, we build the structure A(M, M’)

using (Dpr; Epr) and (Dpyr; Ep) as constructed in the proof of Theorem 7.

We assume that the domains Dj; and Dy are disjoint. We build A(M, M') as follows.

1. The domain D(M, M’) is Dpy U Dpyr.

2. The unary predicate U(M, M") is the set of all initial configurations of M and M’.

3. To build the binary relation S(ys a1y we need a few notations. In the structures (D5 Enr)
and (Dp; Enpr), respectively, let us list all the chains ordered according to the length-
lexicographic order on the first elements:

LI,M7 LT,M, ey LLM, L:,M’ ...and LLM'a L{,M” ey Li)]\/p7 L;M” e
In each of these lists consider the sub-sequences of chains whose first elements are legal
configurations: L; a, ..., Li,m, ... and Lj s, ..., Lj, m, -... For these sub-
sequences, the set of first elements of the chains are regular. Denote these first elements
as: Liy my -+ Lig oy and £y, apry ooy £y, ey .. Define the relation Siaz vy by:
Sy, ar) = €y, v [ Simulate M’ on the same input as M]
Sy (G, ap) = Eni (€7, 5) [ Both M and M are simulated on same input.]
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Sarary(Eaf (b yoar)) = Ener (€5, ap0)

Sy (Bags Cjpsi,nr)) = binyy

In other cases where no rule can be matched , the successor function will just follow
E]\/[, E‘]\/[/7 ie.

S(M7M/)(U)) = EM(w),w € Dy S(JM,M’)(U}) = EM/(’LU),U) € Dy

» Lemma 14. A(M, M') is automatic. If M and M’ are total, then A(M, M) is a successor
word structure.

» Lemma 15. Let My and My be total. Then Tar, = Thy, iff A(My, M) = A(Ma, My).

If Ty, = T, then A(My, Ms) and A(Ma, M) are isomorphic. Assume that Thy, # T, .
Let w be the first element, in the length-lexicographic order, such that Ty, (w) # Tar, (w).
Assume that ¢;, a7, is the initial configuration that corresponds to w. Then in the structure
A(M;, My), the elements ¢;, ar, and ¢;, r, belong to the unary predicate. The distance
between these two elements ¢;, a7, and £j, a7, equals 2Ty, (w) + 1. Similarly, the elements
;. v, and €5, ar, belong to the unary predicate in A(My, M;). The distance between £;, ar,
and ¢;, ar, in A(Ma, My) equals 2Ty, (w) + 1. Obviously, these two distances are not equal
as Ty, (w) # Thar, (w). If there is an isomorphism f from A(M;, M) onto A(Mz, M7), then
for the isomorphism f we must have f(¢;, a,) = £j..0m, and (€5, m,) = 4y, m,- This is
impossible because the distances between these pairs of elements are not equal. <

4 The agreement problem

Recall that the ordered word structures are structures isomorphic to (N; <, U), where < is the
natural order and U is a unary predicate. The isomorphism problem for automatic ordered
word structures is a natural follow-up to the isomorphism problem for automatic successor
word structures. V. Barany was the first who asked and investigated the isomorphism problem
for automatic ordered word structure [1][Question 5.9.3]. The techniques used in addressing
the isomorphism problem for automatic successor word structures can not be applied in this
case. One reason is that the distance functions dy; in automatic ordered word structures
are bounded by exponential functions while the function dy for automatic successor word
structures can bound from above any given computable function (see Corollary 9). Another
reason is that the set of all automatic ordered word structures is decidable as opposed to
I19-completeness of the set of all automatic presentations of successor word structures.

Let A = (D; <,U) be an automatic ordered word structure. Let U be the image of U in
N under the isomorphism from (D; <) onto (N; <).

» Proposition 16. Two word structures Ay = (D1;<,U;y) and Ay = (Dy; <,Us) are iso-
morphic if and only if Uy = Us. <

In this section we attack the following agreement problem.

» Definition 17. Automatic word structures Ay = (D1;<,U;y) and A2 = (D2;<,Us) agree
if the set Uy N Uy is a non-empty set. Otherwise, we say that these structures disagree.

The agreement problem asks to design an algorithm that given automatic ordered word
structures A; = (D1; <,Uy) and As = (Ds; <,Us) decides if these two structures agree.

» Theorem 18. The agreement problem for automatic ordered word structures is ¥.9-complete.
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Proof. Let Ny = N\ {0}. We set N[Z] to be the set of all polynomials over N in Z variables.
We use the following theorem from [42] that solves Hilbert’s 10th problem.

» Theorem 19. For any X9-complete X C N, there exist two polynomials p1(x,Z) and
p2(x, ) from N[z, Z] such that n € X if and only if for some T we have p1(n,x) = pa(n,z).

From now on we fix k& = |Z| which witnesses this theorem. This theorem implies ¥9-
completeness of the following set: Agr = {(p1,p2) | p1,p2 € N[z] & 3Z(p1(Z) = p2(T))}.
We define a computable bijection o = ¢nt o7 : N’j_ — N, where :

The function 7 : (z1,...,2x) — a7’ ...a;" encodes tuples as words in af . a;;
The function ent maps each word aj* ...a}* to its position in the length-lexicographic

(<¢r) ordering of af ...a; .

Using o, given two polynomials p;, ps € N[Z], we define the following function:

i@ =pi@) + Y piE) + ().

o(z)<o(x)

Let Uy and Uy be the ranges of 1 and 1o, respectively. As the sets U; and Us depend on
p1 and py which we write as Uy (p1, p2) and Us(p1, p2), respectively. Here is a lemma that
connects the set Agr with the sets U; and Us.

» Lemma 20. For p1,ps € N[z], we have the following. The set Uy N Us is non-empty if
and only if the polynomials py and ps agree on some T, that is, (p1,p2) € Agr.

Consider the following structures: (N; <,U;(p1,p2)) and (N; <, Us(p1,p2)). These can be
viewed as ordered counterparts of A(M;, M3) and A(M3, M;) from Theorem 11.

» Lemma 21. For any given polynomials p1,p2 € N[Z|, the two structures (N; <,U;(p1,p2))
and (N; <, Us(p1,p2)) have automatic presentations.

Proof. We use the ideas from D. Kuske et al. [40]. Let M = (S, A, I, F) be an NFA over
alphabet X. For w € ¥*, let Run(M,w) be the set of all accepting runs of M on w. Let
Run(M) be all accepting runs of M. The following is proved in [40].

» Lemma 22. For any polynomial p(z) € N[Z], we can build a non-deterministic finite
automaton M, over the alphabet Sy, such that L(My) = af ...a} and for all (z1,...,7x) €
NE | we have p(T) = |[Run(M,,af* ... ag*)|.

Let p1,p2 € N[Z]. Let M; and My be the NFA constructed according to the lemma
above. So, M; = M, and My = M,,. We can assume that the sets of states of these two
automata are disjoint. Hence, Run(M;) N Run(My) = 0.

Now we build an automatic presentation A; = (D1;<1,S57) of (N; <, Ui(p1,p2)). An
automatic presentation Ay of the structure (N; <, Us(p1,p2)) is built similarly.

1. The domain D; is the set Run(M;1) U Run(Ms). The domain D; is a regular set.

2. To define the linear order <; on D; we use the relation R = {(r,w) | r € Run(M,w)}.
Clearly, the relation R is regular. If (r,w) € R, then we write label(r) = w. Given two
elements (accepting runs) 1 and ro from D;, we define the order <; as follows:

a. When label(r1) = label(rs):

If ry € My and ro € Mo, then rq <y 79.

For runs r; and 7o of the same automaton, 1 <; r9 whenever r1 <y ro.
b. If label(r1) <g¢ label(ry), the ordering is defined as r; < ro.
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It is not hard to see that the relation <;j is regular.

Thus, we have built an automatic structure (Dy; <1). This structure is isomorphic to the
linearly ordered set (N; <) via the bijective function £[p1, p2] : N — D; defined by

{lprpal(n) = rif [{r' [ 7' <y} =n.

Let S; be the image of the unary relation U; (p1, p2) in N under the isomorphism &[py, pa].

Our goal is to show that S7 is a regular set. If so, then we will have built the automatic
presentation (Dq;<1,S7) of the structure (N; <, Uj(p1,p2))-

The remaining part is to prove the regularity of S;. We claim that S; is identical to the
following set {r € M | Vt € My(label(t) = label(r) — (t <1 7)}.

Indeed, the set S; collects every rs which are greater than any other run r,, € M; with
the same label label(ry,) = label(rs) = w. Moreover, no two distinct runs in S; can share
the same label w. Thus, it’s sufficient to prove that 7, = &[p1, po] (11 (7~ (w)) for any input
w = label(rs).

Note that {r | r <i rs} can be partitioned into two part:

{r [ label(r) <gr rs}, whose cardinality is the sum 3, . [{r € Di|label(r) = w'}|.

{r € My | label(r) = w,r <y rs} which equals to {r € M; | label(r) = w} due to

maximality of r;.

The following facts hold for any input w:

1. [{{r € My | label(r) = w}| = |Run(My,w)| = p1 (7~ (w)).
2. {r € My | label(r) = w}| = |Run(Ma,w)| = pa(m~(w)).
3. |{r € Dy | label(r) = w}| = py (= (w)) + pa(n~ (w)

We finally conclude that [{r|r <i rs} =3, <o) P1(
Therefore, rs = &[p1, pa](¥1 (7~ (w))) holds for all w. <

Thus, with Lemma 20 and Lemma 21 in our hand, we have proved the theorem. <

» Corollary 23. Given two automatic ordered word structures Ay and As, it’s TI9-complete
to decide if Uy C Us. <

5 Is S intrinsically regular in (N; Eg)?

Any automatic presentation of (N;.S) is an automatic presentation of (N; Eg). We prove that
the reverse does not hold. This is counter-intuitive. Indeed, in a computability-theoretic
setting, the computability of Eg implies the computability of S. Contrasting this, our result
shows that it is not possible to build finite automata for S from finite automata recognizing
the relation Eg. Our proof non-trivially adapts ideas from [38, Theorem 4.1, page 447].

» Theorem 24. There is an automatic presentation of structure (N;Eg) in which the
successor relation S is not regular.

Proof. The domain D of the desired automatic structure is ¥* with ¥ = {0,1}. In our
construction, we will use the following three auxiliary functions from [38]:
1. Every binary string x is uniquely decomposed into:
ep(z) : ¥* — X* : bits of = at even positions (indexing starts at 0).
op(x) : ¥* — ¥* : bits of x at odd positions
Thus, = and its pair {ep(z),op(x)) are equivalent representations.

7 (w)) +pa(mH(w)) +pa (7 (w).
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2. Let ng = |ep(z)| and m, = |op(z)|. Thus, n, = m, or n, = m, + 1 and |z| = ny + my.
Both ep(x) and op(z) are interpreted as natural numbers written in the least-significant-
bit-first binary form.

3. Define next : ¥* — ¥* as: next(z) = (ep(x) + 20p(x) +1) mod 2"=.

Let z be a binary string. Call z the start-point if ep(z) = 0*. Our fourth auxiliary
function f : ¥* — ¥* is the following:
(a) If z is such that n, < 2 then f(z) is the length-lexicographic successor of .
(b) If (next(x),op(x)) is not a start-point, then f(z) = (next(x), op(x)).
(c) If (next(x),op(z)) is a start-point and op(z) < 2™= — 1 then f(x) = y, where |y| =
|z[, ep(y) = 0"+ and op(y) = op(x) + 1
(d) If (next(x),op(x)) is a startpoint and op(x) = 2™+ — 1 then we have f(x) = Qe Tm=F1,

We informally explain f. Think of op(x) as a parameter of input = viewed as {ep(x), op(z)).
Starting at ep(z) = 0™=, f consecutively adds 2op(x) + 1 to ep(z). Once, ep(z) runs through
all elements in {0,...,2" — 1} and comes back to 0=, the value op(zx) is incremented by 1.

For string « = (ep(z), op(x)), one can inductively check the fact that there is a unique
0 < w < 2" —1 such that ep(z) = u-(20p(z)+1) mod 2"=. Based on this, we define function
U(x) = w which, given the string x, outputs the solution to the equation ep(z) = u-(20p(x)+1)
modulo 2"=. So, U(x) is the distance between  and the start-point (0", op(z)).

Set Us = {x | U(x) > 2"=~1} which has the following property in our construction:

» Lemma 25 ([38]). The unary predicate Us is not regular. <
Using Lemma 25, we now define the desired function g:

1. If n, <2, then g(x) is the successor of x with respect to length-lexicographic ordering.

2. f0< U(x) < 2™~ then g(z) = f~1(2).

3. If U(x) =0, then g(z) = (10" — 1, 0p(z)).

4. If 2"~ < U(x) < 2" — 1, then g(z) = f(x).

5. If (U(z) = 2" — 1) A (op(x) < 2™= — 1), then g(x) = f~1((10"=~1 op(x) + 1)).

6. If (U(z) = 2" — 1) A (op(x) = 2™= — 1), then g(x) = f~1(10m=Tm=),

The function g is a successor on the domain {0,1}*. Call the rules (2) and (4) above
non-regular rules. Consider now the graph of g: Graphy(z,y) = {(z,y) | y = g(x)}. The
non-regular rules, by Lemma 25, guarantee that the successor function g is not a regular
relation. Thus, we have a non-automatic presentation ({0,1}*, g) of the successor structure.

Consider the edge relation I, defined by g. We show that E; is regular. For this, consider
the rules (3), (5), and (6). Call them regular rules as they are finite automata recognizable.
The edge relation E, can be defined as follows. Consider a pair {z,y}.

1. If U(x),U(y) ¢ {0,2" —1,2"=~1} then E(x,y) holds when f(z) =y V f(y) = .
2. If U(z) = 0, then E(z,y) holds when (U(y) =1V U(y) = 2"=~1) A op(z) = op(y).
3. If U(x) = 2"=~1, then E(z,y) holds when y = f(z) V (U(y) = 0 A op(x) = op(y)).
4. f U(x) = 2™ — 1 Aop(z) < 2™= — 1, then E(x,y) holds when z = f(y) V (U(y) =

2ne=1 — 1 A op(y) = op(x) + 1).

5. If U(xz) = 2™ — 1 Aop(x) = 2™= — 1, then E(z,y) holds when = = f(y) V (U(y) =
2%~ —1Aop(y) = 0A Jy| = |2 +1).

The regularity of these rules depends on the regularity of the unary relation U(z) €
{0,2n==1 2ne — 1 2m==1 1} given by the regular rules (3), (5) and (6) in the definition of g.
More formally, this unary relation can be recognised as follows:

1. U(z) =0if ep(z) = 0.
2. U(z) = 2"=~1if ep(z) € 10*.
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3. U(xz) = 2" — 1 if (next(x),op(x)) is a startpoint.
4. U(x) =2"="1 —1if (U(y) = 2"~ A f(z) = y).
So, the relation F is regular. The theorem is proved. <

6 Distance functions on ordered words

The distance functions on automatic successor word structures can bound, by Corollary 9,
any computable function. In contrast, the distance functions on automatic ordered word
structures are bounded by an exponential function. Hence, one would like to study distance
functions realised by automatic ordered word structures.

A radical function is r(n) = | ¢/n] where a > 1. A function f: N — Nis intermediate
if asymptotically f is strictly between 2" and any polynomial with non-negative coeflicients.
An example is bl V"1 where a,b € N, a,b > 2.

» Theorem 26. Polynomials, exponents, radical, logarithmic, and intermediate functions
can all be realised on automatic word ordered structures as distance functions. |

7 (N; S) versus (N; S)

Let M, = {n | nis a multiple of a}, where n > 1. In known automatic presentations of
(N; 5), the relation < is regular. The unary predicate M, is definable in the extension of the
FO-logic based on < and with “there exists n many mod m” quantifier 3. Hence, if < is
regular, then so is the set M, [38]. Known automatic presentations (D; Sp) of (N;S) (over
alphabet ) in which < is not regular[38] have the following two properties:

Sparseness Property: The function n — |D N X"| is polynomial.

Unboundedness Property: The length difference between the pairs (a,b) with a <b

and |b] < |a| is unbounded.

The Sparseness Property is used to show that M,, a > 1, are all regular. The Unboun-
dedness property is the key to show that < is not regular. Two questions arise. The first
question asks if “sparseness” is necessary to show that the sets M, are regular. The second
asks if the unboundedness property is necessary to show that < is not regular in automatic
presentations of the successor structure. The following theorem answers the first question.

» Theorem 27. There is an automatic presentation ({0,1}*;5) of (N;S) such that
1. The transitive closure <g of S is not regular.
2. For all integers a > 1 the sets M, are regqular. |

To answer the second question, we have the next definition:

» Definition 28. A pair (a,b) in an automatic presentation (D;Sp) of (N;S) is mnon-
standard if a <g, b and |a| > |b|, where <g,, is the transitive closure of Sp.

The following proposition is easy to prove.

» Proposition 29. For any presentation (D; Sp) of (N;5), if the length difference between
the components of non-standard pairs is unbounded, then (D;Sp,<s,) is not automatic. <

Now we answer the second question.

» Theorem 30. There is an automatic presentation of (D; Sp) of (N; S) with no non-standard
pairs such that (D;<g,) is not automatic but (D; Sp, Ma, M3, My, ...) is automatic. <
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