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—— Abstract

Expansions of the monadic second-order (MSO) theory of the structure (N; <) have been a fertile
and active area of research ever since the publication of the seminal papers of Biichi and Elgot
& Rabin on the subject in the 1960s. In the present paper, we establish decidability of the MSO
theory of (N; <, P), where P ranges over a large class of unary “dynamical” predicates, i.e., sets of
non-negative values assumed by certain integer linear recurrence sequences. One of our key technical
tools is the novel concept of (effective) prodisjunctivity, which we expect may also find independent
applications further afield.
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1 Introduction

The monadic second-order (MSO) theory of the structure (N; <) has been a foundational
pillar of the field of automated verification, and more generally the area of logic in computer
science, for many decades. Arguably the most important paper on the topic is due to
Biichi [6], who in the early 1960s established decidability of this theory through a deep and
fecund connection between logic and automata theory.

Shortly thereafter, in yet another seminal piece of work [11], Elgot and Rabin devised
the contraction method to establish decidability of expansions of this base theory by various
“arithmetic” unary predicates P C N.! In particular, they proved decidability of the MSO
theory of (N; <, P), where P could for example be taken to be the set 2 of powers of 2, or
the set Sq of perfect squares, or the set Fac of factorial numbers, and so on.

Much progress followed in the ensuing decades, notably thanks to Seménov [24], who
introduced the notion of effective almost periodicity, and Carton and Thomas [8], who
substantially refined Elgot and Rabin’s contraction method into the notion of effective profinite
ultimate periodicity. Other notable works in this area include articles by Rabinovich [22],
Rabinovich and Thomas [23], and Berthé et al. [3].

! In this paper, we adopt the convention that the set N of natural numbers contains 0. We also use the
adjective “positive” with the meaning of “non-negative”.
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In the present paper, we significantly extend this line of research by considering a large
class of “dynamical” predicates derived from integer linear recurrence sequences (LRS).? The
complexity of an LRS can be measured in various ways; chief among them are the number of
distinct dominant characteristic roots of the LRS, and whether the LRS is simple or not.?
For P the set of positive values of an LRS having a single dominant root, such as the set of
Fibonacci numbers, the decidability of the MSO theory of the structure (N; <, P) is readily
established via Elgot and Rabin’s contraction method;* see also [3] in which expansions of
(N; <) by adjoining multiple predicates obtained from such LRS are thoroughly investigated.
Unfortunately, virtually nothing is known when considering LRS having more than a single
dominant characteristic root.

Our main contribution is the following result:

» Theorem 1. Let P = {u,: n € N}NN for (u,)32, a non-degenerate, simple, integer-valued
linear recurrence sequence with two dominant roots. Then the MSO theory of the structure

(N; <, P) is decidable.

An example of an LRS satisfying the hypotheses of Thm. 1 is the sequence (u,)22,
defined by

Upt3 = O6Upyo — 13Upy1 + 10U, (1)

and ug = 2,u1 = 4, and us = 7. Its subsequent values are: 10, 9, —6, —53, —150, —271,
—206, 787, 4690, 15849, 41994, 92827, 169530, 230369, 106594, . ... One can readily verify
that (u,)o2, satisfies the formula

1 1
un:§(2+i)”+§(2—i)”+2n7 (2)

and that u,, is both infinitely often positive and infinitely often negative. Moreover, although
lim;, s 00 |tn| = +00, |uy| is not monotonically increasing: for all N € N there is an n € N
such that |u,n| < |un].

For our LRS (u,)5, let P be as per Thm. 1. Viewing P as an ordered set, we have:

P = {Uo, Uy, U2, Ugq, U3, 10, W11, U12, Y13, U14, U17, Y15, U16, W24, U25, U26, U27, U28, U30, - - - }

One immediately notices that there are two complications at play here. The first one is
that we are “throwing away” all the negative values of our LRS (this is of course necessary
since we are working over domain N rather than Z). This restriction is, however, entirely
benign in view of the following result:

» Corollary 2. Let P = {u,: n € N} for (u,)>°, a non-degenerate, simple, integer-valued
linear recurrence sequence with two dominant roots. Then the MSO theory of the structure
(70, <, P) is decidable.

2 The “dynamical” moniker was chosen to reflect the close kinship of these predicates with discrete-time
linear dynamical systems; see, e.g., [1,2,9,14-16,18].

These notions are properly defined in Sec. 2.3.

LRS having a single positive dominant root are particularly well behaved: they are either constant,
or effectively ultimately monotonically increasing (or decreasing), effectively procyclic, and effectively
sparse (see [3] for precise definitions of these notions and a proper account of these facts). In the case
of a negative dominant root, essentially the same behaviour is observed by restricting to the positive
terms.

3
4
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This result is straightforwardly obtained from Thm. 1 via an application of Shelah’s
celebrated “composition method” in model theory [25]. In the case at hand, one can directly
invoke, for example, [26, Cor. 6], since the structure (Z;0, <, P) is isomorphic to the ordered
sum (Z — N; <, P7) 4+ (N; <, P), where the second summand is as per Thm. 1, and the first
structure is obtained by setting P~ = {u,,: n € N} N (Z — N). Intuitively speaking, MSO
sentences over (Z; <, P) can be faithfully decomposed into component subformulas dealing
exclusively with either positive or negative values of our LRS, with the truth value of the
original sentence obtained by appropriately piecing together truth values of each of the
sub-sentences within their respective structures.

The second complication is that, as noted earlier, the ordering of the positive values
of our LRS does not respect the index ordering of the LRS. This ostensibly precludes the
direct application of classical techniques such as Elgot and Rabin’s contraction method (or
more generally Carton and Thomas’s effective profinite ultimate periodicity criterion), or
Seménov’s toolbox of effective almost periodicity.

In order to prove Thm. 1, we therefore rely instead on a new concept, that of (effective)
prodisjunctivity, which we introduce shortly. Prodisjunctivity is itself predicated on the
notion of disjunctivity, whose application to the decidability of logical theories (under the
alternative terminology of “weak normality”) was pioneered by Berthé et al. [3]. In particular,
Berthé et al. study the MSO theory of the structure (N; <, 2N, Sq), and establish decidability
assuming that the binary expansion of v/2 is disjunctive, i.e., contains every finite bit pattern
as a factor infinitely often.

The hypothesis that v/2 is disjunctive in base 2 is widely expected by number theorists
to be true, but remains a major unsolved problem. Irrational algebraic numbers, along with
most known transcendental numbers such as e and 7, are in fact believed to satisfy a stronger
property, that of being normal in every integer base: a real number « is normal in base
b provided that every finite word w € {0,...,b — 1}* appears with frequency b=1wl in the
base-b expansion of a. And although Borel [5] showed over a century ago that non-normal
real numbers have null Lebesgue measure, establishing normality (or even disjunctivity) of
everyday irrational numbers has remained fiercely elusive; see [7,13,17,21] for more detailed
accounts of results, research, and open problems in this area.

Given a finite alphabet ¥ together with a subset S C ¥, we say that an infinite sequence
in 3¢ is disjunctive relative to S if every finite word over S appears infinitely often as a
factor in the sequence. We are now in a position to define (effective) prodisjunctivity:

» Definition 3. Let (pn,)50_ be an infinite integer-valued sequence. For any integer M > 2,
let Shr be the set of residue classes modulo M that appear infinitely often in (pm)So_g:

Sy={s€{0,....M —1}: 3°m eN: p,, =5 (mod M)} . (3)

We say that the sequence {(pm )52, is prodisjunctive if, for all M > 2, the sequence of
residues (py, mod M)>°_ is disjunctive relative to Syy.

For effectiveness, we require in addition that the sequence (py, mod M)>_, be comput-
able and that, for each M, the set Syy, together with the smallest index threshold Njs beyond
which all residue classes of the sequence lie in Sy (i.e., for allm > Ny, (pm mod M) € Syr),
also be computable.

Let us now sketch how prodisjunctivity relates to Thm. 1. Recall from (1) our LRS
(un )2, along with its infinite set P of positive values (as per the notation of Thm. 1),
and let (p,)S°_ be a strictly increasing enumeration of P; in other words, p,,—1 is the mth
smallest element in P. We will establish the following instrumental result:

MFCS 2025
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» Theorem 4. Let (p,)S°_ be as above, i.e., the strictly increasing sequence of positive
terms of some non-degenerate, simple, integer-valued LRS having two dominant roots. Then
(pm)So_q is effectively prodisjunctive.

Let us return to our example and set M = 5. Then one easily shows that

0 ifn=3 (mod4)
upmod5=4¢2 ifn=0, orifn=2 (mod 4) (4)

4 otherwise.
It follows that S5 = {0,2,4}, N5 =0, and
(pm mod 5)>° (2,4,2,4,0,2,0,4,4,2,4,0,4,4,4,2,0,4,2,4,2,0,4,4,4,2,0,0,4,4,2,...)

m=0 —
is in {0,2,4}>.
Computing the first million terms of (p,, mod 5)

o

>y, one does not encounter the factor

(0,0, 0) once within that initial segment. Nevertheless, according to Thm. 4, it should appear
infinitely often! Indeed, we prove this in Sec. 3.2, and moreover construct an index of roughly
2.18 - 105 where this occurs. A more involved calculation (not shown here) can however
establish that the very first occurrence of (0,0, 0) within (p,, mod 5)2°_,, is at index 8479226.

The above discussion suggests that, whilst the sequence (p,,)2°_, is provably disjunctive,
it is by all accounts not normal, i.e., a given factor w € {0,2,4}* does not necessarily appear
with frequency 31!, This is however unsurprising in view of (4): the residue class 4 should
statistically appear approximately twice as often as either of the other two residue classes,
and indeed it is possible to prove that this is asymptotically the case.

Theorem 4 is the key technical device underpinning our main result, Thm. 1. One of the
critical mathematical ingredients entering its proof is Baker’s theorem on linear forms in
logarithms of algebraic numbers. We also make use of various automata-theoretic, topological,
and combinatorial constructions and tools.

Let us now briefly comment on the motivation and scope of Thm. 1. As noted earlier,
linear recurrence sequences and linear dynamical systems are intimately related; in particular,
decision procedures for the former often underpin verification algorithms for the latter. Write
P, to denote the set of positive values of a given integer LRS u. We already pointed out that
Elgot and Rabin’s contraction method enables one to establish decidability of the MSO theory
of (N; <, P,) provided that u has a single dominant root, and that [3, Thm. 5.1] provides
general conditions under which the MSO theory of (N; <, P,,),. .., Py,w) is decidable, once
again under the assumption that each LRS u(®) possesses a single dominant root. On the
other hand, the situation concerning predicates derived from LRS having more than one
dominant root is entirely uncharted. The present paper can thus be seen as taking the first
significant step (in some six decades!) in this direction.

Nevertheless, the hypotheses of Thm. 1 (the LRS must be non-degenerate, simple, and
have exactly two dominant roots) may at first glance appear quite restrictive. It is worth
noting, however, that if one were to pick LRS “at random”, then under most “reasonable”
probability distributions, with probability tending to 1 such LRS would have either a single
dominant root, or be non-degenerate, simple, and have exactly two dominant roots. In other
words, the vast majority of LRS are of one of these two types, and thus fall under the scope
of the Elgot-Rabin contraction method or our own Thm. 1. (This folklore result follows from
the fact that a random polynomial with real coefficients will almost surely have either a single
dominant real root, or two dominant complex conjugate roots; and that non-degeneracy and
simplicity are null-measure conditions. For a more in-depth discussion of these matters, see
the work of Dubickas and Sha [10] and citations therein.) In any event, we briefly return in
Sec. 4 to the question of whether the hypotheses of Thm. 1 could be weakened in any way.
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2 Preliminaries

2.1 Automata Theory

An alphabet ¥ is a finite, non-empty set of letters. X* and X denote respectively the
sets of finite and infinite words over 3. As words can be viewed as sequences, we freely
identify the finite word wow; - - - wy, with the finite sequence (wp, w1, . .., wg), and the infinite
word wow; - - - with the infinite sequence (wq, w1, ...), and conversely. A finite word w’ =
wwy - - - wj, is a factor of an (in)finite word w if there is an index n such that (wy,, ..., Wp4x) =
(W, - .., wy,). We let |w| denote the length a finite word w.

An infinite word w is recursive (or computable) if one can compute w; for every j > 0,
and is disjunctive if each w’ € X* appears infinitely often as a factor of w. Other authors
occasionally use the terminology weakly normal or rich instead of disjunctive. An infinite
word w is periodic if w = v* for some v € 1 and ultimately periodic if w = uv* for some
u,v € ¥*. Here, for the smallest possible such v and v, |u| and |v| are referred to as the
preperiod and period, respectively.

A deterministic Muller automaton A = (X, Q, qinit, 6, F) consists of an alphabet X, a
finite set of states ), an initial state gy € @, a transition function §: Q x ¥ — @, and an
accepting family of sets F C 2¢. The run of w € £* UX* on A is the sequence of states
visited while reading w starting in ¢in;; and repeatedly updating the state using the transition
function. We say that A accepts w € 3¢ if the set of states visited infinitely often upon
reading w belongs to F. The acceptance problem of a recursive word w € ¥ is the question
of determining, given a deterministic Muller automaton A with alphabet 3, whether 4
accepts w. We denote the acceptance problem by Acc,,.

Berthé et al. established the following [3, Thm. 4.16]:

» Theorem 5. If w € X% is recursive and disjunctive, then Acc,, is decidable.

A deterministic finite transducer B = (Zin, Yout, @, ¢init,0) is given by an input alphabet
Yin, output alphabet X, set of states @, initial state ¢niy € @, and transition function
0: QX Xin = @ x X . The transducer B starts in state ginit. It reads a word w € 33 UX$)
and upon reading letter a whilst in state g, it computes (¢', w’) = §(q, a), moves to state ¢,

w
out

and concatenates w’ to the output string. Write B(w) € X7, U X%, to denote the output

*

word thus computed upon reading w € X3, U X¢.

We now recall a Turing-reducibility property between word acceptance problems [3,
Lem. 4.5]:

» Lemma 6. Let w € 3¥ and B be a deterministic finite transducer. Then the problem
Accp(w) reduces to Accy,.

2.2 Monadic Second-Order Logic

A (unary or monadic) predicate P is a function P: N — {0, 1}, which equivalently we can
interpret as a subset P C N. For P C N an infinite predicate, let us write (p.,)o°_, to denote
the enumeration of P in increasing order, i.e., such that p,,_1 is the mth smallest element of
P. The characteristic word w € {0,1}* of P is obtained by setting w,, = P(n). We then
have:

w = OPo10Pr—Po—Lligrz—P1i—1qgps—p2—1 . (5)

A predicate P is sparse if for every N > 0, there is M > 0 such that py,+1 — pm > N for all
m > M. The predicate is effectively sparse if M can always be computed from N.

80:5
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Monadic second-order logic (MSO) is an extension of first-order logic over signature
{=,<, €} that allows quantification over subsets of the universe N. We also consider
expansions of MSO by various fixed unary predicates P C N; in other words (abusing
notation), the signature is expanded by a predicate symbol P, with interpretation the given
subset P C N. We refer the reader to [4] for a thorough contemporary overview of MSO.

The deep connection between MSO and automata theory was brought to light in the
seminal work of Biichi; see, for example, [27, Thms. 5.4 and 5.9].

» Theorem 7. The decidability of the MSO theory of the structure (N; <, P) is Turing
equivalent to Accy,, where w is the characteristic word of P.

As noted earlier, Elgot and Rabin devised the contraction method to establish decidability
of the MSO theory of (N;<, P), for various “arithmetic” predicates P. The following
proposition is a variation on their method:

» Proposition 8. Let P C N be an infinite, recursive, and effectively sparse predicate with
enumeration (pm)ow—o- If, for each M > 2, Acc,, . mod Myoe_ s decidable, the MSO theory
of the structure (N; <, P) is decidable.

Proof. By Thm. 7, it is sufficient to be able to decide whether a deterministic Muller
automaton A = ({0,1}, Q, ginit, 0, F) accepts the characteristic word (5). Let us restrict A
to a directed graph G with nodes @ and 0-transitions as arrows.

By construction, every node in G has outdegree 1 and so each state is in at most one
cycle in G. We can therefore compute the least common multiple of the cycle lengths in G
(call this number M) and the longest path to a cycle (call this number N). Then, for all
states ¢ and numbers n > M + N and d > 1, reading 0" and 0"9M Jeads to journeying
through the exact same set of states and ending up in the same state.

Let K be such that py,+1—pm > M +N+1 for all m > K (which can be computed as P is
effectively sparse). We construct a deterministic finite transducer B that hard-codes the initial
segment wipj, = OPO10Pr—Po—11...QPx+1—Px—11 For m > K, after reading (p,, mod M)
and (py,41 mod M), B outputs 0°~1, where M + N < k,, < 2M + N is congruent to
Pm+1 — Pm — 1 modulo M. Then, by construction, a state ¢ is visited infinitely often upon
reading the characteristic word of P if and only if ¢ is visited infinitely often when A reads
Winit B((Pr, mod M)70_ s 1)

Recall that Acc(p, moda Myoe_ is assumed to be decidable. Then Accp,. mod M)X_
is also decidable (by hard-coding the initial segment) and thus Accg(p,, mod MY=_ ) is
decidable by Thm. 6. Therefore AcCy,,,B((p, mod my=_,,,) is decidable (by again hard-
coding the initial segment), and by construction, A accepts the characteristic word of P if
and only if A accepts winitB({pm, mod M), +1)- Hence Acc,, is decidable, as required. <

2.3 Linear Recurrence Sequences

A number a € C is algebraic if F(a) = 0 for some non-zero polynomial F' € Z[X]. The
unique such polynomial (up to multiplication by a constant) of least degree is the minimal
polynomial of a. We write Q to denote the field of algebraic numbers.

A linear recurrence sequence over a ring R (an R-LRS) is a sequence (u,)52, € R¥ such
that there are numbers ¢y, ...,cq € R, with ¢4 # 0, having the property that, for all n € N,

Up4d = ClUn+d—1 + -+ + CaUn .

The entire sequence is therefore completely specified by the 2d numbers ¢y, ...,cq4 and
ug, - .., uqg—1. Although there may be several such recurrence relations, we shall assume that
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we are always dealing with the (unique) one for which d is minimal. In the remainder of
the paper, whenever R is not specified, we are working over the ring of integers Z. The
characteristic polynomial of the LRS is given by F(X) = X9 —¢; X971 — ... — ¢4 € R[X].
The characteristic roots of the LRS are the roots of its characteristic polynomial, and
the multiplicity of a characteristic root ) is its multiplicity as a root of F(X). Every Q-
LRS (un)S2, with characteristic roots Ap, ..., \x admits a unique exponential-polynomial
representation given by

K
un = Qr(MAY,
k=1

where Q) € Q[X] has degree the multiplicity of Ay minus 1. A Q-LRS is simple if all its
characteristic roots have multiplicity 1, and is non-degenerate if no quotient of two distinct
characteristic roots is a root of unity.

A characteristic root A is dominant if |A| > |u| for all characteristic roots u. We define
the dominant part (v,)5% o of (un )5y by writing

va= Y Qi(n)A],
A; dominant

with the non-dominant part ()22, given by (u, — v,)52,. One can compute positive
real numbers r and R such that rR™ > |r,| for all n € N and R < |A| for A a dominant
characteristic root, see, e.g., [3, Lem. 2.5].

For every M > 2 and Z-LRS (u,,)52, the sequence (u,, mod M), is ultimately periodic
and one can effectively compute its period and preperiod [3, Lem. 2.6].
» Example 9. Let (u, )%, be the (Z-)LRS (1) from Sec. 1. The characteristic polynomial
of (un,)22, is

F(X)=X?-6X?+13X -10= (X —2) (X — (2+1)) (X — (2—1)).
The characteristic roots of (u,)52, are 2, 2+ i, and 2 — . Using linear algebra, one easily
recovers the exponential-polynomial representation (2). The LRS (u,)5, is simple and

non-degenerate. Its dominant part is the sequence defined by v,, = 3(2 +14)" + 3(2 — )",
while its non-dominant part is given by r,, = 2™.

2.4 Number Theory

Our main number-theoretic tool is Baker’s theorem on linear forms in logarithms. Specifically,
we make use of a flexible version due to Matveev along with some off-the-shelf applications
due to Mignotte, Shorey, and Tijdeman.

Let a # 0 be an algebraic number of degree d with minimal polynomial F(X) =
agp ngl(X — ;). The logarithmic Weil height of « is defined as

d
1
ha) = p <log lao| + Zlogmax{\ai\, 1}> .

i=1
Furthermore, set h(0) = 0. For all algebraic numbers aq,...,a, and n € Z, we have the
following properties:

hlag + -4+ ag) <logk + h(ay) + -+ h(ag),
h(arag) < h(ag) + h(asz), and
h(ay) < In|h(a1).

A number field L is a field extension of Q such that the degree of L/Q is finite. If aq,...,aq €
Q, L=Q(ay,...,aq) is a number field whose degree can be effectively computed.

80:7
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Let L be a number field of degree D, M > 1, ay,...,ap € L*, and by,...,by € Z. Then
set B = max{|b1|,..., |ba|},

M
A= H a?’ -1, and HK(a;) = max {Dh(q;),|loga;|,0.16} .
j=1

Matveev [19] proved the following:
» Theorem 10. If A # 0, then

d
log [A] > =3+ 30M¥4(M + 1)>°D?(1 + log D) - (1 +log(MB)) [ ¥'(e;)-
j=1

In particular, there is a computable constant ¢ such that when A #0, |A] > B~¢.
We will also need the following results from Mignotte, Shorey, and Tijdeman [28]:

» Theorem 11. Let (u,,)22, be a non-degenerate LRS with two dominant roots of magnitude
|A|. Then there are computable positive constants Cy and Cy such that

|un| Z |)\|n .n—Cl log(n)
whenever n > Csy.

» Theorem 12. Let (u,,)22, be a non-degenerate LRS with two dominant roots of magnitude
|Al. Then there are computable positive constants Cs and Cy such that

|Un1 — un2| > |)\|”1 . nl_CS log(n1) log(n2+2)

whenever nq > ny and ny > Cy.

3 Proof of the Main Result

In this section, we prove Thm. 1: the MSO theory of the structure (N; <, P) is decidable
whenever P is a predicate comprising the set of positive terms of some non-degenerate,
simple, integer-valued LRS having two dominant characteristic roots.

We begin in Sec. 3.1 by untangling the definition of an LRS satisfying the above hypotheses
and reduce Thm. 1 to Thm. 4. We then provide intuition underlying the proof of the latter
through an extended example in Sec. 3.2, and consider a continuous version of our problem
in Sec. 3.3. Finally, in the same section, we establish Thm. 4.

3.1 Reduction to Prodisjunctivity

Let (u,)22 ; be an LRS satisfying the hypotheses of Thm. 1. We first record some elementary
observations whose proof is in the full version.

» Lemma 13. Assume that (u,)>2, is an LRS satisfying the hypotheses of Thm. 1 and
whose two dominant roots are A\; and Xg. Then Ao = A1, the argument of A\ is not a rational
multiple of w, and |A1] > 1.

When writing (u,,)S2 in its exponential-polynomial form, we split it into its dominant
part (v,)5°, and non-dominant part (r,)5 ,:

Up = Vp +Tr = QA" + AN+ Ty - (6)
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Here, a and \ are algebraic numbers with « # 0 (as otherwise A and A would not be
characteristic roots, i.e., roots of the polynomial corresponding to the minimal recurrence
relation that (u,)52 , obeys), |A| > 1, and the argument of X is not a rational multiple of .
We keep A, a, and (r,,)22, fixed for the remainder of the paper.

Recall that P = {u,: n € N} NN and (p,,)55_, is an enumeration of P in increasing

order. To apply Prop. 8, we need the following lemma, whose proof relies heavily on the
results of Mignotte, Shorey, and Tijdeman from Sec. 2.3 and can be found in the full version.

» Lemma 14. Let P C N be as per Thm. 1. Then P is infinite, recursive, and effectively
sparse.

By Prop. 8, it now suffices to prove that for all M > 2, one can decide Acc(,,, mod ay_,
(determine whether a given deterministic Muller automaton A over alphabet {0,..., M — 1}
accepts (pn, mod M)2_,

(Pm)So_ asserted by Thm. 4 enables us to do this. Its proof can be found in the full version.

). The next lemma shows how the effective prodisjunctivity of

» Lemma 15. Theorem 4 implies Thm. 1, i.e., if (u, )22 is an LRS satisfying the conditions
of Thm. 1, P := {u,: n € N} NN, and the enumeration of P is prodisjunctive, then the MSO
theory of the structure (N; <, P) is decidable.

Theorem 4 asserts that, for any M > 2, the sequence (p,, mod M)>°_y € Sy is
disjunctive. Let us unpack this definition. We have that (p,, mod M)>°_\ € Sy is
disjunctive if for any £ > 1, every pattern (sq,...,s¢) € Syt appears infinitely often in
(pm mod M)>°_ . That is, for all £, N € N with N > Njs and sy,...,s; € Sy, there are

n1,...,ny € N such that

1. ny,...,n¢ > N;

2. forall 1 <4</, u,, =s; (mod M);

3. 0< up, <-- < Upy;

4. for all m > 0 such that u,, < um < Un,, Um € {Unys .-, Un, }-

As the dominant part (v,,)%% (where v, = X" +aX ", see (6)) only relies on two algebraic
numbers, o and A, it is easier to work with (v,,)22, than (u,)22,. In the following lemma,
we prove that we can actually effect this change.

» Lemma 16. Assume that for all natural numbers £, N, T > 2, and t1,...,tp € {0,...,T —
1}, there are mq,...,ng € N such that

1. ny,...,mg > N;

2. foralll <j<{ n;=t; (modT);

3. 0< vy, <+ < Uy,

4. for all m > 0 such that vy, < Uy < Un,, m € {na,...,Ne_1}.

Then the enumeration (pm)se_y of P := {un: n € N} NN is effectively prodisjunctive.

Proof. We claim that for some computable number N, w,,, < ty,, if and only if vy, < v,
whenever mi,mo > N’. Suppose not. Then, without loss of generality, m; > ms and
[Vmy = Uma| < |7my | + [Pm,| < 2rR™t. But Thm. 12 implies that for m; > Cy,

log(2r) + mq log R > 10g |V, — Uy, |
> my log|\| — C3log(my)? log(ma + 2)
> my log |\| — C3log(my + 1)3,

which cannot hold for m; > N’ for some computable N’ € N as log |\| > log|R|. Our claim
therefore follows.

MFCS 2025
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Assume that (u, mod M)%2 , has period T (which can be effectively computed). If
51,...,80 € Sand 1 < j </, there exists a t; € {0,...,T — 1} such that u,7,¢;, = s
(mod M) whenever n is large enough. Therefore, if ny,...,n, € N are at least max{N, N’}
and satisfy the hypotheses of the lemma, it follows that 0 < u,, < --- < uy, and for all
m € N such that u,, < Uy, < tn,, m € {na,...,ng—1}. In other words, if p,, = up,, then
for 2 <5 <4, pmyj—1 = Un; and pyyj1 = Upre; =55 (mod M) for some n' € N. <

As |a] # 0 and Lem. 16 is only concerned with inequalities v,,, < v, and v,, > 0 for
natural numbers n; and ng, we can scale v,, by 1/|2a|. That is, we can assume that |a| = 1/2.
Write a = e'? and A = [A|e?. Thus, v, = cos(6n + ¢)|A|".

Let us now sketch the method we will use to establish the hypothesis of Lem. 16 whose
proof relies heavily on the following notation.

» Definition 17. For integers d # 0 and real numbers 0 < v < ¢, define Ju(v,0) C R/ (27Z)

as
Ja(,0) = {x € R/(27Z) : 0 < ycos(z) < cos(z + dO)|\|¢ < (5cos(x)} .
Moreover, we define J4(0,0) to stand for the limit of Jy(v,0) as v tends to 0.

In Lem. 18, we can quantify the size of these intervals. For a real number z, let |z|oy
denote the distance of = to the nearest integer multiple of 27. The proof of Lem. 18 can be
found in the full version.

» Lemma 18. One can compute constants Cs, Cg, C7, and Cg such that for all 0 < v <
d <A and all d > 1, Ju(v,96) consists of a single interval,

d—7
Al

and |z — (—df £+ 7/2)|ax < Cs|A|7¢ for any z € J4(7,6).

d—v
CGW < |TJa(v,0)| < Cs

We now continue with the most technical step in the proof of Thm. 1: establishing a
continuous version of the hypothesis of Lem. 16. Items 3 and 4 of Lem. 16 involve terms of
the form vy, and we can divide them by |A|"'. Further, for 2 < j </, we set b; :=n; —nq
and x = n# + ¢. Then, item 3 turns into

0 < cos(z) < cos(x + baB)|A[®2 < - -+ < cos(z + beh)| A% (7)
and item 4 turns into
Vd € Z: cos(x) < cos(x + dO)|A|* < cos(bef)|\"* = d € {ba,... b1} (8)

We want to find an interval Z C R/(27Z) and numbers b; such that b; =t; — ¢; (mod T)
(for item 2), (7) holds for all € Z, and (8) hold for “most” = € Z. This leads us to the
following:

» Lemma 19. Let {,T > 2 and t1,...,ty € {0,...,T — 1}. Then there are an interval
T C R/(27Z), natural numbers D, ba, ... by > 1, and real numbers 1 < dp < -+ < §p < \/|A|
such that
(a) forall2<j<{ bj=t; —t1 (modT);
(b) forallx €I,
0 < cos(x) < cos(x + baB)|A[®? < &5 cos(x)
< cos(x + b30)|A|” < 65 cos(z)

< cos(x + beb) |\ < 8¢ cos(x); (9)
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(c) for all integers d < D not in the set {ba,...,be—1}, TN T4(1,8¢) = 0;
(d) XaZp [Ta(L,60)] < |Z].

Translating (b) in the notation of intervals 7, we have that
TC(=7m/2,m/2) N T, (1,02) N Toy(2,63) N+ N Tog (Se—1, 0e)-

The proof of Lem. 19 is in the full version. The remaining tools we need for this proof
are listed in Sec. 3.3. Finally, we derive Thm. 1 from Lem. 19. But first, in the upcoming
section we go through an example to recap the construction.

3.2 An Extended Example

Let (un)5>, be the sequence (1) from Sec. 1 and assume M = 5. Let us study the sequence
u, = 2(2+4)" + (2 —4)" 4+ 2" modulo 5.

From (4), we conclude that S5 = {0,2,4} and T' = 4 (that is, (u,, mod 5)5°  is ultimately
periodic with period T = 4, and {0,2,4} are exactly the congruence classes that appear
infinitely often in (u, mod 5)22 ;). Thus for all m > 0, p,, mod 5 € {0, 2,4}, where (p,,,)>_,
is the enumeration of P := {u,: n € N}NN. Then Thm. 4 asserts that every (sq,...,s¢) € S5*
appears in (p,, mod 5)°_, infinitely often as a factor. We will show that this indeed holds
when ¢ = 3 and (s1, s2, s3) = (0,0, 0).

Let us compute ¢y, t2, and t3 (the conjugacy classes modulo T' = 4 such that for large
enough n, urpyt, = s; mod 5). In view of (4), we are forced to take t; = 3 for i = 1,2,3
as s; = 0. Thus, to find (0,0,0) in (pm)S>_,, we want to find ny,n2,n3 € N congruent to
3 modulo 4 such that 0 < up, < Up, < Up,, and if u,, < uy, < up, for some m > 0, then
m € {nz} (i.e., m = na).

By (2), the dominant part (v,)3% of (u,)3%, is given by v, = (2 +i)" + (2 — )"
and the non-dominant part (r,)S>, by r, = 2". As shown in Lem. 16, we can work with
Up = A" + @\ = cos(nd + ¢)|\|" instead of u, for large enough n. Here, we have that
A=eY\=2+iand a = %ew = % Thus, in this example, ¢ = 0.

Hence, for a given N € N (for simplicity, let us take N = 0) we wish to find n1,n9,n3 > N
that are congruent to 3 modulo 4, satisfy

0 < cos(n16) < cos(naB)|A|™ ™™ < cos(ns)| A",

and such that m = ny for any m € N satisfying the inequality cos(n16) < cos(m@)|A\|™~ "t <
cos(nz@)| |3~ ™. This is the statement of Lem. 16.

Next, we aim to find b2, b3 € N such that ny = n, by = nos —n, and b3 = ng — n for some
n > N congruent to 3 modulo 4 that satisfies our hypotheses. To ensure that for j € {2, 3},
n; =t; =3 (mod 4), we have to require that b; =0 (mod 4).

In order to solve this discrete problem (find natural numbers nj,ns, n3 meeting these
constraints), we first want to solve a continuous variant of this problem: find by and b3 and
an interval T C R/(2nZ) such that for = € Z, these properties hold “often”. We will construct
an open, non-empty interval Z C R/(27Z) such that for all x € Z,

0 < cos(z) < cos(x + ba0)|A|®2 < cos(x + b30)| A% . (10)

We cannot ensure that for all z € Z and m € Z, cos(x) < cos(x+mf)|A\|™ < cos(z +bz0)|\|*
implies that m = by. However, we can ensure that it happens for “many” x € Z, including
for infinitely many numbers of the form x = nf, where n = 3 (mod 4).

80:11
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—7/2 /2

Figure 1 Let A = 1+ 2¢. Then for d = 1,2,3,4, J4(1, 3) are drawn in cyan, green, magenta, and
red, respectively, and |74(1,3)| are 7/2, 0.464, 0.182, 0.073, respectively. As some of the intervals
overlap, we have stacked them vertically for visual purposes. The points in black mark out —df £ /2
for the corresponding value of d.

We can translate the last part into the notation of the intervals J4(7, ). Then, arbitrarily
setting d2 = 1.95 and d3 = 2, we strengthen (10) in the form of item (b) in Lem. 19: we want
that for all z € Z,

0 < cos(z) < cos(x + baf)| A2 < 1.95 cos(z) < cos(z + b3f)|A|** < 2cos(x).

Thus, I C (—7/2,7/2) (as cos(z) > 0 and © € I), I C Jp,(1,1.95) (as 1 - cos(z) <
cos(w + ba#)|\[P2 < 1.95cos(z)), and similarly, I C J,(1.95,2).

Dealing with items (c) and (d) of Lem. 19 is harder. In Lem. 18, we have proven many
useful results on the structure of the sets J;(v,d). For d € Z and small enough ¢, if J4(7, )
is non-empty, it is a single interval and |J4(7v,9))| = O((6 — v)|A|~%). Hence, item (d) of
Lem. 19 can easily be estimated using a geometric series:

oo

Y 1Ta(1,80)] < Ol A7)

d=D
Moreover, every point in J4(7,d)) is at most O(6|A\|~¢) away from —df & 7/2 in R/(27Z).
We illustrate this in Fig. 1.

As we have guessed do = 1.95 and 03 = 2, we will construct Z inductively as

T:=T5:=5,(1.95,2) C T := Jp,(1,1.95) C T; .

At each step i = 1,2, 3, the items (a) and (b) hold for j < i while items (c¢) and (d) also hold
for the interval Z;.

First, for ¢ = 1, we take Z; := (—1.1,1.1) C (—n/2,7/2). Then, for an integer d < 0 and
x € Iy, we have that cos(z + 0d)|\|¢ < cos(z). So in item (c), we can take D = 1. As 3 = 2,
we can prove that item (d) is satisfied:

U 7a(1.00)| < 3 17a(1.6)| < 1Tl (1)
d=1 d=1

For i = 2, recall that d; = 1.95 and that by has to satisfy Jp,(1,1.95) C Z; and by =0
(mod 4). We pick b = 4, being the smallest possible choice for by. As shown in Fig. 2, we
have that Z, is indeed in Z;. For all integers d < 20 not equal to either 0 or 4, Zo N Jy4(1,2) is
empty. As > 0% 5 |Ja(1,2)| < |Ja(1,1.95), I := Ja(1,1.95) is not covered by the intervals
Ja(1,2) with d ¢ {0,4}. Hence, D = 21 is valid choice in this step of our inductive procedure.

For bs, recall that b3 = 0 (mod 4). We find that J,(1.95,2) N Z; is non-empty for
b=0,4,38,99,160, 309,370, .... The smallest such b that is not equal to 0 or 4 (which are
already in use) and congruent to 0 modulo 4 is 160. Then,

o0

> [Ja(1,2) N Jieo(1.95,2)] < |T160(1.95,2)]

d=1,d¢ {4,160}
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I

... T—— |
/2 Ja(1,1.95) ™/2

Figure 2 We drew the intersection of Z; and Jg(1,1.95) for d = 1,...,20 in red when d # 0
(mod 4) and in green when d =0 (mod 4). For ease of visibility, J4(1,2) is positioned higher for
d=1,2,3, and for intervals J4(1,2) that are too small to draw, their position is marked out with a
dot.

allows us to take D = 160 and 7 := [J160(1.95,2). This interval Z is tiny: it has length
approximately 5.7 - 10728, However, it satisfies the constraints in Lem. 19.

Now we must show that there is some x = nf € Z such that n = 3 (mod 4) and item 4
of Lem. 16 holds, as the three other conditions are already satisfied.

Recall that for a real number x, ||, denotes the distance from x to the nearest integer

multiple of 27. If x = nf and n > N, then items 1, 2 and 3 of Lem. 16 are satisfied.

Assume that for n as above item 4 in Lem. 16 is not satisfied. Then nf € Jy(1,2) for some
d € 7\ {0,4,160}. Hence, combining the information from Lem. 18 to the effect that J4(1, 2)
is close to —df + m/2 modulo 27, we have:

e\ > [ — (—df + 7/2)|or > |d + n| 7 (12)

for two constants ¢; (derived from Lem. 18) and ¢p > 0 (derived from Thm. 10).
As there are many nf in Z that are fairly “evenly” distributed, we are able to prove that
(12) cannot hold for all n. In other words, there must be some n for which

0 < vp < Vnya < Ungieo

and v, < vy < Unt1eo0 implies that m = n + 4. Then, using the strategy of Lemma 16,
we translate this back to the sequence (u,)%2  to give the required result when n is large
enough. In particular, we can calculate that when taking

n = 218085867698737188268427463501308698889728969450963229999559 ,

we have that nf € Z, n = 3 (mod 4), and u,, < U, < Unt160 implies that m = 4. Thus, for
some value m € N, (D, Pm+1, Pmt2) = (Un, Unta, Unt160) Where all three terms are divisible
by 5. Thus, the pattern (0,0, 0) does indeed appear in (p,, mod 5)%°_,.

However, this construction is far from optimal. Although our choices of by = 4 and
bz = 160 were as small as possible with our choice of d5 and d3, § and J3 were not optimal
choices. Still, that would give just a minor improvement as one has to be more careful with
inequalities like (11). Then one can find that choosing b = 8, b3 = 28, and n = 16958443, we

indeed get that there is no m € N\ {0, 8,28} such that u,, is between w,, tnip, and Up4p,.

Meanwhile, cos(nf) ~ 0.404, cos((n + b2)f) =~ 94.5 and cos((n + b3)d) = 751, and so one

should have had chosen much larger d5 and §3 for which the general bounds in Lem. 18 fail.

3.3 Proof of the Main Theorems

In this section, we establish Thms. 4 and 1. We first prove two technical lemmas. These two
lemmas will both serve to prove these theorems but also to prove Lem. 19, the continuous
version of disjunctivity.

80:13
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For the first lemma, we want that to show that each interval in R/(27Z) contains intervals
Ja(0, v/|A]) and numbers nf 4 ¢ for relatively small numbers d and n in a certain congruent
class. The proof of this lemma in in the full version.

» Lemma 20. Let T > 2. There is a number Cy > 0 such that for every t € {0,...,T — 1}
and small enough interval T C (—n/2,7/2) C R/(27Z), there are |Z|~“° < ny,ng < 2|Z|~
such that 110 + ¢ € I, J,,(0,|v/A]) €T and ny,ng =t (mod T).

For the fourth condition of Lem. 19, we would like D to be large. That is, the smallest d
such that J3(1,8,) NZ # 0 has to be quite large. This is hard to guarantee, and our solution
is to show that we can find a subinterval Z' C Z for which this number D is large. We show
this in the following lemma whose proof is in the full version.

» Lemma 21. Assume T C R/(27Z), by,...,by €N, 1 <y < --- < 3§y < /A and D >0
satisfy the assertions of Lem. 19. Then for every small enough € > 0 there is a subinterval
T' of T of length € for which the assertions of Lem. 19 hold for these ba, ..., by and &1,...,0
and some D' > e~1/2,

With these last two lemmas, we have gathered all the tool needed to prove Lem. 19,
which is also done in the full version. The idea of this proof is as described in Sec. 3.2: we
inductively construct the numbers b, ..., by and intervals

(—71'/2,71’/2) D11 D1 := Ib2(1,(52) D13 := Ib3(52,53) DERERS Ibz(ég_l,ég)

such that on step ¢, we show that some b; exists for which the lemma holds for b, ..., b;
and Z;.

Having established the continuous version of our result in Lem. 19, we can solve the discrete
version Thm. 4 and conclude Thm. 1: the MSO theory of the structure (N; <, {u,,: n € N}NN)
is decidable. The proof shares some of the main ideas of the proof of Lem. 19.

Proof of Thms. 1 and 4. As Thm. 4 implies Thm. 1 thanks to Lem. 15, it is sufficient to
prove Thm. 4. In turn, Lem. 16 states that Thm. 4 is implied by the following statement:
forall N e N, T > 2 and t1,...,tp € {0,...,T — 1}, we can find nq,...,ny € N such that
1. ny,...,n¢ > N;
2. nj=t; (modT) for 1 <j <4
3. 0< vy, <o < Upy;
4. for all m € N such that v, < vy < Un,, m € {na,...,ng_1}
We will prove this statement for given N, T, ¢, and t1,...,t;.

Lem. 19 gives numbers bo, ..., by € N, 1 < §p < \/W and an interval Z. We take ny = n
and nj =n+b; for 2 < j < /L.

When n > N, n =t (mod T) and nf + ¢ € Z, imply items 1, 2, and 3. Indeed, items 2
and 3 hold for ny =n,and for 2<j < /¢, n; =n+b; >n >N and

nj=n1+bj=n+({t—ti)=t; (modT).
For item 3, we have that as nf + ¢ € Z,
0 < cos(nb + ¢) < cos ((n +b2)f + ¢)|)\|b2 <o < cos ((n+be)f+ ¢)|)\|bt’ )

Multiplying these inequalities by |A|™ and noting that cos(mé + ¢)|\|"™ = v,, entails item 3.

Let 0 < € < |Z| be small enough. Lemma 21 implies that there is an interval Z, C Z of
length e such that Z.NJy(1,8,) = @ foralld < e~/2. By Lem. 20, thereisa e~ < n < 2e~¢»
such that nf + ¢ € Z. and n = ¢; (mod T'). Thus, n > N for small enough ¢ and items 1, 2,
and 3 are satisfied.
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Now assume that m & {na,...,ng_1} and v,, < vy, < vn,. Then, setting d = m — n, we
have that d & {bs,...,b—1} and

0 < cos(nf + ¢)|A|" < cos ((n + d)f + ¢)|A|" T < cos ((n + be)0 + @) [A|" 7.

Asnf+¢ € Z. C I, cos((n+be)f + @)\ < &, cos(nf + ¢). Thus, nf + ¢ is in Jy(1, ;) and
so d > ¢~ /2 (which comes from Lem. 21).

By Lem. 18, nf + ¢ € Ja(1,d,) and —df 4 7/2 are at most Cg|\|~¢ apart. Thus, for a
constant ¢; derived from Thm. 10,

Cs|A77 > [(nf + ) — (—df £ 7/2) /2
> |€i(n6+¢)f(fd9:t7r/2)|

>gm+ﬂ*R
Taking logarithms,
log(Cs) + c1 log(n + d) > dlog |} .

Asd > e Y2 and n > e~ we have that n,d > 2 for small enough . Then, dn > n + d
and so

log(Cs) + c1log(n) + c1log(d) > dlog |A|.
Hence, either
21og(Cs) + 2c1 log(d) > dlog|A| or 2¢qlog(n) > dlog|A|.

The former is impossible for large enough d (and thus small enough €) while for the latter,
the upper and lower bounds for n and d give that

2¢1 log(2e =) > 2¢, log(n) > dlog || > log |\e™1/2,

which again is impossible for small enough €. Hence item 4 also follows. |

4 Concluding Remarks

Our main result, Thm. 1, significantly expands the decidability landscape of MSO theories of
structures of the form (N; <, P), by considering predicates P obtained as sets of positive terms
of non-degenerate simple LRS having two dominant roots. A natural question is whether any
of these constraints can be relaxed. It is conceivable that investigating simple LRS with three
dominant roots might yield positive decidability results, although the present development
would have to be significantly altered at various junctures. We also note that open instances
of the Skolem Problem [12] can easily be reduced from in the presence of simple LRS having
four or more dominant roots. Likewise, considering non-simple LRS having three dominant
roots or more exposes one to Positivity-hardness [20]. Let us remark that non-degeneracy is
essential, as lifting this restriction has the effect of voiding the constraint on the number
of dominant roots.® Finally, one might envisage expanding the present setup by adjoining
further predicates. However, even in the simplest of cases, one expects quite formidable
difficulties in attempting to follow that research direction; see [3].

5 More precisely, one can construct a degenerate LRS for which the two dominant roots “cancel” each other
out at every odd index, and the sub-LRS that remains over odd indices (involving the non-dominant
roots) can be arbitrarily complex.
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