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—— Abstract

A piecewise affine map is one of the simplest mathematical objects exhibiting complex dynamics.

The reachability problem of piecewise affine maps is as follows: Given two vectors s,t € Q¢ and a
piecewise affine map f: Q? — Q¢, is there n € N such that f™(s) = t? Koiran, Cosnard, and Garzon
show that the reachability problem of piecewise affine maps is undecidable even in dimension 2.

Most of the recent progress has been focused on decision procedures for one-dimensional piecewise
affine maps, where the reachability problem has been shown to be decidable for some subclasses.
However, the general undecidability discouraged research into positive results in arbitrary dimension.

In this work, we investigate a rich subclass of piecewise affine maps arising as Bellman operators
of Markov decision processes (MDPs). We consider the reachability problem restricted to this
subclass and examine its decidability in arbitrary dimensions. We establish that the reachability
problem for Bellman operators is decidable in any dimension under either of the following conditions:
(i) the target vector t is not the fixed point of the operator f; or (ii) the initial and target vectors s
and t are comparable with respect to the componentwise order. Furthermore, we show that the
reachability problem for two-dimensional Bellman operators is decidable for arbitrary s,t € Q% in
contrast to the known undecidability of reachability for general piecewise affine maps.
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1 Introduction

Solving reachability problems is central to formal verification, but it is challenging, as
evidenced by a body of work that has been pursued for decades. Specifically, the reachability
problem that we are interested in asks the following question: Given two vectors s,t and
a map f, is there n € N such that f®(s) = t? One of the seminal results is given by
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Kannan and Lipton [17,18]. They answer the decidability question in the affirmative — by
presenting a novel polynomial-time algorithm — for affine maps f and vectors s,t with
rational coefficients.!

Unfortunately, the reachability problem becomes undecidable by slightly extending the
class of maps beyond the affine maps — piecewise affine maps (PAMs). Koiran et al. [20]
show that the reachability problem for PAMs is undecidable even in the two-dimensional
space, which witnesses the significant difficulty of the problem, compared to that of affine
maps. Specifically, a PAM f on the domain D is a function with the property that for some
family {Py,..., Py} of sets such that Py U---U P, = D, the restriction of f to each P; is an
affine function. We consider piecewise affine maps over the domain D = [0, 1]¢, where [0, 1]
is the unit interval. Each of the finitely many pieces Py, ..., Py is defined by a conjunction
of finitely many linear inequalities.

» Example 1. Consider an example of a PAM in the dimension d = 2. Let f : [0,1] x [0,1] —
[0,1] x [0,1] be defined by f(z1,x2) = (2], x5) with

1 1 Lo+, if 1 > @9,
Ty = -wy+ =, ah = 31 ? X ! 12 T2
2 3 Zx1+1(£2+§, if 1 < x9.
Here, P; is defined as {& = (x1,22) : 1 > x2} and Py as {& = (x1,x2) : ©1 < z2}, where
according to the definition P, U P, = D.

In fact, piecewise affine maps characterise a very rich mathematical object [3,7]. The
reachability problem for PAMs is thus one of a series of challenging problems whose crux lies
in the unpredictable behaviour of iterative maps and corresponding discrete-time dynamical
systems, see also [3,11,19,27].

A natural question might be: When does the reachability problem for PAMs become
decidable? Indeed, the reachability problem for PAMs on a unit interval (dimension one)
has received attention in recent research [8,13,21], where classes of PAMs with decidable
reachability problems have been found while fostering new elaborate techniques. Yet, the
decidability of the general one-dimensional reachability problem for PAMs remains open,
even for maps defined with two pieces.

Our Approach. In this work, we propose an orthogonal approach to investigate the challenges
behind the reachability problem for PAMs, focusing not on the restriction of the dimension or
the number of pieces, but on the restriction of the structure of PAMs. Specifically, we consider
the reachability problem for the Bellman operators on Markov decision processes (MDPs)
— Bellman operators are, in fact, PAMs that have been studied mostly in the context of
software verification or reinforcement learning [1,4,24]. For instance, the PAM in Example 1
is a Bellman operator.

MDPs are a standard probabilistic model for systems with uncertainties, and the least
fixed points of the Bellman operators ®: [0,1]¢ — [0, 1]¢ represent the “optimal” reachability
probability to the specific target state. Here, optimal means that the maximum reachability
probability is induced by a scheduler that resolves the non-deterministic behaviour on MDPs.
We formulate our target problem as follows: Given two vectors s,t € [0,1]¢ and a Bellman
operator ®: [0,1]¢ — [0,1]¢, is there n € N such that ®"(s) = t? We refer to this problem as
the reachability problem for Bellman operators (or BOR, for Bellman Operator Reachability).

1 The results by Kannan and Lipton hold for linear maps. Since the reachability problem is decidable in
arbitrary dimension, a standard technique extends it to the affine maps by encoding a d-dimensional
affine map as a linear map in dimension d + 1; see also [27, Section 5].
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Under a reasonable assumption, from any vector s, the sequence (®"(8)),cn converges
to the unique fixed point u®. Here, the unique fixed point is precisely the vector of optimal
reachability probabilities from each state to the target state. The iterative procedure
where p® is approximated by applying ® is referred to as wvalue iteration and is widely
studied [1,2,10]. Note that the unique fixed point is computable in polynomial time by
linear programming [1], so for our problem we can assume that we know the unique fixed
point u® a priori. Nevertheless, even a convergent sequence does not generally reach yu® at
any n. In fact, the question of the reachability to the fixed point (in finite time) is known in
both theoretical computer science and software verification communities. A case in point is
the discussion in [20], where this question is explicitly asked for one-dimensional PAMs (see
also [6]). Furthermore, in a value iteration survey [10] the same property is listed. While
the authors observe that fixed points are not reachable in general, they do not discuss the
decidability aspect. In the present paper, we investigate the decidability of reaching t = u®
as part of our problem.

Contributions. We present some decidability results for our target problem under a condition
that ensures the existence of the unique fixed point u® of the Bellman operators [15]. First,
we show that the reachability problem for Bellman operators is decidable for any dimension if
the target vector ¢ does not coincide with u® (¢ # pu®). This is true because from any vector
s, the iteration of the Bellman operator converges to u®. It becomes rather non-trivial when
t = u®, that is, for the reachability problem to the unique fixed point u®. We show that
the reachability problem for Bellman operators when t = u® is decidable for any dimension
if s is comparable to u®, that is, either s < u® or u® < s holds for the componentwise
order. The crux is to show that eventually only “optimal” actions are chosen, and we reduce
the reachability problem to a simple qualitative reachability problem that can be shown
decidable.

Finally, we address the remaining case: t = p® and s is incomparable to pu®. In
dimension 2, we show an algorithmic procedure also for this case — finding the last piece of

the puzzle — the reachability problem for two-dimensional Bellman operators is thus decidable.

Our argument is based on analysing the equivalent problem for matrix semigroups, and our
proof exploits the existence of a total order on the lines induced by actions. To the best of
our knowledge, this is the first result to give a reasonably large class of PAMs for which the
reachability problem is decidable in the two-dimensional case.

Organization. We outline our paper as follows.

In Section 2, we formally define the main objects of our study, MDPs and Bellman
operators, and recall some known properties.

In Section 3, we show that the reachability problem for Bellman operators is decidable

when either ¢t # pu® (Proposition 12) or s is comparable to t = p® (Theorem 22).

Importantly, the result holds for arbitrary dimension.

In Section 4, we prove that the reachability problem for Bellman operators is decidable
in the two-dimensional case (Theorem 31), by presenting an algorithm that solves the
remaining case (s is incomparable to t = u®).

In Section 5, we discuss our result with related work, and list some future directions.
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2 Background

We first recall some definitions and properties for Markov decision processes (MDPs) and
their Bellman operators, which are necessary for our development. We then define our target
problem, namely the piecewise affine reachability problem with Bellman operators.

2.1 Preliminary

» Definition 2 (MDP [24]). An MDP M is a tuple (S, Act,P) such that (i) S is a finite
non-empty set of states; (ii) Act is an indexed family (Acts)ses of finite sets of actions such
that the set Acts and Actg of actions on s and s’ are disjoint for any s,s' € S; and (iii) P is
the transition probability function P(s, o, ) € S — [0,1] N Q with finite support that salisfies
YoesP(s,a,8") =1, for any s € S and a € Act,.

We refer to the support of P(s,«, ) by supp(s, «). We fix a target state ¢t and assume
that ¢ is a sink, i.e., Act; = 0.

» Example 3. We present an MDP M = (S, Act,P), where (i) S = {s1, s2, s3,t}; (ii)
Acts, = {a}, Acts, = {01, B2}, and Acts, = Acty :== (); and (iii) P is defined by

P(s1,c,82) :=1/2, P(s1,0,83):=1/6, P(s1,a,t):=1/3,
P(s2,81,81) =1/2, P(s9,01,t) =1/2,
P(s2, B2,51) = 1/4, P(s2,Ba,82) :=1/4, P(sa,B2,t) :=1/2.

Given states s,s’ € S, a path 7 from s to s’ is a sequence 7 := (s1,...,8,,) such that
s; € S\{t} for any i € [1,m—1], 51 = s, and s,, = s’. We denote the set of paths from s to s’
by Path(s,s’). A scheduler is a function o: ST — UsegAct, such that o(sy - -+ s,,) € Acts, .
As deterministic schedulers suffice for the reachability objective [1], we further consider the
set ¥ of all deterministic schedulers. A scheduler is positional if for any sy ---s,, - s and
sy -8 s, the actions o(s1 -+ 8y, - s) and o(s] - - - s/, - s) coincide. For a path 7 := (s1,...,8m)
and a scheduler o € X, define P?(m) := [T;c( yn—1) P(si;0(mi), sit1), where m = (s1,...,5;).

» Definition 4 (reachability probability). Given a scheduler o, and s € S, the reachability
probability P?(s |= Ot) under o is defined by P (s |= Ot) = 3_ cpan(spy 7 (7).
The optimal reachability probability is defined as ps := sup,ex P7(s = Ot) € Q.

We write p* for the vector (ps)ses\ (¢} indexed by states S\{t}. The optimal reachability
probabilities are in fact achievable by a positional scheduler.

» Proposition 5 (e.g. [1]). There exists an optimal positional scheduler o,05 € X such that
Poros(s |= Ot) = ps holds for all s € S.

Value Iteration (VI) [1,24] is a standard technique to approximate the vector of optimal
reachability probabilities p*. Specifically, VI applies the Bellman operator ® to the current
approximation for each iteration step.

Let Sq = {s1,---,84} be the set of all non-target states whose optimal reachability
probability is positive. We note in passing that the set Sy can be computed using graph
reachability techniques [1, Chapter 10.6.1].

For each s € S;, we associate a polynomial of degree 1, a linear polynomial of o, with
each action o € Acts. This polynomial L, € Q[x] is defined as

Lo(x) = Z P(s,, 8" )zy +P(s,a,t).
s'€Sy
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» Definition 6 (Bellman operator). The Bellman operator ®: [0,1]¢ — [0,1]¢ is defined by
®(x), = maxaecact, La(T) for each © = (z5)ses, € [0,1]¢ and s € Sy.

» Example 7. The Bellman operator ® of the MDP given in Example 3 is given by
D(x)s, =1/2-22+1/3, ®(m),, =max (1/2 21 +1/2, 1/4 21 +1/4- 25 + 1/2),
where Sy = {s1,s2}. The Bellman operator ® is indeed the PAM f given in Example 1.

By an abuse of notation, we write Act; for the set Act,, of actions on s; € Sy, and the
optimal reachability probability p; for ps,. We also restrict p* to the vector over Sy and write
p* = (p1,...,pq) when it is clear from the context. Each action o € Act; is associated with
a set succ(a) of successor states defined as succ(a) := supp(s;, @) NSy. We emphasise that
the successor set, together with transition probabilities P(s, a, s), s’ € Sy, is a probabilistic
subdistribution.

We define the partial order < on vectors in R? by u < v if u; < v; holds for each i € [1,d].
We refer to vectors u,v € R? as comparable if either u > v or w < v holds. Otherwise, the
vectors are incomparable, denoted w > v.

Let ||+ ||oo denote the £%°-norm, or the max-norm, defined by ||x||oo := max (|21],. .., |za4l)
for a vector * = (x1,...,24). In the sequel, the notation ||x|| stands for ||x|l... We
further define the ¢*°-metric, i.e., the distance between two vectors & and y is d(x,y) :=
max; (|x; — yil).

The set [0,1]¢ is a complete lattice with the componentwise ordering and the Bellman
operator is w-continuous, that is, it preserves joins of ascending sequences. Due to this, the
iterative update by the Bellman operator ® from the bottom vector 0 := (0,---,0) € [0,1]%,
which is called VI (from 0), converges to the least fixed point pu®, which is the optimal
reachability probabilities p* = (p1, -+ ,pa).

» Proposition 8 ([1,10,24]). The sequence (P"(0))nen is monotonically increasing and
converges to the optimal reachability probabilities p*.

By the Kleene fixed-point theorem, we can further see that the iteration by ® converges
to p* from any initial vector if ® has a unique fixed point.

» Proposition 9 ([15]). Assume ® has a unique fized point. The sequence (P"(x))nen
converges to the unique fized point p* from any initial = € [0,1]%.

2.2 Target problem

We begin by recalling the value iteration algorithm. As an iterative procedure, VI boils down
to repeatedly applying the Bellman operator @ starting from a certain vector s € [0,1]¢
(usually, s = 0) and converging to the least fixed point u®(= p*) — this becomes the unique
fixed point in our setting.

Observe that every Bellman operator ® is indeed a piecewise affine map on the do-
main [0,1]¢. On close inspection, for every = € [0,1]%, the value of ®(z) is computed as
the maximum of finitely many affine functions ¢y, ..., ¢ : [0,1]¢ — [0,1]¢ evaluated at x.
Let P; C [0,1]¢ be the set of points @ € [0, 1]¢, for which ¢;(x) > ¢;(x) for each j # i. Two
observations are straightforward: 1) each P; is defined by a conjunction of linear inequalities;
2) every x belongs to at least one set P;. Moreover, ® is a well-defined function, which can
be observed from & € P; N P; implying ¢;(x) = ¢;(x). Therefore, ® is a PAM on [0, 1]¢.

In this paper, we investigate the specialisation of the piecewise affine reachability problem
to Bellman operators. A standard assumption that ensures the uniqueness of fixed points for
Bellman operators is the absence of end components in MDPs [15].
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» Definition 10 (end component [12]). Let M = (S, Act,P) be an MDP. A pair (S’, Act')
such that ) # 8" C S and O # Act’ C Useg Acts is an end component if (i) for all s € S’
and o € Act’ N Acts, supp(s, ) C S’; and (#) the directed graph that is induced by (S’, Act’)
is strongly connected.

Note that according to our definitions, the target state of M is not an end component,
as there is no action defined at it. We also eliminate all states from which the target state
cannot be reached by considering the subset S .

Problem BOR (Bellman Operator Reachability). Let s, € [0,1]2N Q% and @ : [0,1]¢ —
[0, 1]¢ be a Bellman operator of an MDP M with no end components. Does there exist n € N
such that ®"(s) =¢?

In the sequel, we always assume that an MDP M has no end components and hence its
Bellman operator ® has a unique fixed point. Such MDPs remain expressive and exhibit
highly non-trivial behaviors, making them an important subject of study in probabilistic
verification; see e.g. [2,9,15,16,25]. Notably, the presence of end components in a given
MDP can be checked in P [12]. Moreover, [15] describes a reduction that, for an arbitrary
MDP, constructs an MDP with the same least fixed point and without end components; the
reduction never increases the dimension.

3 Bellman Operator Reachability in Arbitrary Dimension

In this section, we will discuss the BOR problem without restricting the dimension d. Recall
that for the BOR problem, a Bellman operator ® has a unique fixed point u®. It will be
instrumental to split the discussion of decidability depending on how the initial and target
vectors s and t compare to u® with respect to the componentwise order on Q<.

3.1 Target vector that is not the fixed point

First, we show that BOR is decidable when t is not the unique fixed point p®.

» Lemma 11. Let ® : [0,1]? — [0,1]¢ be a Bellman operator. Consider an arbitrary
vector x € [0,1]¢ and let § = ||z — p®||. We have ||®(x) — pu®|| <.

Proof. Tt holds & < pu® + 8, where § := (4,...,0). For any action « in state i, we have

Lo(u® +9) = Z P(i,a,j) - (u®; +96) + P4, o, t)

JESa

= Z ]P)(iaaaj) '/L(I)j -‘r]P’(i,Oz,t) + Z P(iaO‘?j) -0
JjESa JjES4

= Lo(u®) + > P(i,a,) - § < Lo (p®) + 6.

JESa

Let & := argmax,c ooy, La(p® + d). Then, ®(ud + 6); = La(pd + 6) < pu®; +46.
From monotonicity of ® we conclude ®(x); < ®(u® + 9); < p®; + 0. <

» Proposition 12. Let ® : [0,1]% — [0,1]? be a Bellman operator of an MDP with no end
components, and s € [0,1]? be an arbitrary initial vector. For every t € [0,1]? with t # u®,
there exists an effectively computable bound N such that

P"(s)=t = D"(s)=1t for somen < N.
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Proof. Fix vectors s,t € [0,1]¢ assuming t # u®, where u® is the unique fixed point of ®.

We crucially use the convergence properties of the interval iteration algorithm [15]. Let 1 :=

(1,...,1) be the greatest element of the lattice [0, 1]%. Choose a convergence threshold & > 0.

From [15, Theorem 2] we have ||®(0) — ®V (1)|| < ¢ for some N < A]'log(hf%f,)], where
constants A, B only depend on M and can be computed directly from its representation.
From the monotonicity of ® we have ®V(0) < ®V(s) < ®V (1) for any s € [0,1]%. We
also have ®V(0) < u® < ®N(1), and so ||®V(s) — ud|| < .
Recall that we can compute the vector u® exactly. Now choose the threshold e := ||t —u®|],
and let N. be the previously discussed bound for this threshold. We have ||®™=(s) — u®|| <

||t — u®|| and hence, from Lemma 11, ||®"(s) — u®|| < ||t — u®|| for every n > N.. Therefore,

either ¢ = ®"(s) for some n < Ng, or t is not reachable from s under iteratively applying ®.

The first condition can be checked in finite time since IV, is effectively bounded. <

From Proposition 12 we immediately derive an algorithmic procedure for the BOR
problem instances (9, s,t), where t # u®. For an instance like this, it suffices to compute
the bound N as above, and to test whether ®™(s) is equal to ¢ for some n < N .

We now move on to the case t = u®. In the sequel, it will be important to differentiate
between two types of actions. These types are defined based on preserving the probabilities
of the unique fixed point t = (¢1,...,tq).

» Definition 13. An action « available in state i is tight, if t; = Lo (t1,...,tq), where Ly, is
the linear polynomial of action a. An action « is leaking in state i, if it is not tight.

3.2 Initial vector below the fixed point

We now assume that s < ¢ and t = u®. Note that ®"(s) < ¢ holds for all n > 0.

» Lemma 14. Let x <t be a [0, 1]%-vector and let o € Act; be the action chosen in state i
when the Bellman operator is applied in x, i.e. ®(x); = Lo (x).
®(x); =t; holds if and only if a is tight and for each j € succ(a) we have x; =t;.

Proof. One implication follows from directly applying the definitions. Now consider the
(=) implication. For every action 3, we have Lg(x) < Lg(t). Hence, for a leaking 3, this
implies Lg(x) < t;. Since for o we have L, (x) = t;, it must be tight. Assume further that
there exists j € succ(av) such that z; < tj. Then, Lo(x) < La(t1,...,tj—1, 25, tj41,...,tq) <
L (t) = t;. This again contradicts L, (x) = t;, hence z; = t; holds for all j € succ(ar). <«

From probabilities to {—1,0}. The reasoning of Lemma 14 can be extended. Intuitively,
we can abstract away from the actual probabilities in vectors ®"(s), n > 0. This succeeds by
only keeping track of whether these probabilities are different from probabilities in t. This
abstraction makes the space of the BOR problem finite, provided s < u®.

Formally, we introduce a sign abstraction f : [0,1]¢ — {—1,0}¢ by associating a sign
0, z;=t,
—1, otherwise.
According to this definition, f(¢) = 0. Lemma 14 can now be read as follows: ®(x) = t holds
if and only if there exists a choice of tight actions (a1, ..., aq) in & (whose sign vector is €)

vector € = f(x) = (e1,...,&4) with every vector x such that & < t: ¢; =

such that for each state s € succ oy, we have e, = 0.
We further prove that the successor of f(x) with respect to the Bellman operator is
well-defined. This would allow to only consider the evolution of sign vectors later on.

92:7
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» Lemma 15. Let ¢ and y be two vectors satisfying € < t and y < t. Provided f(x) = f(y),
we have f(®(x)) = f(P(y)).

Proof. Let &' = (¢},...,¢€}) be the abstraction of ®(x), that is, &’ = f(®(x)).

First, notice that a leaking action chosen in state i at z = (z1,..., zq) always implies
L.(z) < t;. Second, recall that having j € succ(a) with z; < t; implies L,(z) < ¢;. Hence,
®(z); = t; if and only if there exists an action a € Act; such that L, (z) = t;. This action is
necessarily tight. Using the vocabulary of the sign abstraction, we state f(®(z)); = 0 holds
if and only if there exists a tight action a € Act; such that L,(z) = t;. We summarise these
observations as

£; = max min g, (1)
a€Act; jesucc(a)
a tight

and thus make sure that €} does not depend on the actual values in « and y, as soon as
those two vectors have the same sign abstraction. <

» Proposition 16. There exists an algorithmic procedure for the BOR problem instances
(D, s,t), where s < u® and t = pd.

Proof. It is easy to observe that the space {—1,0}¢ of possible sign vectors is finite. Given s,
we compute the abstraction f(s) and ask whether 0 is reached by iteratively applying the
map € — €’ as defined by Equation (1). Once an already explored vector occurs in the
sequence (€ = f(s),e’,€",...), we can stop. This happens in at most 2¢ — 1 iterations. In
this finite sequence, 0 occurs if and only if ¢ is reached by iterating ® starting from s. This
is due to Lemma 15. <

3.3 Initial vector above the fixed point

Next assumption we are going to work with is s > ¢t = u®. The main result of this subsection
is the following proposition.

» Proposition 17. There exists an algorithmic procedure for the BOR problem instances
(D, s,t), where s > u® and t = pd.

The procedure for this case is more intricate than in Section 3.2. This is due to the
new phenomenon that occurs for sequences initialised with s > t. An iteration of the
Bellman operator can choose a leaking action S € Act; over all tight actions available in
state s;. Intuitively, this happens if the successor states succ(f) have probabilities significantly
greater than optimal — enough to compensate for the “leakage” t; — Lg(t). In other words,
®(x); > L, () might hold for all tight a € Act;, unlike in the case <t (cf. Lemma 14).

» Example 18. Consider the MDP M in Figure 1. It has S = {s1, sa, s3, 54, t} where the
“missing” probabilistic transitions lead to s4. Moreover, Act, comprises a single action with
P(s4,+,54) = 1. We omit s, and transitions to/from it, for simplicity of presentation.

There is one tight action « and one leaking action 5 in s;. Let s := (1,1/3,2/3).
Clearly, s > pu® = (7/12,1/4,1/4). The tight action « is chosen for the first iteration, and
®(s) = (13/18,2/3,1/4). Next, the leaking action 3 is chosen and ®2(s) = (9/12,1/4,1/4),
and finally ®3(s) = t by choosing the tight action a.
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Figure 1 An MDP M;. Figure 2 An MDP M.

Only tight actions eventually. However, we show that in a convergent sequence, the actions
chosen by the Bellman operator ® are all tight, after some number of iterations.

» Lemma 19. Let @ : [0,1]? — [0,1]? be a Bellman operator such that u® = t. There exists
a d-neighbourhood of the fixed point

Us(t) = {z € [0,1]¢ : d(x,t) < &}

such that for every x € Us(t), the vector ®(x) is obtained by applying only tight actions.
That is,

(I)(m) = (L(h (.’B), SR LOtd (.’I})) )
where each a; € Act;, 1 < i <d, is tight.

Proof. Since the transition probabilities in M are rational numbers, one argues that ¢1, ..., ¢4
are rational, too. We consider the set of rational numbers that consists of t1,...,ts, along
with L, () for each action «. It is sufficient to consider leaking actions, by definition. Let D
be the least common denominator of the numbers in the aforedescribed set.

Let 0 := % and pick « € Us(t). Further let A = (a1, ..., aq) be the actions chosen at @
by the Bellman operator ®. We show that each action in A is tight. Denote by f4 the effect
of applying A, i.e.,

fat) = (Lo, (), .., La,(t)) and  fa(z) = D(z).

We notice that f4 is 1-Lipschitz (which, in fact, holds for any choice A of actions). Indeed,
let us consider arbitrary u,v € [0,1]%. We have

Ifa(u) = fa(v)|| = max [La, (u) = La, (v)]

1<i<d

< max > Pl i) - Juy — vyl
7 jéesucc(ay)

< max (1 - max |u; vj|> = max |u; — v;| = ||lu — v]|.
1<i<d jEsucc oy 1<i<d

Utilising the 1-Lipschitz property, we observe ||fa(t) — ®(x)|| < ||t — x||. Moreover, we have
[|®(x) — t|| < ||x — t|| due to Lemma 11. Therefore,
1
1fa(®) =t < [[fa(t) = 2(@)[| +[|2(@) — ¢l < [t — || +|lz —t]| <o +5=7. (2
On the other hand, ||fa(t) —t|| = maxi<;<q |Lq, (t) —t;|. By the definition of D, we know
that La, (t) # t; implies |Lq, (t) — t;| > 5. We conclude from Equation (2) that fa(t) = t.
Equivalently, all actions chosen at x are tight. <
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The vector sequence s, ®(s), ®%(s),... converges to t due to Proposition 9. Therefore, it
reaches a %—neighbourhood of t after finitely many steps. Furthermore, an upper bound on
the number of necessary steps can be computed as in Proposition 12.

» Corollary 20. For an arbitrary initial vector s € [0,1]¢, there exists an effectively comput-
able N € N such that in the sequence (@"(S))neN for everyn > N, ®"1(s) is obtained by
applying only tight actions to ®"(s).

We point out that the argument used in the proof of Lemma 19, bears resemblance to (and is
inspired by) the proof of [15, Theorem 3]. However, the eventual optimality of tight actions,
which we establish here, is not a matter of discussion in [15] or any other work we know.

From probabilities to {0,1}. We now extend the sign abstraction from the previous section

to encompass vectors above t. Let f : [0,1]7 — {0,1}¢ be defined by associating a sign
0, x;=t,,
vector € = f(x) = (e1,...,q4) with each vector & > t: &; = L
1, otherwise.

Conforming to this definition is f(¢) = 0. As before, we show that f is well-defined.

» Lemma 21. Let § be chosen as above to guarantee that ® only picks tight actions in the
neighbourhood Us(t). Consider vectors ¢,y € [0,1]¢ satisfyingt < x,y < t+ (6,...,6).

Provided f(x) = f(y), we have f(®(x)) = f(P(y)).

Proof. The assumption x,y € Us(t) is necessary to shake off the effect of the leaking actions
(ct. the assumptions of Lemma 15). Let z = (z1,...,2q) be an arbitrary vector in Us(t).
This way we guarantee that for every 4, there is a tight action « € Act; with ®(z); = L, (2).
It is not hard to see now that having j € succ(a) with z; > t; implies Lo (2) > t;. Therefore,
®(z); = t; if and only if there exists no tight action o € Act; that depends on j € succ(a)
with z; > t;. Equivalently, we have

£, = max max gj, (3)
a€Act; jesucc(a)
a tight

where &' = (¢], ..., is the abstraction of ®(x), that is, &’ = f(®(x)).
Therefore, the abstraction vectors of ®(x) and ®(y) do not depend on the actual values
in & and y, but only on their abstractions f(x) = f(y). <

The abstraction f is thus well-defined for vectors in a certain neighbourhood of t.

Proof of Proposition 17. Starting at s above the fixed point, s > ¢, we first compute the
bound N of Corollary 20. If ®"(s) = t holds for some n < N, we terminate with a positive
answer to the BOR problem. Otherwise, we continue with the abstraction argument. We
compute f(®V(s)) and ask whether 0 is reached by iteratively applying the map & + €’ as
defined by Equation (3). In at most 2¢ — 1 iterations we either reach 0, or discover an ever-
repeating vector subsequence that does not contain 0. The rest follows from Lemma 21. <«

Combining Propositions 16 and 17, we obtain the following theorem.

» Theorem 22. There exists an algorithmic procedure that solves all BOR problem instances
(®,s8,t) witht = p® and s {<, >} ud.
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3.4 Initial and target vectors are incomparable

We keep assuming ¢ = u® and consider the remaining case, that is, the case when s and ¢
are two incomparable vectors, denoted s < t.

We can assume s € Us(t) as defined in Lemma 19. Clearly, starting with an arbitrary
incomparable vector, we can apply ® up to the pre-computed power N, reaching either a
comparable vector (potentially including ¢ itself), or the d-neighbourhood of ¢. In the latter
case, set s to be the first vector inside the neighbourhood. Hence, for every a discussed
below, the vector ®(x) is obtained by applying only tight actions.

Positionality. Even after eventually adhering to tight actions, the behaviour of ®’s iterations
is not described by a single linear transformation. We recall from Proposition 5 that

positionality is prominently sufficient for achieving optimal probabilities in the limit [1].

However, Example 23 shows a more subtle behaviour for our reachability problem.

» Example 23. In Figure 2, we present an MDP My with S = {s1, sa, s3, S4,t} where the
“missing” probabilistic transitions lead to s4 ¢ S4. We omit s4 and transitions to/from it,
for simplicity. Let Act; = {a1, as}, Acta = {B}, Acts = {7} be the actions available in the

states of S3. Observe that p® = (%, %, %) and all actions are tight, including both a1, as.

Let s = (0, %, %) First, a is chosen over as in s, and so ®(s) = (%, %, %). However, in
the next iteration, ao(3,5,3) = (3,3.3) > (32,3, %) = (3,5, 3) yielding ®%(s) = pd.

Spectacularly, none of two positional schedulers reaches u®, which can be proved using [17].

With positionality out of question, we need to study schedulers that switch actions over time.

Matrix semigroups. In the sequel, we take a matrix perspective on BOR by introducing
a d X d-matrix for every tuple of tight actions. The set of such tuples is finite, and thus we
argue that the behaviour of Bellman operator iterations from s is governed by multiplying

the vector s with elements of a semigroup S generated by finitely many matrices My, ..., My.

We associate with every tight action o € Act; a row vector (P(s;, a, 81),...,P(s;, @, 84))
of probabilities for going to the states of Sy, as well as a scalar P(s;, a, t) for reaching ¢.

For each state s;, let F; denote the set of row vectors for tight actions in Act;. Notice
that all row vectors only have non-negative entries; furthermore, the sum of elements in
each row vector is at most 1. We will further refer to matrices with all rows satisfying these
properties as substochastic.

» Definition 24. A family F C Q¥*? of matrices is called a product family if F consists of
all possible matrices with i-th row from F; for alli € {1,...,d}.
We further let S :== (F) be the semigroup generated by F.

We introduce the map f by « — x — u®.

The Product Family Reachability (PFR) Problem. Let F = {Mj,..., My} be a product
family of substochastic matrices, and € € [~1,1]9 N Q%. We define F : Q¢ — Q? by
F(v) == maxi<i<k (M, - v). Then the PFR problem asks: Does there exist n > 0 such that
Fr(e) =07

Note in passing that max over vectors is taken with respect to the partial order <. The

operator F is thus well-defined, that is, there exists a matrix M € F such that F(v) = M - v.

It holds indeed that F(v); > w - v for any w € F;, 1 <1i < k.
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» Proposition 25. Every d-dimensional instance of BOR with t = n® and s € Us(t) (thus
guaranteeing that only tight actions are used) is equivalent to a d—dimensional instance of
the PFR problem.

Proof. Let M be an MDP whose Bellman operator ® has a unique fixed point u® € [0, 1]%.
Fix t = p® and s € Us(t), where the neighbourhood Us(t) is as in Lemma 19. We will
introduce a product family of substochastic matrices in Q¢*¢ with a corresponding operator F'
and we will prove that there exists n € N such that ®"(s) = ¢ if and only if F"(f(s)) =0.

Let F; be the set of all row vectors for actions in Act; of M, for each i € {1,...,d}. Then,
a finite product family F = {Mj, ..., M} C Q4*? obtained from these sets only contains
substochastic matrices.

Let A= (aq,...,aq) be a tuple of actions in M, where «; € Act; for each i. Consider its
corresponding matrix M € F. Formally, (M); ; = P(s;, v, sj). Let La(x) denote the vector
(Lo, (), ..., Lo, ()" . By definition of a row vector of an action, we have L 4 (x) = M-z+Py4,

where Py = (P(s1,aq,t),... ,P(sd,ad,t))T. In particular, u® = M - u® + P4 since every
action in A is tight. As an intermediate step, we prove the claim below.

> Claim. The following equalities hold for every @ € Us(¢):
f(La(z)) = M - f(=),
f(@(x)) = F(f(x)),
and f(®"(x)) = F"(f(x)) for every n > 1.
Proof (of the Claim). Use linearity of L4 and the equality L4(u®) = u® to obtain

M-fle)=M-(x—p®) =M -x—M pd=M x— (u® —Pa) =M - — ud®+Py
and f(La(x))=La(x) — u® =M - +Ps — ud.

The first statement thus holds. The second statement follows from ®(x) = maxy L4 ().

Indeed, f(®(x)) = f(maxa La(z)) = maxa(f(La(x))) = maxyer M - f(x) = F(f(x)).
The second statement further serves both as the base case (with argument ®(x)) and the

induction step (with argument ®"1(x)) to prove the final statement. <

Now, set € := f(s) = s — u® in the PFR problem. Clearly, € € [-1,1]? N Q%. The equality
®"(s) = u® holds if and only if f(®"(s)) = 0 if and only if F"(e) = 0. <

Ezample 23 (revisited). The MDP My in Figure 2 has a product family F = {M;, Ms}.
The two matrices correspond to the action tuples A; = (aq, 5,7v) and Az = (as, 5,7):

1/3 1/3 1/3 1/2 1/4 1/4
My=1{1/3 1/3 0 |, My={1/3 1/3 0
/3 0 1/3 1/3 0 1/3

We have € := f(s) = s — u® = (—1/2,1/3,1/3), and F?(e) = maxi<; j<2 (M;M;e) =
MyMie = 0. Indeed, ®2(s) = u®. Meanwhile, M7 - € # 0 and M3 - € # 0 for all n.

» Remark 26. An instance of the PFR problem is a “yes” instance if and only if
In. M =M,,...M;;. M-e=0) A (VYM'=M;, ...M;,. M'"-e<0),

where 41, ...,9n,71,.-.,Jn € {1,...,k}. Finding a semigroup element M € S that satisfies
M - e = 0, together with previously discussed techniques, is sufficient to answer the BOR
problem. If M -e = M;, ... M;, -€ =0, then F"(e) > 0 and hence ®"(s) > t. Then, we can
apply the complete algorithm from Proposition 17. Notice that this does not necessarily
imply that (®, s,t) is a positive BOR instance.
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However, deciding whether a matrix M € S with M -& = 0 exists is per se an undecidable
problem for general matrices [3]. There, the so-called vector reachability problem for a matrix
semigroup S = (M, ..., My) asks for given =,y € Q¢, whether there exists M € S such
that M -z =y.

Unique tight actions. We conclude this section with the discussion of the PFR Problem
restricted to semigroups generated by a single matrix. This corresponds to the assumption
that there is a unique tight action in every state s; € S4. The decidability for this restriction
is not surprising and, in particular, follows from the algorithmic procedure of [18].

Nevertheless, we employ simple linear algebra techniques to provide an alternative proof
for our version of the problem (importantly, the target vector is zero).

» Proposition 27. Let M € Q% be a substochastic matriz and € € [~1,1]2 N Q¢ an arbitrary
vector. If there exists n > 0 such that M"™ - &€ = 0, then there exists such n < d. Whether
there exists n > 0 such that M™ - € = 0 can thus be answered algorithmically.

Proof. Let ker M denote the kernel of M, the set of all vectors @ such that M - x = 0.
Clearly, for all n > 0, ker M™ C ker M™+!. Furthermore, notice that ker M™ = ker M"*!
implies ker M™% = ker M™ for all k > 0. Assume, for sake of contradiction, that there
exists n and k > 2 such that ker M" = --- = ker M"+t#~1 C ker M"*+*. Then consider = €
ker M™%\ ker M™. It holds M*~'x € ker M"*! and, by assumption, M*~ 'z € ker M™.
Then, however, « € ker M"T*~1\ ker M™, a contradiction that proves that, for any n, either

ker M™ C ker M"*1, or ker M™ = ker M"*! = ... = ker M"** = ... holds.
Recall that for every m, ker M™ is a linear subspace of R%  Therefore, either
dimker M™! > dimker M”, or dimker M® = ... = dimker M™t* = .... Since

dim ker M ™ is bounded from above by d, the first statement follows.
Finally, it suffices to check M™ - € # 0 for n < d in order to deduce that the equality does
not hold for any n. This gives a complete algorithm to solve the O-reachability problem. <«

The reachability problem for Bellman operators is thus completely solved for MDPs in which
a positional scheduler with all tight actions is unique. Equivalently, it is solved for S = (M).

However, we cannot employ the previous argument for S = (M7, M), since the implication
ker(M¥F) = ker(MF+1) = ker(Ms - MF) = ker(Ms - MF*1) does not hold there. For instance,
in Example 23, ker My M, # ker My M?Z. The decidability remains open for general semigroups
— that is, when there are states with non-unique tight actions.

4 A Decidable Case d = 2

In this section, we show that the PFR problem is decidable in dimension d = 2. Follow-
ing Proposition 25, this will suffice for the decidability of the BOR problem in d = 2.

The key property that helps us establish the decidability is the existence of a total order
associated with the (two-dimensional) row vectors of actions. By arguing about this order,
we show that the sequence €, F((€), F%(g),... either has a vector comparable with 0 among
its first terms — or never reaches 0.

Actions in d = 2 and lines. We further consider an MDP M with d = 2. Let Act; =
{a1,...,ar} and Acta = {f1,..., B¢} be the sets of tight actions available in two states Sy =
{51, 82} of M. Recall that we associate the sets of row vectors F; and F» with actions in
Act; and Acts, respectively. An action is a zero a- or -action if its row vector is a zero
vector (0,0). Denote by Act! the subset of all non-zero actions in Act;, for each i € {1,2}.
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We now discuss lines that correspond to the actions of MDPs with d = 2. For our proof,
it is important to identify the actions whose lines have the greatest/least slope. With a mild
abuse of notation, we denote by «;(x1,2z2) the homogeneous part of the linear polynomial
of a; (similarly for ;). This is exactly the dot product of action’s row vector with (z1, z2),
or o;(xy1, z2) :=P(s1, v, 81)x1 + P51, vy, $2) 2.

For each non-zero action -, the set of points (z1, z2) with v(x1,22) = 0 is a line orthogonal
to the row vector of . We denote the angle between this line and the positive direction of
the 2-axis by £v. The angles of actions in Act* = Act] U Act} are numbers in [7, 7] and
thus are totally ordered.

We denote by g, an a-action with the greatest angle. The sign of oy, (x1,x2) is well-
defined, that is, it is independent of the choice of action among those with the greatest angle.
Similarly, ap; is an a-action with the least angle. Actions fj, and fp; are defined analogously.

We now resume the matrix argumentation. The row vectors in F; and F5 define the
product family {M;1,..., My} C Q?*2. That is, M,; -v = (ai(v),ﬂj(v))—r holds for
all o € Acty, B; € Acts, and v € Q2.

» Definition 28. We define F~1(0) as the set of all vectors € such that F(e) = 0.

» Remark 29. The set F~'(0) is entirely contained in the union U; ; ker M; ; of kernels.

One immediate consequence thereof is that at least one of the matrices is singular. In other
words, there exists M; ; with ker M; ; # {0}. Otherwise, no vector & # p® ever reaches p®.

» Lemma 30. Given a product family {M1,..., My} C Q?*? of substochastic matrices
and a vector € = (e1,e2). The map F is defined as above by

F(v) = (M, -v).

= max
1<i<k,1<5<¢

Ezactly one of the two statements holds:
1. F"(e) # 0 for alln.
2. F2(g) is comparable with 0.

Proof. We can assume e 1 0, otherwise 2. holds trivially. Let Q;, i € {1,2,3,4}, be a
coordinate plane quadrant. Here, each Q); is a closed set. For example, Q1 = {x = (z1, z2) :
21 > 0Axze > 0}. Let int @1 = {& = (z1,22) : 1 > 0 A zy > 0} be the interior of @1,
similarly for other quadrants. Note that {int Qy,int Q3, Q2 \ {0}, Q4} is a partition 7 of R?.

A matrix kernel ker M; ; C R? is either a singleton {0}, a line through the origin, or the
entire ambient space. Observe that either there exist both a zero a- and a zero [S-action;
or FF~1(0) is a union of finitely many lines. In the latter case, both int Q; and int Q3 do not
intersect F'~1(0) because no one-dimensional kernel intersects int Q1 or int Q3 — all matrices
are non-negative. From Remark 29, we have F~1(0) C Qo U Q4 for this case.

The discussion below is driven by the question

“When are the vectors F'(e) and F?(e) incomparable with 07",

We perform a case distinction by comparing the angles £y, and 4f,. Crucially,

F(v) = (max o (v), max ﬁj(v)> : (4)

1<i<k 1<j<e

Without loss of generality, let € = (e1,¢3) be such that e; < 0 and g2 > 0, i.e., € € int Q5.
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1. Acti =@ or Acts = 2.
If all a-actions are zero, then F'(g) = (0,x2) and thus comparable with 0. Analogously,

if all S-actions are zero, then F(e) = (x1,0) is a vector comparable with 0. In the rest of
the case distinction, we assume that the sets Act}, Act are both non-empty.

2. Loy, = £B1,. We first consider € with ay,(e) < 0 and show that F(e) is comparable.
Indeed, if there are no zero actions, we have «;(e) < 0 for all 4. Similarly, all S-actions
yield negative values, and so F(g) is a strictly negative vector by (4). Otherwise, at
least one zero action is chosen, resulting in a vector with a zero entry (hence comparable
with 0). Now, if aj,(€) > 0, then so is Sj,(e) > 0. It follows immediately that F'(e) > 0.

3. 410 > Lay,. There are two subcases based on the existence of zero actions.

a.

Acty C Act; (there exists a zero a-action). If ay,(e) > 0, then F(e) > 0. Otherwise,
a zero a-action is chosen, hence F(e) is comparable with O from the argument of
Case 1.

Act] = Acty (there are no zero a-actions). We deduce from £3;, > £Lay, that

ze@\{0} = max a;(x) <0 Vv max Bj(x) > 0. (5)

We show that F"(e) ¢ Q4 for all n > 0. Assume towards a contradiction that m
is the smallest integer such that F™(e) € Q4. Consider y := F™ 1(g). Since
F(y); > 0, we have oj,(y) > 0. This implies y € Q2 Uint@Q;. But y € int @,
means fSi,(y) > 0 and hence F(y)2 > 0, contradicting F(y) € Q4. We have
deduced y € Q2. Now, from (5) we either have max; o;(y) < 0 or max; 5;(y) > 0.
The former implies F(y)1 < 0 whereas the latter implies F(y)2 > 0. Either of two
contradicts F(y) € Q4. Our assumption was wrong, and F"(e) ¢ Q4 for all n > 0.

4, Kﬁlo < Layp.

a.

Acty C Acts (there exists a zero S-action). If 5j,(€) > 0, then F'(e) > 0. Otherwise,
a zero (-action is chosen, hence F'(g) is comparable with 0.
Acty = Acts (there are no zero f-actions). A new phenomenon happens now: there
might exist n > 0 such that an incomparable vector F"(g) is in Q4. However, observe
first that a;,(e) < 0 implies fj,(e) < 0 and hence the vector F(g) is comparable.
Moreover, if 5;,(g) > 0, then similarly a;,(€) > 0 and hence, F'(e) > 0. We move on
to the case when «ay,(€) > 0 and Sj,(g) < 0.
Indeed, we then have F(g) € Q4 \ {0}. In the discussion that follows we analyse
how F?(e) depends on F(e). From now on, we focus our attention on actions ay;
and fBy;, rather than oy, and Bi,. In particular, if ap; evaluates to a non-negative
number at F(€) € Q4, then F?(g); > 0. We keep assuming that no zero S-actions
exist.
i.  4Bn; = Lap;. Consider first the case ap;(F(g)) < 0. Then F?(g) < 0 because
B:(F(e)) < 0 holds for all 3; € Acty. See also Case 2. Now, if ay;(F(€)) > 0,
then so is B (F(g)) > 0. It follows immediately that F2(e) > 0.

ii.  4£PBp; > Lap;. Similarly to the Case 3b, we observe

xeQs\{0} = maxa;(x)>0 V maxfj(x)<0.
i J

We have F~1(0) N Q4 = {0}, hence F~1(0) C Q,. Now if for some x €
Q2 \ {0}, we have (F(x)); = 0, then aqo(x) < 0. Then §;(x) < 0 for all j,
implying F(z) # 0. Therefore, F~1(0) = {0} and we have F"(g) # 0 for
all n > 0.

92:15

MFCS 2025



92:16

On Piecewise Affine Reachability with Bellman Operators

—_— Qlo = 1
— Qp =02
Bio = Pri = B1
; xr
(e) 0.1
Figure 3 An MDP M3 of Example 32. Figure 4 M3 illustrating case 4.b.i.

ili.  40p; < Lap;. Assume first that a zero a-action exists. In this case, either
ani(F(g)) > 0 and By;(F(g)) > 0 follows as well; or a;(F(e)) < 0. Regardless,
F?(e) is a comparable vector (positive; or having 0 in the first component).
We now proceed under the assumption that no zero (a- or 8-) actions exist.
Recall also that we keep assuming £5;, < Loy, as well as 4 Bp; < Lap;. This
suffices to prove that F~1(0) = {0}. Assume the opposite.
Let z € F~1(0)NQ2\{0}. It necessarily holds a,(x) = 0. Hence, 3;j(x) < 0
for all 1 < j < ¢, and (F(z))2 < 0. This contradicts € F~1(0).
Let £ € F71(0) N Q4 \ {0}. We necessarily have f;(x) = 0. Hence,
ai(x) <0 forall 1 <i <k, and (F(z)); < 0. This clearly contradicts
x € F~1(0).
After deducing F~1(0) = {0}, we have F"(g) # 0 for all n also in this case.
In most cases we were able to show F(g) is comparable with 0. This implies F?(e) is
comparable with 0, too. In all other cases we either directly showed that F(¢) is comparable
with 0, or derived F"(e) # 0 for all n. <

With Lemma 30, if ®2?(s) 0 u® for s € Us(u®), then the answer to the BOR problem is
guaranteed negative. Otherwise, we can exploit the procedure of Theorem 22. We derive the
following result for Bellman operators in d = 2 with arbitrarily many pieces.

» Theorem 31. The BOR problem is decidable with d = 2.

» Example 32. We provide an example M3 with d = 2, where €, F(¢) are vectors incom-
parable with 0, and F?(e) = 0. Here, a;(x1,12) = %xl + %x% as(z1,29) = Bi(x1,22) =
%xl + %xg. That is, the example fits into the Case 4b.i. Let € = (—%7%). Then,
a1(g) > as(e); we get F(e) = (52, —g5). Further, ag(F(g)) > ay(F(g)) and F%(e) = (0,0).

5 Related Work and Discussion

In our work, we have outlined a series of phenomena inherent to the iterative application of
Bellman operators. Crucial was the fact that the update coefficients were non-negative.

Notice that any PAM on the domain [0, 1]¢ can be represented as a nested min-max of its
affine components [14,23]. This supports the relevance of PAMs with updates defined by the
maximum of affine pieces, Bellman operators of MDPs being among them. Generalising our
results beyond Bellman operators of MDPs using monotonicity and fixed-point convergence
is a subject of our future work.
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It is worth pointing out that we capture a large class of PAMs for which the assumptions
of the known techniques do not hold. In proving decidability for d = 2, we do not impose the
restrictions used in works on the one-dimensional version of the problem. Bellman operators
are, in general, neither injective as in [13] nor complete [8], nor even surjective.

Our techniques and results can be applied to other problems about PAMs. Consider, in
particular, the universally quantified version of BOR: given a vector ¢ € [0,1]9NQ and a
Bellman operator @ : [0,1]¢ — [0, 1]¢, does there exist n € N for every s € [0,1]¢ N Q such
that ®"(s) = t? This is the mortality problem, known to be undecidable for general PAMs
in dimension 2 [5,6]. For Bellman operators, however, it is equivalent to solving the BOR
problem for s = 0 and for s = 1. Indeed, both BOR instances are “yes”-instances if and only
if every instance with 0 < s <1 is a “yes”. We can answer this using our novel algorithm
(Theorem 22), hence mortality for Bellman operators is decidable in all dimensions.

Without restrictions on the dimension d, the decidability of the BOR problem remains
open. Notably, if there exist states with multiple tight actions, then the dynamics of the
sequence (F™(&))nen as defined in Section 3.4 is intricate for € <t 0. For more works
discussing the iterative dynamics of map F see [26,30]. We highlight that F"(¢) does not
have a closed form, in contrast to M"e for a fixed matrix M. While the entries of the
vector M"e are terms of linear recurrence sequences, the class of such sequences is not closed
under max [29]. The behaviour of entries in F™(e) is even subtler than that, as witnessed by
the non-positionality discussion and Example 23.

We emphasise that due to the undecidability of the vector reachability problem for matrix
semigroups [3], following Remark 26 we need to argue about ultimate non-positivity of F"(g).
However, even for one M, deciding whether (M"e); < 0 for some n is equivalent to the
positivity problem [22], open in dimension d > 5. This hardness carries on to the stochastic
matrices [28]. Moreover, the question whether there exists n such that M™e < 0 corresponds
to the polyhedron-hitting problem, and is Diophantine-hard [11] for general matrices M.
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