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—— Abstract

The aim of this paper is to deliver broad understanding of a class of languages of boundedly-

ambiguous VASSs, that is k-ambiguous VASSs for some natural k. These are languages of Vector
Addition Systems with States with the acceptance condition defined by the set of accepting states
such that each accepted word has at most k accepting runs. We develop tools for proving that
a given language is not accepted by any k-ambiguous VASS. Using them we show a few negative
results: lack of some closure properties of languages of k-ambiguous VASSs and undecidability of
the k-ambiguity problem, namely the question whether a given VASS language is a language of some
k-ambiguous VASS. In fact we show an even more general undecidability result stating that for any
class containing all regular languages and only k-ambiguous VASS languages for some k € N it is
undecidable whether a language of a given 1-dimensional VASS belongs to this class. Finally, we
show that the regularity problem is decidable for k-ambiguous VASSs.
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1 Introduction

Determinism is a central notion in computer science. Deterministic systems often allow
for more efficient algorithms. On the other hand, usually deterministic systems are less
expressive, so in many cases for a non-deterministic system there is no equivalent deterministic
system and one cannot use more efficient techniques. For those reasons, there is recently a
lot of research devoted to various notions restricting nondeterminism in a milder way than
determinism. The hope is that systems having the considered properties are more expressive
than the deterministic ones, but still allow for robust algorithms design. One prominent
example of such a notion is unambiguity; a system is unambiguous if for every word there
is at most one accepting run over this word. In the last decade unambiguous systems were
intensely studied and for various classes of infinite-state systems the unambiguous case turns
out to be much more tractable [8,9,18,25,29]. Similar notions were also investigated recently,
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like k-ambiguity (each word is accepted by at most k runs) and history-determinism (a
weakened version of determinism), in both cases one can design more efficient algorithms in
some cases [7,10].

In this paper we focus on studying milder version of determinism for Vector Addition
Systems with States (VASS). VASSs and related Petri nets are popular and fundamental
models of concurrency with many applications both in theory and in practical modelling [30,
Section 5]. Languages of VASSs with restricted nondeterminism were already studied for
several years, mostly with the acceptance condition being the set of accepting states. In [9] it
was shown that the universality problem for unambiguous VASSs is decidable in EXPSPACE,
in contrast to ACKERMANN-completeness of the problem for VASSs without that restriction.
In [10,11] the language equivalence problem was considered for unambiguous VASS and
more generally for k-ambiguous VASSs and it was shown to be decidable and ACKERMANN-
complete, in contrast to undecidability in general [2], even in dimension one [21, Thm. 20].
The choice of universality and equivalence problems is deliberate here. The complexity of
the seemingly more natural language emptiness problem (or equivalently of the reachability
problem) does not depend on the unambiguity assumption. Indeed, one can always transform
a system to a deterministic one by assigning all the transitions unique labels without affecting
nonemptiness. Therefore, in order to observe a difference in complexity or decidability after
restricting nondeterminism, one should consider problems, which do not simply ask about
the existence of some object. Some natural problems concerning languages of that type are
the universality problem and the language equivalence problem and these two problems were
extensively studied for many models with the unambiguity assumption or some modification
of it. First of all, the universality and equivalence problems are solvable in PTIME [32]
(and even in NC? [33]) for unambiguous finite automata (UFA), in contrast to PSPACE-
hardness of both problems for NFA. The universality problem was also shown decidable for
unambiguous register automata in a sequence of papers [3,14,25] with improving complexity,
which contrasts undecidability in the case without restricted nondeterminism [26, Thm
5.1]. This line of research culminated in a very elegant contribution [5, 6], which showed
in particular that not only the universality problem, but also the equivalence problem is
solvable in EXPTIME for unambiguous register automata, and in PTIME in the case of
fixed number of registers. Another popular restriction of nondeterminism was also studied
recently: history-determinism. A system is history-deterministic if its nondeterminism can
be resolved on the fly, based on the history of a particular run. The equivalence and inclusion
problems were shown to be decidable for one-dimensional history-deterministic VASSs [27],
but undecidable for two-dimensional history-deterministic VASSs [7].

Despite a lot of research on algorithms for unambiguous and boundedly-ambiguous (k-
ambiguous for some k € N) VASS not much is known about the class of languages recognisable
by such models. In particular, to our best knowledge, till now it was even not known whether
there exist any VASS language (we consider acceptance by states), which is not a language
of an unambiguous VASS. The reason behind this lack of knowledge was absence of any
technique, which can show that a given language of a VASS cannot be recognised by an
unambiguous VASS. The quest for such a technique is natural and the question deserves
investigation. Analogous problems were considered for other models of computation. For
finite automata the question trivialises, as deterministic automata recognise all the regular
languages. However, already for weighted automata over a field the problems are highly
nontrivial and were recently studied in-depth [4,28], in particular it is decidable whether a
given weighted automaton is unambiguisable, so equivalent to some unambiguous weighted
automaton [4]. The problem whether a given context-free language is unambiguisable is
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known to be undecidable since the 60s [17,19]. The aim of this paper is deepening the
understanding of the class of languages recognisable by boundedly-ambiguous VASS and its
subclasses.

Our contribution. In the paper we deliver several results, which help understanding un-
ambiguous, k-ambiguous and boundedly-ambiguous VASS languages. Our first main tool
is Lemma 5, which delivers the first example of a VASS language, which is known to be
not a k-ambiguous VASS language. The second main tool is Lemma 8, which formulates
a condition, which needs to be satisfied by all k-ambiguous VASS languages. Using these
two lemmas we can rather straightforwardly inspect closure properties of k-ambiguous VASS
languages in Lemma 10 and show several expressivity results in Section 4.2. Further building
on Lemma 5 we obtain our main contribution.

» Theorem 1. For any class C of languages containing all reqular languages and contained
in the class of all boundedly-ambiguous VASS languages it is undecidable to check whether
the language of a given 1-VASS accepting by states belongs to C.

Consequences of Theorem 1 are broad. It reproves undecidability of regularity of 1-
dimensional VASSs (in short 1-VASSs) [12, Section 8] and undecidability of determinisability
of 1-VASSs considered in [1]. It is important to emphasise that Theorem 1 gives us extensive
flexibility wrt. the undecidability results. For example in [1] it was shown that for a given
1-VASS it is undecidable whether there is an equivalent deterministic 1-VASS. One can argue
that possibly asking about equivalent deterministic VASS, without a bounding dimension, is
a more natural question, which deserves independent research. Theorem 1 answers negatively
all questions of that kind in one shot. We formulate below its corollary to illustrate variety
of consequences we obtain. In particular we know now that for many classical restrictions of
nondeterminism it is undecidable whether for a given 1-VASS there exists some equivalent
one with nondeterminism restricted in that way.

» Corollary 2. It is undecidable whether the language of a given 1-VASS accepting by states
s recognisable by some

unambiguous VASS,

k-ambiguous VASS for given k € N,
boundedly ambiguous VASS,
deterministic VASS,

k-ambiguous 1-VASS for given k € N.

Our last main contribution is Theorem 22, which states that the regularity problem
is decidable for boundedly-ambiguous VASSs, which contrasts undecidability without that
assumption [2,21]. One can see this result as an intuitive indication that boundedly-ambiguous
VASSs are closer to deterministic VASSs rather than to general nondeterministic VASSs.

Organisation of the paper. In Section 2 we introduce preliminary notions and recall
useful lemmas. Section 3 is devoted to showing the two main technical tools, namely
Lemmas 5 and 8. In Section 4 we present closure properties and expressivity results for
the classes of k-ambiguous VASSs. Next, in Section 5 we show our main result, namely
Theorem 1. Theorem 22 is proved in Section 6. Finally, in Section 7 we discuss interesting
future research directions.
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2 Preliminaries

Basic notions. For a,b € N such that a < b we write [a, b] for the set of integers {a,a +
1,...,b}. For a € N we write [a] for the set [1,a]. For a vector v € Z¢ we write v; for the
i-th entry of v. For a vector v € Z¢ we write support(v) for the set {i | v; > 0}. For two
vectors u,v € N? we write u < v if for all i € [d] we have u; < v;. We also extend this order
to (NU {w})? where w is bigger than any natural number. We write N, for the set NU {w}.
Whenever we speak about the norm of vector v € Z? we mean ||v|| = maxj<i<q4 |v;|. For a
word w we denote by #,(w) the number of letters @ in the word w.

Downward-closed sets. A set S C N? is downward-closed if for each u,v € N¢ it holds
that u € S and v < u implies v € S. For u € N¢ we write u | for the set {v | v < u}.
If a downward-closed set is of the form u | we call it a down-atom. Observe, that a one-
dimensional set S C N is downward-closed if either S = N or S = [0, n] for some n € N. Thus
we have either S = w | in the first case or S = n | in the second case. So equivalently a
downward-closed set D C N¢ is a down-atom if it is of a form D = D; x ... x Dy, where for
all ¢ € [d] we have that D; is a downward-closed one dimensional set. For simplicity we write
D = (n1,ng,...,nqg) L if D =nq ] xns | ...ng . Therefore each down-atom is of the form
u | where u € (NUw)?. The following proposition will be helpful in our considerations.

» Proposition 3 (Lemma 17 in [13], [16]). Each downward-closed set in N? is a finite union
of down-atoms.

Vector Addition Systems with States. A d-dimensional Vector Addition System with
States (d-VASS) is a nondeterministic finite automaton with d non-negative integer counters.
Transitions of the VASS manipulate these counters. Formally, we define VASS V as V =
(X,Q,0,1,F) where ¥ is a finite alphabet, @ is a finite set of automaton states, 6 C
Q x (X Ue) x Z% x Q is a transition relation, I C Q x N is a finite set of initial configurations
and F C @ x N? is a finite set of final configurations. For a transition t = (s,a,v,s’) € § we
say that the transition is over a or the transition reads letter a. We also write EFF(t) for the
effect of transition, which is v. We define the norm of transition ¢ as the norm of v.

A d-VASS can be seen as an infinite-state labelled transition system in which each
configuration is a pair (s,u) € Q x N%. We denote such configuration as s(u). We define the
norm of the configuration as the norm of w. A transition t = (s,a,v,s’) € § can be fired
in a configuration ¢(u) if and only if ¢ = s and v/ > 0 where v’ = u + v. After firing the
transition configuration is changed to s’(u’). We also define run as a sequence of transitions,
which can be fired one after another from some configuration. For a run p = t1t5...¢, we
write EFF(p) for I EFF(t;). If we want to say something only about jth (for j € [d]) entry
of the EFF(p) we write EFF;(p). We also define support(p) as support(EFF(p)). We say that
a run p is from configuration g(u) to p(u’) if the sequence of transitions can be fired from
q(u) and the final configuration is p(u’). We say that a run is a loop if the state of its initial
configuration is the same as the state of the final configuration. For two runs p; = a;...a,
and py = By ... [0 if the sequence oy ..., 51 ... 0k is a run p then we can write p = p1ps.
We say, that a run p =1...t, is over w = A;... A\, € (XU {e})* (or reads w) if and only if
for each ¢ € [n] transition ¢; is over A;. We denote by w(p) the word read by p. We say that
the length of a run p is equal to n if it consists of n transitions. For the length of a run, we
write |p|.

We say, that VASS is e-free if there is no transition over . In this work, unless stated
otherwise, we work with e-free VASSs.
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Languages of VASSs. A run of a VASS is accepting if it starts in an initial configuration
¢o € I and ends in an accepting configuration. A configuration is accepting if it covers
some configuration from the set of final configurations F. In other words configuration ¢(v)
is accepting if there exists a configuration ¢(v’) € F such that v > v'. For a VASS V we
define its language as the set of all words read by accepting runs and we denote it by L(V).
Languages defined in this way are called coverability languages. Sometimes we consider
languages with other acceptance condition (reachability languages), in that case we indicate
it clearly.

We sometimes consider reachability languages in which run ending in configuration g(v) is
accepting if and only if g(v) € F. Sometimes, we consider VASSs, where the set of accepting
configurations is infinite, but has a specific form. For instance we consider downward-VASSs,
where the set of accepting configurations is possibly infinite, but it is downward-closed. In
this type of VASSs a run ending in configuration ¢(v) if and only if ¢(v) € F where F is
a downward-closed set of accepting configurations. We say, that VASS V' is deterministic
if it has only one initial configuration, it is e-free and for each state ¢ and each letter
a € X there is at most one transition over a leaving the state q. We say, that VASS V is
k-ambiguous if and only if for every w € L(V) we have at most k accepting runs over w.
We also say then, that L(V) is a k-ambiguous language. For a d-VASS consider a function
7 (Q x N% x §)* x (Q x N?) x ¥ — §* that, given a history of the run (configurations and
taken transitions), current configuration ¢(v) and a next letter A € X, returns a sequence of
possibly many transitions. One of these transitions is over A, all the other are over ¢, and the
sequence can be fired from the current configuration g(v). Let us call r a resolver. We say,
that d-VASS V is history-deterministic if and only if it has one initial configuration and there
exists a resolver r such that for each w € L(V') run p over w from the initial configuration
given by the resolver is accepting.

We denote by Det, Hist, k-Amb, BAmb and NonDet the class of languages of respectively
deterministic, history-deterministic, k-ambiguous , all boundedly-ambiguous and fully non-
deterministic VASSs languages. We sometimes denote by 1-Amb the class of unambiguous
VASSs languages. By d-NonDet we denote the class of languages of d-VASSs.

3 Tools for separating BAmb and NonDet

In this section we develop two techniques for showing that a language is not recognised by a
k-ambiguous VASS: Lemma 5 and Lemma 8.

3.1 Dominating block

The first tool is based on the following observation about a language not recognised by a
k-ambiguous VASS.

» Lemma 4. For every k € N the language

Ly = {a™ba"2ba"™*b...a""*2 | Jicppq1) N > N1}

s mot recognised by a k-ambiguous VASS.

For showing various properties of boundedly-ambiguous VASS Lemma 4 is sufficient. In one
case, for proving Theorem 1, we need a strengthening of Lemma 4, which is presented in the
following lemma:

CONCUR 2025
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» Lemma 5. Let ¥ be an alphabet such that b ¢ ¥ and let L be a language over X. For each
function f: L — N, such that sup f = w (recall that sup f = sup{f(z) | z € L}) language
Ly = {a™ba™ba™b...a™+2bw | w € L, Jicpq1) M > Nig1 Vnpyo > f(w)} is not recognised
by a k-ambiguous VASS.

Before proving Lemma 5 we show how it implies Lemma 4.

Proof of Lemma 4. Let us fix k € N} and let L = {e}. Let f : L — N, be defined as
f(e) = w. Hence by Lemma 5 we get that Ly is not recognised by a k-ambiguous VASS. <«

Below we sketch the idea behind the proof of Lemma 5. We assume, for the sake of
contradiction, that L; is recognised by a k-ambiguous VASS and aim at a contradiction by
showing k41 different runs over the same word. We first consider k41 words w1, ..., wk41 €
L1, where u € L is a particularly chosen word and Ng < N1 < ... < Nj4o € Nare particularly
chosen constants:

1 | .| ! . | . ! 1
w; = aM'ba™'b . aNitbaNo ba N2 ha N+t L a N2 b,

Then we dive into combinatorics of VASS runs p; over words w; and conclude that there are
specific pumping cycles in p;. We show two main lemmas, which analyse the structure of the
runs. The first one gives conditions for finding a specific loop in a run. Observe, that this
lemma is general and is not restricted to k-ambiguous VASSs.

» Lemma 6. For each d-dimensional VASS V', each subset of counters S C [d] and each
n € N there exists a constant M := M(V,S,n) > 1 such that in every run in V, starting
from a configuration in which values of counters from S are at most n, which is of length at
least M there exists a loop, which has non-negative effect on the counters from S.

The proof of Lemma 6 uses rather standard techniques similar to the ones in the Karp-
Miller construction solving the coverability problem for VASS [22]. Lemma 6 is used to find
loops in words w;. For example one can show that if N; is big enough then one can find
a loop as in Lemma 6 in the first block of letters a. Similarly, if Ny is big enough wrt. to
N1, one can find an appropriate loop in the second block of letters a. Using this approach
one can find loops in blocks of letters a, if the block is much longer than the whole prefix
before it. This is however not true for the block of length Ny. Therefore we need a more
sophisticated tool in order to be able to modify runs over all the words w; to runs over the
same word.

This requires the more challenging part of the proof, which provides a detailed character-
isation of runs of k-ambiguous VASS. We formulate below one of the used lemmas in order
to illustrate the kind of arguments we consider and, as it is also used in Section 3.2.

» Lemma 7. Let L be a language over ¥ = {a,b} recognised by some k-ambiguous d-VASS
V. For each n € N there exists a constant C such that each run p in 'V such that:
Run p is a prefiz of an accepting run.
Run p is reading a™*ba™2b...a™"~1ba"".
can be decomposed as:
1. p=afitdfasf52al ... anfinal, for some ay,ag,...,a, > 1 and for each i € [1,n] we
have |oy, |Bi], led] < C.
2. For each j <n we have w(a}) € L(a*b) and w(a,,) € L(a*)
For each j € [n] we have that w(cy), w(B;) € L(a®)
4. For each j € [n] we have that 3; is either a loop or €. Moreover if mj >2-C + 1 then

Bi #e.

w
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5. For each j € [n] let Aj = ,<;.; support(3;) then jB; is nonnegative on counters from

[d]\ A;
6. For each j € [n] there is no A, 6 and N such that ¢ is a nonnegative loop on counters
from [d) \ A;, N # ¢ and NOX = a;[3;

The proof of Lemma 7 uses the Lemma 6 and a lot of combinatorial observations. It is
moved to the Appendix.

By appropriate use of Lemma 7 and other auxiliary lemmas we show that p; can be
modified a bit into runs p}, which are all different, all accepting and all over the same word
w, where

w=a"ba™b...a"*2bu

and n; = 2mk+3-J HfIJ.QNl! (where m is the maximal norm of a transition). More concretely,
p; is obtained by pumping the loops f; in p; more times. A challenge it to show that the
resulting p) are indeed different, which we achieve by more careful, but technical investigation
of the runs. Existence of k£ + 1 different runs over the same word w is a contradiction with
the assumption that L; is recognised by a k-ambiguous VASS and finishes the proof.

3.2 Semilinear image

Now, we develop the second tool for showing that language is not recognised by a k-ambiguous
VASS. Before formulating the tool we have to provide a few definitions. For any language
L C {a,b}* such that for each w € L we have #;(w) = for some [ € N we define

im(L) = {(a1,a9,...,a141) | a1,a2,...,a141 € N;a*ba®?b...ba"%+* € L}

Given a base vector b € Z% and a finite set of period vectors P = {p1,...,pn} C Z%, the
linear set L(b, P) is defined as

Lb,P)={b+aipr+...+anpn|a €N, 1<i<n}

A semi-linear set is a finite union of linear sets. Now we are ready to formulate the second
tool.

» Lemma 8. Let L C {a,b}* be a language satisfying:

L is recognised by k-ambiguous VASS V.

There exists n € N such that for each w € L we have #,(w) = n.
Then im(L) is a semilinear set.

Proof. The proof is based on Lemma 7 and the fact that set of solution of a system of
linear Diophantine inequalities is semilinear. Notice first, that L satisfies conditions of
Lemma 7. Therefore we can apply Lemma 7 to L and n + 1 and decompose each accepting
run in V' in the way presented in Lemma 7. Let us fix some aq,...,0pnq1, o, ..., 05
and f1,...,0n+1, initial configuration g(c) and accepting configuration p(f). We call a
run p accepting with respect to ¢(c) and p(f) if p is an accepting run of the VASS start-
ing in ¢(c) and ending in configuration p(¢’) such that ¢’ > f. Let K be the following language:

K ={w € L | there exist a1, az,...,an41 € N such that oq 87 o) 23520y . . . any1 B i oy

is an accepting run with respect to ¢(c¢) and p(f) and reads w}

Observe, that K depends on chosen «;, 8; and «f. Moreover, observe, that because of the
constant given by Lemma 7 we have only a finite number of possibilities of a1, ..., agt1,

13:7
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Ay, Qyys Biy-. ., Bera, initial configuration g(c) and accepting configuration p(f).
Moreover, semilinear sets are closed under a finite union. Therefore to conclude, that im(L)
is a semilinear set it is enough to show that ¢m(K) is a semilinear set. Notice, that from
conditions of Lemma 7, we know, that only «} (for i € [n]) contain letter b, each exactly one
letter at the last position. Hence:

im(K) = {(|f1lax + |aa| + |e1] = 1, [Ba]az + |az| + Jab| = 1.,

Bnlan + lan| +[an] = 1, Brsalants + lomia] + on 44 ]) |
such that o 87 o) 23520y . . . a1 Bnh @)1 i an accepting run with respect to g(c) and p(f)}

Therefore it is enough to show, that:

A ={(a1,a2,...,an41) | such that

ay / as / An+4+1 /
a1yt g ey ay - a1 B 0y

is an accepting run with respect to ¢(c) and p(f)}
is a semilinear set. We have two cases. Either A = (), hence semilinear. This case occurs
if for any aj,as,...,a,+1 > 1 we do not have an accepting run with respect to ¢(c) and
p(f). Otherwise, we will show semilinearity, by providing a system of linear inequalities for
a1,a2,...,a,41. 1t is enough because in [20] it was shown, that the set of solutions of a
system of linear inequalities is a semilinear set. The goal of this system of linear inequalities
is to express, that after each prefix of a run, we are non-negative on all of the counters.
Moreover, we want also to express the acceptance condition. Therefore for each counter ¢ we
write the following inequalities:

For each transition ¢ and each o; such that there exist u and v such that o; = utw:

¢i + BFF; (1 B oy ady . a1 37771 ) 4 BFF; (ut) > 0
For each transition ¢ and each a;» such that there exist u and v such that a; = utv:

¢i + BFF; (1 B @haafaady . a1 8777y B77) + BFF;(ut) > 0

For each transition ¢ and each 3; such that there exist v and v such that 8; = utwv:
If BFF;(B;) < 0:

¢; + EFF; (a1 81l anBy?al, . .. aj,lﬁﬁ_lla;flajﬁ;fl) + EFF;(ut) >0
Otherwise:
¢i + BFF; (o0 B q oy ... 1 87771y a) + BFF;(ut) > 0
Acceptance condition:
¢i + EFF; (o 1 aloof52aly . . a1 B o 0) = fi

Condition, that each a; is positive (this is needed because of conditions of Lemma 7):
a; > 1

In other words, this system of inequalities ensures, that each transition in the sequence
can be fired, check the acceptance condition and ensures that each a; is positive. We have
shown, that the set A is semilinear and hence im(K) is a semilinear set. Therefore, because
semilinar sets are closed under a finite union we have that im(L) is a semilinear set. <
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Then, as shown in Lemma 10, k-ambiguous VASS languages are closed under intersection
with regular languages. As mentioned below languages K,, are regular for each n € N, the
following corollary holds:

» Corollary 9. Let a,b e X, L C X* be a language recognised by a k-ambiguous VASS and
forn € N let K,, C {a,b}* be the language of words containing exactly n letters b. Then for
any n € N we have that im(L N K,,) is a semilinear set.

4 Properties

In this section we present several properties of languages of boundedly-ambiguous Vector
Addition Systems with States.

4.1 Closure properties

First, we investigate the closure properties of boundedly-ambiguous languages.

» Lemma 10. If L; and Ly are recognised by a ki-ambiguous and ks-ambiguous VASS
respectively then:

Ly N Ly is recognised by a (k1 - ke)-ambiguous VASS;

L1 U Ly is recognised by a (k1 + k2)-ambiguous VASS.
Moreover, class of languages of boundedly-ambiguous VASSs is not closed under complement-
ation and commutative closure.

Proof. We split the proof into several parts, each corresponding to the closure properties
under one operation.

Intersection. Let L; and Lo be languages recognised respectively by d;-dimensional k-
ambiguous VASS A; and ds-dimensional ks-ambiguous VASS Ay. Language Ly N Lo can be
recognised by the standard synchronised product of A; and As. It is easy to observe that
the product is a (ky - k2)-ambiguous (dy + d2)-VASS.

Union. Let L; and Lo be languages recognised by dj-dimensional ki-ambiguous VASS A,
and de-dimensional ko-ambiguous VASS As. The idea is to recognise Ly U Lo by taking union
VASS A; U Ay, which is clearly ky + ko-ambiguous and max(dy, dz)-dimensional.

Complementation. This comes from a general fact, that coverability languages are not
closed under complementation. Language L = a™b<" is recognised even by a deterministic
VASS (hence also by one with bounded-ambiguity). On the other hand, in [13] it was shown,
that every two disjoint coverability VASS! languages L; and Ly are regular separable, which
means there exists a regular language L3 such that Ly C L3 and Ly N Ly = (). Because L is
a coverability VASS language its complement can be a coverability VASS language if and
only if L is a regular language. Clearly L; is not and this can be shown using the Pumping
Lemma for regular languages.

Commutative closure. Boundedly-ambiguous languages are not closed under commutative
closure. Let us consider language L = a™b<", which is recognised by a deterministic
VASS. Its commutative closure is equal to L1 = {w | #4(w) > #p(w)}. Assume, towards
contradiction, that L; is recognised by a k-ambiguous VASS for k € N>. Because boundedly-
ambiguous languages are closed under intersection with regular languages also language

L In fact this result was shown for a wider class of Well-structured transition system (WSTS)
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Ly N L(b*a*) = b"a=" is recognised by a k-ambiguous VASS. Let V be k-ambiguous VASS
recognising b"aZ". By Lemma 6 we can take N such, that while accepting bV a” VASS
V will fire a non-negative loop on all of the counters. This loop reads b' for some I € N.
Because VASS V is k-ambiguous [ > 1. Hence we can fire this loop one more time and
accept bV taN | which is not in the language b”a=". Therefore we reached a contradiction
and boundedly-ambiguous languages are not closed under commutative closure. |

Using the fact that regular languages are unambiguous (i.e. 1-ambiguous) VASS languages
and Lemma 10 we can formulate the following remark about closure of boundedly-ambiguous
languages under intersection with unambiguous (hence also regular) languages.

» Remark 11. For each k € Ny the class of k-ambiguous VASS languages is closed under
intersection with unambiguous VASS languages. Hence, the same holds for the intersection
with regular languages.

We complement Lemma 10 with Lemma 12 and Conjecture 13.

» Lemma 12. For each kyi,ko € Ny there exist languages Ly, Lo, which are respectively
recognised by a ki and ko ambiguous VASS such that language Ly U Lo is not recognised by
an n-ambiguous VASS for n € [k + ko — 1].

Proof. Let k = k1 + ko. For i € [k] let us define language U; = {a™ba"2ba™2h...a"k+! |
n; > n;y1}. Observe, that U; is a language of an unambiguous VASS. Let L; = Uf;l U; and
Ly = Uf:klﬂ. By Lemma 10 languages L, and Lo are respectively recognised by a k; and
ko ambiguous VASS. By applying Lemma 4 to £ — 1 we get that language L; U Lo is not
recognised by a n-ambiguous VASS for n € [k — 1]. <

» Conjecture 13. For each ki, ko € Ny there exists languages L1, Lo, which are respectively
recognised by a ki and ko ambiguous VASS such that language L1 N Lo is not recognised by a
n-ambiguous VASS forn € [ky - ka — 1].

4.2 Expressiveness
Firstly, we show that the hierarchy of k-ambiguous VASS is strict.

» Lemma 14. For every k € Ny there exists language L € (k+1)-Amb \ k-Amb.

Proof. Let L = {a"ba™ba"3b...a""+* | Jjcp41] 7 > nip1}. Because of Lemma 4 language
L is not recognised by a k-ambiguous VASS. On the other hand it is a union of k£ + 1
unambiguous VASS languages. For ¢ € [k + 1] let us define L; = {a™ba"2ba"b...a" +2 |
n; > n;y1}. Observe, that L = Uf:ll L;. Hence, by Lemma 10, L is recognised by a

(k + 1)-ambiguous VASS. <

In terms of the classes of languages they define, boundedly-ambiguous VASS can express
strictly more than deterministic ones. Moreover, they are strictly less expressive than
non-deterministic ones. We prove this in Lemmas 15 and 17.

» Lemma 15. There exists language L € 1-Amb \ Det.
We show an even stronger Lemma 16. It is stronger because we have Det C Hist.

» Lemma 16. There exists language L € 1-Amb \ Hist.
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Figure 1 Unambiguous VASS recognising (starting from zero) {a, b}*ba">"b=".

8880

Figure 2 VASS recognising (starting from zero) {a"ba™ba”* | n,m,k € N,(n>mVn > k)}.

Proof. Let L = {a,b}*ba">"b=". Observe, that L is recognized by an unambiguous VASS
depicted in Figure 1. The only point of nondeterminism is in state ¢; and there is only one

way to guess when the last block, ending the word in the form a">%p="

comes.

On the other hand, assume, towards contradiction, that L is recognised by a history-
deterministic VASS. It is easy to see, that L; = a">%b<" is a language of a deterministic
VASS. Hence it is also history-deterministic. In [7] it was shown, that history-deterministic
VASS languages are closed under union. Hence Ly = L U L; = {a,b}*a">%b=" is also
history-deterministic VASS language. However, in [7] it was also shown, that Lo is not a
history-deterministic VASS language. Hence we get, that L is not a history-deterministic

VASS language. <

» Lemma 17. There exists language L € 1-NonDet \ BAmb.

Proof. Let L = {ua™ba™bv | u,v € L((a*b)*),n > m}. Let us fix k € N;. We show, that
L is not recognised by a k-ambiguous VASS. Assume, towards contradiction, that it is.
Hence language Ly = L N L((a*b)**2) is also recognised by a k-ambiguous VASS. Let f be
a function such that f: {e} - N, and f(e) = w. Therefore, by Lemma 5, we get, that Ly
is not recognised by a k-ambiguous VASS, contradiction. Hence L is not recognised by a
k-ambiguous VASS. On the other hand, it can be recognised by a 1-dimensional VASS, which
is presented in Figure 2. |

Observe, that because each word is read by only finite number of accepting runs, one can
see bounded-ambiguity as an extension of the notion of determinism. A second extension
of the determinism is history-determinism. In [7] it was shown, that history-deterministic
VASSs can express more than deterministic ones and less than nondeterministic ones. Up
to now, there has been no comparison of the expressive power of history-deterministic and
bounded-ambiguous VASSs. Now, we show, that these language classes are incomparable,
which means that there exists a language recognised by an unambiguous VASS, which is
not a language of history-deterministic VASS and language which is recognised by a history-
deterministic VASS and it is not recognised by a k-ambiguous VASS for any k € N. Recall,
that in Lemma 16 we have shown that there exists L € 1-Amb \ Hist. Hence it is enough to
show the following Lemma:

» Lemma 18. There exists language L € Hist \ BAmb.
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aa(17070) a, (07—1a1) a, (072a_1)

a, (_13 Oa 0)
g b,(0,1,0)

Figure 3 VASS recognising (starting from zero) {a"ba™ | n,m € N, (m < 2n + 2" — 1)},

a, (0,0,0)

Proof. Let L = a"ba2"+2"""~1, Observe, that im(L) is not a semilinear set. Hence, due to
Lemma 8, for every k € N, we have that L is not recognised by a k-ambiguous VASS. Hence
L ¢ BAmb. On the other hand it is recognised by a history-deterministic VASS presented in
the Figure 3. It is history-deterministic, because the best option is to fire loops in states g2
and ¢z as long as possible. In this way one can read words a™ba* for each k € N such that

E<2- 90 24+ 1)+2"+1+2"=2-(2"-1)+2-n+2"" +1=2.n+2""? -1 «

5 Proof of Theorem 1

In this section we prove Theorem 1. We start by introducing Lossy counter machines
(LCMs) [24,31]. Formally, an LCM is M = (Q, Z,A) where Q = {l1,...,l;n} is a finite
set of states, Z = (z1,...,2,) are n counters, and A C Q x OP(Z) x Q, where OP(Z) =
{inc, dec, ztest, skip}"™. A configuration of M is g(a) where ¢ € Q and a = (aq, ..., a,) € N™.
There is a transition g(a) LN ¢’ (D) if there exists t € A such that ¢ = (¢, 0p,q’) and for each
i€l,n]:

If op; = inc then b; < a; + 1

If op; = dec then b; < a; — 1

If op; = skip then b; < a;

If op; = ztest then a; = b; =0
Observe, that counters can nondeterministically decrease at each step. A run of M is a finite
sequence ¢ (ay) BN g2(az) SENG gn(an). Given a configuration g(u), the reachability
set of g(u) is the set of all configurations reachable from g(u) via runs of M. We denote this set
as REACH(q(u)). For simplicity we denote by REACH(q) the set of configurations reachable
from ¢(0). It was shown in [31] that the problem of deciding whether for a configuration g(w)
and LCM M set REACH(g(u)) configuration is finite, is undecidable. Due to [1] even if u
is always equal to 0 the problem is still undecidable. We call this problem O-finite reach.
We prove Theorem 1 by reducing from 0-finite reach. The proof is similar to the proofs of
undecidability of regularity [34] and determinization [1]. The rest of the section is devoted to
the proof of Theorem 1.

Firstly, we present an overview of the proof. For each LCM M; with an initial state
we create another LCM M and initial state {j with the same answer to the 0-finite reach
problem. Then, we define a language Lz, which intuitively encodes the correct runs of
M. For technical reasons, namely because coverability VASSs are well-suited for recognising
languages similar to a™b=" we encode the correct runs in reverse, that means from the final
configuration to the initial one. Moreover, because we work with LCMs, it is better for us
to work with the complement of Ly, that is Lys,. In such a way we get at the end a
language for which Lemma 5 is useful. Then, the proof of Theorem 1 is split into three claims.
Claim 19 states, that Lys, is recognised by an effectively constructible 1-dimensional VASS
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Figure 4 Sketch of the construction of LCM M.

A. Claim 20 provides, that if REACH(ly) is finite then Lps, is a regular language. Finally,
Claim 21 states, that if REACH(l) is not finite then Ly, is not recognised by a VASS from
the class of all boundedly-ambiguous VASS. All these claims give a direct reduction from
0-finite reach to deciding whether a language of a 1-VASS belongs to class C' of languages,
which contains all regular languages and is contained in the class of all boundedly-ambiguous
VASS languages. Thus they conclude the proof of Theorem 1.

Let us fix LCM Ml = <Q1721,A1> with Q = {11,127...lm} and Z = {2172’2,...,2’”}.

Let lp be the initial state of M;. We add to M; two states: ¢; and ¢y and for ¢ € [1,m)]
transitions ¢; from I; to ¢; with no effect on the counters. In addition, for each i € [2,n]
we add a transition from ¢; to ¢; decrementing the ith counter and incrementing the first
counter. We also add two transitions decrementing the first counter. The first one goes from

g1 to g2. The second one goes from g2 to g2. In such a way we obtain LCM M = (Q, Z, A).

The sketch of the construction of M is presented in the Figure 4. Observe, that because
each of the added transitions does not increase the sum of the counters, from ¢; we can go
only to g2 and later we can only stay in go the answer for O-finite reach is the same for both:
M; and M. Hence, we proceed later with M. We encode each configuration ¢(ay, as,...,a,)
as a word over ¥ = Q U Z as gz 257 ... z2m. We use encodings of configurations to obtain
an encoding of a run by concatenating encodings of its configurations. Finally, we define

language Ls,, = {w” | w is an encoding of a run in M from [ (0,0,...,0)}.
> Claim 19. One can construct 1-dimensional VASS recognising Ly i, -

Proof. W.l.o.g. we assume, that there is at most one transition between each pair of states
(otherwise we may split a state into several states, one for each incoming letter). We
construct A such that it accepts w if and only if w” does not represent a valid run of M
from 1y(0,0,...,0). The idea is, that A guesses the violation in the run represented by the
word w. We have three types of violations. The first type is a control state violation, that is
the run uses nonexisting transition or does not start in ly(0,0,...,0). The second type is a

counter violation, that we have invalid counter values between two consecutive configurations.
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The third violation is that we have invalid encoding of a configuration, that is we have two
consecutive letters z;z; such that j > 4. To spot control violation for nonexisting transitions
we will have gadget for each pair of states p and ¢ such that there is no transition from
p to ¢ spotting infix of the form 2}z _;...27qz} 2% ;... 2{p. Such gadget is just an NFA.

Observe, that if a run start in y(0,0,...,0) then either the whole encoding of the run is
equal to [y or suffix is of the form ply for some p € Q. Therefore to spot control violation,
that the run does not start in ly(0,0,...,0) we will have an NFA recognising words such

that suffix is not of the form ply for some p € @) and the encoding is not equal to ly. To spot
counter violation we will have a 1-dimensional VASS for each transition and each counter
spotting violation when firing this transition on this counter. Let us fix transition ¢ and
counter z;. Let transition ¢ be from state p to state q. We have four possibilities for the

operation performed by t on the counter z;. Therefore we need to spot infix of the form:

* b
SN A

t decrements counter z;.

*

1. 2z ... 28 2qzl2 z}p where a > b — 1 (equivalently a > b) if transition

*

2. zrzr g .. 2. 2 gl 2. .. 2{p where a > b+ 1 if transition ¢ increments counter

n—1---~¢
Zi-
3. 2zt .20 2tqrrizt .. 20 . zfp where a > b if transition ¢ has no effect on the
n<“n—1 i 194*n*n—1 7 1
counter z;.
A zizr .o 28 2fqeizi ... 20 .. 2fp where @ > 0 or b > 0 if transition ¢ zero-tests

counter z;.
All of the above can be done with 1-dimensional VASS. To spot invalid encoding of a
configuration for each 1 < i < j < n we will have an NFA recognising words with infix z;z;.
As all the gadgets have one initial state in which we “ignore” some prefix of the word, we
can join them and obtain one dimensional VASS with single initial configuration. <

o> Claim 20. If REACH(lp) is finite then Ly, is a regular language.

Proof. Observe, that in the proof of Claim 19 only gadgets spotting counter violations were not
an NFA. Therefore it is enough to replace them by some NFAs. As REACH(lp) is finite there
exists a bound B € N on the possible values of the counters. Hence we can implement each
gadget spotting counter violation using the fact, that B > a,b. For instance for transition ¢
from state p to ¢ having no effect on the counter z; we can have an NFA being a union of NFAs

*

for each 0 < b < a < B spotting infix of the form 2}z ;... 2% ... 2qz}2

.2 zip. In
this way we will not detect counter violation increasing the counter to the value above B.
Therefore we add another gadget spotting, that one counter is above B hence then the word
does not encode a correct run. This can be done by spotting for each i € [1, n] infix ziB +1

which can be done by an NFA. Because every gadget is now an NFA we showed that Lz,
is a regular language when REACH(lp) is finite. <

> Claim 21. If REACH(l) is infinite then Ly, is not recognised by a boundedly-ambiguous
VASS.

Proof. Assume, towards contradiction, that Ly, is recognized by a k-ambiguous VASS for
some k € N, . Recall, that there exist ¢1,q2 € @ such that from each ¢35 € @ such that
q3 # q2 and g3 # g1 there exists a transition from g3 to g; with no effect on the counters.
Moreover, for each i € [2,n] there exists a transition from ¢; to ¢; decrementing the ith
counter and increasing the first counter. Additionally, there is a single transition leaving ¢;
decrementing the first counter to ¢o and there is exactly one transition leaving go, which
goes to ¢o and decrements the first counter.
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As k-ambiguous VASS languages are closed under intersection with a regular language also
Ly = Ly, N (27q2)" 22 1 (Q U Z \ g2)* is recognised by a k-ambiguous VASS. The idea of
this intersection is to get a language similar to the language presented in Lemma 5. Observe,
that each w € L; can be uniquely decomposed into w = 2} g227%¢2 . . . 21" g2v. We denote
v by suff(w). We define L = {suff(w) | w € L;}. We define function f on words from L
by setting f(w) = 0 if w” encodes an incorrect run of M from Iy(0,0,...,0) and otherwise
f(w) = n where n is the maximal number such that w = zJ'v for some word v. Observe,
that L1 = {2]" 2212227 q2 . .. 2, " qow | w € L, Fr<icpy1mi > nit1 V ngge > f(w)}. This
is because both transition from ¢; to ¢2 and loop from ¢ to ¢o decrements the first counter
and therefore for each v € L; such that v = 21" g2272q221%qa - . . 27" q2w we have that "
encodes invalid run if and only if either suff(v)” = w” encodes an incorrect run (that is
fw) =0 < ngio) or v encodes a correct run but f(w) < ngys (recall the definition of f(w)
in this case) or there exists 7 € [k + 1] such that n; > n;;1. Moreover, notice that because
REACH(lp) is infinite and we have transitions moving values to the first counter from all the
other counters in the state ¢; for each each B € N there exist B’ € N such that B < B’
and a correct run pg of M from ly(0,0,...,0) to ¢1(B’,0,...,0). Let wp be the encoding

of this run. Observe, that (28 ¢2)*2w} € Li. Hence w} € L and f(wly) = B’ > B.
Hence sup(f) = w and hence, by Lemma 5, L; is not recognised by a k-ambiguous VASS.

Contradiction. <

6 Deciding regularity

In this section we present a proof of the following theorem, that deciding regularity of a
language of a k-ambigous VASS is decidable. This is in contrast to the general case where
regularity is undecidable [34].

» Theorem 22. For every k € N it is decidable whether for a given k-ambigous VASS A
language L(A) is reqular.

The proof uses two, already present in the literature, results. The first result is the following
Theorem from [10].

» Theorem 23 (Theorem 28 [10]). For any k € N and a k-ambiguous VASS one can build in
elementary time a downward-VASS which recognises the complement of its language.

The second result is the decidability of regular separability of coverability VASS language
and reachability VASS language. Regular separability problem asks whether for two VASSs
A and B there exists a regular language L such that L(A) C L and L(B) N L = 0.

» Theorem 24 (Theorem 7 [15]). Regular separability is decidable if one VASS is a coverability
VASS and the second VASS is a reachability VASS. 2

We devote the rest of this section to the proof of Theorem 22. Let us fix a k-ambiguous
VASS V. We show how to decide regularity of a language of a k-ambiguous VASS. Using
Theorem 23 we get a downward-VASS V recognising the complement of L(V'). Observe, that

L(V) is regular if and only if L(V) and L(V) are regular separable. Now we will use the
following claim about downward-VASSs.

2 Recently even stronger result about decidability of regular separability for reachability VASSs was
proven in [23].
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> Claim 25. For every downward-VASS one can construct reachability VASS recognising
the same language.

Proof. Let us fix d-dimensional downward-VASS V and let @) be the states of V. We know,
that the set of accepting configurations F' is downward-closed. Hence, due to Proposition 3,
we have a finite set D C Q x (N U w)? such that:

F= |J {g xul

q(u)eD

We obtain reachability VASS V' recognising the same language as V' by taking VASS V
and for each g(u) € D adding state qq(.), € transition from with no effect from ¢ to g,u)-
Moreover, for each i € [1,d] if u; € N we add ¢ transition from gq(,) t0 gq(u) incrementing
by one the ith counter and otherwise if u; = w we add an e-transition from g,(,) t0 gg(u)
decrementing by one ith counter. Let the set of added states be equal to Q'. We set the
initial configurations of V’ to be the initial conditions of V. For vector u € (NUw)? let us
denote by @ € N? vector such that for all i € [1,d] we have u; = @; if u; € N and 4; = 0
otherwise. We set the accepting configurations of V’ to the following set of configurations
F' = {qg(u) (@) | g4y € Q'}. Now we have to prove, that L(V) = L(V'). For L(V) € L(V')
observe, that for each w € L(V') there exists configuration ¢(v) € F such that w is read by
an accepting run p ending in g(v). As F' is a downward-closed set there is u such that v < u
such that g, (0) € F’. Moreover, observe that gq(,(9) is reachable from g(u) in V' using
e-transitions. Hence w € L(V).

For L(V') C L(V) observe that for each w € L(V’) we have an accepting run p ending in
configuration gg(,)(%) € F'. Due to construction of V' we know, that there exists prefix of p,
such that it also reads w and reaches configuration ¢(v) such that v < u and hence g(v) € F'
and w € L(V). <

Now we invoke Claim 25 on V to get reachability VASS 1% recognising the same language.
Finally, we use algorithm from Theorem 24 for V and 1% knowing that they are regular
separable if and only if L(V) is regular. This concludes the proof of Theorem 22.

7 Future research

Other problems for boundedly-ambiguous VASSs. We have shown in Section 6 that the
regularity problem is decidable for baVASSs (boundedly-ambiguous VASSs), in contrast to
general VASSs. It is also known that the language equivalence problem is decidable for
baVASSs [11], while being undecidable for general VASSs [2,21]. It is natural to ask whether
other classical problems are decidable for baVASSs, for example deciding whether there
exists an equivalent deterministic or unambiguous VASS. These problems are undecidable
for general VASS due to Theorem 1, but can possibly be decidable for baVASSs. One can
also ask whether given k-ambiguous VASS has an equivalent (k — 1)-ambiguous VASS, our
techniques from Section 5 used for showing undecidability does not seem to work in that
case. Other further research for baVASSs would be to ask about complexity of the mentioned
problems, for example to understand complexity of the regularity problem for baVASSs,
since we already know it is decidable.

Languages of VASSs accepting by configuration. In this paper we have considered VASSs
accepting by set of accepting states, it is natural to ask what happens if we modify the
acceptance set to be a finite set of accepting configurations or even a single configuration. For
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VASSs accepting by configuration already the language universality problem is undecidable.
We are not aware of any citation, but the proof is rather straightforward and uses the
classical technique. For a given two-counter automaton one can construct 1-VASS accepting
by configuration, which recognises all the words beside correct encodings of the runs of the
two-counter automaton. Therefore the reachability problem for two-counter automaton,
which is undecidable, can be reduced to the universality problem for 1-VASSs accepting
by a configuration. Since the universality problem is undecidable for VASSs accepting by
configuration, there is not much hope that the other nontrivial problems (beside emptiness)
are decidable.

However, one can ask what about VASSs accepting by configuration with some restriction
on nondeterminism, for example unambiguous or boundedly-ambiguous VASSs accepting by
configuration. It is natural to ask whether universality, language equivalence, regularity or
determinisability problems are decidable for that models and what is its complexity.
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A  Proofs for Section 3 (Tools for separating BAmb and NonDet)

Proof of Lemma 7. We prove this lemma by induction on n. For n = 0 we have p = ¢ and
hence all decomposition conditions are satisfied. Now we assume, that this Lemma is true
for n — 1 and we show that this implies Lemma 7 for n.

Let w1 be the prefix of p reading a™'ba™2b...a™"1 and let t be the next transition of p
after m1. Hence p = mitms for some ms. By induction assumption we can apply Lemma 7 to
m1 and get constant C and decomposition:

T = a1 B By al . a1 Bar T

Observe, that we changed a/,_; to A as we will redefine o,_;. Now let us set a),_; = At.
Hence

_ ay ./ az ./ An—1 _/
p=oa1f7 ey ay .. an_18," 7 o, T2

Recall the definition of set A,, from condition 5, let m be the maximal norm of a transition,
s be the maximal norm of an initial configuration and let us define constants T = s +
2(n —1)mC and C, = M(V, A,,T) given by Lemma 6. Let us also define constant K,, =
maxgcig M(V, S, T +mC,). Let also C' = max(C + 1,Cy, K,,). This will be a constant for
Lemma 7 and n. We have two cases. The first case is that m = a, 82", for some loop 5,
which is nonnegative on counters from [d] \ A, and |a,8,| < C,, and 3, is not a prefix of a,.
The second case is that such a decomposition of 7o does not exist. We start the proof with
the second case.

Case 2. Observe, that for each i € [n — 1] and | € [d] \ 4, C [d] \ 4;:
EFF;(5;) =0

Hence:

EFF; (1 B oh aaff5?aly . . a1 BT ol ) = X0 HEFF () + BFF(a))) <

mE o] + o)) < 2(n — 1)mC =T

Hence, because of the definition of C,, and the fact that in this case, the decomposition of
o does not exist, we have that |m| < C,, < C’. Then we set a,, = m and 3, = o, = .
Then clearly from the induction assumption and the definition of o, _;, ay,, Bn, @, conditions
1-3 and 5 are satisfied. Condition 4 is satisfied for j < n by induction assumption and for
j =n we have m; = |a,B,a;,| < C,, < C hence it is also satisfied. Condition 6 is satisfied
for j < n by induction assumption. It is satisfied for j = n because otherwise ms could have
been decomposed and we are in case 1.
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Case 1. We know, that w5 can be decomposed as described above. If there are multiple de-
compositions we choose any of the ones minimizing |, 3,|. Now, we show that decomposition
of p:

p= a1 ajazfs?al ... B al,

satisfies all the conditions. We start with conditions 2-6 as Condition 1 is the most challenging
to prove.

Condition 2. For j < n — 1 this condition follows from the induction assumption. For
j =n—1 we have that o, _; = M. Recall that ¢ was a transition reading letter b and from
the induction assumption A does not read letter b. Moreover, o, is a suffix of 2, which does
not read the letter b. Hence the condition follows.

Condition 3. For j < n the condition follows from the induction assumption and for j =n
we have that «,, (3, is a prefix of mo, which does not read the letter b.

Condition 4. For j < n we have this condition from induction assumption and for j =n
we have that §,, # ¢ is a loop.

Condition 5. This condition for j < n follows from inductions assumption and for j =n
follows from the fact that §, is a nonnegative loop on counters from [d] \ A,, as required.

Condition 6. For j < n we have it from induction assumption. For j = n we have it from
minimality of |a,Sy].

Condition 1.  Observe, that for ¢ € [n—2] from induction assumption we have ||, |il, || <
C < C’" and moreover |a,—1],|Bn-1| < C < C’. Moreover, from induction assumption,
lan—1], |Br-1] < C < C" and |af,_1| = |At] < C+1 < C'. Additionally |, 0, < C,, < C.
Therefore it is enough to prove that |a),| < K, < C’. Let

S =[d\ O support(f;)

i=1

Observe, that for each [ € S we have:

EFF; (a1 8] o) Byl . ..y, BEm) = BFF; () + X0 (BFF (o) + BFFy () <
mCyp, + 2(n — 1)mC

Recall that K,, = M(V,S,T 4+ mC,,) and T = 2(n — 1)mC, so if |a],| > K,, then o/, contains
a nonnegative loop on counters from S. Hence it is enough to prove, that «), does not
contain such loop. Assume, for the sake of contradiction, that o), = Ay such that v is a
nonnegative loop on counters from S. We define accepting runs ¢1, @2, ..., ¢r+1, which will
read the same word, but will be different and hence this will create a contradiction with the
fact that V is k-ambiguous VASS. Intuitively, due to loops (3,, and v we have more degrees
of freedom in the last block and we can create k 4 1 different runs over the same word. As p
is a prefix of an accepting run we know, that there exists p; such that pp; is an accepting
run. Firstly, we define runs vy, 2 and 3, which will be parts of ¢1, ¢, ..., dpr1:

ai+by /1 as+bs /1 an+bn
0187 T 0 0By T 0l Lo By

(G}

g = Ny
)3 = )\/01
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where for i € [n] we define b; = (k + 1)m/|v[|8,] + X7_;, 1b;m|B;|. The intuition is, that b; is
chosen in such a way to compensate the possible decrease of counters because of additional
executions of loops 841, Bi+2,-- ., On and ~y. Finally we define ¢;

bi = 11 B ihgry RF1=0)Brl gy

where for i € [n] we define b; = (k + 1)m|v||B.| + £}_,,1b;m|B;|. Now it is enough to prove
Claims 26, 27 and 28.

> Claim 26. For each ¢ € [k + 1] we have that ¢; is an accepting run.

Proof. Let us fix i € [k + 1]. Because pp; is an accepting run it is enough to prove that:
1. For each j € [n — 1] and [ € [d] we have

EFF; (o B0 o o 852102 0l .ajﬂ?j+bj) > BFF (a1 1 o) oy aly . .. o 357)

2. For each | € [d] we have

EFF, (wlﬁf}ﬂ) > EFF (a1 87 ajan 352l . . auy Bo)

3. For each [ € [d] we have

EFF; (1)1 fon gy RH1=018n]) > prE; (0 B2 o a 832y . . . iy B Ay)

Point 1. We prove this by induction on j. For j = 1 the inequality follows from the fact
that for each [ € [d] we have EFF;(f1) > 0. Now we show the induction step. If EFF;(3;) > 0
we get the inequality from the induction assumption. Hence now we assume EFF;(3;) < 0.
Therefore there has to be v < j such that EFF;(5,) > 0. Let u be the maximal such. Observe,
that from induction assumption:

BFF; (1 B0 o 0 B2 H02 0y o1 B T B, B al) >

EFF; (a1 57" ajagf3?alb . .. o 857 o)
And moreover:
byEFF; () > by
and for ¢ € [u+ 1, j] we have:
beEFF;(B;) = —bim|fy]

Hence:

EFF; (o B0 0 0 8921020l ..ajﬁqurbj) =
EFF[(O[lBa1+bIOZ @ ﬂa2+b20/2 e 1Bau 14+by— 1au6$ua/u o ajﬂ;ja;)+2g=uthFFl(ﬂt) >

EFF; (a1 81 ) anB52aly . .. oz]ﬂ?] o) +by =X u+1btm\ﬂt| > EFF (a1 87 ) an By al . . . oz]ﬂ;ja;)

CONCUR 2025
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Point 2. If EFF;(8,) > 0 than because of point 1 we have:

EFFl(alﬁfﬁbla’1a26§2+b20/2 .. anﬂg""'b”“hl) > EFF; (o 81 o e 52y . . . i BO7)

Hence, we can assume EFF;((3,) < 0. Therefore there has to be j < n such that EFF;(3;) > 0.
Let j be the maximal such. Observe, that:

b b . .
EFF; (a1 B8 T af e 85220l . . a; 87 B Ay an i) >

EFF; (a1 87 ) anB52al . .. a, B27)
bjEFFI(5;) > b

And for each s € [j + 1, n]

bsEFF;(Bs) > bsm|Bs]

Hence:

EFF[(a16f1+b1a/10425;2+b2a/2 B .an/ﬁirr‘rbn‘H«"’Yl) —
b b j j n ‘
EFF; (a1 81T o a5 20l BT B - an B ) 4 S0 bsERFL (Bs) + iy [EFF (B) >
EFF; (a1 f1 @ a5y . .. oo By ) b= S0 1 bsm| Bs|—mi| N |Bn] > BFFi (1 B! o) a3y . .. an B
Point 3. If EFF;(y) > 0 than the inequality follows from Point 2. Hence now we assume

EFF;(7) < 0. Therefore there has to be j € [n] such that EFF;(5;) > 0. Let j be the maximal
such. Hence: Observe, that:

ath ot qpB92 b0l a;B77al . anfan\y) >

EFF; (a1 317 o ag 352y . i 357 s . an B AY)

EFF; (a1

biEFF(5;) = bj

And for s € [j + 1,n] we have:

bsEFF;(Bs) > bsm| s

BFF; (a1 89 0 a2 020l .y B Hon il \y L Uit 1= 0160 ]y —

EFF; (o B TP 0 52020, ajﬂ;-l" oo B AY) 4 bEFF(B5)+

Y 1bsEFFL(Bs) + i|V[EFFL(Bn) + (K + 1 — 4)| B |EFFi(y) >

EFFy (o1 11 @ an 33>y .o B o) o B Ay) by = D5 10| B | — (k+1)m| B[] =

EFF; (a1 317 o ag 352y . i 377 s . an B AY)
<
o> Claim 27. For each ¢ € [k + 1] run ¢; reads the same word.

Proof. Let us fix ¢,j € [k + 1] such that ¢ < j. Observe, that w(¢;) = w(¢;) if and
only if w(ﬁy(fﬂ)hl)\) and w(AyU=9181) We have, that w(8,),w(c’,) € L(a*). Hence also
v, A € L(a*), as they are parts of a),. Therefore these two runs read the same word because

|BUTINN] = | My U=DIB| 4
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> Claim 28. For each ¢,j € [k + 1] such that i # j we have that ¢; # ¢;.

Proof. W.l.o.g. assume i < j. Observe, that it is enough to show, that
BUTDITN £ A= D)16n]

Assume, for the sake of contradiction that:
BUIITN = A\nT=D)16n]

Observe, that 3, is not a prefix of Ay, because then §,, would be a prefix of «!,, which is not

possible because of properties of mg (recall, that mo = v, 8%/, and f3,, is not a prefix of «))).

Hence Ay is a prefix of 3,.
Hence for all | € [d] we have:

EFF (B DIN) = BFF, (Ay 1801

Hence support(3,) = support(v). Because \vy is a prefix of 8,, and Ay # S, this contradicts
the minimality of |ay,B,]. <

Since we have proven Claims 26, 27 and 28 we know that runs ¢; are all accepting,
different and read the same word. This concludes the proof of Lemma 7. <
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