Compositional Reasoning for Parametric
Probabilistic Automata

Hannah Mertens' &
RWTH Aachen University, Germany

Tim Quatmann &
RWTH Aachen University, Germany

Joost-Pieter Katoen &
RWTH Aachen University, Germany

—— Abstract

We establish an assume-guarantee (AG) framework for compositional reasoning about multi-objective
queries in parametric probabilistic automata (pPA) — an extension to probabilistic automata (PA),
where transition probabilities are functions over a finite set of parameters. We lift an existing
framework for PA to the pPA setting, incorporating asymmetric, circular, and interleaving proof
rules. Our approach enables the verification of a broad spectrum of multi-objective queries for pPA,
encompassing probabilistic properties and (parametric) expected total rewards. Additionally, we
introduce a rule for reasoning about monotonicity in composed pPAs.
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1 Introduction

Probabilistic Model Checking [21, 31] studies the automated verification of Markov models
for systems with random behavior. Applications include network and security protocols,
biochemical processes, and planning under uncertainty [40, 33, 20]. Common properties
such as reachability probabilities in Markov decision processes (MDPs) can often be verified
efficiently in PTIME [3].

When the probabilities with which the system evolves are not known exactly, verification
results must be robust towards slight perturbations. Parametric Markov models [14, 28] allow
representing uncertain model quantities — for example the bias of a coin-flip or the probability
of a sensor misreading — using parameters. Feasibility is a fundamental verification problem for
parametric systems and asks whether there is an instantiation of the parameters under which
a given specification holds. Deciding feasibility for reachability probability specifications
in parametric MDPs is ETR~complete, i.e., at least NP-hard and within PSPACE [29].
The dual verification problem that asks if the specification holds under all instantiations
is co-ETR complete. Checking parametric Markov models is therefore significantly more
complex compared to Markov models without parameters.
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The number of system states grows exponentially with the number of system components.
The resulting state-space explosion is an omnipresent challenge when model checking complex
systems, often rendering analysis computationally infeasible. Compositional verification
techniques such as assume-guarantee (AG) reasoning [26, 44] address this problem by
decomposing the verification task into smaller sub-tasks that consider individual components
in isolation. This modular verification approach has been successfully applied in various
domains, including service-based workflow verification [6], large-scale IT systems [7], and
autonomous systems incorporating deep neural networks [42, 43]. Recent advancements
include circular AG reasoning [16] and verification-repair techniques [22]. Extensions to
probabilistic systems have further expanded the scope of AG reasoning, as demonstrated
in works such as [35], where AG reasoning was applied to Segala’s probabilistic automata
(PA) [47] — a compositional extension of Markov decision processes. Automated approaches
to AG reasoning for probabilistic systems have also been explored [19, 36], enabling more
scalable verification. Other works have considered parametric, but non-probabilistic timed
automata [2] as well as parameterized programs [4, 48, 39] — where the concurrent system is
parameterized by the number of processes or threads in a configured instance.

This work introduces a framework for compositional reasoning about parametric probabil-
istic automata (pPA). The case studies presented by Kwiatkowska et al. [35] demonstrate
the practical applicability of AG reasoning within a non-parametric setting. These findings
provide strong motivation for extending this approach to the parametric domain. In this work,
we develop the theoretical foundations of an AG reasoning framework for pPAs, leveraging
results from (non-parametric) PAs [35]. Due to the aforementioned ETR-hardness, composi-
tional reasoning has a large potential and can be crucial to verify complex parameterized
systems that are too large to handle monolithically.

» Example 1. Consider a communication system, where a sender S broadcasts messages
to a receiver R through a broadcast channel B. The system is modeled by the parallel
composition S || B || R. The components are faulty: S might face a collision, broadcasting in
B might fail due to message loss, and R might miss broadcasts. The reliability of S, B, and
R is influenced by parameters and the precise values of these parameters vary depending
on network conditions, interference, or other factors. Our goal is to verify that under all
parameter instantiations in a given parameter space R, the message is successfully received
with at least probability 0.7, formally denoted by

(SB[ R),R E Psorreceived).

AG reasoning allows to verify the specification without explicitly considering the (potentially
large) composition S || B || R. To this end, assume that we have established the following
statements:
S, R =P.g.1(collision) — the probability that S faces a collision is below 0.1
B, R =Pg.1(collision)—Px>g g broadcast) — if B observes a collision with probability below
0.1, the message is broadcast with probability at least 0.8
R, R EP>q.8(broadcast)—P>o A received) — If the message is broadcast with probability
at least 0.8, then R receives the message with probability at least 0.7
We reason about the composed system using the AG rule stated in Theorem 33 in Section 5:

S, R EPg.1(collision) (S| B), R EP>q.g(broadcast)
B, R =P .1 collision)—P>¢ g(broadcast) R, R EP>.g(broadcast) P> A received)

(S| B), R EP>q.8(broadcast) (S| B R), R EP>q.Areceived)
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Contributions. To the best of our knowledge, we provide the first framework for composi-
tional reasoning of parametric Markov models. Our main contributions are as follows.
We introduce and formalize pPAs, i.e., compositional probabilistic automata with para-
metric transitions.
We provide a conservative extension of strategy projections [46, 35] to pPAs, including
a more natural definition based on conditional probabilities. Strategy projections are
essential for correctness of compositional reasoning as they allow to link measures of a
composed model to measures of its constituting components.
We present rules for assume-guarantee reasoning, generalizing an established framework
by Kwiatkowska et al. [35] to the parametric setting — which requires some technically
intricate proofs. The framework applies to w-regular and expected total reward properties
as well as multi-objective combinations thereof.
We provide a new rule for compositional reasoning about monotonicity in pPAs. Knowing
that a measure of interest — either the probability to satisfy an w-regular specification
or an expected total reward — is monotone in one or more parameters can significantly
speed up verification [28, 50]. Our rule allows to derive monotonicity w.r.t. a composed
pPA by only determining monotonicity for its components.

We introduce pPAs in Section 2 and discuss strategy projections in Section 3. Section 4
outlines properties of interest and Section 5 presents our AG rules. We outline results for
monotonicity in Section 6 and related work in Section 7. Section 8 concludes the paper.
Proofs omitted in the main part of the paper are given in the extended version [38].

2 Preliminaries

For sets X and Y, let f: X — Y denote a partial function from X to Y with domain
dom(f) C X. The projection of f to a set Z is written as fl,: (X NZ) — Y. Iverson
brackets [¢] € {0,1} map a Boolean condition ¢ to 1 if ¢ holds and 0 otherwise.

Q[V] denotes the set of (multivariate) polynomials over a finite set of real-valued parameters
V ={p1,...,pn}. A (parameter) valuation for V is a function »: V — R. Evaluating a
polynomial f € Q[V] at v yields f[v] € R. A region R for V is a set of valuations. For p € V,
we define the valuation ¢, with e,(¢) = [p=¢] for g € V.

A parametric distribution® for V over a finite set S is a function u: S — (Q[V]UR).

Applying valuation v to p yields p[v]: S — R with p[7](s) = p(s)[7] for all s € S. We

call p: S — [0,1] a subdistribution if ) ¢ u(s) < 1 and a distribution if g u(s) = 1.

The sets of parametric distributions, subdistributions, and distributions over S are denoted
by Disty (S), SubDist(S), and Dist(S), respectively. For s € S, 1, € Dist(S) is the Dirac
distribution with 14(s") = [ s’=s]. For sets S1, S2, the product of u; € Disty (S1) and ps €
Disty (S2) is the distribution p X g € Disty (S1 % So) with (u1 X p2)(s1, 82) = p1(s1)-pa(s2).

2.1 Parametric Probabilistic Automata

We combine probabilistic automata (PA) [47, 52] with parametric Markov models [28].

» Definition 2. A parametric probabilistic automaton (pPA) over a finite alphabet ¥ is a tuple
M= (S,sm“, V, Act,P,L), where S, V', and Act are finite sets of states, parameters, and
actions, respectively, s™* € S is an initial state, P: (S x Act) — Disty(S) is a parametric
transition function, and L: dom(P) — X is a labeling function.

2 We use the term parametric distribution — rather than parametric function — to emphasize that we are
typically interested in functions p where p[v] is a (sub)probability distribution.
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(a) pPA ./\/ll. (b) pPA MQ.

Figure 1 Example pPAs M; and Ma.

Let M = (S,sm”, V, Act,P,L) be a pPA. For s € S, Act (s) = {a € Act| (s,a) € dom(P)}
denotes the set of enabled actions in s and M is the pPA where the initial state is set to s.
We set P(s,a,s’) = P(s,a)(s') if (s,a) € dom(P) and otherwise P(s,«,s’) = 0. M is a
(non-parametric) PA if P(s,a) € Dist(S) for all (s,a) € dom(P). In this case, P(s,a, s') is
the probability to transition to successor state s’ when action « is selected at state s.

The instantiation of M at valuation » for V' is the pPA M([v] = (S, s™", (), Act, P[v], L),
where dom(P[v]) = dom(P) and P[v](s,a) = P(s,a)[v]. If M[v] is a non-parametric PA,
we say v is well-defined for M. A valuation v is graph-preserving for M if it is well-defined
and for all s,s" € S and a € Actp: P(s,a,8)[v] = 0 iff P(s,a,s") = 0. A region R is
well-defined (graph-preserving) if all its valuations » € R are well-defined (graph-preserving).

» Example 3 (pPA). Consider the pPA M; in Figure la and My in Figure 1b. M; =
(S1,sim, Vi, Acty, Py, L1), where Sy = {sg,s1}, si"" = 5o and Vi = {p}. Actions Act; =
{a,b,c} and alphabet X; = {a,b,c}. In this example, the alphabet coincides with actions
as these uniquely define the transitions. Similarly, My = (Sa, s5"", V3, Acty, Pa, Lo), where
Sy = {to,...,ta}, s =y, and Vo = {p,q}. Again, Acty = 3y = {a,c, ®}.

An infinite path of M is an alternating sequence ™ = sg, ag, $1, @1, ... of states s; € S
and actions a; € Act such that (s;, ;) € dom(P) for all ¢ > 0. A finite path of length n € N
is a prefix T = sg, ag, . . ., S, of an infinite path, ending in a state last(7) = s, € S. Pathsiclf

and Pathsf\ftn are the sets of infinite and finite paths of M, respectively. For a (finite or
infinite) path 7 € Pathsj&f U Pathsﬁ", we write |m| € NU {oo} for its length and [0, j] for
its prefix of length j < |7|. We deliberately allow paths that take transitions with probability
0. As a consequence, a path of a pPA M is always also a path of any of its instantiations
M[v] — even if v is not graph-preserving.

Strategies — also known as schedulers or adversaries — resolve nondeterminism by assigning
(sub-)distributions over enabled actions based on the history — i.e., a finite path — observed so
far. We allow for partial strategies that, intuitively, can choose none of the enabled actions
to reflect the case that no further transition is executed.

» Definition 4. A (partial) strategy for M is a function o: Pathsﬁn — SubDist(Act) such
that o(7) () > 0 implies (last(7), ) € dom(P). A strategy o: Pathsﬁn — Dist(Acta) is
called complete. The set of all partial and complete strategies on M are denoted by Stry,,
where x € {prt, cmp}, respectively. A memoryless strategy only depends on the last state of

mless,*

7. The set of memoryless strategies on M is denoted by Stryy

For a strategy o for M, we may write o(7, @) instead of o(7)(a). If o is memoryless, we
write o(s,, ) instead of o (7, @), where s,, = last(T).
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A well-defined instantiation » and a strategy o for M yield a purely probabilistic process
v inf

described by the (sub)probability measure Pri{ on the measurable subsets of Paths'(y,
which is obtained by a standard cylinder set construction [3]:

CyI(7) = {r € Pathsy | 7 is a prefix of 7}

is the cylinder set of a finite path T = sg, ag, ..., s, of M and we set

PR = [30= 5T T (0.0 Pl sl
=0

This definition extends uniquely to a probability measure on all measurable sets of infinite
paths. We further lift Priy{ to (sets of) finite paths and write, e.g., Priy{ (7) for @ € Pathsf\z"
or Priy/ (IT) for 11 C Pathsf\fl" — implicitly referring to (unions of) cylinder sets. If M is a
(non-parametric) PA, we may omit v and write Prg,. Well-defined v yields Pr}‘w[ o = Prf\f.

» Example 5. For the pPA M5 from Figure 1b and a well-defined valuation », the probability
to reach the state ¢3 under valuation v is (1 — v(p)) - 2(q) + v(p) - 5.

» Remark 6. Our definition of PA slightly deviates from related work [47, 35, 32, 36], which
commonly define a transition relation § C S x X x Dist(S) instead of functions P and
L. In our setting, a pair (s,a) € dom(P) uniquely identifies both, a label L(s,a) € X,
and a distribution over successor states P(s,a) € Dist(S), which significantly simplifies
formalizations related to pPAs. In particular, any strategy for M immediately also applies
to instantiations of M and vice versa, i.e., we have Stry, = StrMM for any valuation v. On
the other hand, our variant does not affect expressiveness of non-parametric PA as one can
convert between the two formalisms.

We lift parallel composition of PA [47] to pPAs. Composed pPAs synchronize on common

transition labels while behaving autonomously on non-common labels. For simplicity, we
assume that composed pPAs consider a common set of parameters V.

» Definition 7 (Parallel Composition). For i = 1,2, let M; = (S;, sV, Act;, P;, L;) be two
pPAs over alphabets 3; with Act; N (X1 UXs) = (0. The parallel composition of M1 and Mo
is given by the pPA My || My = (S1 x S, (si", s5"), V, Act, Py, L)) over £1 U X, where
ACtH = (Act1 X Actg) Q] (Act1 X 21 \22) C] (22 \ 21 X ACtQ),
for each (s1,a1) € dom(Py), (s2,a2) € dom(Ps) with Li(s1,a1) = La(s2,az) € X1 N Xa:

Py ((s1,82), (a1,2)) = Pi(s1,1) xPa(sg,a2) and  Ly((s1,s2),(a1,az2)) = L1(s1,a1),
for each (s1,a1) € dom(Py), so € So with Li(s1,a1) = a1 € X1 \ Xa:
(51,82), (a1,a1)) = a1 = L1(s1, 1),

for each s1 € S, (s2,a2) € dom(Psg) with La(sa, as € Yo \ ¥y

)
P ((s1,52), (a1,a1)) = Pi(s1,01) x 1y, and Ly
)
P”((Sl,SQ), (32,042)) = ]131 X PQ(SQ,O{Q) and L”((Sl,SQ), (ag,az)) = ag = LQ(SQ,O{Q).

The parallel composition of parametric probabilistic automata (pPAs) is associative, meaning
that (M || M2) || M3 and My || (Ma || M3) are equivalent up to state renaming. Therefore,
we denote this composition as M || Ms || M.

3 If two pPAs have different parameter sets Vi # Vz, the assumption can be established by considering
V = V1 UV, instead, potentially adding (unused) parameters to the individual pPAs.
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Figure 2 Parallel composition of pPAs M; and M5 from Figure 1.

» Example 8 (Parallel Composition). Figure 2 shows the composition of pPAs M; and M,
from Figure 1. Actions with labels a or ¢ are synchronized while b and ® are asynchronous.

Similar to [35, Section 3.5], we sometimes assume fairness of strategies, meaning that specific
sets of labels ¥; C X are visited infinitely often.

» Definition 9 (Fair Strategy). Let C C 2% and v be a well-defined valuation for M over ¥.
A complete strateqy o € Strf\T[I;] is fair w.r.t. C (denoted faire) if

Prf\f({so,ao751,a1,--~ S Paths?\ﬁlf ’VEZ' e€C: VjeN: 3k >j: L(sg, ) € Ei}) =1

The set of all fairy strategies of M[v] is denoted Stﬂ;‘j[ryc].
Almost-sure repeated reachability in PA only depends on the graph structure, which yields:

» Proposition 10. For any graph-preserving valuations v, v’ for M we have StrﬂmC =
Strfmrc e., a strategy is faire for Mlv] iff it is faire for M[v'].

z/’]’

3 Strategy Projections

In this section, we define the projection of a strategy of a composite pPA M = M || Ms
onto a single component M, for ¢ = 1,2. Projections for PA are defined in [35, Definition 6]
and originate from [46, page 65, Definition of Projection]. They are intuitively used to relate
probability measures for M and M;.

The projection of a finite path = € PathsM onto component M; is the finite path 7|, €
Pathsf\,t" obtained by restricting 7 to the steps performed by M;. Formally, (si"¥ sinit)]. =

st and for 7 = 7/, (a1, a), (51, 82):

f o s if ap € Act;
7T . =
’ 7'; otherwise.

Path projections are neither injective nor surjective, i.e., we might have =, = 7’|, for two
distinct paths m # 7" of M, and for some m; € Paths’y fm there might not be any = € Paths’; fin

with m; = 7|;. We define the set of paths of M; || My that are projected to m; € Pathsf\ft” as
T Q Ms_; = {7r € Pathsf\ftn | m = w[i}.

We first focus on strategy projections for non-parametric PA. Then, we lift our notions to
the parametric setting.
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3.1 Projections for non-parametric PAs

We fix the parallel composition N'= N7 || No = <S‘|,sﬁ””, Act”,PH,L”> of (non-parametric)
PAs Ny and N3 with N; = (S;, s™, Act;, Py, L;) and alphabets ¥; for i = 1,2.

» Definition 11 (Strategy Projection for PA). The projection of a strategy o € Strﬂft to N;

is the strategy O'[Z-A[ € Strﬁgt, where for m; € Pathsf\fz and o; € Acty:

ZSieSi P?”X/((wi’ Q;, 8) ®~N‘37i)
ULN(WHOQ) = PTX/(’]T’L ®N3_1;)
0 otherwise.

if P?"X[(Tf‘i ®N37i) >0

; instead of U[iN . Lemmas 12 and 13 below yield that
Definition 11 is equivalent to the projection defined in [35, Def. 6]. We argue that our variant
is more intuitive since the numerator and denominator of the fraction consider the same
probability measure Prg,. Intuitively, o;(7;, o;) coincides with the conditional probability
that — under Pr{, and given that a path 7 with projection 7|, = m; is observed — the
next action of component N; is a;. We now provide an alternative characterization for the
numerator given in Definition 11.

If NV is clear, we simply write o]

» Lemma 12. Foro € Strﬁfm, ™ € Pathsﬁi”, and o; € Act;:

Z Prie((ms, oy 8i) @ N3 ) = Z Z Pris(m) - o(m, (61, &2)).

S;€S; Tl'e(ﬂi®./\/3_i) (dh&z)eActH,di:()ﬁ,

The next lemma is the key observation for strategy projections as it connects the probability
measure Pr{, for N and PTX/E' for each component N;.

» Lemma 13. Foro € Stfﬁfrt and m; € Pathsﬁ?: Prj'\/r; (mi) = Priy(m @ N3_;).

The following result lifts [35, Lemma 2] to our setting and states that fair (and therefore
also complete) strategies have fair and complete projections.

> Lemma 14. Let Cy C 2 and Gy C 2% If o € Strly 1V | then o, € Sty

The converse of Lemma 14 does not hold: The projection o, might not be a complete
strategy for NV;, even though o is complete for /. Furthermore, o, might not be memoryless,
even if o is memoryless. The following example shows both cases.

» Example 15 (Strategy Projection for pPA). Consider the pPA M = M; || M3 from Figure 2,
using M; and Ms depicted in Figure 1. We fix the valuation » with z(p) = »(¢) = 0.1 and
set N = M[v] and N; = M;[v] for i = 1,2. Let o € Str}\nfﬁsﬁ,’;mp that always selects the
actions with label a, c, or ® with probability 1 when available; otherwise, it chooses b.

We compute the projection o, to the PA Ms[v]:

O'b(to,&) =1 ,
o ly((to,a,12),¢) = L2 = o(p) = 0.1
2 1
0r2<(t0aaat2acat3)?®) = % = U(p) =0.1
‘U(p)'lo

Similarly, o ,((to,a,t1),a) = v(p) = 0.1 and o, ((to, a, t1,a,t3),®) = v(p) = 0.1. We observe

that the projection is not a complete strategy as ® is the only available action in ¢3 for Ms.

Moreover, the projection is not memoryless, because, for example, o, ((to, a, t2, ¢, t4),¢) =
v(p) = 0.1 is not equal to oly((to,a,t1,a,t4),¢) = 1.

31:7
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3.2 Projections for Parametric PAs

We now lift strategy projections to the parametric case. We fix the parallel composition
M = M || My of two pPAs My and My with a common set of parameters V. Let ¢ = 1,2
and let 7;: V — R be a well-defined valuation for M;. We define strategy projections for
pPAs in terms of the instantiated PAs.

» Definition 16 (Strategy Projection for pPA). The projection of a strategy o € Strﬁff to
pPA M; w.r.t. v, vy is the strategy o] € Strﬁz, defined by o}/ = aFiMl[”1]||M2[v2].

If the valuations coincide, i.e., 71 = © = v, we write o] instead of o|"™. Strategy

projections depend on the parameter instantiations as the following example illustrates. Such
strategies are also referred to as (parameter) dependent strategies [49, Def. 2.6].

» Example 17 (Strategy Projection for pPA). Consider M; || My from Figure 2 and the
strategy o as in Example 15. Let »; and = be the valuations used for M; and My,
respectively, with z;(p) = 21(q) = 0.1, and = (p) = %(q) = 0.9. For the projection o ;"™ to
M, the following values are obtained:

0'[271172}2@0, ) =1

o120 ((to, a, t2), €) = v1(§3&;2)(17) = (p) =0.1
. L
alyt " ((to, a, t2,c, ta) ®) = 71}1(2&??% 12 = o (p) =01,
[7}1 vZ((to, a tl) = 7/1(])) = 0.1, and
alyt ™ ((to,a,t1, a, t3) @) =7 (p) =0.1.

Note that the resulting projection coincides with the one computed in Example 15, where

1,72 71 I~7/177/1
9 .

both components were instantiated using vy, i.e., oy =o' =0

The next lemma states that — when restricting to valuations that yield the same non-zero
transitions — the strategy projection to M; only depends on the parameter instantiation
applied to M3_;. This observation is the key insight for the correctness of the proof rule in
Theorem 41, which enables compositional reasoning about monotonicity.

» Lemma 18. For i = 1,2, and well-defined valuations v;,v.: V. — R for M; such that

Pi(si, i, s))[wi] =0 iff Pi(si, qu, sh)[2]] = 0 we have: o|{"™ = aff{’w’ and o3V = 0[21}1’”";.

4 Verification Objectives for pPAs

We define properties of interest for pPA verification. Let X be a finite alphabet. X = ¥*UX«
denotes the set of all finite and infinite words over . For a word p = ag,a, - € %*° and
another alphabet i, let pls € £ denote the projection of p onto S - obtained by dropping
all a; € ¥\ S from p- The restriction pls can be finite, even if p is infinite.

We fix a pPA M = (S, 5™V, Act, P, L). The trace of ™ = so, ag, 51,011, € Pathsmf
is the sequence tr(w) = L(so, o), L(s1,1),... of transition labels. The pmbabzlzty of a
language L C %*° at a well-defined valuation » under strategy o of M is given by

Prig(e) = Prig ((r € Paths3f | tr(m)l € £1)

We also consider (parametric) expected total reward properties. Let V be a set of
parameters. A reward function R: ¥ — Q[V]UR>( over X assigns a (potentially parametric)
reward to each symbol a € X. Instantiation of R at a valuation v: V — R yields R[v] with
R[v](a) = R(a)[7] for all a € X. Valuation v is well-defined for R if R[v]: ¥ — R>¢. In
this case, the accumulated reward for a word p = ag, a1, -+ € X is given by R[7](p) =

Sl R[v](as) € Rso U {oo).
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When applied to a pPA M, a reward function R assigns the reward R(L(s, a)) to the
enabled state-action-pairs (s, «) € dom(P) with L(s,a) € X. For a well-defined valuation
for M and R, we define the expected total reward under strategy o as

Ba3{(R) = [ pamnsyy RI2) (tr(m)1) dPriy ().

We consider probabilistic and reward-based objectives as well as their multi-objective
combinations.

» Definition 19 (Objectives). For ~ € {>,>,<,<}, p € [0,1], and r € R>¢, we denote
a probabilistic objective over £ C £°° by P,(£) and
a reward objective over R: ¥ — Q[V]UR>q by EL(R).

Their satisfaction for a well-defined valuation v and strategy o is defined by

M,v,0 EP (L) & Prif(L)~p and M,v,0 EE.(R) & Ez{(R)~r.

Let ¢ € {Po(£),E~{R)} refer to a (probabilistic or reward) objective. If neither M nor
@ consider any parameters, we may drop the valuation from the notation and just write
M, o E=p. We lift the satisfaction relation = to regions, i.e., sets of valuations.

» Definition 20 (Region Satisfaction Relation). Let x € {prt, cmp} U {fair, | C C 2¥M}. For
objective ¢ and well-defined region R for M — and R if ¢ = E_{R) — the region satisfaction
relation =* is given by:

MRE"¢p & VYveR:VoeStry :M,v,0k=p.
Satisfaction under memoryless strategies — denoted by E="1%* — is defined similarly.

» Remark 21. For x € {prt, cmp} and any well-defined valuation v we have Strj\/l[y] = Stri.
Thus, for well-defined R, we can swap the quantifiers in Definition 20:

MRE"p & VYoeStry, :VveR: M,v,0 .

However, this is not the case for fair strategies and regions that are not graph-preserving:
A strategy that is not fair, for M (under graph-preserving instantiations) might be fair,
for M[v] if v is not graph-preserving, because states that violate the fairness condition
might not be reachable in M[v]. For a graph-preserving region R and all v € R, we have
Stﬂ;ﬁf e = Strj;&i [r;] Thus, we can swap quantifiers as above.

Our framework also handles conjunctions of multiple objectives.

» Definition 22 (MO-Query). A multi-objective query (mo-query) is a set X = {p1,...,¢n}
of n probabilistic or reward objectives with M, v,0 EX < M, v,0 E¢; for all p; € X.

The conjunction of two mo-queries is a union of sets: X; A Xy, = X; U X,. We lift objective
satisfaction for regions (Definition 20) to mo-queries in a straightforward way.

» Remark 23. In [38] it is shown that model checking under partial strategies in M for
probabilistic properties, rewards, and multi-objective queries reduces to model checking under
complete strategies in a modified pPA, denoted M. This result extends [35, Proposition 2]
to pPA while preserving memorylessness of the strategies.

We consider safety objectives as a special type of probabilistic objectives.
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» Definition 24 (Safety Objective). P>, (L) is a safety objective® if L can be characterized
by a DFA Abﬁad accepting a language of finite words (bad prefizes):

L = {w € T | no prefiz of w is accepted by A%}

A mo-query is called safe, denoted X*¥°, if cach ¢; is a probabilistic safety objective.

For PA, computing the probability for a safety objective reduces to maximal reachability
properties in the PA-DFA product [35, Lemma 1]. This result can be lifted to pPA in a
straightforward manner; see [38]. For reachability and safety objectives, it is equivalent to
quantify over complete or partial strategies. Lemma 25 lifts [35, Proposition 1] to pPA.

» Lemma 25. Let M be a pPA, let R be a well-defined region and let P>, (L) be a safety
objective for M. It holds that: M, R P Ps (L) & M, R [EP™ Ps(L). Same for Emiess».

4.1 Preservation Under Projection

We generalize the result from [35, Lemma 3] — originally stated in [46, Lemma 7.2.6] — to
the parametric setting. In particular, we show that probabilistic and reward properties in a
composed pPA M = M || Mz under a strategy o are preserved when projecting to either
component M; over ¥;, assuming a well-defined valuation v.

» Theorem 26. Fori= 1,2, let L be a language over ¥; and R be a reward function over
Y. Then, for a well-defined valuation v:

Prf\ff” (L) = Prf\’/fl”MZ (L) and Eacjwah (R) = Ex-‘l//\fll‘Mz (R)

» Example 27. Let £ = {w € {a,¢,®}> | 3i € N: w; = @} be the language of words in
which ® occurs. Reconsider the strategy o of My || Mz from Example 17 and the projection
oly to Ma. We have Prf\’/leMQ(ﬁ) = Prf\’,l‘;r"‘ (L) = (v(p)? 15+ 2(p)- (1= v(p)) - 2(q)).

Theorem 26 assumes that the property only involves action labels from a single component
M;. To allow objectives over arbitrary alphabets >, we can add a self-loop labeled a at every
state, for each label a ¢ %;.

» Definition 28 (Alphabet Extension). Let M = (S, st /7, Act,P,L) be a pPA over ¥
and let Y2 be an alphabet with ActN (X \ X a) = 0. The alphabet extension of M with respect
to ¥ is the pPA M(X) = (S, 5™ V, Act U (X \ ¥ pm), Py, Lx) over alphabet x4 U, where
Px(s,a) = P(s,a) and Lx(s,«) = L(s, ) for all (s,a) € dom(P) and
Pyx(s,a) = 15 and Lx(s,a) =a foralls € S anda € ¥\ X .

» Example 29 (Alphabet Extension). Figure 3 shows Mas({a,b}) for pPA My over ¥y =
{a,c, ®} from Figure 1b. Transitions with label a remain unchanged as a € X5, but an
additional self-loop with action b ¢ ¥, is added to every state.

We now lift [35, Lemma 3] to the parametric setting, covering properties and mo-queries over
an alphabet that is not necessarily shared by M;:

» Theorem 30. Let ¥ C X m,, and o be a strategy for My(E) || Mo(X). Let L be a
language over ¥ and R be a reward function over .. Then, for well-defined valuation v:

v
7

v,0|, s v,0l/ _ O
Priclisy(£) = Prif syimasy (£) and Bz i) (R) = Bzl sy, () (R)

4 Note that safety objectives contain all finite prefixes of words in £, i.e., they are prefix-closed. This is
different in [35], where only infinite words are considered, leading to technical problems. See [38].
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Figure 3 Alphabet extension M2({a, b}) of the pPA M, from Figure 1b to the alphabet {a, b}.

Let X be a mo-query over . Then, for any well-defined valuation v:
Mi(X), v, 0l EX & (Mi(Z) | M2(E)), 2,0 =X

» Remark 31. Since alphabet extensions add self-loop transitions for new labels, and thus do
not change the system’s state, the pPAs My (Z) || M2(X) and M || My satisfy the same
properties and mo-queries over the alphabet ¥ C ¥y, -

Theorems 26 and 30 play a key role in the proof of the AG framework for reasoning about
mo-queries and monotonicity, which will be established in Sections 5 and 6.

5 Assume-Guarantee Reasoning for pPA

Kwiatkowska et al. [35] introduced assume-guarantee (AG) reasoning proof rules for PA. This
section extends their proof rules to the parametric setting. We first generalize the concept of
AG triples to pPAs in Section 5.1. Then, we extend the asymmetric and circular proof rule
in Section 5.2. Additional proof rules from [35] are presented in [38].

5.1 Assume-Guarantee Triples for pPA

We extend compositional reasoning to the parametric setting by generalizing assume-guarantee
(AG) triples. Intuitively, an AG triple states that if a component satisfies an assumption, it
also satisfies the guarantee under the same strategy and valuation.

» Definition 32 (AG Triple). The assume-guarantee triple for M, (parametric) mo-queries
A (assumption) and G (gquarantee), well-defined region R, and x € {cmp, prt, faire} is

MRE A5G & (VoeR:Voe St : MookEA — MuookG)

5.2 Assume-Guarantee Rules for pPA

We present AG proof rules for the compositional verification of parametric probabilistic
automata (pPAs). In the remainder of this section, we fix two pPAs M; and My with
alphabets X1, and Yo, respectively. Further, let R; be a well-defined region for M.

First, we establish the asymmetric proof rule for safety and mo-queries — based on [35,
Theorem 1 and 2], respectively — for pPA.

» Theorem 33 (Asymmetric Rule). Let A and G be mo-queries over X4 C ¥ and Xg C
Yo U X4, respectively. Let C; C 251 and Cy C 2¥2Y%4. Then, the two proof rules holds:

My, Ry ':cmp Asafe My, Ry ‘:faircl A
Mo (S ), By [0 A G0 Ma{Sa), Ry 702 A5G
My || Mz, RiNRy =7 G*e My || M2, RiNR, lzﬂmclu% G

31:11
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Proof sketch. Let v € RiNR,, and o be a strategy for the composed pPA M; || Ms. To
prove validity of the rule, we need to show that M; || My instantiated with o satisfies G*/°.
1. Since v € Ry, the first premise implies My, v P As%e which is equivalent to
My, v Pt A’Y¢ by Lemma 25. This implies that M; under the partial strategy
U[/’\’/ll also satisfies A*¥®. Since strategies and their projections satisfy the same properties
(as shown in Theorem 30), we conclude that M; || Mz instantiated at » under the
strategy o satisfies A*¥°.
2. As v € Ry, the second premise implies that Ms[2] under the strategy o[}, satisfies Gse,
Again, Theorem 30 implies that (M, || Mz)[2] under the strategy o satisfies G**/*.
Thus, we conclude that M; || My instantiated at v under o satisfies G*¥*. The rule on the
right holds by a similar reasoning, where, in addition, Lemma 14 is used to establish that
projections of fair strategies remain fair. |

» Example 34 (Asymmetric Rule). We illustrate the left proof rule from Theorem 33
for the pPA M; || M3y in Figure 2 — composed of the pPAs M; and My depicted in
Figure 1 — and w.r.t. G = P>o8(Lg), where Lo = {w € {a,b,c,®}* | |w|g = 0}. Let
A ={P>0oLa)}, where L4 = {w € {a,b}* | |w|, < 1}. The pPA My({a,b}) is depicted
in Figure 3. For the premises of the proof rule, we obtain that the (largest) region R for
which M1, Ry =" P>o.o(L4) is R1 = {v: {p,q} = R | 2(p) € [0,0.1]} and the (largest)
region Ry for which My({a,b}), Rs =P"* A—G holds, is R = {v: {p,q} — R | (v(p) €
[0,0.5],2(¢) € [0,1]) V (v(p) € (0.5,1),2(¢q) € [0,2 —2-p])}. The intersection RiNRy —
for which M; | My, RiNRy EP™ G holds by [38, Theorem 52] — contains all valuations
with »(p) € [0,0.1], »(¢q) € [0,1]. The (largest) region R for which M; || Ma, R E=P™ G is
R={v:pq— R | (o(p) € (0,5 U{1}), o(q) € [0,1]) v (o(p) € (1,1), 0(q) € [0, ZL))}.
This satisfies (R1NR2) C R.

The proof rules in Theorem 33 can be extended to systems with more than two components,
as detailed in [38, Theorem 52]. Next, we lift the circular proof rule given in [35, Theorem 5]
to pPAs:

» Theorem 35 (Circular Rule). Let A;,Ay and G be (parametric) mo-queries over YXa C Yo,
Ya, € X1 UXa and ¥g C X UXa , respectively. Let C; € ¥ilEn, for i € {1,2}, and
Cs € 2%2. Then:

M1<2A;ufe>7R1 ):prt Aiafe—>A;afe M1<2A1>»R1 ':faz'rcl A1—>A2
M2<2A;”f“>vR2 }:prt Agaf€—>Gsaf€ M2<2A2>,R2 ':fairc2 A,—G
May, Ry =P Aiafe My, Rs 'ZfaiT'CS A,
M || Mo, RN RoN Ry =77 G**/° My || Mo, Rin Ry Ry = eivesves G

Proof sketch. Similar to Theorem 33, the proof of the circular rules makes use of Theorem 30,
which establishes that the composition under a strategy satisfies the same properties as the
individual components under their corresponding projections. For safety, Lemma 25 allows
us to verify the condition for complete strategies rather than partial strategies in the third
premise. For fairness, Lemma 14 ensures that strategy projections remain fair. <

» Remark 36. The inclusion of fairness in the premises of the right rules in Theorem 33 and
Theorem 35 enables recursive application and thus supports the compositional verification of
systems with more than two components. In the case of a single application of one of the
rules, it is sufficient to verify with respect to complete strategies, which, while a stronger
condition, simplifies the verification process.
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6 Compositional Reasoning about Monotonicity

Exploiting monotonicity can significantly enhance the efficiency of parameter synthesis [51].
However, determining monotonicity is computationally hard® and it would be beneficial to
determine monotonicity in a compositional way. Additionally, monotonicity in composed pPA
is challenging due to the complexities introduced by parameter dependencies and interactions
among components. While we focus on global monotonicity, the following results can be
extended to local monotonicity, which considers only the first transition from a given state.
See [49, Definitions 4.4 and 4.5].

The probability of a language or the expected total reward for a pPA M can be viewed
as a function — called solution function — that maps a well-defined parameter valuation to
the corresponding probability or expected total reward, respectively [27, Definition 4.7].

» Definition 37 (Solution Function). Let M be a pPA over X, let o € Stry, and let R be a
well-defined region. The solution function for M and language £ C 3 is sofﬂ’(f) : R —[0,1],

where solﬂff)(v) = Pri{ (L). The solution function for M and a reward function R over %
/

is soff:ff): R — R, where soly " (v) = Exiy{ (R).
When referring to a solution function without specifying whether it pertains to probabilities
or expected rewards, we simply write sol .

» Example 38 (Solution Function). Consider the pPA M; || Mz in Figure 2 and the region
R = {v: {p,q} — [0,1]} which is well-defined for M; || Ms. Let £ = {w € {a,c,®}> |
|lw|@ = 0} be the language of words over {a,b,c,®} that do not contain ®. Let o be
the complete strategy of M; || Ma from Example 17, which always selects action a,c
or ® with probability 1 whenever any of them is enabled; otherwise, it chooses b with

probability 1. The solution function sol 1) : R — [0,1] is defined by solf\):i’lc‘a\/12 J(pa) =

Mq||[Ma,o
1-(p? 5+p-(1=p)-(p-q+(1—-p)-q)=1—-(* 75+ @—1*)-q).

We extend the standard notion of monotonicity [49] by differentiating between different
strategy classes, including complete, partial, and fair strategies.

» Definition 39 (Monotonicity). Let o be a strategy of M. A solution function sol, , is
monotonic increasing in p € V on region R — denoted SOIM,UTP R if for all v, vy € R with
vy(q) = v(q) +x - [p=q] for g €V and some x > 0, we have: soly ,(v) < solp ,(vy).

For x € {prt, cmp}, we write solMT; r f solM’o_Tp g for all o € Stry. If R is graph-
preserving, we write solMTf:Zc if solMJTp g holds for all fair strategies o € Str;’if{;] ,vER.

Notations sol M,alp r and sol Ml; R Jor monotonic decreasing soly , are defined analogously.

We require the region to be graph-preserving when defining monotonicity w.r.t. fair strategies.
This ensures that for any two valuations, », v, we have Str%{'{;] = Stwfﬁr]; see Proposi-
tion 10.

» Remark 40. Monotonicity for partial strategies w.r.t. general properties is equivalent to
monotonicity for complete strategies in a modified pPA; see [38].

The following theorem states that monotonicity of a composed system can be verified by
analyzing its individual components.

% For deterministic pPA (Markov chains) determining monotonicity is coETR-hard [49, Sec. 3.4].

31:13
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» Theorem 41 (Monotonicity). Let My, My be pPAs with alphabets 1 and X5 and R; be a
graph-preserving region for M;. Let sol € {solpr(‘c), SO/EI(R)} be a solution function w.r.t.
the language L or reward function R over ¥ C (S1UX,) and let | € {1, |}. Let C; C 2%1V%,
Then the following two proof rules hold:

fair
50/M1<2>Ip R solue, syl )
prt fair
SOIMz( S\ p, Ry SO/M2<E>IP7R202
prt fair,
SO/Ml HMzIp,RlﬂRQ SOIMl HMzIp,Rfr%I;?
Proof. We show the premises imply s°|M1(E)HM2(E>I;,leRQ for x € {prt, faire, ,c, }, which
directly implies that s°|M1HMQI;,leR2 holds, see Remark 31. We focus on the left rule, i.e.,
* = prt.

» Remark 42. The proof for x = fairc, ., is similar but additionally requires Lemma 14 in
[38, Appendix A.4].

We further consider I = T The case I = l follows analogously. Our proof is by contradiction.
Assume that the premises hold but S°|M1<E>|\Mz<E>Tp,leR2 does not hold. Thus, there is a
strategy o € St sy m,(xy) and valuations v, v, € Ry N Ry with o (q) = v(q)+z-[p=¢q]
for ¢ € V and some z > 0 and

SOl s () | Mo (3),0 (7) > 50l (g, () Ma (59,0 (P4) - (1)

Theorem 30 yields sol v, (s My (5)),0 (2) = S0l (53 arf”’(”)' We have P, sy (5, @, 8")[2] = 0
iff Py, (my(s,,8")[vy] =0 as v and v, are graph preserving for M;. Thus, we can apply
Lemma 18 and obtain

SOlMl(E),o‘[{"”(v) = SO|M1<E>,UH”+7”(7}) (by Lemma 18)
s Tt

S SO|M1<E>’UF1"+W(7}+) ( I~V+ S St'rp SO|M1<Z>T£ Rl)

= 50l (g, (39| Ma () [0]),0 (Z4) (by Theorem 30)

‘We observe that

(ML(Z) | Mo(E)[0])[o4] = (Mi(E)oy] [| Mo(E)[2]) = (Mi(E)[oy] [| M2(E))[2].

Consequently, sol g, ()M () [0]),0 (%) = SOl Aty ()[04 | Ma (5),0 (7)- By a similar reasoning
as above, we obtain

S0l puty () [y ][ M2 (2,0 (7) = SOyt ot o+ +(v) (by Theorem 30)

< sl sy ot o(74) (ol € Sty sy S0ty () TZ;Q)

= IM2<Z> ot (v4) (by Lemma 18)

= 50l (=) Mo ()0 (P4) (by Theorem 30)

Thus, sol( v, (s Mms (5,0 (7) < S0l (A, (5| Mo ()0 (74 ), Violating Equation (1). <

» Example 43. Reconsider the pPA M, || M3 in Figure 2, the region R = {v: {p,q} —
[0,1]}, and the language £ = {w € {a,c,®}* | |w|g = 0} from Example 38. The pPA
M || My is composed of the pPAs M; and My shown in Figure 1. The region R is well-

defined for M and Ms. We check whether solﬂ(ﬁ) is monotonic in ¢ on R via Theorem 41.

1[[Mz2
. . Pr(L) prt . . Pr(L) prt
Since the premises soIMi@E)l%R for i € {1,2} are satisfied, we conclude SSYNTVR OB



H. Mertens, T. Quatmann, and J.-P. Katoen

7 Related Work

Compositional verification has been widely studied in both probabilistic and non-probabilistic
systems. We summarize key contributions related to our work.

Jones’ rely-guarantee method [26] and Pnueli’s compositional proof system [44] for
temporal logic laid the foundation for AG reasoning. Subsequent work focused on AG rules for
systems using CTL* [12] and developed AG reasoning for reactive modules [25, 1]. Automated
AG reasoning techniques — developed by Pasareanu et al. [13, 41] — include learning-based
assumption generation. More recent work has focused on circular AG reasoning [16] and
verification-repair approaches [22].

AG reasoning has been lifted to probabilistic settings. Initial work by de Alfaro et al. [15]
introduced AG rules for a probabilistic extension of reactive modules [25, 1]. Their model is
similar to PA [47, 46], but limited to synchronous composition.

Kwiatkowska et al. [34, 21] generalized AG verification for PA, allowing more flexible
parallel compositions and extending AG reasoning to probabilistic safety properties. Their
approach reduces AG verification to multi-objective model checking, as proposed by Etessami
et al. [17]. This was further refined in [35], enabling AG reasoning over a broader class
of quantitative properties, including conjunctions over probabilistic liveness and expected
rewards. Algorithmic learning-based assumption generation techniques [13, 23] were later
adapted for AG reasoning in probabilistic settings [18, 19, 36]. Other assumption generation
approaches include abstraction-refinement methods [32, 10], based on the CEGAR paradigm
[11], and symbolic learning-based methods [24, 5]. AG reasoning has been applied to various
real-world domains, including service-based workflow verification [6], large-scale IT systems
[7], and autonomous systems with deep neural networks [42, 43].

AG reasoning has also been extended to systems with uncertainty, for example, [55]
introduced an AG framework for verifying systems with components modeled by MDPs and
partially observable MDPs (POMDPs). In contrast, our work considers a different type of
uncertainty; We extend AG reasoning to parametric probabilistic automata (PA), leveraging
research on parametric MDPs [27, 45, 28] and previous AG verification techniques [35]. Our
framework allows to reason about monotonicity [49, 50, 51] in a compositional manner. To
the best of our knowledge, this the first AG-based compositional verification framework for
parametric PA. Existing modular proof systems have focused on parametric timed automata
[2] or non-probabilistic parameterized systems [4, 48, 39], where concurrent programs are
parameterized by the number of processes or threads in a configured instance.

Another recent line of research focuses on the sequential composition of MDPs rather
than parallel decomposition: Junges and Spaan [30] introduced an abstraction-refinement
approach for hierarchical probabilistic models, leveraging parametric MDPs to represent sets
of similar subroutines. Recent work by Watanabe et al. [53] on mean-payoff games, applies
category-theoretic string diagrams to the verification of sequentially composed MDPs.

8 Conclusion

We presented an assume-guarantee framework for compositional verification of parametric

probabilistic automata, building on the proof rules for Segala’s PA by Kwiatkowska et al.

[35]. In addition, we introduced new compositional proof rules to reason about monotonicity
in composed systems. These contributions lay the theoretical foundations for modular
verification of pPA. To the best of our knowledge, these are the first AG proof rules for
probabilistic models with parametric transition probabilities.
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Future work involves implementing the framework and demonstrating its effectiveness
through case studies. Another direction is to deduce additional assume-guarantee rules —
for example, reasoning about robust valuations or strategies, i.e, properties of the form:
dv € R : Vo € Stry, : M[v],c = X. Additionally, interesting directions include the
modular verification of other properties, such as long-run average rewards or expected
visiting times [37]. Other areas include extending verification to logics such as parametric
LTL [9] and probabilistic CTL. Further research could also explore Markov automata with
parameters, building on preliminary work in modular reasoning for continuous-time and
continuous-space models [8]. Another interesting direction is adapting assume-guarantee
reasoning for stochastic games [54] to a parametric setting.
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