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—— Abstract

Markov decision processes (MDPs) are a popular model for decision-making in the presence of

uncertainty. The conventional view of MDPs in verification treats them as state transformers
with probabilities defined over sequences of states and with schedulers making random choices.
An alternative view, especially well-suited for modeling dynamical systems, defines MDPs as
distribution transformers with schedulers distributing probability masses. Our main contribution is
a unified semantical framework that accommodates these two views and two new ones. These four
semantics of MDPs arise naturally through identifying different sources of randomness in an MDP
(namely schedulers, configurations, and transitions) and providing different ways of interpreting
these probabilities (called the chance and mass interpretations). These semantics are systematically
unified through a mathematical construct called chance-mass (CM) classifier. As another main
contribution, we study a reachability problem in each of the two new semantics, demonstrating their
hardness and providing two algorithms for solving them.
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1 Introduction

MDPs and Conventional Semantics. Markov decision processes (MDPs) are a classical
model combining nondeterminism and randomness, with a rich theory and practical uses in a
wide variety of applications [26]. MDPs are often viewed as state transformers where a move
from one state to another is defined as follows: from a given state, an action is chosen by a
scheduler out of multiple possible actions and then a probabilistic transition is made leading
to a resulting state. In other words, a scheduler resolves the nondeterminism in the MDP
to give rise to a Markov chain (MC), a purely probabilistic model. In general, a scheduler
can also be randomized (also called a mixed scheduler), and thus the actions are chosen
according to the probabilities it defines. See [9] for more discussion.
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Chance and Mass Interpretations in MDPs

MDPs as Distribution Transformers. A different semantics of MDPs (and Markov chains),
inspired by dynamical systems, considers them as distribution transformers. In this view,
we start with a probability distribution or mass over the set of all states of the MDP, and
according to the action chosen by a scheduler, this mass gets re-distributed over the states.
Therefore, a one-step transition results in a new probability distribution over the set of states,
in which sense the MDP is a linear transformer of distributions. This semantics is studied in
multiple recent works [1,2,4-6,10,11,19,21] with applications ranging from AI, where swarms
of robots are modeled, to biological systems, where concentrations of biochemical reagents
or populations of cells are modeled. This semantics is also common, e.g., in statistics and
the theory of dynamical systems, where mathematicians are often interested in stationary
distributions, which are essentially fixed points of the distribution transformer.

Reachability Problems in MDPs. The reachability problem is fundamental in model checking.
In the context of MDPs, it asks whether there exists a scheduler such that the MDP, following
this scheduler from a given state, reaches a given target state with a certain probability. It
is known that the reachability problem for MDPs can be solved in polynomial time, and
well-established probabilistic model checkers such as PRISM [20] and Storm [17] can handle
large instances efficiently.

However, it has been observed that when the reachability problem on MDPs is “lifted”
and is asked under the distribution transformer semantics, it becomes significantly harder.
The “lifted” problem asks for the reachability probability to a target distribution, instead of to
a target state. The problem is significantly harder even for Markov chains; in particular, it is
as hard as the Skolem problem, a long-standing open problem on linear recurrences [3,23,24].

Motivating from these observations, we aim to develop a systematic framework that
describes the two semantics and the “lifted” reachability problem. This leads to our main
contribution: a unified framework for MDPs semantics.

Four Semantics for MDPs: a Unified Framework. We start by observing that there are
two sources of probabilities in MDPs: those arising from randomized/mixed schedulers (such
as 0.4 and 0.6 in Table 1) and the inherent transition probabilities (such as 0.1 and 0.9
in Table 1). On the other hand, these probabilities can be interpreted in two ways: the
conventional manner, which we call the chance interpretation, models probabilities as random
events like coin tosses; and the “distribution transformer” manner, which we call the mass
interpretation, models the probabilities as the rate of splitting a mass of particles.

It is then natural to consider four variations of MDP semantics, where each of these
two classes of probabilities — coming from the above two sources — is interpreted under
either the chance or mass interpretation (cf. Table 1). For example, the conventional
semantics corresponds to applying the chance interpretation to both scheduler and transition
probabilities, as both schedulers and transitions are modeled as random events (like coin
tosses). Similarly, the distribution transformer semantics corresponds to applying the mass
interpretation to both scheduler and transition probabilities.

Let us explain the illustration in Table 1 in more detail. The left side of Table 1 shows a
simple MDP with three states and two possible actions from gg, where each action leads to
a probabilistic transition over states g1 and ¢o. A mixed scheduler is fixed, which chooses
action a with probability 0.4 and action b with probability 0.6. Each of the four Markov
chains (MCs) shown on the right side of Table 1, corresponding to each semantics, is called
the config MC for the MDP and the specified scheduler. The intuition here is that these
config MCs are Markov chains where each state represents a mass distribution over the state
space of the MDP on the left, and they model how mass distributions over the MDP states
evolve under the specified interpretation of probabilities.
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Table 1 Examples of the four semantics of MDPs.
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Let’s take the (CS,MT), an abbreviation for Chance-interpreted Scheduler,
Mass-interpreted Transitions, semantics as an example. As suggested by its naming, this
semantics interprets the probability from the scheduler as a random event, and the probability
from the transition as a rate of splitting mass. In one step of the MDP, an (unfair) coin is
first tossed to decide the action to be taken by the scheduler: a 0.4 chance of choosing action
a and a 0.6 chance of choosing action b. This corresponds to the two transitions of the config
MC as illustrated in Table 1. Once the action is determined, the mass of 1 at gg is then split
according to the transition probabilities, which yields a distribution of 0.5 at ¢; and 0.5 at

g2 in the case of action a (the 0.4 branch). The process for the case of action b is similar.

These two distributions are the only distributions that can be reached by the MDP after one
step if the probabilities are interpreted as specified.

Table 1 also clearly demonstrates that the reachability problem has different answers
under different semantics. For example, the mass distribution “0.26 at ¢, 0.74 at ¢2” is
reached only under the (MS, MT) semantics; the mass distribution “1 at ¢;” is reached
with the probability 0.27 under the (CS, CT) semantics, while it is with the probability 0.05
under the (MS, CT) semantics.

Examples. All four semantics are not only theoretically natural, but also lead to different
application scenarios. For the purely random (CS, CT) semantics, examples are abundant
in the CS literature [9], and similarly for the purely distributional (MS, MT) semantics,
examples are found in the dynamical systems and Al literature [5].
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Pnm

Figure 1 Casino MDP for (MS, CT) sem. (left); ezarmn MDP for (CS, MT) sem. (right).

Casino. An example suited for the (MS, CT) semantics is the casino MDP in Fig. 1. Here,
P is the initial state, from which actions b; (i € {1,...,n}, “bet at Game i”) and keep (“skip
this round”) are offered. Each bet b; can lead to various rewards — represented by states
R; — and the probabilities p;; are known. What is notable about the (MS, CT) semantics
is that a mixed scheduler repkeep + r1b1 + - - - + 7, by, nicely models a gambler’s strategy
to split the fund for different games (betting the r; portion of the fund at Game 1, the ro
portion at Game 2, etc.). In contrast, the transition probabilities p;; should be interpreted
in the chance, not mass, manner. This is because the rewards from each game are random
events and only one outcome is produced at each game ¢ in each round (for example you
either win or lose with a slot machine, instead of getting a half-and-half outcome). Another
point illustrated here is that the scheduler can choose its action depending on the current
mass. For example, a possible strategy is to spare half the original fund for the second round
(using a strategy %keep +--+), and to decide how to use it depending on the outcome of the
first round (i.e., the mass over the states Ry, ..., R, after one transition).

Exam. As an example suited for the (CS, MT) semantics, we present the ezam MDP in
Fig. 1. Here, one chooses a problem set P; from a given repertoire P, ..., P,, as commonly
done in language tests such as TOEFL and IELTS. Difficulties can differ among problem sets:
with the problem set P;, the p;; portion of the examinees gets the grade j € {4, B, ..., F},
and this number p;; is known. Exams are repeated, and different problem sets can be used
at each time. The state R with its transitions models that the mass of potential examinees
decays exponentially over time. Here, a mixed scheduler 1 Py +- - - +7, P, models the strategy
that the problem set P; is chosen with the probability r;. Each time, one uses the same
problem set for all examinees, so r; should be chance-interpreted. In contrast, the transition
probabilities p;; should be mass-interpreted: every individual has a chance of getting a certain
grade while the overall distribution over grades should follow the distribution indicated by
the paper’s difficulties.

Contributions. In this paper, we are interested in 1) formulating a unified framework that
captures all four semantics and 2) solving the threshold reachability problem under the new
semantics we introduce. Given an MDP M and a scheduler o, choosing a semantics (out
of the four) induces the so-called config MC' M, ; then the threshold reachability problem
asks if a target set H can be reached with probability greater than a given threshold £. As
mentioned earlier, this problem is poly-time solvable for the (CS, CT) semantics, while being
Skolem hard for the (MS, MT) semantics. Hence, it is natural to ask how hard it is for the
new (CS,MT) and (MS, CT) semantics, and if we can develop approaches to solve it.
Our contributions (as summarized in Table 2) are as follows.
1. A unified framework where different semantics for MDPs are systematically derived by
appropriately specifying the so-called Chance-Mass (or CM) classifier.
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Table 2 Summary of semantics/results: Blue are our contributions, Grey were previously known.

Transition
Chance-interpreted ‘ Mass-interpreted

Chance-interpreted (CS, CT) semantics

Ptime

(CS,MT) semantics
Undecidable, antichain algo

Scheduler

Mass-interpreted (MS, CT) semantics
# P-hard, template algo

(MS, MT) semantics

Skolem-hard

2. For the (CS,MT) semantics, we show that this problem is undecidable under a global
scheduler and we build an antichain-based backward reachability algorithm for finite
union of finitely-generated monotone sets that is sound but necessarily incomplete.

3. For the (MS, CT) semantics, we show the problem is # P-hard — the counting counterpart
of NP, see e.g. [7] — even for a single action in the MDP, and we develop a template-based
submartingale which provides a sound algorithm for reachability.

4. We implemented both these algorithms in a prototype. This illustrates the working of
our algorithms on a small set of examples including the motivating examples above.

Related Work. Beyond the related work already discussed, here we add some more context
and mention a few others. First, the use of distributional (MS, MT) semantics for MDPs
has been long studied, but mostly from a theoretical point of view. See e.g., [19]. Recently,
a template-based approach is implemented in [4] for safety constraints and [5] for reach-
avoidance, where the authors use Farkas Lemma [12] and Handelman’s [16] theorem to develop
sound but incomplete algorithms via synthesizing ranking functions. For the (CS, MT)
semantics, we use y-scaled submartingales for reachability as done e.g., in [27]. Antichain
algorithms have been developed for LTL synthesis e.g., in [13], but to the best of our
knowledge, we are the first to use them in the context of MDPs.

2 Preliminaries

We let N;Q,R denote the sets of natural numbers, rational numbers and real numbers,
respectively. The unit interval is denoted by [0, 1], and we let [n] = {1,2,...,n}. For sets A
and B, 22 denotes the powerset of A, and B4 denotes the set of functions f : A — B. The
collection of all finite (or infinite) sequences over A is denoted by A* (or A“, respectively).
AT C A* is the set of nonempty finite sequences.

Probability Distributions. For any set X, we let D(X) = {d: X — [0,1] | >, d(z) =
1,supp(d) is finite} denote the set of finitely-supported discrete probability distributions over
X. Here, supp(d) = { € X | d(z) > 0} is the support of d. In this paper, we call d € D(X)
simply a distribution over X.

An n-dimensional stochastic matriz is a n x n matrix M € [0,1]"*™ such that M1 = 1.

We let Stoc(n) denote the set of n-dimensional stochastic matrices.

Markov Decision Processes. A Markov decision process (MDP) M = (Q, Act, ) consists
of a finite set @ of states, a finite set Act of actions, and a transition function § : @Q x Act —
D(Q). We write M, for the transition matriz of an MDP M for an action a; concretely

(Mg)ij = 06(gs,a)(g;j). Using this, we also write M = (Q, Act, (M,)qecAct) for the same MDP.
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A distribution over @, i.e. d € D(Q), shall be called a configuration of the MDP M. This
terminology is because of their use in Sec. 3.1.

Antichains and Monotone Sets. For a partially-ordered set (X, <), a subset S C X is
an antichain if for any z,y € S, x € y and y £ x. A subset S C X is upward closed if for
any z € S and y € X, x < y implies y € S. For a upward-closed set S C X, the bottom
of S is defined by |S| ={x € S|Vye S,y <z = =z =y}, this collects all <-minimal
elements of S and is clearly an antichain. Given an arbitrary subset T' C X, its upward
closure 17T = {x € X | Jy € T,y < z} is upward-closed. We say an upward-closed set
S C X is finitely generated if S = 17T for some finite set T. We do not lose generality if we
restrict this T' to be an antichain. In this case, we have | S| = T. The dual notions, namely
of downward-closed set and its top, are defined similarly. A set is monotone if it is either
upward-closed or downward-closed.

3 A Unified Framework for Mass and Chance Interpretations

Our unified framework translates an MDP M and a scheduler o to the so-called configuration
Markov chain (config MC) M,; the last is the semantic basis on which we can ask problems
such as reachability. The transition function of the config MC M, is defined systematically
as the composition X o §, of a chance-mass classifier (CM classifier) X and a function d,;
see Def. 9. There is a notable separation of concerns here: a CM classifier X specifies which
semantics we use (cf. Table 2) but is independent of M or o (Def. 7); the function d, (Def. 6),
in contrast, is defined by M (whose transition function is ¢) and a scheduler o, but is
independent of the choice of the semantics.

The following basic constructs and notations will be used throughout the construction.
The notation Dg — inspired by category theory — may be nonstandard but is useful in Sec. 4.

» Notation 1 (currying and pushforward). Let X,Y,Z be sets. The currying of f: X X
Y — Z is denoted by f: X — ZY. For g: X — Y, the function Dg: D(X) — D(Y)
carries a (discrete) distribution d € D(X) to the pushforward measure (Dg(d))(y) given by
(Dg(d) () = Xex g(a)—y 4U@)-

» Notation 2 (ket notation). For distributions, we use the following ket notation: for
d e D(X), we write d = ) az|x) with a, = d(x) € [0,1]. Intuitively, if we consider d =
> . Gz|T) as a random variable, a, is the probability of obtaining the value x. More generally,
we may use an arbitrary inder set I and a function f: I — X and write ;. a;|f(i)). This
distribution assigns to each x € X the probability Zz’el,f(i)::c a;.

We note two special cases of the usages of the ket notation. Firstly, when I = X' C X
is a subset of X, the distribution d = ) __ v/ a.|z) assigns 0 by case distinction: d(z) = a,
if x € X', and d(z) = 0 otherwise. Secondly, the pushforward measure Df(d), with
d=7) ,cxtz|r) and f: X =Y, can be conveniently denoted by Df(d) =} x a.|f(x)).

3.1 CM Classifiers, Pre-configurations, and Config Markov Chains

We introduce the central constructs of our framework, under two different views:
the concrete and element-level view, describing the constructs as functions; and
the abstract and type-level view, providing high-level intuitions of the nature of each
construct using its type.
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Table 3 Combinatorial presentation of CM classifiers X.

X(CS,CT) X(CS,MT) X(MS,CT) X(MS,MT)
Dsched Dconf Dtvans
Dsched Dconf Z)tran:; D hed D . D, l« X A Dsched Dconf Dtrans
+ X A sche con trans Dsched Drrans Deonf \“ ~L ~L
Dsched Dtrans Dconf l \“ l A X i Id D Dtrans
} trans sched conf H
l( . / ‘L Dchance Dmass D D D nl \ ‘L
Dchance Dinass ~L \ ® ~L Dchance Dmass
Dchance Dmass

The latter view is in fact that of category theory [8,18,22], but its precise treatment is beyond
the scope of this paper.

We highlight the role of the type-level view through a preview of one of our main constructs,
namely a CM classifier. It is formulated as a function Xg: D(D(D(Q))) — D(D(Q)). The

intuition of a CM classifier Xg, in the abstract type-level view, is as in the following preview.

(The preview focuses on type-level intuitions and is not meant to be understood at the first
look — it is really a preview. Readers can skim through it and come back.)
In our framework for MDP semantics, there are three sources of probability distributions
(namely schedulers, configurations, and transitions); they are represented by the three
occurrences of the distribution operator D in the domain of Xg,.
Each of the three kinds of probabilities are interpreted either in a chance or mass manner;
these two manners are represented by the two occurrences of D in the codomain of Xg.
For intuition, we often annotate D’s with their intentions, namely Dsched, Deonf, Derans
(for probabilities of different sources) and Depan, Dmass (for how they are interpreted). In
particular, following the above intuitions, a CM classifier X will have the type

XQ . Dsched (Dconf(Dtrans(Q))) — Dchan(Dmass(Q))- (1)

Note that these D’s have the same mathematical content regardless of the annotations.
The function X¢ specifies which kind of probability (on the left) is interpreted in which
manner (on the right). One combinatorial way of presenting such a specification X¢ is as
a mapping from the three D’s in the domain to the two D’s in the codomain.
Furthermore, such a mapping can be described by 1) swapping the order of D’s, 2)
suppressing two D’s into one, and 3) inserting one D where there was none. See Table 3.
We introduce functions A, p, n for conducting these operations (Def. 11); examples of Xg
are thus described as combinations of A, u, 7.

We move on to the precise technical development, which we mostly do in the concrete,
element-level view, with some type-level intuitions supplementing it. More examples of each
component introduced in this section is given in [28].

In our general framework, a configuration of an MDP is a distribution over states.

» Definition 3 (configuration, scheduler). A configuration of an MDP M = (Q, Act,d) is a
distribution d € D(Q). A (configuration-based) scheduler for M is a function o: D(Q)" —
D(Act) that maps a sequence of configurations to a distribution over actions. A scheduler is
memoryless if its value only depends on the last element of its input, that is for any sequence
dids...d, € D(Q)F, o(dids...d,) = o(d,). Therefore, a memoryless scheduler is a function
of the type o: D(Q) — D(Act). A scheduler is pure if it always gives a Dirac distribution,
that is for any p € D(Q)™, a(p)(a) = 1 for some a € Act. Otherwise, the scheduler is mixed.

33:7
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» Remark 4. Note that the scheduler notion in Def. 3 uses global actions: it chooses an action
a is picked from the distribution o(di1ds...dy,) € D(Act) and this action a is used at every
state ¢ € Q. The more common notion of local action — allowing different actions at different
states — can be encoded as global actions by bloating the action set.

A CM classifier (as presented in (1)) takes, as input, three-fold probability distributions,
and its layers correspond to the three sources of probability in MDPs. We shall call such
data a pre-configuration.

» Definition 5 (pre-configuration). Let M = (Q, Act,d) be an MDP. A pre-configuration of
M is an element t € D(D(D(Q))), or t € Dsched(Deonf(Drrans(RQ))) with annotations.

The following function J,, as sketched in the beginning of the section, extracts a pre-
configuration from an MDP M and a scheduler o, exposing the three sources of probabilities.

» Definition 6 (,). Let M = (Q,Act,d) be an MDP and o be a scheduler. We define a
function §,: D(Q)T — D(D(D(Q))) as follows: for any dody ...dr € D(Q)™,

5o(dody ... di) = Y o(dody...dy)(a) ‘ de(q)|5(q,a)>>. 2)

a€Act qeQ

The annotations in both (1) and Def. 5 can now be explained using (2).

The innermost distribution §(g, a) on the right-hand side of (2) comes from the transition
function 0: @ x Act — D(Q) of an MDP; so we write d(q, a) € Dirans(Q)-
The distribution ‘ quQ di(q) ‘ 0(q,a) >>, that is one-level higher, has probabilities d(q)
that come from a “configuration” dj (this terminology is justified by the memoryless case
of Def. 9 later). Thus we say it belongs to Deonf(Dirans(Q))-
Finally, the whole right-hand side of each of (2) is a probability distribution over elements
Of Deonf(Drrans(Q)), where the probabilities (such as o(d)(a)) come from the scheduler o.
Therefore, the right-hand side is an element of Dsched (Deonf(Dirans(@)))-

The following defines CM classifiers, whose intuitions have been discussed earlier in Sec. 3.1.

» Definition 7 (chance-mass (CM) classifier). A chance-mass (CM) classifier is a family
X = (Xg)g of functions indexed by set Q; its Q-component has type Xg : D(D(D(Q))) —
D(D(Q)). When the index Q is obvious we drop it, writing X: D(D(D(Q))) — D(D(Q)).

» Remark 8. For our theoretical development, in Def. 7, it is enough to fix an MDP
M = (Q,Act,d) and only consider the Q-component Xqg: D(D(D(Q))) — D(D(Q)) of X.
We made the above general definition — it is independent of the choice of @) — to emphasize
the uniformity of X. This uniformity should be formalized as the naturality in @, a central
notion from category theory [22]. We will do so in our future work.

We are ready to define a config MC Mx ,, a semantic basis on which we formalize e.g.
reachability problems. As announced, its transition function is a composition X o J, of 1) a
CM classifier X that chooses the type of semantics (cf. Table 1) and 2) the function J, that
exposes three sources of probability in an MDP and forms a pre-configuration.

» Definition 9 (config MC Mx ). Let M = (Q,Act,d) be an MDP, X be a CM classifier
and o be a scheduler. The configuration Markov chain (config MC) Mx , = (D(Q)T,x,5) is
a Markov chain carried by the set D(Q)*. Its transition function dx ,: D(Q)T — D(D(Q)™)
is defined as follows: for dody ...d, € D(Q)T,

0x,0(dody ... di) = Z (X((Sg(dodl . dk)) (dk+1)> |dody...dgdg+1),
dr+1€D(Q)
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Figure 2 The suppression operator pu. Figure 3 The MC2CM operator A, its input.

that is, a config MC' state dody ...d evolves into dod; ...dpdgy1 with the probability
(X(&U(dodl .. dk))) (dk+1). Note that, in this memoryful setting, config MC' states record
the whole history as sequences and get extended along transitions.

For a memoryless scheduler o: D(Q) — D(Act), the config MC Mx , = (D(Q),6x,0) is
carried by the set D(Q) of configurations (Def. 3). The function dx ,: D(Q) — D(D(Q)) is

Oxald)= ) (X(5o(d))(d’)) |d"), 3)

d’eD(Q)

that is, a configuration d € D(Q) evolves into d' € D(Q) with the probabzlzty (X(65(d )) (d).
Note that by the definition of D, the CM classifier X( o (dody .. ) nd X( - ) are
finitely-supported, hence the use of summation notation here is well deﬁned

We formally state the reachability problem. More details are in [28].

» Problem 10 (threshold reachability problem). Assume the setting of Def. 9. Let dy €
D(Q) and H C D(Q), be an initial configuration and a target set, respectively. We
let Reachx (dy, H) denote the set of paths that start from dy and eventually reach H.
The threshold reachability problem for & asks if there exists a scheduler o such that
Py, (Reachx (do, H)) > €.

4 Instances of the Unified Framework and Four Semantics

Now we instantiate the framework and derive the four semantics of MDPs in Tables 1 and 2.

We first introduce the three operators A, u,n for constructing the CM classifiers X.

» Definition 11 (MC2CM A, suppression u, Dirac ). Let X be a set.
The MC2CM operator Ax: D(D(X)) — D(D(X)) on X is defined as follows:

(T o] X k) = 3 (T )| Seclsn ) 0

el zeX fexI el

The suppression operator px: D(D(X)) — D(X) on X is defined as follows:

(Z | 3 bk >> = 3 (S o) (5)

i€l zeX i€l

The Dirac operator ny : X — D(X) is defined by nx(x) = 1|z) , that is, nx(z)(z') =1
if © = 2’ and 0 otherwise.
Much like in Def. 7, we often drop the subscript X and simply write X\, p,n.
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Here are some intuitions (see [28] for more). The suppression operator p, as in Fig. 2,
suppresses two successive probabilistic branching into one: tossing coins altogether, instead
of one-by-one. The Dirac operator n turns an element x into a trivial distribution.

The MC2CM operator A is much less known. Its type with annotations is
A Dimass(Dchan(X)) = Dchan(Dmass(X)); hence the name (“mass-chance to chance-mass”).
See Fig. 3. This is how we interpret the input ), ; a; | D ozex bw|x>> of A; more specifically,
we are looking at the mass a; at each ¢ € I, and each ¢ € I has the transition probability b,
to each z € X.

Here is the intention of \: the destination of the mass a; at each i is chosen by chance
(coin toss), and the whole mass a; goes to the chosen destination. This happens at each
i € I, and as a result, each x € X will acquire the sum of the masses whose destination is x.

This whole process can be modeled as follows.

Using functions f: I — X, we can enumerate all combinations of the destinations f(i) of

the mass at each ¢ € I. That is, f is the event “the destination of ¢ is chosen as f(i).”

For each such event f € X, the probability for f is []

probability of f(7) being chosen as the destination of i.

el bi,f(i)7 where bi,f(i) is the
Once an event f is chosen, the mass at each 7 € I is moved accordingly. The resulting
mass at x € X is ) ;¢ F(i) = Qis and the induced distribution of masses is conveniently
represented in the ket notation by >, a;|f(4)).

This explains the right-hand side of (4): it is the distribution over the mass distributions

> icr @il f(i)) (where f varies), and the probability for each f given by [];c; b; ¢i)-

4.1 Concrete Instances

Now we present, in the concrete level of elements, the four CM classifiers outlined in Table 2.
We also present explicit formulas for the config MCs that are derived using them.

» Definition 12 (CM classifiers, concrete instances). We define four CM classifiers
X(CS’CT)a X(MS)CT)v X(CS’MT); X(MS’MT) : Dsched (Dconf(Dtrans(Q))) — Dchan (Dmass(Q)):

X(CS.CT) — up(@) © DAq, that is concretely,

X(CS.CT) (Zaz > bij Zpi,j,qQ>>>) => > (ainpidvﬂj)) ‘Zbi’-7‘f(j)>>;

i€l jEJ q€Q i€l feQ’ JjeJ jeJ

X(MS,CT) — Duq) © Apq) © DAg, that is concretely,

XMSCD N0, > b Zpi,j,q|Q>>> = > 11 pi,j,f(iyj)‘ > aibm‘f(i’j))»

el JjeJ q€Q feEQI*J (i,j)eIxJ (i,4)eIxJ

X(CSMT) — Duq), that is concretely,

X(CS:MT) (Z ai|» big| Y pi,j~4‘]>>>) =3 az" SN bz‘.jpi.,j,q\Q>>'~, and

i€l jeJ qEQ i€l j€J qeQ

X(MS,MT) _ np(Q) © Dug o ip(q), that is concretely,

x(MS,MT) (Zai me me’qq>>>> = ‘ZZZaibi,jPi‘j,dq».

el jeJ qeQ i€l jeJ qe@

Here is the illustration of the definition of the (CS,CT) case (the other cases are
similar). As demonstrated in Table 3, the CM classifier X(CS.CT) firgt applies DA to the
pre-configuration to rearrange the order of the distribution operators and obtain an element
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in Dsched (Dirans(Deonf(Q))). Since both the scheduler and the transition distributions are
interpreted in the chance manner, we apply the suppression operator up(g) to suppress
Disched and Dirans 10 Depan and leave Degns t0 Dimass.

Those concrete CM classifiers in Def. 12 instantiate the general definition of config MC
(Def. 9) as follows. To avoid complex super- and subscripts, a config MC Mycs.c) , shall

be denoted by ME,CS’CT), and similarly for other semantics. Here we focus on memoryless
schedulers for readability (cf. (3)); the general case is presented in [28].

» Definition 13 (config MC under concrete semantics, memoryless). Let M = (Q, Act,d) be
an MDP, and o: D(Q) — D(Act) be a (memoryless) scheduler. The four config MCs induced
by M and o, under the four CM classifiers in Def. 12, are concretely described as follows.

Those config MCs are denoted by M((,CS’CT),MS;MS’CT),M((TCS’MT),MS;MS’MT).

They all have D(Q) as a state space.

Their transition functions, all of type D(Q) — D(D(Q)), are given as follows.

broser @)=Y Y o)) ( I1 (0. a) (f<q>>),

a€Act fEQQ s.t. Df(d)=d’ q€Q

Sxoms.om) o (d)(d') = > II daa)faa),

FEQRXAt s.t. d'=Df(d®0(d)) (¢,a)EQ xAct

Sxcosmm) o (d)(d') = > a(d)(a), (6)

a€Act s.t. d'=pg(D(6"(a))(d))

Lodifd =3 hene 2ogeq 2qeq o (d)(@)d(9)0(g, a)(d)d),

0 otherwise.

Sms.nary o (d)(d) = {

In the second line, d ® o(d) € D(Q x Act) denotes the product, which is a coupling of
the configuration d € D(Q) and the distribution o(d) € D(Act) over actions, that is

(d®o(d))(g,a) = d(g) - o(d)(a).

» Remark 14. As we discussed in Sec. 1, the (CS, CT) semantics should coincide with
the conventional semantics of MDPs, but Def. 13 may not look that way. We can show
that 1) the transition function dxcs.cr) , preserves Dirac-ness (i.e. if d is Dirac, then
dxcs.cm) ,(d)(d’) > 0 implies d’ is Dirac as well), and 2) the definition in Def. 13 indeed is
the usual semantics when d and d’ are Dirac (meaning that these configurations are single
states with mass 1). A proof is in [28].

» Remark 15 (combinations other than the four). We have presented four instantiations of the
CM classifier framework, corresponding Table 2. Combinatorially, there are 22 = 8 possible
ways of assigning Deched; Deonf anid Dirans t0 Depan and Diass, but we have only four since we
always assign Deonf t0 Dmass- The other options (where Deons is assigned to Depan) are not
considered as they do not conceptually fit the general framework in Sec. 3, where a “state” of

a config MC induced by an MDP should be a distribution over the state space of the MDP.

5 Algorithms and Complexity

Now we present several complexity results and two algorithms for Problem 10, with X(CS$:MT)

and X(MS.CT) a5 CM classifiers (the other two have been studied before). Due to space
constraints, all proofs are in Appendix of [28]. For completeness, we start by recalling known
results when X(C8:CT) and XMSMT) are provided as the input for the CM classifier. In
this section, we refer to Problem 10 as the threshold S-reachability problem with the CM
classifier provided as X5, where S can be (CS, CT), (MS, CT), (CS,MT) or (MS, MT).
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Known results on the (CS, CT) and the (MS, MT) semantics. The (CS,CT) semantics
models the conventional MDP semantics (Rem. 14). This implies that the threshold (CS, CT)-
reachability problem is in Ptime when the initial configuration dgy is Dirac. The proof is a
simple adaption of those for the conventional semantics and can be found in [9].

The (MS, MT) semantics is about distribution transformers in [1,2,4-6,10,11,19,21].
There, the threshold reachability is shown to be positivity-hard (see [3]), implying that the
threshold (MS, MT)-reachability is positivity-hard. (The result in [3] uses local actions but
it is easily translated to our formalization with global actions. See Rem. 4.)

5.1 Complexity and Algorithm for the (MS, CT) Semantics

We first a lower bound for the threshold (MS, CT)-reachability. It is proven by a reduction
from the counting variant of the subset sum problem, which is known to be fP-complete [25].

» Theorem 16. The threshold (MS, CT)-reachability problem is §P-hard.

We show, however, that given an explicit scheduler, the problem becomes positivity-
hard. Unlike in conventional (CS, CT) or distributional (MS, MT) semantics, here fixing a
scheduler does not ease the problem. Thm. 18 is proved by reduction from the reachability
problem for Markov chains under the (MS, MT) semantics (shown positivity-hard in [3]).

» Problem 17 (threshold (MS, CT)-reachability with explicit scheduler). Given an MDP
M = (Q,Act, ), an initial configuration dy € D(Q), a scheduler o, a set of configuration
H C D(Q) and a threshold £ € [0, 1], decide if Pxaus.ct) ,(Reachyws.cr) ,(do, H)) > €.

» Theorem 18 (positivity-hardness when scheduler given). Problem 17 is Positivity-hard.

» Remark 19. The proof of the above results are presented in [28]. Both of the proof does
not require the scheduler to be memoryful, hence the hardness results holds even when the
problem is restricted to memoryless schedulers.

A Template-based Synthesis Algorithm for Finitely-Generated Monotone Set

Now we present a template-based synthesis algorithm for solving the threshold (MS, CT)-
reachability problem, under the assumption that the target set is provided as a finitely-
generated monotone set.

We saw that the threshold reachability problem is hard (Thms 16 and 18) — this is because
MDPs under the (MS, CT) semantics can branch into exponentially many configurations
which are expensive to track. Therefore, instead of tracking reachable config’s, we directly
search for a reachability certificate by template-based synthesis and constraint solving.

Our result is an extension of the template-based algorithm in [5] with ~y-scaled submartin-
gales introduced in [27]. We also make several changes on the assumption of the target set,
namely using upward- or downward-closed sets, which involves some technical novelties. We
present a version with upward-closed sets; dealing with downward-closed sets is similar.

We start by defining the ~-scaled configuration submartingale, adapted from [27].

» Definition 20 (v-scaled configuration submartingale). Given an MDP M, a memoryless
scheduler o, a target set H and a real number v € (0,1), ay-scaled configuration submartingale

is a function R : D(Q) — [0,1] such that the following holds: for each d € D(Q) \ H,

R(d) < v- Y R(d)-dgms.cm ,(d)(d). (7)
d’eD(Q)
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Note that, in (7), the term dxwms.cr) ,(d) is of type D(D(Q)) which gives a distribution over
successor configurations d’ in the config MC under the scheduler 0. Hence, evaluating it
with d’ gives the probability of reaching d’ from d. The sum in (7) can be understood as the
expected value of the submartingale R after one-step under the scheduler o. Note that the
sum is well-defined since all distributions in this paper are countably supported.

The next theorem is proved much like in [27].

» Theorem 21 (y-scaled submartingale witness). Assume that the input of Problem 10
is given, with XMS:CT) gg the CM classifier. Let R be a ~y-scaled submartingale R for
some v € (0,1). Then R(dpy) > & implies there exists a memoryless scheduler o such that
P(Reachxs.cr) ,(do, H)) > €. If R(do) > & holds, we say that R is a witness of reachability.

As usual in template-based synthesis, our algorithm collects constraints — ours are given
as a system of inequalities over reals — and solves them. The construction is three steps.

In the first step, templates for a scheduler o and a ~y-scaled configuration submartingale
R are constructed.

In the second step, constraints are constructed to ensure that a feasible solution of the
constraints corresponds to a valid scheduler and a valid y-scaled submartingale that is a
witness of reachability.

In the final step, the whole constraints are passed to an off-the-shelf polynomial inequality
solver to compute a feasible solution (we use Z3). If a feasible solution is found, the

algorithm concludes the target set is reachable and return the submartingale as a witness.

Below we briefly describe each step.

Step 1: Setup of Template. The first step is to set up templates for a scheduler and a
v-scaled submartingale. This step is standard and done similarly to other template-based
synthesis algorithms; thus we only outline the templates here. For details, see [5] and the
references therein.
Scheduler: two sets of template variables {07 | a € Act,q € QU {0}} and {s, | ¢ €
Q U{0}} are fixed, such that the target scheduler o is as follows: for each configuration

ot 0o-d
d € D(Q) and action a € Act, o(d)(a) = %

Submartingale: a set of template variables {r, | ¢ € QU {0}} is fixed so that the target
submartingale R: D(Q) — [0,1] is R(d) =10+ >_,co7q - d(9)-

Step 2: Constraint Collection. We now describe how the constraints for the templates are
constructed to enforce the validity and witness property of the templates.

Constraints for Schedulers. To ensure that for any configuration d € D(Q), o(d) is a
distribution over actions, we require it to satisfy 1) for any action a € Act, o(d)(a) > 0 and
2) > eact 0(d)(a) = 1. Concretely, using the template variables,

1EDQ) = Naena |9+ Xyeq by dla) 2 0]
Dschedule © § d c D(Q) — So + ZqEQ Sq - d( ) >1 (8)
deEDQ) = Yaeaats T2 4eq % d(@) =50+ > ,cq Sq ).
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Constraints for Submartingales. For submartingales, we have two constraints: 1) for any
configuration d € D(Q), R(d) € [0,1] and 2) for any configuration d € D(Q) \ H, R(d)
satisfies the submartingale condition in (7). Concretely, using the template variables,

Pound : de D(Q) = 0<rp+ ZqEQ Tq-* d(q) <1, (9)
(I)Inductive : de D(Q) \H = To+ quQ Tq- d(q) < Y EaeAct O(Q)(G)R(Mgd) (10)

Constraints for Reachability Certificates. We also impose a constraint so that R is a
witness of reachability, i.e. R(dp) > &. Concretely,

PReachable : R(d0> =710+ quQ rqu(q) > ¢ (11)

Step 2.5: Quantifier Elimination. It is worth noting that all the constraints we obtained
in the system are either a simple inequality or a quantified formula in the form of Vx €
R™ ®(z) >0 = (x) > 0, where @ is a linear function and v is a polynomial. Therefore,
the well-known Farkas’s lemma [12] and Handelman’s theorem [16] can be applied to perform
quantifier elimination, which reduce the problem to solving a system of polynomial inequalities
over reals. Further details are presented in [28].

Step 3: Constraint Solving. Once all constraints are translated to an existential problem
over reals, the system is then passed to a polynomial inequality solver for finding a feasible
solution. If a feasible solution is found, then we claim that the target set H is reachable.

» Theorem 22. The algorithm is sound, with a runtime in 2EXPTIME.

The soundness proof follows directly from Thm. 21. For the time complexity, it takes
exponential time (in the number of generators of H) to construct all the constraints, and
since existential theory of reals is in PSPACE, hence we obtain 2EXPTIME in total.

5.2 Complexity and Algorithm for the (CS, MT) Semantics

Complexity Results. In the (CS,MT) semantics, similarly to the conventional (CS, CT)
semantics, one can replace a mixed scheduler with a pure scheduler without decreasing the
reachability probability. Intuitively, this is achieved by inductively choosing the action with
the largest probability of reaching the target set.

» Lemma 23. Assume the setting of Problem 10. If there is a mized scheduler o: D(Q)T —
D(Act) such that P(Reachycs.m) , (do, H)) > &, then there is a pure scheduler o': D(Q)T —

Act (interpreted as a scheduler that only consists of Dirac distributions over Act in our
framework), such that P(Reachyg(csmr) ,(do, H)) > €.

Therefore we can limit our search to pure (instead of mixed) schedulers. Furthermore we
notice the following: in the concrete description of (6), if o is a pure scheduler, the probability
amplitude o(d)(a) is either 0 or 1. All these reduce, in the case of the (CS, MT) semantics,
the original problem (Problem 10) to the following deterministic problem.

» Problem 24 (deterministic (CS, MT)-reachability). In the setting of Problem 10, for a
finite sequence a = ajas...a, € Act” of actions, let dg1,...da, € D(Q)* be a sequence
of configurations and oz be a pure scheduler such that for any j € [n], the following is
satz’sﬁed: O'Ea) (doda@...da,j_l)(a,j) =1 and (SX(CS,MT)Ja (doda71...da7j_1)(da7j) = 1. Note that
the scheduler is potentially memoryful.

The deterministic (CS, MT)-reachability problem asks if there exists a finite sequence
a = ayas...a, € Act® of actions and a natural number n € N such that dz , € H.
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Now the following result is proved by reduction from the emptiness problem of probabilistic
finite automaton (PFA). The latter is undecidable; see e.g. [14]. Further, we also show
that the problem remains undecidable even when the target set H is finitely generated and
monotone. Both results only hold for searching a memoryful scheduler.

» Theorem 25 (undecidability of (CS,MT)-reachability). The threshold (CS,MT)-
reachability is undecidable even when the target set H is restricted to a finitely-generated
monotone set.

An Antichain-based Algorithm for Finitely-generated Monotone Set

Despite the complexity, here we attempt to provide an algorithm for solving Problem 24
with a target set H being finitely generated and upward-closed (similarly to Sec. 5.1, the
adaption to downward-closed sets is straightforward). We motivate the use of antichain —
used e.g. in [13] — by a simple observation that all stochastic matrices are monotone with
respect to the element-wise order. That is, let M € Stoc(n) be a stochastic matrix, then for
any X,y € [0,1]", x <y implies MTx < MTy. We come to the following simple lemma.

» Lemma 26 (pullback of upward-closed set). Let H be an upward-closed set and M € Stoc(n)
be a stochastic matriz. Then the pullback of H with respect to M, denoted as M*H and
defined as M*H = {x € [0,1]" | MTx € HY}, is upward closed.

Hence inductively, the set of all initial configurations that are reachable to H is also upward-
closed, which motivates the usage of antichains since they are a canonical representation of
upward-closed sets. Formally, we connect this observation to Problem 24 with the following
theorem, which characterizes the set of configurations reaching H as the least fixed point of
an operator that preserves upward-closeness.

» Theorem 27 (reachable configuration as a least fixed point). Given an MDP M =
(Q,Act,Mat), an initial configuration dy € D(Q) and a finitely-generated upward-closed
set H, let B: 200.11° _y 2[0.119 pe g function defined by B(S) = H U ;emae M*S. Then the
sequence (BJ(J_))j converges to its least fized point uB and H is reachable from dy if and
only if dy € uB.

eN

The (CS, MT)-reachability problem is undecidable in general (Thm. 25); thus computing
the least fixed point of B is not always possible. Nevertheless, we can approximate it and
provide a sound but necessarily incomplete algorithm. Since | is by definition upward
closed, it follows that all approximants B¥(_L) are upward closed. Hence algorithmically, it
suffices for us to keep track of the minimal elements of each B¥(_L), which can be maintained
efficiently through the antichain data structure.

The only challenge that remains is to compute the bottom (the subset of <-minimal
elements) of an upward-closed set. Specifically, in the current setting, we need to compute
|M*!S| = |{y €10,1]9 | MTy »= x for some x € S}| for M € Mat. Since we assume an
antichain structure is always maintained in the algorithm, this problem can be reduced to
computing the set [{y € [0,1]I9! | MTy = x}| for each x € [S] and merging them.

Our algorithm solves the last problem (for each x € [S]) by iteratively solving the
following sequence of minimization problems, increasing k over time: we randomly sample
(aj)jepm—1) € [|Q|]*~! (recall the notation [n] from Sec. 2), and solve

y; =argmin1”y subject to M7y >=x, 1Ty <1, (12)
y 12
y =0, and Vj<k, (¥)q < (¥])a,
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The intuition is as follows. Our goal is to iteratively obtain elements y7,y3,... of the set
S = [{y €[0,1]9 | MTy = x}|. For the first element y}, the last constraint in (12) is
vacuous, and we obtain an element of S that is minimal wrt. < (here it is important that
y =y’ implies 17y < 17y’). For the step case with k > 1, the last constraint in (12) enforces
that y; A yj for each j € [k — 1], where q; € Q| is the “guessed” index that witnesses
y; 2 yi- That y; =<7 is prohibited, too, for each j < k, since otherwise y} must have been
obtained in the j-th round instead of y7.

This problem is an instance of linear programming which can be solved by any off-the-shelf
LP solver in PTime. If the solver does not return a solution, another q will be sampled and
used to solve for y;. The process terminates when either K solutions y7,...,y% are found,
or the solver fails to find yj for some k after L different samples of (q;);’s (K and L are
hyperparameters). The set of solutions {y} | k¥ € [K]} is then used to approximate the set
[y € [0,1]@ | MTy = x}].

» Lemma 28. Given a sub-distribution x € [0,1]", a stochastic matriz M € Stoc(n), and
parameters K, L € N, let Yk 1(x) denotes the set of solutions obtained by the above described
procedure labelled by parameters K and L, then Vi (x) C |{y €[0,1]9 | MTy = x}|.
Moreover, if the set L{y € [0,1]19| My = X}J is finitely generated, then we have
Vi,1(x) = |{y €[0,1]I9| My = x}| almost surely for large enough K and L.

Algorithm 1 Backward projection algorithm.

Input: an MDP M = (Q, Act, Mat), an initial configuration do € D(Q), a target set antichain

|H| c [0,1]'9!, parameters K, L € N
Output: True if dg is reachable to H

1 S« {}

2 S« |H|

3 do

4 S+ s

5 S« |H|

6 for M € Mat do

7 for x € S do

8 {y% | k € [K]} + Solve the problem in (12) against M ,x with parameters K, L
9 S |S'U{yp | k€ [K]}]
10 if dg € S’ then return True

11 while S # S’
12 if dp € S’ then return True

Finally, we formalize the algorithm and its correctness. The algorithm takes as input an
MDP M = (Q, Act, Mat), an initial configuration dy € D(Q), a target set H provided as | H |
and two parameters K, L € N, and returns True if dy is reachable to H. It starts with a set
S = | H] and iteratively updates S by computing | B(S)] through solving the optimization
problem described above. The algorithm only terminates when it witnesses a reachability
or the set of configurations reachable to H stabilizes, that is, dy € S or S = S’. The full
pseudocode is provided in Algorithm 1. The termination is necessarily not guaranteed since
the problem is undecidable (Thm. 25). But from Lem. 28 we can conclude that the algorithm
always computes an under-approximation of the set of configurations reaching H, hence as a
direct consequence of Thm. 27, we have the following theorem.

» Theorem 29. Algorithm 1 is a sound algorithm for solving the (CS, MT)-reachability
problem with finitely-generated monotone target set H.
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6 Prototype Implementation and Experiments

While the primary focus of this paper is the theoretical development of the unifying framework
and algorithms in the two new semantics, we also implemented prototypes of the algorithms
in Sections 5.1 and 5.2, as a proof of concept. Details of the experiment setup and benchmarks
are presented in [28]. We tested the implementations against various models from [4,10] and
also our motivating examples Casino and Ezam from Sec. 1.

Despite the hardness of the problem, the antichain algorithm in Sec. 5.2 on average
solves a problem with three to five states within a few seconds. Most runs terminate before
reaching a loop limit and prove the reachability. The template-based algorithm in Sec. 5.1 on
average solves a problem with 3 to 5 states within the range of a few seconds to a hundred
seconds. We were able to find a certificate that witnesses reachability in all our examples
by considering only polynomials up to degree 4. Complete results are provided in [28].In
summary, our implementation indicates that the algorithms work on small models, at least,
and have the potential to be further developed for real-world applications.

7 Conclusion

In this paper, we presented a unified framework for defining semantics for MDPs that
distinguishes randomness arising from schedulers from randomness in transitions. By fixing
which get interpreted distributionally (mass) and which probabilistically (chance), we obtain
four semantics of which two are new. We proved hardness results for the reachability problem
with monotone target states for the two new semantics and developed sound algorithms
using completely different techniques. As future work, it would be interesting to use the
framework defined here, e.g., for obtaining the semantics for quantum MCs and MDPs that
have been recently considered in the verification community [15,29].
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