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—— Abstract

We show that for any fixed (2+1)-dimensional TQFT over C of either Turaev-Viro-Barrett-Westbury
or Reshetikhin-Turaev type, the problem of (exactly) computing its invariants on closed 3-manifolds
is either solvable in polynomial time, or else it is #P-hard to (exactly) contract certain tensors that
are built from the TQFT’s fusion category. Our proof is an application of a dichotomy result of
Cai and Chen [J. ACM, 2017] concerning weighted constraint satisfaction problems over C. We
leave for future work the issue of reinterpreting the conditions of Cai and Chen that distinguish
between the two cases (i.e. #P-hard tensor contractions vs. polynomial time invariants) in terms of
fusion categories. We expect that with more effort, our reduction can be improved so that one gets
a dichotomy directly for TQFTSs’ invariants of 3-manifolds rather than more general tensors built
from TQFTS’ fusion categories.
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1 Introduction

1.1 Main results

Quantum computation — especially topological quantum computation — motivates a number
of complexity-theoretic questions concerning TQFT invariants of manifolds, particularly
in dimensions 2 and 3. One of the most central is to classify “anyonic systems” according
to whether or not they are powerful enough to (approximately) encode arbitrary quantum
circuits over qubits. Anyons that are powerful in this way are important because (in theory)
it should be possible to build fault tolerant quantum computers using them [12, 10]. We
refer the reader to [23, 19] for a broad review of the mathematical side of these matters and
Subsection 1.3 for more discussion. For now, we simply note that the Property F conjecture
of Naidu and Rowell is currently the only concrete, published formulation of a proposed
(partial) answer to this classification question that we know. The conjecture is surprisingly
easy to formulate: the possible braidings of n copies of a simple anyon X in a unitary
modular tensor category B generate only finitely many unitaries for each n (and, hence, are
not “braiding universal” for quantum computation) if and only if the square of the quantum
dimension of X is an integer d3% € Z [17].
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In this work, we will not attack the Property F conjecture directly. However, our main
result has a similar spirit and shares the same motivations. See Subsection 1.3 for some
discussion of these points.

» Theorem 1.

(a) Fiz a spherical fusion category C over C, presented skeletally with all data given as
algebraic numbers over Q. Then #CSP(F¢)—the problem of contracting tensor networks
defined from C — is either solvable in polynomial time or #P-hard. Moreover, if M is a
closed, oriented, triangulated 3-manifold (treated as computational input), then either the
problem of computing the Turaev-Viro-Barrett- Westbury invariant |M|c € C is solvable
in (classical) polynomial time or #CSP(F¢) is #P-hard.

(b) Fiz a modular fusion category B over C, presented skeletally with all data given as
algebraic numbers over Q. Then #CSP(Fg)—the problem of contracting tensor networks
built from B — is either solvable in polynomial time or #P-hard. Moreover, if M is
a closed, oriented 3-manifold encoded via a surgery diagram (treated as computational
input), then either the problem of computing the Reshetikhin- Turaev invariant Tg(M) € C
is solvable in (classical) polynomial time or #CSP(Fg) is #P-hard.

Two routine points of clarification are due.

First, we note that all fusion and modular categories over C admit finite skeletal presenta-
tions using algebraic numbers over Q. This is because the defining equations for the skeletal
data are all algebraic over Q. In particular, since we are interested in how the complexity of
|M|c or 75(M) depends on variable M for fized C or B, there is no harm in assuming that C
and B are encoded in this way.

Second, as usual in computational 3-manifold topology, to say that a problem whose
input is a triangulated 3-manifold is solvable in polynomial time means that there exists an
algorithm to solve the problem that runs in time polynomial in the size of the triangulation.
For a 3-manifold presented via integral surgery on a link diagram in S3, the algorithm must
run in time jointly polynomial in the crossing number of the link diagram, the number of
components of the link, and the absolute values of the surgery coefficients.!

We refer the reader to [7] for further elaboration of both of these matters.

We now explain briefly the meaning and importance of dichotomy theorems within
complexity theory. Of course, it is an infamous open problem to show that P # NP (the two
complexity classes might be equal, but most experts do not expect this to be the case). To
establish this inequality it is necessary and sufficient to show that there exists an NP-complete
problem with no polynomial-time algorithm. Intriguingly, Ladner showed that if P # NP,
then there exist problems in NP that are neither in P nor NP-complete [16]. These are usally
referred to as NP-intermediate. In other words, an NP-intermediate problem is a problem
in NP that is neither in P nor NP-hard. Intuitively, Ladner’s theorem shows that if one
considers a family of decision problems, then it need not be the case that every problem
in the family is either “easy” (that is, in P) or “hard” (that is, NP-hard)-there could be
problems that have intermediate complexity. When a given family of problems has the
property that none of the problems has intermediate complexity, then one says that the
family satisfies a dichotomy theorem. The archetypical dichotomy theorem was established
by Schaefer, who showed that Boolean satisfiability problems in generalized conjunctive form
(where the clauses are taken from a finite set of constraints) satisfy a dichotomy theorem
(with respect to the set of constraints) [21].

! In particular, we might understand the surgery coeflicients as being expressed in unary, not binary.
(If we used the latter, then we would not be able to build a triangulation from a surgery diagram in
polynomial time.)
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In the case of our Theorem 1, we interpret (2+1)-d TQFT invariants as generalized (¢.e.
C-valued instead of N-valued) counting problems parametrized by spherical fusion categories
C and modular fusion categories B (the categories are analogs of the allowed local constraints
in Schaefer’s dichotomy). Our results establish the dichotomy that either a function of the
type M — |M|c € C or M — 753(M) € C is “easy” to compute (polynomial time) or else it
is “hard” to contract certain tensors built from the category C or B (#P-hard). In this way,
there are no (2+1)-d TQFTs whose tensors are of “intermediate” complexity. In fact, we
conjecture that the same can be said directly of the TQFT’s invariants of 3-manifolds per se.
Let us expound on these points now.

1.2 Mapping the dichotomy

Whether or not M — |M|c or M — 75(M) is computable in polynomial time depends on C
and B. Having established Theorem 1 — which only asserts the ezistence of a dichotomy — it is
natural to wonder where one should draw the line between easy and hard. Better yet, ideally,
one would like to be able to prove that the dichotomy of Theorem 1 is effective, meaning,
given C or B, there exists a polynomial-time algorithm to decide precisely when the category
falls into the easy case (here “polynomial-time” means in the size of the skeletalization of C
or B). Our proof of Theorem 1 relies on the main result of Cai and Chen’s work [2], which
establishes a dichotomy theorem for a generalized type of “solution counting” to constraint
satisfaction problems #CSP(F) with a fixed “C-weighted constraint family” F. We carefully
define #CSP(F) in Subsection 2.1, but here we note that not only do Cai and Chen prove
that for every choice of constraint family F, #CSP(F) is either #P-hard or computable in
polynomial time — they also provide three necessary and sufficient conditions that characterize
precisely which F allow for polynomial time solutions to #CSP(F). These conditions are
called “block orthogonality,” “Mal’tsev” and “Type Partition”. Our proof of Theorem 1
consists in converting a spherical fusion category C or modular fusion category B into an
appropriate constraint family F¢ or Fg such that computing |M|¢ or 75(M) is equivalent
to computing an instance (depending on M) of a problem in #CSP(F¢) or #CSP(Fg),
respectively. In particular, for the constraint families ¢ and Fp we shall build, it should be
possible to interpret the three conditions of Cai and Chen directly in terms of the categories C
and B. It is beyond the scope of the present work to attempt to accomplish this. However, we
believe this is an important problem, since it should shed light on variations of the Property
F conjecture related to anyon classification, as we explain in the next subsection.

Let us now address the more important deficiency of Theorem 1, alluded to at the end
of the previous subsection: it would be better to get an outright dichotomy for 3-manifold
invariants, and not just general tensors derived from a fusion category. To this end, Theorem 1
can be understood as a first step towards proving the following more desirable result.

» Conjecture 2.

(a) Fiz a spherical fusion category C over C, presented skeletally with all data given as
algebraic numbers over Q. If M is a closed, oriented, triangulated 3-manifold (treated
as computational input), then computing the Turaev-Viro-Barrett-Westbury invariant
|M|c € C is either solvable in (classical) polynomial time or is #P-hard.

(b) Fiz a modular fusion category B over C, presented skeletally with all data given as
algebraic numbers over Q. If M is a closed, oriented 3-manifold encoded via a surgery
diagram (treated as computational input), then the problem of computing the Reshetikhin-
Turaev invariant Tg(M) € C is either solvable in (classical) polynomial time or is
#P-hard.

5:3
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See Subsection 3.4 for some discussion of how we expect one might get started on proving
this conjecture — in particular, the relevance of holant problems [3].

1.3 Implications for “anyon classification”

Theorem 1 and Conjecture 1 assert that for certain precise formulations of the problem of
“anyon classification,” whatever the “type” is for a given modular fusion category B, it can only
be one of two things, with no “intermediate” cases. In order to explain this more carefully,
we pause to note the many ways one can make the problem of anyon classification precise,
and situate our result exactly in this milieu. Moving from the more “purely mathematical”
to the more “applied” end of the spectrum, “anyon classification” could mean any of the
following precise problems:

1. Algebraic classification of unitary modular fusion categories (MFCs) up to ribbon tensor
equivalence.

Much of the literature on fusion categories can be considered as contributing to this
problem.

Presumably one would be satisfied with a solution to this problem “modulo finite
group theory.”

2. Algebraic classification of simple objects X in unitary MFCs B according to whether
or not the braid group representations B,, — U(Endg(X®")) have finite image, dense
image, or something else.

The Property F conjecture is of course directly related to this matter.
One can generalize this question to consider mapping class group representations of
higher genus surfaces with different types of anyons on them.

3. Complexity-theoretic classification of MFCs according to how easy or hard it is to exactly
compute their Reshetikhin-Turaev 3-manifold invariants (as algebraic numbers over Q).

Our Theorem 1 is situated here — almost! We have established a dichotomy of
the form either “3-manifold invariants easy” or “tensors in the category are hard to
contract”. Our results represent a non-trivial step towards the desired dichotomy of
Conjecture 2: “invariants easy” or “invariants hard”.

One can ask this question for restricted classes of 3-manifolds (such as “knots in S3”
or “links in $3” or “integer homology spheres”), and the classification may change [7].

4. Complexity-theoretic classification of MFCs according to how easy or hard it is to
“approzximate” their Reshetikhin-Turaev 3-manifold invariants.

There are different types of approximations one might ask for. A priori, each type
should be understood as giving a different version of this question.

“Exactly compute” is one way to “approximate.”

Pioneering works of Freedman, Kitaev, Larsen and Wang show that for certain approx-
imation schemes, there exists unitary MFCs B for which the ability to approximate
their 3-manifold invariants is equivalent in power to BQP (bounded-error quantum
polynomial time) [9, 10]. In particular, their work established the original paradigm
for topological quantum computation via anyon braiding.

Kuperberg showed that results for one type of approximation can have important
implications for other types of approximations [13]. In particular, the kinds of ap-
proximations that a quantum computer can efficiently make for Reshetikhin-Turaev
invariants are (in general/worst case) not precise enough to do anything useful for
distinguishing 3-manifolds even if their invariants are promised to be unequal by a
large amount.
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5. Complexity-theoretic classification of MFCs according to whether or not they support
universal quantum computation with braiding and adaptive anyonic charge measurements.

Quantum computation using braidings and charge measurements of anyons in a fixed
unitary MFC is often called “topological quantum computing with adaptive charge
measurement.”

Our entirely subjective opinion is that this is the most important flavor of anyon
classification, at least when considered from the perspective of the goal of actually
building a universal, fault-tolerant quantum computer.

Even unitary MFCs whose anyons all have Property F (and, hence, are not universal
via braiding alone) can be universal when braiding is supplemented with charge
measurements, see e.g. [6].

While adaptive charge measurement is generally considered fault-tolerant for topo-
logical reasons, unlike the case of braiding-only topological quantum computing, the
amplitudes with which one performs a quantum computation in this paradigm are not
(normalizations of) Reshetikhin-Turaev invariants of 3-manifolds.

There are known relations between these different classification problems. For example, on
one hand, if X is an anyon such that B,, — U(Endg(X®")) is dense, then the Solovay-Kitaev
theorem implies that B supports universal topological quantum computation via braiding
(without needing adaptive charge measurement). On the other hand, if X has Property F,
then it is known that braiding with X is never powerful enough to encode all of BQP in its
braidings. This latter point was the main motivation for the Property F conjecture in the
first place, since one would like to rule out the “obviously” un-useful anyons easily.

To understand the potential usefulness of Theorem 1 or Conjecture 2, it is perhaps helpful
to pull on the thread of these motivations for the Property F conjecture a bit more so that
we can compare and contrast.

On one hand, there is no “unconditional” implication known between classification
problems (2) and (4) above in either direction, except if we condition on properties in a way
we have already mentioned, namely: if an anyon has Property F, then it is definitely not
braiding universal, while if an anyon has dense braidings, then it is universal. This is not
“unconditional” in the sense that as far as problem (2) is concerned, there is a third case that
remains to be addressed: anyons with braidings that are neither dense nor have Property
F. Do they even exist? If so, what are we to make of them? Are they universal or not?
Maybe sometimes they are and sometimes they are not? Conversely, if an anyon is braiding
universal, does it necessarily have dense braid group representations? These are interesting
questions worth pursuing, but it could require quite a bit of effort to resolve each of them.

On the other hand, there is an “unconditional” connection between (3) and (4) in at least
one direction: (3) is simply the special case of (4) where the type of “approximation” is chosen
to be “exact computation.” So classification problem (3) might be understood as a warm-up
to the version of problem (4) where the type of approximation is not “exact”, but is instead
the kind of approximation relevant to topological quantum computing. (For the sake of space,
we refrain from precisely defining this type of approximation here; see the intro discussions
of [13] or [20].) The key technical issue that this perspective highlights is the following: even
categories whose anyons all have property F (and thus are not braiding universal) can have
#P-hard invariants [11, 14, 15]. Hence, more work needs to be done to properly understand
the relationship between the BQP-universality of anyon braidings in a given modular fusion
category B and #P-hardness of (exactly) computing 75(M) on 3-manifolds M. At the end
of the day this is not so different from the situation between (2) and (4).

5:5

TQC 2025



5:6

Towards a Complexity-Theoretic Dichotomy for TQFT Invariants

However, we conclude this discussion by noting that it is conceivable there exists a very
tight connection between anyon classification problems (3) and (5) (while there is essentially
no way to relate (2) and (5)). Indeed, one might reasonably guess that #P-hardness for the
exact calculation of invariants implies that topological quantum computing with adaptive
charge measurements is always sufficient to generate BQP-universal topological gates. This
guess would be consistent with all known examples. We plan to explore these matters in
future work.

1.4 OQutline

Subsection 2.1 briefly reviews the definiton of #CSP(F), as well as Cai and Chen’s dichotomy
theorem for these problems. Subsection 2.2 contains the proof of part (a) of Theorem 1.
Subsection 2.3 contains some preliminary results about the graphical calculus in fusion
categories needed for the proof of part (b). The proof of part (b) itself is relegated to
Appendix A for the sake of space. Section 3 contains some further discussion.

2 Proof of Theorem 1
2.1 Cai and Chen’s dichotomy for weighted CSPs

Before proving either part of our main theorem, we review the definition of #CSP(F),
following [2]:
We fix a finite set D = {1,...,d} called the domain (which, by an abuse of notation, we
will suppress from the notation #CSP(F)).
We fix a (C-valued) weighted constraint family F = {fi1,..., fn}, where each f; is a
C-valued function f; : D™ — C for some r; > 1 called the arity of f;. We assume all the
values that the f; assume are encoded as algebraic numbers over Q.
An instance I of #CSP(F) consists of a tuple x = (z1, ..., x,) of variables over D (which
will be suppressed in our notation) and a set I of tuples (f,41,...,%,) in which f is an
r-ary function from F and iy,...,%. € {1,...,n} are indices of the variables in x.
The output of #CSP(F) on instance I is the algebraic number Z(I) € C given by

def
Z2()= Y Filx),
xeD™
where
def
)= I f@a,...m).
(f7i17---7ir)€R
The main result of [2] is

» Theorem 3 (Thm. 1, [2]). Given any constraint set F as above, #CSP(F) is either
computable in polynomial time or #P-hard.

2.2  Proof of Theorem 1(a)

Proof. Let C be a spherical fusion category over C. To prove part (a) of Theorem 1, it
suffices — thanks to Theorem 3 — to build a domain D¢ and weighted constraint set F¢ with
the following property: there exists a polynomial time algorithm that converts a triangulated
3-manifold M into an instance Ip; of #CSP(F¢) such that

Z(Im) = |M|c.
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jl\r \rj2 j

¢(j17j27j3;k) =

Figure 1 A 3j+1k-symbol.

Readers already familiar with the state-sum formula for TVBW invariants will notice that
the definition of Z(I) is quite similar in spirit. The goal of the present proof is simply to
make this similarity precise.

To this end, let us recall the state-sum formula for |M|c:

Z HeeEM dim(L(e))? HteTM |7 ]

|M|c = D2V
[ser, F7]

L:E]\J—)II“I“(C)
Fr:Fp—N consistent w/ L

where our notation is as follows:

Vs is the ordered list of vertices in the triangulation M and D is the total quantum
dimension of C.

E)y is the set of edges in the triangulation M and Irr(C) is set of simple objects in the
given skeletalization of C.

Fyy is the set of faces in the triangulation M and N is the set of labels of the trivalent
Hom spaces

i J
Hom(k,i® j) = span{ 3@( }
k a=1,...,Nk

and |fT| is the 3j+1k-symbol obtained by evaluating the face f with a given labeling L
of the edges and faces of M (See Figure 1).

Tys is the set of tetrahedra in the triangulation M, and [t¥| is the 6j+4k-symbol obtained
by evaluating the tetrahedron ¢ with a given labeling L of the edges and faces of M,
where we take into account whether the orientation of ¢ given by the orientation of M
matches the induced orientation given by the ordering of the vertices. This will be made
more precise below.

Since we assume C is not necessarily multiplicity-free, then instead of 6j-symbols, we will
Jjo 3 kio  kos

. : , which are defined by the
Jiz joz kioz  Kios

be using so-called 6j+4k-symbols ‘3 !

contraction of a specific colored graph.
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J1 J2 g1z kg kz,g] def
Ja J  Jesz kizz kios

This defines the “positive” 6j4+4k-symbols. We also define a “negative” version of the 6j+4k-
symbols. We will call them negative 6j+4k-symbols since they correspond to negatively-
oriented tetrahedra with respect to the standard orientation on R3:

J1 J2 g1z kg k2,3] def
Ja J Jes kizz kies

Here, j1,j2,J3,J,j12, jos are simple objects, k12 € {0,... ,Njf;z}, ko3 € {0,..., N;;;S ,
k1273€{0,... N }, and k17236{0,...,N3

» 1273 ]l»j23}'

We now have enough to identify our domain and weighted constraint set. Define

De % Trr(C) UN U {x}.

Now extend the 6j+4k symbols to be 10-ary functions on our domain D¢ in the “trivial” way:

+
Ty Ty Ts X7 T ,
[1 2o 8} if x1,...,26 € Irr(C), @7,...,210 €N,

def
At (zy,...,m10) = { |3 T4 w6 T9 10
0 otherwise,
and
Ty T2 X5 Tr T§ .
3 def [ } if 1,...,26 € Irr(C), z7,...,210 €N,
A7 (x1,...,210) = T3 T4 Te T9 1o

0 otherwise.
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We similarly define 4-ary functions on our domain using the 3j+1k-symbols ¢ by taking

1 dof | d(x1, 20, 23;524) " if 21, 29,23 € Irr(C), 24 €N,
) (I17I2,1'3,I4) =

0 otherwise.

And we define 1-ary functions using the quantum dimensions of simple objects:

d2(z) def {dim(;zc)2 if x € Irr(C),

0 otherwise.

Finally, we define a 1-ary function to encode the total quantum dimension of C:

. . 2 - . _
D2 46 2y et (Zjelrr(c) dim(j) ) if z = *,

0 otherwise.

Using these functions, we define our weighted constraint family
def + -1 32 -2
Fe = {A%,97°,d°, D7}

Our next goal is to describe how to convert a triangulation M of an oriented manifold
into an instance Ip; of #CSP(F¢).

The data of M is comprised of:

An ordered list of vertices {v1,...,v4}

A list of oriented edges {e1(v1,,v2,),...,ep(Vp,,Vp,)} Where e;(v;,,v;,) means that e; is

an edge connecting v;, to v;,. (Note that these orientations are chosen arbitrarily.)

A list of oriented faces {fi(e1,,€2,,€3,),- - fe(€cy,€cqy€es)} Where fi(e;,, €y, €i5) means

that f; is a face whose boundary consists of the edges e;,, €;,, and e;,. (Note that the

orientations of the faces need to be consistent with the edge orientations in any way.)

A list of tetrahedra {ti,...,tq} where t; = t;(fi,,..., fi,) means that t; is a tetrahedron

with faces given by fi,, ..., fi,-

To encode the orientation of M, each tetrahedron ¢; is endowed with a sign + or — to

indicate the local orientation inside that tetrahedron.?

For a given triangulation M as described, define a tuple

def
Xy = (T1ye ey Tay YLy e ey Uby 215« -5 2c) }

that has a variable for each vertex, edge and face in M. We now describe how to build the
desired instance Ip; of #CSP(F¢). It will be clear from the construction that the mapping
M +— Ip; can be done in polynomial time in the size of M.

First we put the functions D~2(x1),..., D %(z,) and d?(y1),...,d?(ys) in Iy for every
vertex and edge of M. For each face f;(ej,, e, €j,), we include @~ (y;,, Y4, yjs, 2). Finally,
for each tetrahedron t;, we include either

A+(yj1,...,ij,Zi17...,ZZ‘4)),

2 These signs must assemble to give a {%}-valued 0O-cocycle on the dual cellulation. This condition could
be easily checked, but for our purposes it is simply part of the data structure of M, and so this condition
can be assumed to be met as a promise. This condition is not necessary for our proof (although it is
necessary for the proof that |M|c is an invariant of M).

5:9
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or
AT (Yjry s Yjor Zins - - -+ %ia))s

where ¢; has faces f;, (€j1 1 €jas ejs)v Jiz (€j5 1€l ej4)v Jis (ej:w €jzs ejs)? and fi, (ejsa s ej4)' To
determine whether we should include A* or A~ for ¢;, we check if the orientation of ¢; given
by the orientation of M matches the induced orientation by the ordering of the vertices; if
they match, then we use AT, and otherwise we use A~.

This Ip; defines an instance of #CSP(F¢) that computes the Turaev-Viro invariant for
M. Indeed, plugging in the definitions of our constraint functions, we get

a b
Z()= Y 1P @) [ () 11 O (Ui s i iy 20)

xeDat+b+e v=1 e=1 Fi=(Ei;,Eiy,Eiy)

H Am(yjm'",yjeazip"'azu))
Ti=(Fiy,---,Fiy)

where n; = + if the orientation of T; given by the orientation of M matches the induced
orientation by the ordering of the vertices, and 7; = — otherwise. A priori, Z(Ips) includes a
sum over more types of labelings than the state-sum formula for |M|c. However, because of
how we have chosen to define the functions in the constraint family F¢, all of these additional
terms in the sum vanish. To see this, first note that when x1, ..., x, # *, the entire term is 0.
In particular, this means all non-zero terms have a common factor of the global quantum
dimension to the —a power, and hence we can pull it out as the normalizing factor. Similarly,
when the edges are not labeled by elements of the domain D¢ that are not simple objects of
C, or the faces are not labeled with multiplicities, the terms are zero. We have furthermore
arranged so that when the labeling of the edges and faces is not admissible, the 6j+4k-symbol
for that term vanishes. Therefore, the only surviving terms in the sum Z(Ips) are the x
which define admissible labelings of the edges and faces of M. It is then straightforward to
see Z(Ip) = |M|c recovers the Turaev-Viro invariant. <

2.3 Graphical calculus preliminaries

Before proving part (b) of Theorem 1, we establish a technical result about the graphical
calculus in a spherical fusion category. The result is likely well-known to experts, but does
not appear in the literature anywhere that we are aware. We begin by reviewing what we
need of closed trivalent graphs in S2.
For our purposes, a (closed) trivalent graph T' in R? (or S? = R? U {oc0}) has:
A finite collection V' of vertices vy, va,. .., v,, where v; € R x {i}
A collection E of directed edges e, es,. .., e in S?
subject to the conditions that
Each edge e; is either a loop disjoint from V or an arc connecting two (not necessarily
distinct) vertices, with an interior that is disjoint from all vertices in V.
If v is a vertex, then there is an open disk neighborhood D(v) so that D(v) NT" has three
arcs (coming from intersections of D(v) with E, not necessarily distinct) emanating from
v with one arc parallel to the vector (0, 1), one arc parallel to the vector (1, 1), and one
arc parallel to the vector (—1,1).
Such a graph T is closed in the sense that there are no vertices that are involved in precisely
one half-edge.
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O

Figure 2 A trivalent graph in R? which exhibits all three types of edges.

We will also need to consider closed trivalent graphs which have crossings. We will call
these crossed (closed) trivalent graphs. Crossed trivalent graphs are trivalent graphs where
they are allowed to have finitely many double points in the interior of its edges. These double
points must indicate which segment of the edge crosses “over” or “under” the other.

Recall that computing the Reshetikhin-Turaev invariant 73(M) of a 3-manifold M
presented by a surgery diagram involves a process where we interpret a coloring of the
components of the diagram by simple objects of B as an endomorphism of the tensor unit 1
of B. Since 1 is itself simple, such a coloring gives rise to an endomorphism 1 — 1, which in
turn can be identified with a complex number because End(1) = C. The invariant 73(M) is
then (roughly) the sum of all of these numbers over all choices of colorings of the surgery
diagram of M. For any single coloring, the complex number associated to it can generally be
understood as the result of a sequence of tensor contractions on a tensor induced by that
coloring. Moreover, this sequence of tensor contractions can be represented diagramatically,
using a small number of standard diagrammatic operations that are determined from the
data of the modular fusion category B. We call these operations Circle Removal, Tadpole
Trim, Bubble Pop, F-Move, and Vertex Spiral (aka “bending” moves); see Figures 3-5. We
also allow ourselves to reverse edge orientations. To compute the complex number associated
to a colored surgery link, one must identify a sequence of these operations that simplifies
the diagram to the empty diagram. The desired number will then be a product of numbers
determined from the operations in the sequence and the given coloring.

Our proof of Theorem 1(b) essentially revolves around two key observations.

First, a kind of uniformity: given a surgery description of M, there exists a single sequence
of diagrammatic operations that can be used to evaluate all colorings of the surgery link
to complex numbers. This uniformity is, more-or-less, what will make it possible to encode
M +— (M) as an instance Iy of #CSP(F) for an appropriately chosen F.

Second: such a uniform sequence of operations can be identified in polynomial time from
the surgery description of M. This will imply that the reduction M + Ip; can be performed
in polynomial time. We make this point more precise now.

» Lemma 4. IfT' C S? is a closed trivalent graph embedded in S?, then there is a polynomial
time algorithm (in the size of the encoding of T') to construct a sequence of embedded graphs
To,Ty,...,I1 where Tg =T, Ty = 0 such that each T';11 is related to T'; by one of the
diagrammatic operations in Figures 3-5 or edge orientation reversals.

5:11
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Figure 3 A circle removal, tadpole trim, and bubble pop, respectively.

YA A

Figure 4 The F-moves.

VoYY

Figure 5 Vertex spiral (aka “bending”)

Proof. A simple greedy algorithm suffices. We sketch the idea.

Begin by greedily choosing a complementary region R of I, i.e. a connected component

R of S?2\T. Note that we may identify the boundary edges and vertices of R in polynomial
time. Suppose R has k unique edges and [ unique vertices on its boundary. Now simplify

and update I' according to the following cases.

1.
2.
3.

If (k,1) = (0,0), then I' = @, and so we terminate.

If (k,1) = (1,0), then the boundary of R is a circle in I, which we remove as in Figure 3.
If (k,1) = (1,1), then the boundary of R is part of a tadpole, which we trim as in Figure 3,
but possibly only after first applying an appropriate set of vertex spirals as in Figure 5
and edge orientation reversals.

. If (k, 1) = (2,2), then the boundary of R is part of a bubble, which we pop as in Figure 3,

but possibly only after first applying an appropriate set of vertex spirals and edge
orientation reversals.

. Otherwise, k =1 > 2. Greedily pick an edge e on the boundary of R. After perhaps first

applying up to two vertex spirals and 5 edge orientation reversals, we can arrange so that
around e, I' looks like one of the four diagrams in Figure 4, with e the edge in the middle.
Apply the available F-move around e. The complementary regions of the resulting graph
are naturally in bijection with the regions of the previous graph (see Figure 6 for an
example). Let R’ be the region of the new graph associated with R. If R’ has k=1 > 2
edges on its boundary, then repeat what we just did, but with R’ and the new graph,
instead of R; otherwise, R’ has k =1 = 2 edges, and we pop the bubble as in case (3).

Repeat this process of greedily picking a region R and proceeding as in the above cases. Each
step of identifying an R and carrying through the appropriate case takes polynomial time,
and, moreover, reduces the number of complementary regions of I' by 1. Since there are at
most a polynomial number of complementary regions to begin with, the entire procedure
takes place in polynomial time. <
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bubble pop F-move
_—

Figure 6 An example of a portion of the algorithm.

1B

Figure 7 Inserting trivalent vertices to resolve the identity. Following up with R-moves reduces
us to planar diagrams.

Lemma 4 only involves planar trivalent graphs, while the proof of part (b) of Theorem 1
needs crossings. Indeed, when we compute Reshetikhin-Turaev invariants, a 3-manifold is
encoded by a framed link diagram L (which can be assumed to be in plat position, as in
Figure 8). Fortunately, for modular fusion categories we have “R-moves” that — together
with a “resolution of the identity” trick shown in Figure 7 — allow us to reduce to the planar
case, and thereby use Lemma 4. The basic strategy is then not so different from the proof of
part (a), but it requires that we introduce new variables for every crossing and then every
step of the algorithm of the lemma. The details are found in Appendix A.

(1)1 (1]
JuU Uu

Figure 8 A blackboard-framed link L in standard plat position is determined by a braid word
B € Bag.
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3 Discussion

3.1 Unitarity

We note that none of our results depend on the unitarity of the spherical fusion category C or
the modular fusion category B. This is not surprising, since a choice of unitary structure is
not necessary to define the TQFT invariants of closed 3-manifolds from C or B, and so, as far
as exact calculation of invariants is concerned, such a choice will not affect any dichotomies.
Nevertheless, a unitary structure is certainly needed in order to do topological quantum
computation with the TQFT determined by C or B, since, for such applications, one needs
the TQFT to be unitary. A priori, a specific choice of unitary structure might affect the
BQP-universality of braiding (with or without adaptive measurement); however, a posteriori,
this is not the case because Reutter showed that unitarizable fusion categories admit unique
unitary structures [18] (we thank Milo Moses for reminding us of this reference).

3.2 TQFTs in other dimensions

We furthermore note that the same strategy we used for the proof of Theorem 1(a) should work
more generally to prove that any fully-extended (d + 1)-dimensional TQFT in any dimension
will satisfy a similar dichotomy involving its invariants of closed (d+ 1)-dimensional manifolds,
so long as the TQFT is defined using a state-sum formula based on finite combinatorial-
algebraic data. In particular, similar dichotomies should be possible for (3 + 1)-dimensional
TQFTs based on spherical fusion 2-categories [8] or lattice gauge theories based on finite
groups (sometimes called Dijkgraaf-Witten theories) in arbitrary dimension.

3.3 Alternative proof strategies

Building on the previous point, one might try to give an alternative proof of Theorem 1(b) by
using the (34 1)-dimensional Crane-Yetter TQFT based on the modular fusion category B [5].
To put it more carefully, it is known that the Reshetikhin-Turaev invariant 7g(M) can
be computed by choosing a triangulated 4-manifold Y whose boundary is 0Y = M, and
computing an appropriate state-sum invariant of Y (similar to the Turaev-Viro invariant of a
triangulated 3-manifold) [4]. So one could try to prove a dichotomy for the (2+1)-dimensional
surgery-invariant case of Reshetikhin-Turaev in a simpler way by instead proving a dichotomy
for the (3 + 1)-dimensional triangulation-invariant case of Crane-Yetter. Accomplishing this
requires using the fact that given a surgery diagram for a 3-manifold M, one can build a
triangulated 4-manifold Y with Y = M in polynomial time (for example, cf. [1]).

In the opposite direction, it is known that for a spherical fusion category C, |M|c =
Tz(cy(M), where Z(C) is the Drinfeld center of C. If one were able to efficiently convert
a triangulation of a 3-manifold M into a surgery presentation of the same manifold, then
part (b) of Theorem 1 (or Conjecture 2) would immediately imply part (a) of the same.

3.4 Towards Conjecture 2

The current gap between Theorem 1 and Conjecture 2 is explained by a rather simple and
undesirable property of our proof of the former: our reductions M +— I; are not “surjective”
from 3-manifold encodings to instances of #CSP(F¢) or #CSP(F). For example, it would
be consistent with our results for there to exist a spherical fusion category C such that |M|¢ is
computable in polynomial-time, and yet, the problem #CSP(F¢) is still #P-hard (although
we consider this unlikely).
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To establish an outright dichotomy theorem for TQFT invariants via Cai and Chen’s
Theorem 3, we would need to arrange our choices of F¢ and Fp with more care so that every
instance I of #CSP(F¢) or #CSP(F3) that is not of the form Iy satisfies two properties:
first, it can be identified in polynomial time as an instance that is not of the form I;, and,
second, Z(I) can be computed in polynomial time. This seems difficult to arrange, as it is
not clear how to choose the constraint families F¢ and Fp so that instances can “self-report”
as not being of the form I,;.

It is instructive to compare TQFT invariants with “holant problems” as defined in [3] and
inspired by the “holographic reductions” of [22]. Holant problems are a kind of generalization
of counting CSPs that impose more structure on the way in which the individual functions
comprising an instance are “wired together.” Intuitively, an instance of #CSP(F) has no
locality constraints on its variables, other than that the constraint functions f € F have
bounded arity (assuming F is finite). An instance of a holant problem, on the other hand,
has a set of variables that are determined by the edges of a graph with constraint functions
assigned to the wvertices. The Turaev-Viro-Barrett-Westbury invariant of closed 3-manifolds
determined by a spherical fusion category C can be seen as generalization of this idea,
with variables assigned to both the edges and faces of a 3-dimensional triangulation, and
constraints assigned to the tetrahedra. We expect it should be possible to formulate TVBW
invariants of triangulated 3-manifolds directly as instances of holant problems using a similar
construction as in the proof of Theorem 1(a). Of course, even if one could achieve this, such
a reduction from TVBW invariants to holant problems would — a priori — suffer in the same
way as our current reduction to #CSP(F¢). Thus, it seems likely that proving Conjecture 2
will require substantially new ideas. Nevertheless, it appears that there could be much to
gain by attempting to import what has been learned about holant problem dichotomies to
TQFT invariants of 3-manifolds.
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Proof of Theorem 1(b)

Proof. Let B be a modular fusion category over C. As in our proof of part(a) of Theorem
1, it suffices to build a domain Dp and weighted constraint set Fp for which there is a
polynomial time algorithm to encode a surgery diagram for a 3-manifold M into an instance
I of #CSP(Fg) such that

Z(In) = 15(M)

Let us recall the formula for 75(M):

o(L)—m—1 —o(L)—m—1
2

(M) =p= 7 p; ) [T dim(col(s)) | 1L

col:{1,....m}—TIrr(B) \j=1

where our notation is as follows:
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L is the surgery link diagram that defines the 3-manifold M. L consists of m components
(labeled 1,2,...,m) and, for convenience is endowed with the blackboard framing.®> We
will also assume, for convenience, that L is in “standard plat position.” This means that
all of the local minima of the diagram (which, recall, is a picture in the xy-plane) occur
below all crossings, all local maxima of the diagram occur above all crossings, and the
sets of cups and caps have no “nesting”.* This means L is entirely determined by a braid
word. See Figure 8.

o(L) is the signature of L: the number of positive eigenvalues of the linking matrix minus
the number of negative eigenvalues. (This can be computed in polynomial time from L.)

P+ = D icin(B) 6 (dim(i))? are the Gauss sums of B.

|L<| is the evaluation of the colored ribbon graph defined by coloring the components of
L by a function col : {1,...,m} — Irr(B).

We now define
def
Dp = Irr(B) UN U {*}
where N is the set of labels of the trivalent Hom space as in the proof of Theorem 1(a).

As hinted at in Lemma 4, we need C-valued constraint functions on the domain Dpg that
implement bubble pops, tadpole removals, F-moves, etc. We define them as follows.

BP(ijkK.0.8) Y 2 i} §i

where 4, j, k, k' € Trr(B), a € {L...,Ni’;}, and 8 € {L...,ijl}. These implement the
bubble pop.

TT(i,j, k¥, a, §) /’\ et
k

where i, 5, k, k' € Trr(B), a € {L...,N,z,*k}, B e {1,...,Nij*i}. These implement tadpole
trims. There is an upside-down version of the tadpole trim, which we denote T'T.

3 To justify this convenience, simply apply a Reidemeister move of type 1 to each the components of L so
that the blackboard framing agrees with the desired integral surgery coefficients. This can be done in
polynomial time because we encode the surgery coefficents in unary.

4 This convenience can be justified by the fact that any link diagram can be put in standard plat position
in polynomial time by simply applying a sequence of Reidemeister 2 moves.

TQC 2025



5:18 Towards a Complexity-Theoretic Dichotomy for TQFT Invariants

We define functions V S'*f* by requiring

Y VS ka,8)

Be{1,....N} «}

where 4,5,k € Irr(B) and « € {1,.. .,NZE}. These implement the “left” vertex spin. We
similarly define V "&bt coefficients to implement the right vertex spin. There are upside-down
versions of these vertex spirals. We denote them by f/\gleft and ?gmght7 respectively.

We need the F-matrices, which have coefficients F'* that satisfy the equation

Z F+(a7 b7 C7 d7 m7 n’ a’ /8767 ’Y)
méelrr(B)
de{l,....Nye}

ve{1,...,N¢ }

where a,b,¢,d,m € Irr(B), a € {1,...,N%}, and 8 € {1,...,NZ_}. The inverse F-matrix
has coeflicients that we denote by F~. We also need to include the matrix coefficients
implementing the upside-down version of this picture. We call these G*, respectively.

We then extend the above to functions on our domain:

n aef | FE (21, 29,...,210) ifx1,...,26 € ir(B) and z7,...,210 € N
F (331,332,...,3310):

0 otherwise

Gi(l‘l,ﬂfg, e ,xlo) =

def Gi(l‘l, To,. .. ,3310) if ¢1,...,26 € Irr(B) and x7,...,210 € N
0 otherwise

BP(zy1,7,...,76) =

aef | BP(z1,%2,...,26) if o1, 72,73, 74 € Irr(B) and 5,26 € N
0 otherwise

TT(x1,x2,...,Tg) =
(1,2 6) 0 otherwise

def {TT(:L’l,xQ, ooy xg) il @, 20,23, 74 € Irr(B) and 5,26 € N
ﬁ(ml,x27 ce,Tg) = {

TT(x1,22,...,%6) if 21,72, 23,14 € Irr(B) and 5,26 € N
0

otherwise

. def | VS* (w1, 22, 23,24, 75)  if x1, 29,23 € Irr(B) and z4,25 € N
VS*(x1, 22, 3,74, T5) =

0 otherwise

X
—x def | VS (w1, 29,23, 24,75) if x1, 29,23 € Irr(B) and 4,25 € N
VS (1'1,.772,‘133,33471'5) =

0 otherwise
for x € {left, right}.

We also need to implement braidings, which are described diagrammatically via R-moves.
Recall the definition of the R-symbols: for 4, j,k € Irr(B) and a € {1, ..., NJ’-“Z-}, they satisfy
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_ Y. RYijkap)

pe{l,.... N5}

The inverse R-symbol R (i, j, k, v, 8) is similarly defined to describe the inverse braiding.

We turn these R-symbols into 5-ary functions on the entire domain Dy in the same trivial
way as before, namely

Ri($1,$27.’173,$4,$5) =

def Ri(ml,xg,xg,m,xg,) if x1, 29,23 € Irr(B) and 24,25 € N
0 otherwise

Finally, we define l-ary dimension functions, l-ary Gauss sum functions (and their
inverses), 1-ary dual functions, and 2-ary Kronecker delta functions as follows (respectively):

d(z) dim(z) if z € Irr(B)
xTr) =
0 otherwise

1/2
> jenrn(B) 93‘[1 dim(j)2> if 2 = x

otherwise

0 otherwise

0
T2y def {(pj[(x))‘1 if z = %

def | Oz zy  if 21,20 € Irr(B)
0 otherwise

With all of this, we define our weighted constraint family Fpz to be

eft ——right

— ) —1
Fs ©{FE,GE, BP,TT,TT, VS, vsst VE™ V™" mE d,p)? p.'/ ).

We reiterate that all of this is computed independently of M, and can simply be considered
as part of what it means to “have the data” of B.

We conclude our proof by describing how to encode a surgery presentation of M into an
instance Ips of #CSP(Fp). In addition to the conveniences described above, we assume that
the surgery link diagram L is oriented, embedded in R x [—1,2], and is given by plat closure
of a braid word b1bs - - - b, so that each crossing corresponding to b; lies in R x (%, %) and
the only maxima or minima lie in R x ([—1,0) U (1, 2]).

In order to describe the variables that will be involved in the instance Iy; we want, we first
describe a polynomial time algorithm to replace L with a planar trivalent graph I'y, C S2:
1. At each crossing b;, insert trivalent vertices to resolve the identity (see Figure 7) so that

there is a vertex directly adjacent to the crossing, resulting in a crossed trivalent graph.
2. Perform an R-move for each crossing, resulting in a trivalent graph in R? C S? (after

potentially scaling so the vertices lie in R x Z).

We can now identify the tuple of variables (valued in the domain Dg) that will be involved
in our desired instance Ip;. Recall that m is the number of components of L, o(L) is the
signature, and n is the number of crossings. Let I'o = I'z,T'1,...,I'; = 0 be the sequence of
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graphs provided by Lemma 4, and define N, to be the sum of the number of vertices in all
of these graphs. Similarly, define N, to be the sum of the number of edges in the graphs.
Then define a tuple of variables associated to the instance I; by

def
XM = (xO,mla"'axm7y17"'ay\a'(L)|7Z1a"'7Zn7u1a"'7uNU7w1a'--7wNe)-

To determine the functions involved in Ip;, we simply need to keep appropriate account
of the sequence of diagrammatic operations involved in taking L to I';, and then taking I';, to
(). For each diagrammatic operation in the algorithms above, we will define a list of functions
in Fp which account for the contribution of those operations to 75(M).

The first operations are those involved in step (1) of the process of taking L to I'y, and
involve the insertion of “resolutions of the identity” at every crossing of L. To account for
these operations, we define a set Init that is a list of Kronecker delta functions, each of which
pairs up edges which used to belong to the same link component before the operation. For
example, in Figure 7, the top-right edge of the upper vertex and the bottom-right edge of the
lower vertex were a part of the same link component before the operation, so we introduce a
Kronecker delta function between the associated variables. The middle edge is free to vary,
as in the original algorithm there is a sum over this edge.

We then account for the operations in step (2) of the process of taking L to I'z, all of
which are R-moves. Each operation happens locally on the diagram, so we define lists R;
for 1 <i < n that are given by R (w;,, wi,, Wi,, Ui, , Ui, ), Where we use + or — depending
on the strand that crosses over. The variables w;,,w;,,w;, are the edges in the trivalent
vertex in the relevant order, u;, is the labeling of the vertex before the R-move, and wu;, is
the labeling of the vertex after the operation.

The next operations are given using the algorithm of Lemma 4. The algorithm provides
an ordered list of operations Oq, ..., O, where upon completion of the final operation Oy, the
graph I'; is empty. Each operation here is local, so we need only consider the local changes
when defining our list. Consider operation O; in this sequence:

If O; is a circle removal, define a list C; which contains the relevant d function.

If O; is a tadpole trim, define a list T; which contains the relevant TT or TT function.

If O; is a bubble pop, we define a list B; which contains the relevant BP function.

If O; is a vertex spiral, we define a list V; which contains the relevant V St or 1/ gright

(or their upside-down versions).

If O; is an F-move, we define a list F; which contains the relevant F'* or G* functions.

if O, is an orientation reversal where w;, is the variable associated to the edge before the

operation, and w;, is the variable associated to the edge after the operation, then define

a list O; which contains the Kronecker delta function §(w; ,ws,).

For each list, we append Kronecker delta functions § on all edges or vertices which are
held constant before and after performing the given operation. E.g. if the edge associated
to was will be held constant after an F-move, and will then be associated with wigg in the
trivalent graph associated to after the operation, then we introduce 6(waa, wig0) to the list
F associated to the operation. If o(L) > 0, we then define the set Ips by:

Ine = {p3 " (@0), p= P (w0), 032 (@1), - 03 P @) 2P (1), 02 P (@),

P2 1)s 0 W) 02 W), 0P Wiy ))s d(@1), - - d(n) }

Ulnit URy U---UR, U | ] Cp, UT,, UB,, UV, UF,, UO,,
P1,---,P6
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where p1,pa, ..., pe each run over all 1,...,] which were defined by the algorithm above. If
o(L) < 0, then replace the elements pi/Q(yl), . ,pi/Q(y|g(L)|) with the inverses p:1/2(y1),
e p:1/2(y‘U(L)|). By virtue of Lemma 4, the construction of Ij; can be carried out in
polynomial time in the size of M.

We now explain why this choice of instance I; defines an output which computes the
Reshetikhin-Turaev invariant 75(M). The pf/ ? and pfl/ ? functions at the beginning
implement the normalizing factor since these functions are constant. This guarantees they
may be factored out of the sum as global factors. The d functions implement the product of
dimensions we see in the sum.

Notice that if at any point a coloring is not admissible, the term in Ip; is 0. It is thus
clear that all circle removals, edge orientation reversals, bubble pops, and tadpole trims are
correctly implemented, so we just need to check that the F-moves, R-moves, and vertex
spirals are correct.

In the standard algorithm, when an F-move occurs, there are three additional variables

introduced in the summation: one for the interior edge and two for each interior vertex.

These additional variables are introduced here as well, since we are summing over all edges
that occur throughout the algorithm, the new edge which is created in the F-move will
contribute to the sum, while the rest are held constant due to the inclusion of the Kronecker
delta functions.

Similarly, we see that R-moves and vertex spirals are correctly implemented. Note that
also there are no extraneous variables in the sum since the algorithm guarantees that the
graph will become empty, and our instance is completely determined by how the algorithm
behaves. <
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