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—— Abstract

In the classical survivable-network-design problem (SNDP), we are given an undirected graph
G = (V, E), non-negative edge costs, and some k tuples (s;,t;,7;), where s;,t; € V and r; € Zy. The
objective is to find a minimum-cost subset H C E such that each s;-t; pair remains connected even
after the failure of any r; — 1 edges. It is well-known that SNDP can be equivalently modeled using
a weakly-supermodular cut-requirement function f, where the objective is to find the minimum-cost
subset of edges that picks at least f(S) edges across every cut S C V.

Recently, motivated by fault-tolerance in graph spanners, Dinitz, Koranteng, and Kortsartz
proposed a variant of SNDP that enforces a relative level of fault tolerance with respect to G. Even
if a feasible SNDP-solution may not exist due to G lacking the required fault-tolerance, the goal is
to find a solution H that is at least as fault-tolerant as G itself. They formalize the latter condition
in terms of paths and fault-sets, which gives rise to path-relative SNDP (which they call relative
SNDP). Along these lines, we introduce a new model of relative network design, called cut-relative
SNDP (CR-SNDP), where the goal is to select a minimum-cost subset of edges that satisfies the
given (weakly-supermodular) cut-requirement function to the maximum extent possible, i.e., by
picking min{ f(5), |0c(S)|} edges across every cut S C V.

Unlike SNDP, the cut-relative and path-relative versions of SNDP are not equivalent. The
resulting cut-requirement function for CR-SNDP (as also path-relative SNDP) is not weakly su-
permodular, and extreme-point solutions to the natural LP-relaxation need not correspond to a
laminar family of tight cut constraints. Consequently, standard techniques cannot be used directly
to design approximation algorithms for this problem. We develop a novel decomposition technique
to circumvent this difficulty and use it to give a tight 2-approximation algorithm for CR-SNDP. We
also show some new hardness results for these relative-SNDP problems.
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1 Introduction

In the classical survivable-network-design problem (SNDP), we are given an undirected graph
G = (V, E), non-negative edge costs {c.}eer, and some k source-sink pairs s;,t; € V with
requirements r; € Z, for ¢ = 1,..., k. The goal is to find a minimum-cost set H C E of
edges such that there are at least r; edge-disjoint s;-t; paths in H, for all ¢ € [k]. We overload
notation and use H to denote both the edge-set, and the corresponding subgraph of G.
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SNDP imposes an absolute level of fault-tolerance in a solution subgraph H, by ensuring
that for any bounded-size fault-set FF C E of edges that may fail, the graph H — F retains
some connectivity properties. More precisely, due to Menger’s theorem, or the max-flow
min-cut theorem, the feasibility condition on H can be stated equivalently as follows. For
every i € [k], and every fault-set F' C E with |F| < r;:

(S1) (Path-version) there is an s;-t; path in H — F;
(S2) (Cut-version) for every s;-t; cut S CV (ie., |[SN{s;,t;}| = 1), we have dg_r(S) # 0,
where dg_p(S) :==6(S)N(H — F).

Recently, motivated by work on fault-tolerance in graph spanners, Dinitz, Koranteng,
and Kortsartz [8], proposed a variant of SNDP that aims to impose a relative level of fault-
tolerance with respect to the graph G. The idea is that even if the SNDP instance in infeasible,
because G itself does not possess the required level of fault-tolerance, one should not have to
completely abandon the goal of fault-tolerance: it is still meaningful and reasonable to seek
a solution that is “as fault-tolerant as G”, and in this sense is fault-tolerant relative to G.

To formalize this, it is useful to consider the definition of SNDP in terms of fault-sets.
Roughly speaking, we would like to capture that H is a feasible solution if

for every fault-set F' (valid for SNDP), H — F and G — F have similar connectivity. (*)

To elaborate, in SNDP, if there is even one fault-set F’ under which G — F’ fails to have
the required connectivity, i.e., |[F'| < r; and F’ D 6g(S) for some s;-t; cut S, then “all
bets are off”; we declare that the instance in infeasible. But declaring infeasibility here
feels unsatisfactory because we allow one specific “problematic” fault-set I’ to block us
from obtaining any kind of fault-tolerance. In contrast, (*) aims to provide a per-fault-set
guarantee, by asking for a solution H that functions as well as G in terms of connectivity
under the failure of any fault-set F' (considered for SNDP). We can formalize “H — F' and
G — F have similar connectivity” in two ways, via paths or cuts, and this gives rise to the
following two problem definitions.

» Definition 1.1. Let (G = (V, E),{ce}eeE,{si,ti,ri}ie[k]) be an SNDP instance.

(R1) Path-relative SNDP: H C E is a feasible solution if for every i € [k] and F C E with
|F| <r;, G—F has an s;-t; path = H — F has an s;-t; path.

(R2) Cut-relative SNDP (CR-SNDP): H C E is a feasible solution if for every i € [k] and
F C E with |F| < r;, for every s;-t; cut S, dg_p(S)#0 = y_r(S) #0.

The goal in both problems is to find a minimum-cost feasible solution.

Perhaps surprisingly, path-relative SNDP and cut-relative SNDP are not equivalent, even
when the SNDP instance involves a single s-t pair. It is not hard to show that if H is feasible
for CR-SNDP, it is also feasible for path-relative SNDP! but the converse fails to hold; see
Section 7 for an example.

Path-relative SNDP was defined by Dinitz et al. [8], who referred to this problem simply as
relative SNDP. They considered (among other problems) the path-relative version of k-edge
connected subgraph (k-ECSS), which is the special case of SNDP where we have an s;-t; pair
with r; = k for every pair of nodes. (In this case, the path-relative and cut-relative versions
do turn out to be equivalent [8].) They called the resulting path-relative problem, k-edge

! Fix any i € [k] and F C E with |F| < r;. If G — F has an s;-t; path, then dg_r(S) # 0 for every
s;-t; cut. So since H is feasible for cut-relative SNDP, we have §i—p(S) # 0 for every s;-t; cut, which
implies that H — F' has an s;-t; path.
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fault-tolerant subgraph (k-EFTS), and observed that the feasibility condition for k-EFTS
can be equivalently stated as: H is feasible iff |65 (S5)| > ¢(S) := min{k, [6¢(S)|} for all
S C V. The function g : 2¥ +— Z is called a cut-requirement function, as it stipulates
the (minimum) number of edges across any cut in any feasible solution. Cut-requirement
functions constitute a very versatile framework for specifying network-design problems, where
given a cut-requirement function f : 2" + Z, the corresponding f-network-design problem
(f-NDP), also called the f-connectivity problem, is to find a minimum-cost set H C F such that
|07 (S)| > f(S) for all S C V. For instance, it is easy to see that SNDP corresponds to f-NDP
for the cut-requirement function fSNPP defined by fSNPP(S) := max {r; : |S N {s;, t;}| = 1}
(and k-ECSS is f*ECSS_NDP where f*ESS(S) := k for all ) # S C V); various other network-
design problems, such as the T-join problem, point-to-point connection problem etc., can be
modeled using suitable cut-requirement functions (see, e.g., [10, 11]).

Cut-relative SNDP is a problem that we introduce in this paper. Its formulation in terms
of cuts is the problem one obtains when we replace f*ECSS in the cut-based formulation
of k-EFTS by the cut-requirement function f>NPP for (general) SNDP: that is, (similar to
k-EFTS), we can say that H C E is feasible for CR-SNDP iff |6z(S)| > ¢g“RSNPP(9) =
min{ fSNPP(S), [6¢(S)|} for all S C V' (we show this easy equivalence in Section 2); in other
words, CR-SNDP corresponds to g“RSNPP_NDP. To gain some intuition for cut-relative
SNDP, and contrast it with path-relative SNDP, consider SNDP with a single s-t pair and
requirement r, for simplicity. A feasible solution H to path-relative SNDP offers a per-
fault-set guarantee as encapsulated by (R1). But, for a given fault-set F with |F| < r, we
get a weak fault-tolerance guarantee in terms of s-t cuts: if dg_p(S) = @ for even one s-t
cut S then there is no requirement on H for this fault-set F. Cut-relative SNDP offers a
per-fault-set and per-cut guarantee, since for (every F with |F| < r and) every s-t cut S, we
require that dg_p(S) # 0 if dg_p(S) # 0.

Along the lines of CR-SNDP, we can easily extend the cut-relative model to capture, more
broadly, the cut-relative version of any network-design problem specified by a cut-requirement
function: given a cut-requirement function f, in the corresponding cut-relative f-network-
design problem (CR-f-NDP), we seek a min-cost H C F such that |65(S)| > g“R¥FNPP(9) .=
min{ f(5), |6 (9)|} for all S C V; that is, we seek to satisfy the cut-requirement function
f to the maximum extent possible. We refer to f as the base cut-requirement function, to
distinguish it from the cut-requirement function g“®/"NPP that defines CR-f-NDP.

Modeling power. We arrived at CR-f-NDP, which can be seen as a fault-tolerant cut-
covering problem, as a technically natural extension of k-EFTS. We show below that
CR-f-NDP offers a surprising amount of modeling power, and, in particular, allows one to
capture stronger forms of relative fault-tolerance compared to k-EFTS. In k-EFTS, there is a
sharp relative-fault-tolerance threshold at k: if H is feasible, then G — F and H — F have
the same components whenever |F| < k, but there are no guarantees for larger fault-sets.
With CR-f-NDP, one can capture a weaker guarantee also for other fault-sets, which allows
for a more graceful degradation of relative fault-tolerance as |F'| increases.

» Example 1.2. One way of modeling graceful relative-fault-tolerance degradation is as
follows: given a non-increasing function 7 : Zy — Z,, we seek a min-cost subgraph H
such that for every fault-set F', G — F and H — F have exactly the same components with
at most 7(|F|) nodes. If G models a communication network where connected nodes can
communicate with each other, then this yields the desirable guarantee that, post-faults, if
a node can communicate with more than 7(|F|) nodes in G then the same holds for H; if
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this number is at most 7(|F|), then post-faults, it can communicate with the same nodes in
G and H. Note that if 7(k — 1) > n = |V, then H is feasible for k-EFTS; by adding more
“levels” to 7, we can obtain fault-tolerance guarantees for larger fault-sets.

In Section 3, we show that this problem can be modeled as CR-f-NDP with the weakly-
supermodular function f = f&3°€ where f8°¢(S) := min {¢: 7(¢) < |S|}, for S # 0.

» Example 1.3. Generalizing Example 1.2 substantially, suppose along with 7, we have a
monotone function 7 : 2V +— Ry, ie., 7(T) < m(S) if T C S. We now seek a subgraph H such
that for every fault-set F' and S C V with «(S) < 7(|F|), we have that S is (the node-set of)
a component of G — F iff it is a component of H — F'. Similar to Example 1.2, we can model
this as CR-f-NDP by defining f(S) := min {£: 7(¢) < n(S)}, for S # @ (Theorem 3.2).

This setup yields fault-tolerance degradation depending on monotone properties of
components other than just their size, which creates a rich space of problems. For example,
suppose 7(S) = maxy, yes Millyy paths P in ¢ | P| i the weak-diameter of S. Setting 7(¢) = n
if £ < k, and some t < n for larger ¢, we seek a k-EFTS solution H such that for F' C E with
|F| >k, G — F and H — F have the same components of weak-diameter at most .

1.1  QOur contributions

We introduce cut-relative network-design problems and develop strong approximation guar-
antees for these problems. We obtain an approximation guarantee of 2 for cut-relative SNDP,
which, notably, matches the best-known approximation factor for SNDP. Our guarantee
applies more generally to CR-f-NDP, whenever the base cut-requirement function f satisfies
certain properties and the natural LP-relaxation of the problem (CRLP/ ) can be solved
efficiently. Our guarantee is relative to the optimal value of this LP, and is tight in that it
matches the integrality gap of this LP.

We also show that even in the simplest SNDP setting with only one s-t pair (wherein
SNDP is polytime solvable), cut-relative SNDP and path-relative SNDP capture k-ECSS
as a special case, and are thus APX-hard (Section 6). Previously, even NP-hardness of
path-relative SNDP in the s-¢ case (which is studied by [8, 9]) was not known.

Technical contributions and overview. Technically, our main contribution is to show that
we can obtain such a strong guarantee despite the fact that the cut-requirement function
defining cut-relative network-design (i.e., g*R-7NOP ) is not weakly supermodular, which is the
key property that drives the 2-approximation algorithm for SNDP. To elaborate, there is a
celebrated 2-approximation algorithm for SNDP due to Jain [15] based on iterative rounding.
This crucially exploits the fact that the underlying cut-requirement function foNPP is weakly
supermodular: for any two node-sets A, B C V', we have:

fSNDP(A)+fSNDP(B) < maX{fSNDP(AﬁB)+fSNDP(AUB), fSNDP(AfB)+fSNDP(BfA)}.

This property allows one to argue that given an LP-solution x, any two tight sets that cross —
i.e., sets A, B for which z(S) = fSNPP(S) holds for S € {A, B} and ANB,A— B, B — A are
all non-empty — can be “uncrossed”, and thereby an extreme-point solution Z to the LP can
be defined via a laminar family of tight cut constraints. By a laminar family, we mean that
any two sets A, B in the family satisfy ANB = ) or A C B, and uncrossing two crossing tight
sets means that they can be replaced by an equivalent laminar family of tight sets. Jain’s
seminal contribution was to show that given such a laminar family defining an extreme point,
there always exists an edge e for which Z, > %; picking such an edge and iterating then yields
the 2-approximation. This technique of uncrossing tight cut-constraints to obtain a laminar
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family of tight cut-constraints has proved to be quite versatile, becoming a staple technique
that has been leveraged to obtain strong guarantees in various network-design settings such
as, most notably, network-design problems with degree constraints [13, 17, 19, 5, 4, 16]. More
generally, this technique of uncrossing to obtain a structured family of tight constraints has
been utilized for various combinatorial-optimization problems; see, e.g., [18].

As mentioned earlier, the main complication with CR-f-NDP is that the underlying

CR-F-NDP j5 ysually not weakly-supermodular, even if the base

cut-requirement function g
cut-requirement function f is. In particular, the cut-requirement function g®R-SNPP defining
cut-relative SNDP is not weakly-supermodular. This difficulty was also noted by Dinitz
et al. [8] when they considered k-edge fault-tolerant subgraph (k-EFTS, or path- or cut-
relative k-ECSS in our terminology). For this special case, they identify a notion called local
weak-supermodularity that is satisfied by the cut-requirement function min{k,|dg(S)} for
k-EFTS, and observed that Jain’s machinery can be used as is if this property holds; that is,
one can uncross tight sets to obtain a laminar family, and hence obtain a 2-approximation

for k-EFTS proceeding as in Jain’s algorithm for SNDP.

However, for general CR-SNDP, such an approach breaks down, because, as we show
in Section 2.1, one can construct quite simple CR-SNDP instances where an (optimal)
extreme point cannot be defined by any laminar family of tight cut constraints. In particular,
this implies that the cut-requirement function g¢R/-NPP is (in general) not locally weakly-
supermodular (even when f is weakly-supermodular); moreover, it does not satisfy any
property that allows for the uncrossing of tight sets. The upshot here is that the standard
technique of uncrossing tight sets to obtain a laminar family does not work, and one needs
new ideas to deal with cut-relative network design.

The chief technical novelty of our work is to show how to overcome the impediment posed

CR-f-NDP "yia a novel decomposition

by the lack of any such nice structural property for g
technique that allows one to reduce cut-relative f-NDP with a weakly supermodular base
cut-requirement function to (standard) f-NDP with (different) weakly supermodular cut-

requirement functions (see Theorem 4.1).

We introduce a little notation to describe this. Let CR-(h, D)-NDP denote CR-f-NDP
on graph D with base cut-requirement function h. For S C V| define its deficiency to be
f(S) — |10¢(S)|; we say that S is a small cut if its deficiency is positive (i.e., |[dg(S)] < f(59)).
We use G[S] to denote the subgraph induced by S. Let S denote V — S.

Assume that the underlying base cut-requirement function f is weakly supermodular (as is
the case with SNDP). Observe first that if there is no small cut then CR-f-NDP is the same as
f-NDP. Our key technical insight is that, otherwise, we can utilize a novel splitting operation
to simplify our problem. We show (see Theorem 4.5) that if we pick a small cut A C V with
mazimum deficiency, then one can define suitable weakly-supermodular functions f4 : 24 7
and f7: 24+ Z such that any solution to the original CR-f-NDP-instance yields solutions to
CR-(fa,G[A])-NDP and CR-(f5, G[A])-NDP, and vice-versa. The intuition here is as follows.
Since A is a small cut, any feasible CR-f-NDP solution must include all edges in dg(A). The
functions f4 and f; are essentially the restrictions of f to A and A respectively, taking this
into account. Consequently, moving to CR-(fa, G[A])-NDP and CR-(f5, G[A])-NDP does not
really impact the constraints for cuts that do not cross A; but we do eliminate the constraints
for crossing cuts. This is the simplification that we obtain via the splitting operation, and one
needs to argue that this does not hurt feasibility; that is, the constraints for such cuts are still

satisfied when we take dg(A) along with the CR-(f4,G[A])-NDP and CR-(f4, G[A])-NDP
solutions. Here we exploit the weak-supermodularity of f, which implies that the deficiency
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function def(S) := f(S) — |d¢(9)] is also weakly supermodular. One can use this, and the
fact that A has maximum deficiency, to bound the deficiency of any crossing set T" in terms of
the deficiency of non-crossing sets, and hence show that the cut-constraint for 7" is satisfied.

By recursively applying the above splitting operation to A and A, we end up with a
partition Vi, ..., Vi of V and weakly-supermodular functions f; : 2" +— Z for all i € [k] such
that, for each i € [k], the graph G[V;] contains no small cut with respect to f;. It follows that
solving f;-NDP on the graph G[V;] for all ¢ € [k] yields a solution to the original CR-f-NDP
instance (Theorem 4.1).

While we can obtain this decomposition efficiently, assuming that one has suitable
algorithmic primitives involving the base cut-requirement function f (shown in the full
version), in fact we only need this decomposition in the analysis: in order to obtain the stated
LP-relative 2-approximation algorithm, we only need to be able to find an extreme-point
optimal solution to the natural LP-relaxation (CRLP ) for CR-f-NDP (also after fixing
some variables to 1). This is because the translation between CR-f-NDP-solutions for G, and
fi~NDP-solutions on G[V;] for all i € [k], also applies to fractional solutions, and implies that
any extreme-point solution to (CRLP ) yields extreme-point solutions to the LP-relaxations
of f;-NDP on G[V;] for all ¢ € [k] (parts (b) and (c) of Theorem 4.1); hence, by Jain’s result,
we can always find some fractional edge of value at least %, round its value to 1, and iterate.
For SNDP, we can find an extreme-point optimal solution efficiently because we argue that
one can devise an efficient separation oracle for (CRLPf ) (Lemma 2.3). This yields a
2-approximation algorithm for CR-SNDP, and more generally CR-f-NDP, whenever f is
weakly supermodular and (CRLP¢ ) can be solved efficiently (see Algorithm CRNDP-ALG
in Section 5).

Other related work. Network design is a fairly broad research topic, with a vast amount of
literature. We limit ourselves to the work that is most closely connected to our work.

As mentioned earlier, path-relative SNDP was introduced by Dinitz et al. [8]. In addition
to k-EFTS, which is the path-relative version of k-ECSS, they study the path-relative versions
of two other special cases of SNDP, for which they developed constant-factor approximation
algorithms: (1) SNDP with r; < 2 for all 4; (2) one s;-t; pair with r; < 3. Both results
were subsequently extended by [9] who gave a 2-approximation for SNDP with r; < 3 for
all 7, and a 2O(k2)—approximati0n when there is one s;-t; pair with r; = k. The only result
known for general path-relative SNDP is due to [7], who (among other results) devise an
O(k? log? nloglog n)-approximation algorithm with nP®) running time. As noted earlier, on
the hardness side, prior to our work, it was not known if the setting with one s;-t; pair is
even NP-hard.

An influential paper by Goemans and Williamson [10] (see also the survey [11]), which
built upon the work of [1] for the Steiner forest problem, developed the primal-dual method for
network-design problems. Their work also popularized the use of cut-requirement functions
to specify network-design problems, by showing how this framework can be used to capture a
slew of problems, and how their primal-dual framework leads to a 2-approximation algorithm
for {0, 1}-cut-requirement functions satisfying some properties. This work was extended to
handle general integer-valued cut-requirement functions, which captures SNDP, in [20, 12],
which led to an O(log max; r;)-approximation for SNDP. The seminal work of Jain [15] later
improved this to a 2-approximation, and in doing so, introduced the powerful technique of
iterative rounding. Later work of [17, 19] on degree-bounded network design added another
ingredient to iterative rounding, namely iteratively dropping some constraints. This paradigm
of iterative rounding and relazation has proved to be an extremely versatile and powerful
tool in developing algorithms (and structural results) for network-design problems, and more
generally in combinatorial optimization; see [18] for an extensive study.
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Iterative rounding and relaxation derives its power from the fact that an extreme-point
solution to an LP-relaxation of the problem can be defined using a structured family of tight
constraints, such as, often a laminar family of cut constraints in the case of network-design
problems. As noted earlier, this key property does not hold for cut-relative SNDP (and
path-relative SNDP). Recently, various works have considered network-design problems that
give rise to cut constraints that are less structured and not quite uncrossable; see [2, 3, 6]
and the references therein. Our work can be seen as furthering this research direction.

2 Preliminaries and notation

Recall that we are given an undirected graph G = (V, E') with nonnegative edge costs {ce }eck-
For a subset S C V and subset Z C FE, which we will interchangeably view as the subgraph
(V,Z) of G, we use dz(S) to denote d(S) N Z, i.e., the edges of Z on the boundary of S.
Recall that S denotes V — S, and G[S] denotes the subgraph induced by S. A cut-requirement
function on G is a function f : 2V + Z. (We allow f(S) to be negative chiefly for notational
simplicity; this does not affect anything, as we will only examine sets for which f(S) > 0.)
Recall the following network-design problems.

f-network-design problem (f-NDP): find a min-cost edge-set H such that |5z (S5)| > f(5)

forall SCV.

Cut-relative network-design problem (CR-f-NDP): find a min-cost edge-set H such that

166(S9)| = g RINPP(S) := min{f(5),]6c(S)|} for all S C V. This corresponds to

gERF-NDP_NDP. We call f the base cut-requirement function.

Survivable network design problem (SNDP) is a special case of f-NDP. The input also

specifies k tuples {(s;,ti,7:)}ick], Where s;,t; € V and r; € Z, for all i € [k]. Defining

fONPP(S) := max {r; : |S N {s;,t;}| = 1} for all S C V, we obtain that SNDP is the

f3NPP_petwork-design problem.
Cut-relative SNDP (CR-SNDP): The input here is the same as in SNDP. In Definition 1.1
(R2), CR-SNDP was defined as: find a min-cost H C E such that for every i € [k], every
F C E with |F| < ry, and every s;-t; cut S, we have dg_p(S) # 0 whenever dg_p(S) # 0.
Later in Section 1, we stated that this can be equivalently formulated as CR-f-NDP with
base cut-requirement function fSNPP. We now justify this statement.
Suppose that H is feasible under (R2) but |67 (S)| < min{ f5NPP(S), [6¢(S)|} for some
S C V. Suppose fSNPP(S) =r;. Then taking F' = §g(9), we have |F| < r;, Sg_r(S) #
0, but dg_r(S) = 0, yielding a contradiction. So H is feasible for CR-fSNPP_NDP.
Conversely, suppose H is feasible for CR-f>NPP_NDP. Consider any i € [k], any FF C E
with [F| < r;, and any s;-t; cut S with 6g_p(S) # 0. Then, [65(S)| < min{r;,[0c(S)|} <
min{ f(5), [6c(S)|} < [0 (S)]; so dg—r(S) # 0, showing that H satisfies (R2).

We will consider network-design problems defined on various graphs and with various cut-
requirement functions. Given a graph D = (Vp, Ep) and cut-requirement function h : 22
Z, we use (h, D)-NDP to denote f-NDP on the graph D with cut-requirement function h, and
CR-(h, D)-NDP to denote CR-f-NDP on the graph D with base cut-requirement function h.

Properties of cut-requirement functions. Let f : 2V — R. We say that f is weakly
supermodular if for any two node-sets A, B C V, we have f(A) + f(B) < max{f(AN B) +
f(AUB), f(A—B) + f(B— A)}. We say that f is symmetric if f(S) = f(V — S) for all
S CV, and is normalized if f(0) = f(V)=0.
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Since we are working on undirected graphs, we can always replace any cut-requirement
function f by its symmetric, normalized version f&™, where f&™(S) := max{f(9S), f(V —35)}
forall # S C V and f¥™(0) = f¥™(V) := 0, without changing the resulting network-design
problem(s), i.e., we have f-NDP = f¥™-NDP and CR-f-NDP = CR-f™-NDP.

Lemma 2.1 shows that weak-supermodularity is preserved under various operations. This
will be quite useful in the analysis of our decomposition technique. Part a of the lemma
shows that weak supermodularity is preserved under symmetrization and normalization, so
for any f-NDP or CR-f-NDP instance involving a weakly-supermodular base cut-requirement
function f, we may assume that f is symmetric and normalized.

All omitted proofs and details can be found in the full version of the paper.

» Lemma 2.1. Let f: 2V — R be weakly supermodular. Then

(a) f¥™ is weakly supermodular.

(b) Let w € RY. Define g1(S) := f(S) — w(0g(S)) for all S C V. Then g is weakly
supermodular, and gy is symmetric if f is symmetric. In particular, for any Z C E, the
function f(S) —10z(S)| is weakly supermodular, and is symmetric if f is symmetric.

(c) Let X CV, andC be a collection of subsets of V. —X closed under taking set intersections,
unions, differences, and complements with respect to V—X, i.e., if S € C thenV—-X-5 €
C, and S,T € C implies that {SNT,SUT,S—-T,T —S} CC.

Define the projection of f onto X with respect to C as the function go — R given
by g2(0) = g2(X) := 0, and g2(S) := maxrec f(SUT) for all ) # S € X. If f is
symmetric, then gs is weakly supermodular and symmetric.

: 92X

Proof. Part (a) follows from a simple case analysis; part (b) follows because w(d¢(S)) is
symmetric, submodular. We focus on proving part (c). Essentially, the closure properties of
C enable us to transfer the weak-supermodularity of f to the function gs.

We first argue that go is symmetric. If A € {, X}, we have g3(A4) = g2(X — A) by
definition. Otherwise, if g2(A) = f(AUTy), we have f(AUTY) = f(V — (AUTy)) =
F(X=A)U(V =X —-Ta)) < g2(X —A) where the last inequality follows since V—X —T4 € C.
We also have go(X — A) < g2(A) by the same type of reasoning, and so ga(A) = g2(X — A)
for all A C X.

Now we show that go is weakly supermodular. Consider A, B C X. If any of the sets
A—B,B—A, AN B, X — (AU B) are empty, then g2(A) + ¢g2(B) = g2(ANB) + g2(AUB) or
92(A) + g2(B) = g2(A — B) + g2(B — A). The former holds when A — B or B — A is empty;
the latter holds when AN B or X — (AU B) is empty, where we also utilize the fact that go
is symmetric. So assume otherwise. Then, for every S € {A,B,ANB,AUB,A— B,B — A},
we have g2(S) = maxpee f(SUT).

Let g2(A) = f(AUTy) and ¢g2(B) = f(BUTg), where Ta,Tp € C. Let A’ = AUT,4 and
B'=BUTp. Forany S € {A'nB’,A’UB’, A’ — B',B'— A}, we can write S = (SNX)UT,
where T' € C due to the closure properties of C. It follows that g2(S N X) > f(S) for all
Se{ANB AUB' A —B B —A'}. Soif f(A)+f(B') < f(ANB")+ f(A’UB’), we obtain
that g2(A) + g2(B) < g2(ANB) + g2(AUB), and if f(A)+ f(B') < f(A'— B)+ (B’ — A",
we obtain that g2(A) + ga(B) < g2(A — B) + g2(B — A). <

The intuition behind the projection operation is as follows. Suppose f is a cut-requirement
function and we know that no edges are picked from Eg(V — X) U dg(X). Then, roughly
speaking, g2(S) captures the constraints that arise on S C X due to f and C.
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2.1 LP-relaxation for CR-f-NDP

We consider the following natural LP-relaxation for CR-f-NDP. From now on, we assume
that the cut-requirement function f : 2V — Z is weakly supermodular, symmetric, and
normalized. Given o € R¥ and F C E, let a(F) denote Y p cve.

min Z Cee (CRLPy.q)
ecE

s.t. z(6¢(S)) = min{ f(S),16c(9)[} VSCV (1)

0<z. <1 Ve e E. (2)

The LP-relaxation for f-NDP is similar, with the cut-constraints taking the simpler form
z(6¢(9)) = f(S) for all S C V. We denote this LP by (NDPj ). Our algorithm is based
on iterative rounding, where we iteratively fix some x. variables to 1. Suppose that we have
fixed z. = 1 for all e € Z;. Then, in that iteration, we are considering the residual problem
on the subgraph G’ = (V, E' = E — Z;), which leads to the following variant of (CRLP ):

min Z Cele )

ecE’
st w06 (8) 2 minf(8), Ba(S)|} — 164 (S)] VSTV 8
0<z. <1 Ve € E'.

Defining f'(S) = f(S) — |02,(S)| for all S C V, we can rephrase constraints (3) as
z(6¢(S)) = min{ f'(), |6+ (S)|} for all S C V. Since f’ is weakly supermodular, symmetric
(Lemma 2.1 (b)), and normalized, (P’) is of the same form as (CRLPy g): we have (P’)
= (CRLPy ¢/). This will be convenient for iterative rounding, as the residual problem is of
the same form as the original problem. (CRLP ) and (P’) involve an exponential number
of constraints, but using the ellipsoid method, we can find an extreme-point optimal solution
provided we have a separation oracle for them. Recall that a separation oracle is a procedure

that given a candidate point determines if it is feasible, or returns a violated inequality.

Observe that a separation oracle for (CRLP ) also yields a separation oracle for (P’), since
(P’) is simply (CRLPy ) after fixing some variables to 1.

» Fact 2.2 (Ellipsoid method [14]). Given a polytime separation oracle for (CRLPy ), one
can find an extreme-point optimal solution to LPs (CRLPy ) and (P’) in polytime.

For CR-SNDP, i.e., when f = f3NPP_ a4 polytime separation oracle for (CRLPy ) can
be obtained using min-cut computations. This was shown by [8] for path-relative k-ECSS,

which is equivalent to cut-relative k-ECSS; refining their ideas yields a separation oracle for
(CRLP; ) for general SNDP.

» Lemma 2.3. When f = fSNPP there is a polytime separation oracle for (CRLP; ).
Hence, one can obtain extreme-point optimal solutions to (CRLP g) and (P’) in polytime.

Proof. The second statement follows from Fact 2.2. Let (s, s, 7:);c[r) be the k tuples defining
the SNDP instance, which recall leads to the cut-requirement function fSNDP(S) :=max {r; :
|S N {s;,t;}] =1} for all S C V. Say that S C V is a small cut if fSNPP(S) > |§5(S)|, and it
is a small cut for ¢ if |S N {s;,t;}| =1 and r; > [0c(S)|. Note that if e € §¢(S) for any small
cut S, then we must have . = 1 in any feasible solution.

Now we can equivalently phrase the constraints of (CRLP ) as follows: for any edge
a =uv € E, we must have z, = 1 or, for every i € [k], the minimum s;-t; cut also separating
u and v under the {z.}.cp-capacities should have capacity at least r;. So to detect if x is
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a feasible solution, we simply need to consider every edge a = uv with z, < 1 and every
i € [k], and find the minimum s;-t; cut also separating « and v under the {x.}.cp capacities.
If an s;-t; cut separates u, v, then u lies on the s;-side and v lies on the ¢;-side, or the other
way around. So to find the minimum s;-t; cut also separating v and v, we find the minimum
{si,u}-{t;, v} cut — by which we mean the minimum s;-t; cut where s;, u are on the same
side, and t;, v are on the other side-and the minimum {s;,v}-{t;, u}-cut and take the one
with smaller capacity. |

Extreme-point solution to (CRLP ) not defined by a laminar family

We show that for the CR-SNDP instance shown in Fig. 1, the extreme-point solution &
shown in the figure, cannot be expressed as the solution to any laminar family of tight cut
constraints (1) (along with tight edge constraints (2)). The SNDP instance is s-t 2-edge
connectivity: that is, the base cut-requirement function is given by f(S5) =2 if S is an s-¢
cut, and f(S) = 0 otherwise.

u
o
1 el :
Pie 11
// I
|
5 < }
.0 W 1 t
“~ H
~ 1
N |
1 \\ : 1
N4
v

Figure 1 CR-SNDP instance, and an extreme-point solution = to (CRLPy,c). The solid edges
have T, = 1 and the dashed edges have Te = 0.5, so Te=0.5fore € {su, uw, sv,vw} and T. = 1 for
e € {sw,wt}.

Note that the only small cut above containing s is S = {s,u,v,w}. One can verify by
inspection that Z is feasible. It is not hard to see that  is the unique solution to the following
set of equations, which come from constraints that are tight at .

2(0(5)) =2 VS € {{s} {s,uv} {s,u,w} {s,0,w}}, (4)
xe =1 Ve € {sw, wt}. (5)

This shows that Z is an extreme-point solution to (CRLP ). With edge costs ¢s,y = 0 and
c. = 1 for all other edges, 7 is also an optimal solution. The constraints x(é (S)) > 2 for all
S e {{8}, {s,u,v},{s,u, w}, {S,U,w}} imply that (since z. <1 for all e)

Tou+ 2w >1, x(6(u)) >1, z(6(v)) >1, Tyw+Tow > 1.

Adding these constraints, we obtain that xg, + Tsy + Tyy + Tow > 2. Therefore, the cost of
any feasible solution is at least 3, and we have ¢’'7 = 3.

Z cannot be defined via a laminar family. We now argue that Z cannot be defined by
any laminar family of tight cut constraints and tight edge constraints. Note that any tight
cut constraint corresponds to an s-t cut. So a laminar family £ of tight cut constraints
consists of a union of two chains £ U L5, where a chain is a nested collection of sets: £
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comprising sets containing s but not ¢, and Lo comprising sets containing ¢ but not s. Then
L'=L£,U{V—5:5¢€ Ly} is also a laminar family, yielding the same cut-constraints as L,
and and all sets in £'contain s but not ¢. So we only need to consider laminar families of
tight cut constraints corresponding to a chain of sets containing s and not ¢.

A simple argument now rules out the existence of any such chain that can uniquely define
Z along with the tight edge constraints (5). Any such chain of sets C is obtained by ordering
the elements wu, v, w, and taking sets of the form {s}UT, where T is some prefix (including the
empty prefix) of this ordered sequence; so C contains at most 4 sets. Since T has 4 fractional
edges, ' = {su, sv, uw,vw}, it must be that {X‘sE’(S)}Sec contains 4 linearly independent
vectors. So C contains exactly 4 sets, and in particular the set {s,u,v,w}, and all vectors in
{X‘sE’(S)}SGC are linearly independent. This yields a contradiction, since y’=’ ({s:w.vw}) — (.

3 Modeling power of CR-f-NDP

We prove that the CR-f-NDP Examples 1.2 and 1.3 listed under “Modeling power” in Section 1
model the stated problems. Recall that in both examples, we have a non-increasing function
T Z+ — Z+.

» Theorem 3.1. Consider the base cut-requirement function f82 in Example 1.2, where

e (S) :i=min{l: 7(£) < |S|}, for S # 0.

(a) The function f&2< is weakly-supermodular.

(b) H is feasible for CR-f&?2<-NDP iff for every fault-set F C E, and every S C V with
IS| < 7(|F]), S is (the node-set of) a component of G — F iff it is a component of H—F.

Proof. The function f&? is downwards-monotone: if ) #T C S, then f82(T) > f8race(s).
This follows from the definition, since 7 is a non-increasing function. Weak-supermodularity
of f&< is now immediate since we have f87<(A)+ f&ae(B) < feR(A— B)+ fe2¢(B— A),
if A— B,B— A# ), and otherwise f8?3¢(A)+ f8(B) = f82°(AN B) + f82<(AU B).

Note that f&872% is not symmetric or normalized, but as indicated by Lemma 2.1, we
can consider CR-f-NDP with the symmetric, normalized version of f&? as the base cut-
requirement function, without changing the problem.

To prove the feasibility characterization in part (b), we note that the function f&72< is
constructed so that for any S C V and F C E, we have |S| < 7(|F|) iff f&2<(S) > |F|,
so that |6 (S)| > f¢2(S) implies that S is not a component of H — F. Suppose H is
such that |65 (S)| > min{ f&2¢(5), [6¢(S)|} for all S C V. Consider any fault-set F C E
and any S C V such that |S| < 7(|F|). By the above, if S is a component of H — F, then
|07 (S)] < f&2<(S), and so S must also be a component of G — F. But this also implies
that if S is a component of G — F', then it is a component of H — F'; otherwise, there is
some A C S that is a component of H — F with |4] < |S| < 7(|F]), and so A must be a
component of G — F, which is not the case.

Conversely, suppose that for every F' C E, and S C V with |S| < 7(]F|), we have that S
is a component of G — F iff it is a component of H — F. If [§(5)| < min{ f&2¢(5), [6¢(5)|}
for some S C V, then take F' = 0(S). Since f&2¢(S) > |F|, we have |S| < 7(|F|). But S is
a component of H — F and not G — F', which yields a contradiction. |

» Theorem 3.2. Let 7: 2" s Ry be a monotone function, i.e., 7(T) < w(S) if T C S, as
in Example 1.3. Consider CR-f-NDP, where the base cut-requirement function f is given by
F(S) :=min{l: 7€) <7w(S)}, for all S # 0. Then

(a) f is weakly-supermodular;
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(b) H is feasible for CR-f-NDP iff for every fault-set F C E, and every S C V with
w(S) < 7(|F]), S is (the node-set of) a component of G — F iff it is a component of
H-F.

Proof. We mimic the proof of Theorem 3.1. Since 7 is monotone, we obtain that f is
downwards-monotone, and hence weakly-supermodular.

For part (b), similar to before, we have that 7(S) < 7(|F|) iff f(S) > |F|. Suppose
H is feasible for CR-f-NDP. Consider any fault-set F' C E and any S C V be such that
w(S) < 7(|F]). By the above, f(S) > |F|, so if S is a component of H — F, then it must
also be a component of G — F'. Again, this also implies that if S is a component of G — F,
then it is a component of H — F: otherwise, there is some A C § that is a component of
H—F, and w(A) < 7(S) < 7(|F|), which means that A is a component of G — F'.

Conversely, suppose that for every F' C E, and S C V with 7(S) < 7(|F|), we have that
S is a component of G — F iff it is a component of H — F. If |65(S)| < min{ f(S),0c(9)|}
for some S C V, then take F' = g (S). Since f(S) > |F|, we have 7(S) < 7(|F|). But S'is a
component of H — I and not G — F', which yields a contradiction. <

Our intent with Examples 1.2 and 1.3 is to illustrate that CR-f-NDP can be used to
model some interesting problems. The choice of the 7 and/or 7« functions can of course
impact our ability to solve the LP-relaxation (CRLP ) efficiently.

4  Structure of feasible CR-f-NDP solutions: a decomposition result

We now prove our decomposition result, showing that CR-f-NDP can be reduced to f-NDP
with suitably-defined weakly-supermodular cut-requirement functions. Recall that the base
cut-requirement function f is weakly supermodular (and symmetric, normalized), but the cut-
requirement function g“R#-NPP underlying CR- f-NDP need not be. Given 2 € RF and S C V,
we use z° to denote the restriction of x to edges in S, i.e., the vector (Te)eer(s) € RE(S)

» Theorem 4.1 (Decomposition result). There is a partition V1, Va, ..., Vi of V and weakly-

supermodular, symmetric, and normalized functions f; : 2Vi — Z such that the following

hold.

(a) F C FE is a feasible solution to CR-(f,G)-NDP iff F' 2 6¢(V;) and F(V;) is a feasible
solution to (f;, G[V;])-NDP for all i € [k].

(b) = € RE is feasible to (CRLP ) iff for all i € [k], we have x. = 1 for all e € 5g(V;),
and zV is feasible to (NDPy, cv;)).

(c) z is an extreme-point solution to (CRLP ) iff for all i € [k], we have z. =1 for all
e € 0¢(V;i), and xV7 is an extreme-point solution to (NDPy, qvi)).

Before delving into the proof of Theorem 4.1, we state the following immediate corollary
of Theorem 4.1 (c¢), which directly leads to a 2-approximation algorithm for CR-f-NDP
whenever (CRLPy o) can be solved efficiently.

» Corollary 4.2. Let T be an extreme-point solution to (CRLPy ). There exists some e € E
for which T, > 1/2.

Proof. By Theorem 4.1 (c), there is a partition of V' and f-NDP-instances defined on each
part such that Z induces an extreme-point solution in each f-NDP-instance. By Jain’s result,
this implies that in each of these instances, there is some edge e with Z, > 1/2. <
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The rest of this section is devoted to the proof of Theorem 4.1. For a set S C V, define its
deficiency def(S) := f(S) —|0c(S)|. We use defy ¢ (S) (or def g(S)) when we want to make
the cut-requirement function and graph (or edge-set) explicit. By Lemma 2.1 (b), def(S) is
weakly supermodular; also, it is symmetric (and normalized). We say that S is a small cut
(or more explicitly a small-(f, G)-cut) if def(S) > 0. Clearly, if there is no small cut, then
CR-f-NDP becomes equivalent to f-NDP. Our chief insight and key structural result is that
if there is a small cut, then we can simplify the CR-f-NDP instance and move to smaller

CR-f-NDP instances, by “splitting” the instance along a suitable small cut (Theorem 4.5).

By repeating this operation, we eventually obtain an instance with no small cuts, which
leads to Theorem 4.1. The splitting operation relies on the following modification of f.

» Definition 4.3. Let ) # S C V. Recall that S :=V — S. Let Z = §(S). Define the
function fs : 2% — Z, which we call the restriction of f to S, as follows.

fs(T) =

M ) T: T:
{O, if 0 or S VT C S,

max{ f(T) — [67(T)|, f(TUS) = [67(TUS)|} otherwise

The intuition here is that for T C S, fs(T') is a lower bound on the residual requirement
that needs to be met from d¢s)(T") given that we pick all edges of Z. Note that since f and
|07(.)] are symmetric, f(TUS) — |0z(TUS)| = f(S—T)—16z(S —T)|, and so fs is the
symmetric, normalized version of of the residual requirement function f — [dz(+)|.

In the splitting operation, we pick a small cut A of mazimum deficiency, and move to
CR-f-NDP instances on the smaller graphs G[A], and G[A] obtained by restricting f to A,
and restricting f to A respectively (Theorem 4.5). Lemma 4.4 states some basic properties
of the restriction of f. Part (b) will be quite useful in proving that the splitting operation
maintains feasibility, and part (a) allows us to repeat the splitting operation on the smaller
instances. For a set S CV, and set F' C E of edges, we use F(S) to denote the edges of F'
with both ends in S.

» Lemma 4.4. Let ) £ S C V. Let fs be the restriction of f to S. Let §¢(S) C F C F.
(a) fs is weakly supermodular, symmetric, and normalized.
(b) Let 0 £ T C S. Then, defy, p(s)(T) = max{defs p(T),defs (T US)}.

Proof. Let Z = §¢(S). Define f' : 2V +— R by f/(T) := f(T) — |6z(T)|. Then, f’ is weakly
supermodular and symmetric (Lemma 2.1 (b)).

For part (a), we can proceed in two ways. As noted earlier, fg is the symmetric, normalized
version f’; so part (a) follows from Lemma 2.1 (a). Alternatively, observe that fg is the
projection of f’ onto S with respect to C := {(), S}, which is closed under set intersections,
unions, differences, and complements with respect to V' — S. So by Lemma 2.1 (c), we obtain
that fs is weakly supermodular and symmetric. Also, fg is normalized by definition.

For part (b), the stated equality follows by simply plugging in fg, and noting that for
Y € {T,TUE}, we have [6p(Y)| = |5F(S)(T)‘ +192(Y)|. <

» Theorem 4.5 (Splitting along a small cut). Suppose that there is some small cut. Let

A CV be a mazimum-deficiency cut. Note that def(A) >0 and ) £ AC V.

(a) F C E is a feasible solution to CR-(f,G)-NDP iff F D 6c(A), F(A) is a feasible solution
to CR-(fa,G[A])-NDP, and F(A) is a feasible solution to CR-(f, G[A])-NDP.

(b) = € R¥ is feasible to (CRLPy¢) iff xe = 1 for all e € §g(A), z? is feasible to

(CRLP;, ga]), and z is feasible to (CRLPfZ,G[Z])'
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Proof. Part (a) can be seen as the special case of part (b), where x is integral. We prove
part (a) here, as the proof is somewhat (notational) simpler. For notational simplicity, let
(f1.G1, F1) = (fa,G[A], F(A)) and (fo, Ga, ) = (f,G[A], F(A)). Let Z = da(A).

The “only if” direction follows easily from the definition of the restriction of f. Let F be
feasible to CR-(f, G)-NDP. Since A is a small cut, we must have F' 2 Z. Consider any () # T C
A. Since F is feasible, we have |07 (T)| > min{ f(T), |6¢(T)|}, which implies that |55, (T')| >
min{ f(T)—10z(T)|,6c, (T)|}. Similarly, we have |[§5(TUA)| > min{ f(TUA), |éc(TUA)|},
$0 |6p, (T')| = min{ f(T U A) — |6z(T U A)|,|d¢, (T)|}. Combining the inequalities, and using
the definition of restriction, we obtain that [0p (T')| > min{ f1(T),|6¢, (T)|}. Since T was
arbitrary, this shows that F} is feasible to CR-(f1, G1)-NDP.

A symmetric argument shows that Fy is a feasible solution to CR-(f2, G2)-NDP.

Conversely, suppose that F' D dg(A), F; = F(A) is a feasible solution to CR-(f1, G1)-NDP,
and Fy = F(A) is a feasible solution to CR-(f2, G2)-NDP. Recall that Z = 5 (A). Consider
any () # T C V. Lemma 4.4 (b) can be used to readily argue that if T C A or T C A, then
the constraint for set T' in CR-(f, G)-NDP is satisfied. We show this for ' C A; a symmetric
argument applies for T C A. If T is a small-(f;, G1)-cut, then Fy D g, (T). Since F D Z,
this implies that F' O d¢(T"). Otherwise, we have defs, g (T') < 0, so by Lemma 4.4 (b), we
have that def s p(T') < defy, g (T) < 0. Thus, we always have |6p(T)| > min{ f(T), |6c(T)|}.

Now consider T such that TN A, TN A # . We exploit the weak supermodularity
of defs r, and that A has maximum deficiency, to bound defy 7(T) in terms of the defi-
ciency of sets that do not cross A, and thus show that the constraint for T is satisfied. We have

deff,F(T) + deff,F(A) < deff-,F(T n A) + deff,p(T @] A) = deff.’F(T N A) + defﬂp(z — T) or
deffVF(T) + deff,F(A) < deffﬁF(A — T) -+ deffVF(T - A)

where in the first inequality we also use the fact that defyr is symmetric. In both
cases, we have deff p(T) + defy p(A) < defyp(X) + defs p(Y) where X C A, Y C
A and 6¢(T) C §g(X) U dg(Y)U Z. As shown previously, for S € {X,Y}, we have
167(S)] = min{ f(S), |6¢(S)|}, or equivalently, def s #(S) < max{0,def;(S)}. Note that
def; p(A) = def;g(A) > 0 since F D dg(A). Since A is a maximum-deficiency small
cut, this also implies that def; p(A) > defy p(S) for S € {X,Y}: we have def; p(5) <
maX{O, defﬁG(S)} < max{(), defﬁg(A)} = defﬁp(A).

If both X and Y are small-(f, G)-cuts, then we are done since then we have that
F 2 6(X)Udq(Y)UZ 2 b6c(T). Otherwise, since def y p(A) > max{def s p(X),def s p(Y)},
we have def p(T) < min{def; (X),def; r(Y)} < 0, since at least one of X,Y is not a
small-(f, G)-cut. <

Proof of Theorem 4.1. Parts (a) and (b) follow easily by induction on the number of
nodes, using parts (a) and (b) of Theorem 4.5. Consider part (a). The base case is when
there is no small-(f, G)-cut, in which case, we have V; = V| and f; = f. Otherwise, let
A = argmaxgcy deff ¢(S5). Since f4 and f4 are weakly-supermodular, we can recurse and
induct on CR-(f4,G[A])-NDP and CR-(f, G[A])-NDP instances, both of which have fewer
nodes, to obtain partitions of A and A; we combine these to obtain Vi,...,V;. Theorem 4.5
(a) and the induction hypothesis then readily yield part (a) here. The only thing to note is
that since the induction hypothesis yields F' D dg14)(V;) for a part V; € A, and F' 2 dg(A)
by Theorem 4.5 (a), we have F D d¢(V;). Similarly, F' D d¢(V;) for any part V; C A.

Part (b) follows similarly from Theorem 4.5 (b). Part (c¢) follows from part (b), because
it is not hard to see, using part (b), that any convex combination of feasible solutions to
(CRLPy ¢) yields a convex combination of feasible (NDP, ov;))-solutions, and vice versa. <
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One may wonder if the (f;, G[V;])-NDP-instances in the decomposition of Theorem 4.1
can be specified more directly or succinctly. In the full version, we prove some properties of
the decomposition given by its proof, which as a consequence, enable one to do so. But we
need our splitting approach to argue why this succinct description fulfills the properties in
Theorem 4.1. The properties we establish also imply that the decomposition in Theorem 4.1
can be computed efficiently given suitable algorithmic access to the base cut-requirement
function f.

5 Algorithmic implication: LP-relative 2-approximation algorithm

We now exploit the decomposition result stated in Theorem 4.1, and Corollary 4.2, to obtain
a 2-approximation algorithm. We assume that we have a separation oracle for (CRLPy q),
which implies that we can efficiently find an extreme-point optimal solution to (CRLPy q)

and any LP that arises in a subsequent iteration after fixing some z, variables to 1 (Fact 2.2).

Algorithm 1 CRNDP-ALG.

The input is (G =(V,E),{ce >0}, f:2V Z), where f is weakly-supermodular
(and symmetric, normalized). We assume there is a separation oracle for (CRLP ).
Al. Initialize F < 0, G’ = (V,E') + G, and f' + f.
A2. While F is not a feasible solution (which can be detected using the separation
oracle), repeat:
A2.1 Find an extreme-point optimal solution z to (CRLP /).
A2.2 Let Z; ={e€ E' :Z.>1/2}. Update F + FUZ,, F' + E' — Z;, and
71(S) = f(S) —16z,(S)| for all S C V.
A3. Return F.

» Remark 5.1. The collection of small cuts does not change across iterations; that is, S is a
small-(f, G)-cut iff it is a small-(f’, G')-cut in some other iteration. This is because, for any
S C V, we change |0¢/(S)] and f/(S) by the same amount in every iteration. In the first
iteration, we have T, = 1 for every e € d¢(S) and every small cut S, and so dg/(S) = 0 in
any subsequent iteration. So we do not have any constraints for small cuts in subsequent
iterations, and this causes problems with uncrossing tight constraints. Nevertheless, we are

able to argue, due to our decomposition result, that there is always some edge with Z. > 1/2.

» Theorem 5.2. Let OPT denote the optimal value of (CRLP ). Algorithm CRNDP-ALG
returns a feasible CR-f-NDP-solution F' C E such that ¢(F) <2- OPT.

Proof. By Corollary 4.2, at least one edge gets added to F' in every iteration, so the algorithm
terminates in at most |E| iterations. The cost bound follows by induction on the number
of iterations to termination. The base case is trivial. Suppose F' = Z; U F’, where F’ is
the solution found in subsequent iterations for the instance CR-(f’,G’)-NDP. Let OPT’
be the optimal solution to (CRLP¢s ¢/). Then, by induction, we have ¢(F;) < 2- OPT’
and OPT' < Y . CeTe, since (Te)eepr is a feasible solution to (CRLP/ ¢/). We also have
c(Z1) <23 ey, CeTe. Therefore, c(F) < 2¢Tz =2 OPT. <

Since (CRLP gswor ;) admits a polytime separation oracle (Lemma 2.3), we obtain the
following result as a corollary.

» Theorem 5.3. There is a 2-approzimation algorithm for CR-SNDP.
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6 Hardness result

We now show that cut-relative SNDP and path-relative SNDP are APX-hard, even when
the base SNDP instance involves only one s-t pair, by showing that the k-edge connected
subgraph (k-ECSS) problem can be cast as a special case of these problems. (This hints at
the surprising amount of modeling power of {cut, path}- relative SNDP.) Previously, even
NP-hardness of path-relative SNDP in the s-t case was not known.

Let (G = (V,E),{cc}ecr) be an instance of k-ECSS. We may assume that G is at least
k-edge connected, i.e., [0c(S)| > k for all ) # S C V, as otherwise there is no feasible
solution (and this can be efficiently detected).

Consider the following path-relative SNDP instance. We add a source s and sink ¢, and
edges sv,vt of cost 0, for all v € V. Let G’ = (V' E’) denote this graph. The base-SNDP
instance asks for (k4 n)-edge connectivity between s and ¢, where n = |V/|. That is, the base
cut-requirement function f is given by f(S") = k+n if S" C V' is an s-t cut, and f(S’) =0
otherwise. We show that path-relative SNDP and cut-relative SNDP are actually equivalent
in this case, and that they encode k-ECSS on the graph G.

» Theorem 6.1. H C E’ is a feasible solution to the above {cut, path}-relative SNDP
instance <= H 2 g/ (s) U dg:(t) and H(V) is a feasible k-ECSS-solution for G. Hence,
this {cut,path}-relative SNDP instance is the same as k-ECSS on the graph G.

Proof. Recall that we are assuming that G is (at least) k-edge connected. The following
observation will be handy. The only small cuts in G’ are {s} and {t} (and their complements).
For any other s-t cut S’ C V’, taking S = S’ NV, we have that ) # .S C V. So we have
16c/ (S)] = 6 (S)| + [S|+ |V = S| > k +n.

<= direction. We argue that H is feasible for cut-relative SNDP, which also implies that it
is feasible for path-relative SNDP. Clearly, H covers both small cuts. For any other s-t cut
S" C V', taking S = "NV, we have [0y (S")| > [0g)(S)| + [S| + |V — S| > k +n, since
H(V) is a feasible k-ECSS-solution for G.

= direction. Suppose that H is feasible for path-relative SNDP. If there is some edge
sv ¢ H, then consider the fault-set F' = dg/(s) — {sv}. Then H — F clearly has no s-t path,
since dg_p(s) = . But G’ — F has an s-t path sv,vt. So we must have H D g/ (s). A
similar argument shows that H 2 d¢/ ().

We next argue that |05 (S")| > n+ k for every s-t cut S’ for which § #S5:=5'" NV C V.
This is equivalent to showing that |6z v)(S)| > k, since [0 (S")Ndgr ()[40 (S") N (t)| = n.
Assume that s € §” without loss of generality. Suppose |65 (1(S)| < k. Since [6c(S5)| > k,
there is some edge uv € dg(S) — dr(v)(S). Suppose u € S. Consider the fault-set F' =
Spvy(S)U{sw:weV —S}u{wt:we S}. Then |F| <k +nand H — F has no s-t path,
since we have constructed F' to ensure that dg_g(S’) = 0. However, G — F has an s-¢ path:
su, uv,vt. This contradicts that H is feasible for path-relative SNDP.

So we have shown both that H(V) is feasible k-ECSS solution for G, and that H is
feasible for cut-relative SNDP.

Since the cost of the edges in E' — E is 0, the above {cut, path}-relative SNDP instance
is exactly the same as k-ECSS on the graph G. <

7 Non-equivalence of path-relative SNDP and cut-relative SNDP

We consider the same graph and base SNDP instance as in Fig. 1. The graph is reproduced
below for convenience, and recall that the base cut-requirement function models s-t 2-edge
connectivity: so f(S) =2 1if S is an s-t cut, and f(S) = 0 otherwise.
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Figure 2 An instance where path-relative SNDP and cut-relative SNDP are not equivalent. The
number labeling an edge gives the cost of the edge.

A feasible solution to path-relative SNDP is given by the edge-set Hy = {su, uw, sw, wt},
which has cost 3. (This is in fact an optimal solution to path-relative SNDP.)

However, H; is not feasible for cut-relative SNDP. This is because, we require
du({s,u,w}) > min{2,3} = 2 in any feasible CR-SNDP solution H. Moreover, one can
infer that any feasible CR-SNDP-solution must include all but one of the edges from
{su,vw, sw, sv,vw}. This is because for any F C {su, uw, sw, sv,vw} with |F| = 2, one can
verify that there is an s-t cut S such that |dg(S)| = 3 and F C §¢(95); so |dg—r(S)| < 1,
which implies that there is no feasible solution that excludes F'. A feasible CR-SNDP-solution
must also include the edge wt, so the optimal value for cut-relative SNDP is 4.

While cut-relative SNDP and path-relative SNDP are not in general equivalent, they are
closely related. Dinitz et al. [9] showed (see Lemma A.1 in [9]) that one can give a cut-based
formulation for path-relative SNDP, where H is feasible iff |6 (S)| > min{ f(5), |6c(S)|} for
every S CV such that G[S] and G[V' — S| are connected graphs, where V' C V is the vertex-
set of the component containing S. That is, we require the cut-constraints of CR-SNDP
to hold for a suitable collection of node-sets (as opposed to all node-sets in CR-SNDP).
This immediately implies that CR-SNDP and path-relative SNDP are equivalent when the
underlying graph is a (capacitated) complete graph. Also, as mentioned earlier, path-relative
k-ECSS and cut-relative k-ECSS are equivalent [8].
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