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—— Abstract

We present an optimal quantum algorithm for fidelity estimation between two quantum states when

one of them is pure. In particular, the (square root) fidelity of a mixed state to a pure state can
be estimated to within additive error € by using ©(1/¢) queries to their state-preparation circuits,
achieving a quadratic speedup over the folklore O(1/ 82). Our approach is technically simple, and
can moreover estimate the quantity 4/tr(po?) that is not common in the literature. To the best of
our knowledge, this is the first query-optimal approach to fidelity estimation involving mixed states.
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1 Introduction

The fidelity between quantum states [24, 13] is a closeness measure that is commonly used
in quantum physics and quantum computing [20, 34, 12, 33]. Formally, for two (mixed)
quantum states p and o, their (square root) fidelity is defined by (see [20, Equation (9.53)])

(o) = (Va5 )

The fidelity is generally bounded by 0 < F(p,o) < 1. In particular, when F(p,0) = 1, the
two states p and o are identical; and when F(p, o) = 0, the two states are orthogonal.

The estimation of fidelity turns out to be central in quantum property testing (cf. [18]).
The earliest approach is now known as the SWAP test [5], allowing us to estimate to within
additive error ¢ the squared fidelity F2?(p, o) = tr(po) when p and o are pure states, using
O(1/&?) samples of p and . Moreover, the squared fidelity F2(p, o) for pure states p and o
can be estimated using O(1/¢) queries to their state-preparation circuits through the SWAP
test [5] equipped with quantum amplitude estimation [4]. The approach based on the SWAP
test has been found to have various applications [21]. Fidelity estimation for pure states
was also considered in some restricted models: a direct fidelity estimation [7] was proposed
when only Pauli measurements are allowed and a distributed approach was developed in [1].
Recently, query-optimal and sample-optimal quantum algorithms for estimating the fidelity
F(p,0) = \/tr(po) for pure states p and o have been found in [25] and [28], respectively.
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Table 1 Complexity of estimating the fidelity F(p, o).

Reference Condition Complexity Notes
5] O(1/€") samples /
[5, 4] One of p and o is pure O(1/£?) queries /
This Work ©(1/e) queries Optimal
[25] Both p and o are pure ©(1/¢) queries Optimal
[28] ©(1/€?) samples Optimal
29, 26, 10 1 1 ies
[29, 26, 10] Either p or o is of rank r poly(r, 1/¢) queries /
[10] poly(r, 1/e) samples /
[15] o> 1)k poly(x) - é(l/a) queries  Almost optimal in €
b g -

poly(k, 1/¢) samples /

Although fidelity estimation is known to be BQP-complete when one of the quantum
states is pure [22], fidelity estimation for mixed states is QSZK-hard in general [31, 32],
which means that there is no polynomial-time quantum algorithm for fidelity estimation
unless BQP = QSZK. Nevertheless, efficient quantum algorithms for fidelity estimation for
low-rank states were recently discovered [29] and later improved [26, 10] with time complexity
poly(r, 1/¢), where r is the rank of the states. Quantum algorithms for fidelity estimation for
well-conditioned states was recently proposed with query complexity poly(k) - 6(1 /e) [15],
achieving almost optimal dependence on the precision €, where « is the condition number
such that p,o > I/k.

In this paper, we present an optimal quantum algorithm for estimating the fidelity of a
mixed state p to a pure state o = |¢)Xv)|, using queries to the state-preparation circuits of
both states. The input model is known as the “purified quantum query access” model, where
we assume query access to (the controlled version of) a quantum unitary oracle that prepares
the purification of the input quantum state, and its inverse. This input model is commonly
employed in quantum computational complexity [31] and quantum algorithms [8]. Our main
result is stated in the following theorem.

» Theorem 1 (Estimating fidelity to a pure state, Theorem 6 simplified). Given purified quantum
query access to a mized state p and a pure state o = |Y)X|, the fidelity F(p, o) = \/{Y|p|)
can be estimated to within additive error e with query complexity O(1/¢).

Prior to the result of Theorem 1, we are only aware of a folklore quantum algorithm based
on the SWAP test (which was mentioned above and will be explained in detail in Section 3.1).
This folklore approach computes F2(p, o) = (¥|p[t) to within additive error e with query
complexity O(1/¢), thereby resulting in a query complexity of O(1/£?) for estimating F(|¢)), p)
to within additive error €. By comparison, Theorem 1 exhibits a quadratic improvement.

The quantum query algorithm given in Theorem 1 generalizes the pure-state fidelity
estimation in [25] where unitary oracles are required to directly prepare the pure states. In
comparison, our result in Theorem 1 allows the unitary oracles to have redundant output
qubits (see Section 5 for more details).

Our approach is actually optimal, as it can be used to estimate the fidelity between two
pure states and the quantum query lower bound Q(1/¢) is due to [2, 19] (noted in [25]). In
Section 6, we further show that the optimality holds even if p is of an arbitrary rank.

We compare fidelity estimations for pure states in Table 1.
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As a bonus, our approach in Theorem 1 can further estimate the quantity /tr(po?) with
optimal query complexity (see Section 4.2), which is of independent interest as this quantity
is not common in the literature.

Organization of this paper. We give a formal definition of the purified quantum query
access model and the problem statement of fidelity estimation in Section 2. Then, we
review previous approaches in Section 3 with their subroutines. In Section 4, we present

our approach and its generalization. An implication of our results is discussed in Section 5.

Lower bounds for fidelity estimation are given in Section 6. Finally, a brief discussion is
drawn in Section 7.

2  Problem Settings

In this paper, we assume purified quantum query access to the input quantum states. This
input model is widely used in the literature, e.g., [8, 23, 11, 10, 30, 27, 16].

» Definition 2 (Purified quantum query access). For a mized quantum state p, purified quantum
query access to p means query access to a unitary oracle U that prepares a purification of p.
Specifically, suppose Upg acts on two subsystems A and B, then pa = trg(|p)p|as), where
|pYaB = Uag|0)ag. Moreover, we are allowed to use queries to (controlled-)U and its inverse.

We consider the problem of fidelity estimation, formally stated as follows.

» Problem 1 (Fidelity estimation). Given purified quantum query access to two mized quantum
states p and o, the task is to compute F(p, o) to within additive error .

In particular, this paper focuses on the case of Problem 1 where o = |1)(¢] is pure.

3 Warm-Ups

As a warm-up, we review the previous approaches to fidelity estimation involving pure states,
together with their useful subroutines.

3.1 SWAP Test

It is well known that the SWAP test [5] can be used to estimate the fidelity F(p, o) when
one of p and o is pure. In particular, if o = |1))}v)| is pure, the SWAP test on input p and o
(see Figure 1) outputs a bit = € {0,1} such that (adapted from [14, Proposition 9])
2

Pr[z =0] = w (1)
With this, we can estimate F(p, [¢)). Specifically, suppose that p is an estimate of Pr[x = 0]
such that |p — Pr[x = 0]| < 4. Then, it can be shown that /2 — 1 is an estimate of F(p, [¢))
with [v/2p — 1 — F(p, [¢))] < ©(v/d). An estimate of F(p, [¢))) to within additive error & can
be obtained by setting § = O(&?).

To estimate F(p, |1))) when given purified quantum query access to p and [¢), we need
the quantum subroutine for amplitude estimation [4].

» Theorem 3 (Quantum amplitude estimation, [4]). Suppose that U is a unitary operator
such that U|0)a|0)s = /Pl0)alwo)s + VI —p|1)ale1)s, where p € [0,1] and |¢o), |p1) are
normalized pure states. Then, we can estimate p to within additive error ¢ using O(1/0)
queries to (controlled-)U and its inverse.

4:3
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Figure 1 The SWAP test for estimating F(p, [¢)).

By Theorem 3, we can therefore obtain an estimate of F(p, |1)) to within additive error &
using O(1/&2) queries to the state-preparation circuits of p and |1), based on the SWAP test
in Figure 1.

3.2 Pure-State Fidelity Estimation

Recently, a new approach was proposed in [25] for estimating the fidelity F(|p), [¢)) between
two pure quantum states |¢) and |¢), improving the folklore approach in Section 3.1. However,
the approach in [25] assumes a slightly more restricted input model, where U, and U, are
two unitary quantum circuits that respectively prepare |p) and [¢), i.e., Uy,|0) = |¢) and
Uy|0) = [¢).

The key idea of [25] is to encode the value of F(|¢), |[¢)) in the amplitudes of a quantum
state, rather than the /{1 F2([g}, [41))/2 (in Equation (1)). Specifically, F([ip), 1)) can
be encoded by the unitary operator W = U;Uw such that

W10) = E(le), [¥))[0) + 1), 2)

where | L) is an (unnormalized) pure state that is orthogonal to |0). The circuit W is depicted
in Figure 2 and it outputs a bit 2 € {0,1} such that

Pr[z = 0] = F*(J¢), [4)))- 3)

0) —{ Uy U} A==z < {0,1}

Figure 2 The quantum circuit for estimating F(|p), [¢)).

Finally, the value of F(|¢), [¢)) can be estimated by the square root amplitude estimation
provided in [25].

» Theorem 4 (Quantum square root amplitude estimation, [25, Theorem 1.5]). Suppose that U
is a unitary operator such that U|0)a|0)s = \/p|0)alwo)s + I — p|1)alp1)s, where p € [0,1]
and |@o),|¢1) are normalized pure states. Then, we can estimate \/p to within additive error
d using O(1/6) queries to (controlled-)U and its inverse.

For convenience, throughout this paper, we use SqrtAmpEst(U, ) to denote (the returned
value of) the square root amplitude estimation process.

Compared to Theorem 3, Theorem 4 gives an estimate of \/p (instead of p), thereby
allowing us to skip taking square roots. By Theorem 4, we can therefore obtain an estimate
of F(|p), 1)) to within additive error € using O(1/¢) queries to the state-preparation circuits
of |¢) and |¢), based on the construction of W in Equation (2).
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4  Our Approach

For the task of estimating the fidelity F(p, |¢)) of a mixed state to a pure state, the approach
in Section 3.1 only gives a query complexity of O(1/¢2), while the approach in Section 3.2,
however, turns out not to be applicable (as a more restricted input model is assumed). In this
section, we present a simple quantum algorithm that estimates F(p, [¢))) to within additive
error € using O(1/e) queries to the state-preparation circuits of p and |4).

Suppose that the purified quantum query access to p and |¢) is given by two quantum
circuits U and V, respectively:

Uag|0)al0)g = |p)aB, (4)
Vare[0)a[0)er = [¥)ar[¥))er, (5)

where pa = trg(|p}p|as) and |¢)')gs is any pure state. Here, A, B, A’, and B’ are subscripts of
subsystems for clarity, where the subsystems A and A’ have the same dimension. Without loss
of generality, we can also assume that the subsystems B and B’ have the same dimension.!

4.1 Fidelity to a Pure State

Our idea is to encode F(p, [¢)) in the amplitudes of an efficiently preparable quantum state,
and then take use of the square root amplitude estimation in Theorem 4. To this end, we
present a quantum circuit

W = (Vs ® Ing) - SWAPgg: - (Ung ® Varg:). (6)
This circuit is depicted in Figure 3 and it outputs two bits za, zg € {0, 1} such that
Prlza = 25 = 0] = F*(p, [¢)). (7)

Equation (7) is comparable to Equation (1) for the SWAP test and Equation (3) for the
pure-state fidelity estimation, and it can be verified by the following proposition.

Figure 3 The encoding unitary operator W for F(p, |¢)).

» Proposition 5. ||({0|a(0g @ Ias/ )W |[0)4|0)&]0)a|0)&||* = F2(p, [1)), where W is defined
by Equation (6), Uag is defined by Equation (4), and Varg: is defined by Equation (5).

L 1f the subsystem B has a larger dimension than B’, then Vag ® Ic (for certain subsystem C) can be a
purified quantum query oracle for |1) with the ancilla system B’C having the same dimension as B. A
similar construction also applies to the case that the subsystem B’ has a larger dimension than B.

4:5
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Proof. This can be shown by direct calculations.

1(0[a(0lg ® Iasr)W|0)a]0)8|0)ar [0)e/||”

0[a (0l ® IA/B/)(VATB ® Iagr) - SWAPgg - (Uag @ Vargr)|0)a]0)8[0)ar|0) 5/

{
(
(W[a{0 |8 ® Ingr) - SWAPgg: - [p)ag|¢)ar |9 Ve ||
(Wla ® Tear ® (V'[6r) - [p)as|v)ar[1)e ||

(Wla @ Iear) - [p)asl)ar |1

= (plas(¥|ar - ([V)XY|a @ Iga) - [p)aBlY) A

(plag - (1V)XY|a ® Is) - |p)aB

tr((Jo)Xela @ Is) - [p)Xplas)

tr(tra ((0)wla @ Ia) - o) las) )

tr () w]a - tre(|p)plas))
tr([Xela - pa)
=F%(p. ). -

(
I
I
I
I

According to Proposition 5, we can write
W1[0)al0)8[0)a[0)s: = F(p, [)))[0)al0)8[d)ar + /1 = F2(p, [1)[6) aarer (8)

for some normalized pure states |¢) and |¢*) such that (|0)}0|a ® [0)X0|g ® Iag/)|¢*) = 0.
With this, we can therefore estimate F(p, [¢)) using the square root amplitude estimation
(Theorem 4). We formally state the result and give its rigorous proof as follows.

Algorithm 1 Quantum query algorithm for estimating fidelity to a pure state.

Input: Quantum oracles U and V' that prepare n-qubit purifications of a k-qubit mixed state
p and a k-qubit pure state |1)1)|, respectively (as well as UT, VT, and their controlled
versions); the desired additive error € € (0, 1).

Output: An estimate of F(|¢)), p) to within additive error € with probability at least 2/3.

1: Let unitary operator

W' = (Ic @ [0)0]a ® |0X0]g ® Tare + Xc @ (Zag — [0)0]a @ [0)(0]8) ® Iarer)
: (VATB ® Inpr) - SWAPgp: - (Uag ® Varpr).

2: return SqrtAmpEst(W’, e) by Theorem 4.

» Theorem 6 (Estimating fidelity to a pure state). Suppose that U and V' are quantum unitary
operators that prepare n-qubit purifications of a k-qubit mized state p = trg(|p)p|as) and a
k-qubit pure state |Y)| = |Y)X|ar, respectively, as in Equations (4) and (5). For e € (0,1),
there is a quantum query algorithm that estimates F(p, |1)) to within additive error € with
probability at least 2/3 using O(1/€) queries to (controlled-)U, (controlled-)V, and their
inverses.

Proof. The formal algorithm is given in Algorithm 1. To make the proof rigorous, we
introduce an auxiliary system C that consists of one qubit. Let

W' = ((Ic ® |0)0]a ® [0)0]s + Xc ® (Iag — |0)0[a © [0X0]g)) @ Iae/) W, )
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where W is defined by Equation (6). According to Equation (8), we have

W'[0)c|0)al0)]0)a[0)e: = F([1)), p)|0)c|0)al0)B|d)ae + /1 — F([1h), p)21)cld™) aare-

Finally, we can obtain an estimate & = SqrtAmpEst(W’,¢) of F(|¢), p) to within additive

error ¢ (i.e., |Z — F(|¥), p)| < €) with probability at least 2/3 using O(1/¢) queries to W’.

According to Equations (6) and (9), one query to W’ consists of one query to U and two
queries to V. Therefore, the way we obtain & uses O(1/¢) queries to both U and V. <

4.2 Generalization to Two Mixed States

In this subsection, we naturally extend the unitary operator in Figure 3 to the scenario where
V prepares a purification of an arbitrary mixed state o. That is, we replace Equation (5)
with

Vare[0)ar|0)er = o) arsr, (10)

where oar = trg/(|Jo)o|as’). In this case, it turns out that \/tr(po?) is encoded in the
amplitude. Note that when o is pure, 0 = o, the quantity \/tr(po?) equals the fidelity
F(p,0). Specifically, the circuit in Figure 3 outputs two bits za,zg € {0, 1} such that

Prlza = zg = 0] = tr(po?), (11)
which generalizes Equation (7). This can be verified by the following proposition.

» Proposition 7. ||({0]a(0]g @ Iag )W |0)a]0)8|0)a|0)e/||* = tr(po?), where W is defined by
Equation (6), Uag is defined by Equation (4), and Vag: is defined by Equation (10).

Proof. This can be shown by direct calculations generalizing the proof of Proposition 5.

1((0]a(0ls @ Iare')W[0)al0)&|0)ar0)e ||*
= [|((c]aB ® Iae) - SWAPgg: - [p)aslo)arer ||
= <p‘AB<U‘A/B/ . SWAPBBI . (|0’><U|AB & IA'B') . SWAPBB/ . |p>AB|U>A’B’
= tr(SWAPBB/(|(T><O'|AB & IA/B/)SWAPBB/ . (|p><P|AB & |0’><0’|A/B/))
= tr(SWAPaa (Iag @ |0 )(c|ae')SWAPaa: - (|p)plas @ o) o|ae:))
= t]f'(t SWAPAA/ IAB & |0><U|A’B’)SWAPAA’ . (|p><p|AB & ‘0’><0|A/B/)))
= tr(SWAP/_\A/ (In ® |oXo|as )SWAPaa: - (trg(|pXplas) @ |U><U|A/B/))
r(SWAPAA/ IA ® ‘U><U|AIB/)SWAPAA/ . (pA & ‘O'><U|A/B/))
= tI‘((IA X O'|A/B/ SWAPAA/(IA 24 |CT><O’|A/B/)SWAPAA/ . (pA X |U>A’B’))
= tI‘(((IA & <0’|A/B/)SWAPAA/ (IA & |0‘>A/B/))2 . pA).

-+

The proof is completed by showing that (Ia ® (o|ag)SWAPaa: (In ® |o)as) = oa. To see
this, note that

4:7
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(In ® {o|as’ ) SWAPAA (In @ |o)ars’)
= trae (SWAPaa - (Ia @ |o)o|aB))
= tra (SWAPaw - (Ia @ tre:(|o)olae)) )
= tras (SWAPAA/ - (In ® oar )
= tra ((0a ® In') - SWAPN)
= oa - tras(SWAPaa/)

:O'A.IA

= OA. |

Therefore, with a similar analysis, we can estimate the quantity /tr(po?) by Proposition 7
with the same complexity as Theorem 6, stated as follows.

» Theorem 8. Suppose that U and V are quantum unitary operators that prepare n-qubit
purifications of a k-qubit mized states p = trg(|pXp|as) and o = trg/(|o)o|as’), Tespectively,
as in Equations (4) and (10). For e € (0,1), there is a quantum query algorithm that
estimates \/tr(po?) to within additive error € with probability at least 2/3 using O(1/¢)
queries to (controlled-)U, (controlled-)V', and their inverses.

To provide an intuitive understanding of our encoding scheme, we restructure the circuit
in Figure 3 into the form shown in Figure 4. This revised visualization explicitly reveals the

Figure 4 Restructured circuit of Figure 3, illustrating the operator oa ® Ig and its action on the
purification |p)ag.

construction of an operator oa ® Ig acting on the purification |p)ag of pa. Since

l(oa ® Is)|p)as|® = tr(po?),

we clearly see that \/tr(po?) is encoded into the amplitude of an efficiently preparable
quantum state. While the encoding pattern for o in Figure 4 had previously appeared in [17],
people mainly focused on operator properties without explicitly deriving the amplitude
structure of the resulting pure state.

5 An Implication: Generalized Pure-State Fidelity Estimation

Our quantum algorithm provided in Theorem 1 suggests a new approach to estimating the
fidelity between pure states, where the pure states are given through purified quantum query
access, or equivalently prepared by (purified) quantum channels. The purified quantum query
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access to a (mixed) quantum state can be understood as a purified version of the quantum
channel that prepares the quantum state (cf. [9]). Formally, a quantum channel £ is said
to prepare a quantum state p, if p = £(|0X0|). A purified version of £ is a unitary operator
U acting on two subsystems A and B such that £(o) = trg(U(oa ® [0)0[g)UT) for every
mixed quantum state o. Then, p can be prepared by the unitary operator U in the way
that its purification is prepared by |p)as = U|0)a|0)g and p is obtained by tracing out the
subsystem B, i.e., p = trg(|p)(p|ag). In the following, we state the special case of Theorem 1
for pure-state fidelity estimation.

» Corollary 9 (Pure-state fidelity estimation). Given purified quantum query access to two
pure states |p) and |¢), the fidelity F (o), |1)) = |{p|¥)| can be estimated to within additive
error e with query complexity O(1/¢).

Corollary 9 generalizes the pure-state fidelity estimation in [25, Theorem IV.2] to a more
general input model. By comparison, the prior approach for pure-state fidelity estimation [25]
requires that the pure states should be prepared by a unitary quantum channel. Specifically,
Ref. [25] assumes two unitary oracles U, and U, such that U,|0) = |¢) and Uy|0) = |))
(see Section 3.2 for details). The input model employed in [25] is more restricted than the
purified quantum query access model. For example, U, ® I always provides purified quantum
query access to |¢), where I is the identity operator; however, it is unlikely that U, could be
implemented by purified quantum query access to |).

In addition to adopting a more general input model than [25], Corollary 9 attains the
same optimal query complexity of O(1/¢), where the lower bound (noted in [25]) is implied
in [2, 19] (see Theorem 10).

6 Lower Bounds
For completeness, we discuss the lower bounds for estimating the fidelity. In fact, a lower
bound of Q(1/¢) is implied in [2, 19] when both quantum states are pure (as noted in [25]).

» Theorem 10 (Adapted from [2, 19]). Given purified quantum query access to quantum
states p and |[¢), any quantum query algorithm that estimates F(p, |[¢)) to within additive
error € requires query complexity Q(1/¢), even if p is pure.

We strengthen this lower bound so that it applies to the case where p is a mixed quantum
state of an arbitrary rank.

» Theorem 11. Given purified quantum query access to quantum states p and ), any
quantum query algorithm that estimates F(p, |1)) to within additive error € requires query
complexity Q(1/e), even if p is of an arbitrary rank.

To prove Theorem 11, we need the following tool.

» Theorem 12 ([3, Theorem 4]). Let p and q be probability distributions over n elements.
Then, any quantum algorithm that determines whether an unknown unitary oracle U is

n n
Up =Y Bjld) or Uy =Y \/g53)
Jj=1 j=1

requires Q(1/du(p,q)) queries to U, where

n

dnl.0) = |5 S (vE V@)’

Jj=1

is the Hellinger distance.

ESA 2025
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Now we are ready to prove the lower bounds.

Proof of Theorem 11. Let r = rank(p) > 2 be an arbitrary rank parameter. Now we reduce
the distinguishing problem in Theorem 12 to the estimation of F(p, |1)). Consider the two
probability distributions p* such that

1—-pFe

pli:p:tap;t: for2§j§r,andpszforr<j§n,

where p € (0,1) is an arbitrary constant. It can be verified that

du(pt,p7) =1 - ViE— 2 — /A —p2 -2 < 0(e).

To distinguish whether an unknown unitary oracle U is U,+ or U,-, we can prepare a
mixed state p that is either of the following two mixed states

1-pFe, ..
p = (p£2)|OX0| + D ————1iil;
=2
using one query to U. By taking [¢)) = |0), we can distinguish which the case is by
noting that the fidelity F(p+,|0)) = /pE£e = /p £ O(e). Therefore, any quantum al-
gorithm for estimating F(p, [¢))) to within additive error ©(¢) requires query complexity
Q1 /du(pt,p™)) = Q(1/¢), even if p is of rank r. <

7 Discussion

In this paper, we present an optimal quantum algorithm for estimating the fidelity of a mixed

state to a pure state, given purified quantum query access. Our approach is simple, which

moreover estimates the quantity /tr(po?) that has not been commonly considered in the
literature. Here, we raise some questions for future research.

1. Can we encode y/tr(po) rather than \/tr(po?) in the amplitudes? In addition to its
relationship with fidelity estimation, this may also estimate the Frobenius norm of a
quantum state, ||p||F = y/tr(p?), which is also the square root of purity.

2. Can we estimate the fidelity F(p, [¢)) with optimal sample complexity, generalizing the
result of [28]7
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