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——— Abstract

Dynamic graph algorithms have seen significant theoretical advancements, but practical evaluations
often lag behind. This work bridges the gap between theory and practice by engineering and
empirically evaluating recently developed approximation algorithms for dynamically maintaining
graph orientations. We comprehensively describe the underlying data structures, including efficient
bucketing techniques and round-robin updates. Our implementation has a natural parameter A,
which allows for a trade-off between algorithmic efficiency and the quality of the solution. In the
extensive experimental evaluation, we demonstrate that our implementation offers a considerable
speedup. Using different quality metrics, we show that our implementations are very competitive
and can outperform previous methods. Overall, our approach solves more instances than other
methods while being up to 112 times faster on instances that are solvable by all methods compared.
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1 Introduction

A (fully) dynamic graph algorithm is a data structure designed to support edge insertions,
edge deletions, and answer specific queries. While there has been extensive research on
dynamic graph problems, many of these theoretically efficient algorithms have not been
implemented or empirically evaluated. In this work, we dynamically maintain an orientation
of a graph. Let G = (V, E) be an undirected graph with n vertices and m edges. A fractional
orientation G of G assigns to each edge {u,v} € E two non-negative weights d(u — v) and
d(v — w) such that d(u — v) + d(v — u) = 1. The fractional out-degree d*(u) of a vertex
w is the sum over all edges {u,v} € F of d(u — v). An integral orientation is a fractional
orientation in which all weights are either 0 or 1. We will denote by d*(u) the out-degree of a
vertex w if the orientation is integral. Graph orientations have a wide range of applications:

Fractional Orientations and Graph Mining. Given a graph G, a density decomposition
of G is a nested set of subgraphs of G of decreasing density. Finding dense subgraphs lies at
the core of graph mining [25]. Density decompositions were first applied in finding clusters in
web-data [23, 24, 30, 31] but quickly embedded themselves in pattern mining techniques of
other fields such as social graph mining [2, 11, 18, 34, 41], bioinformatics [3, 21, 28, 39, 44],
finance [19] and even drawing algorithms for large graphs [1]. Danisch, Chan, and Sozio [14]
propose a state-of-the-art density composition of a graph, which they call the local density.
Due to its applicability, there exist many static implementations to efficiently approximate
(variants of) this decomposition [29, 35, 42, 43]. There exists a 1:1 correspondence between this
density decomposition and fractional orientations. Indeed, consider a fractional orientation
that minimizes the sum-of-squares metric defined by sum*(G) := >, oy, (d*(v))®. The
decomposition by Danish, Chan, and Sozio is the partition of vertices by their out-degree.

Integral Orientations and Dynamic Efficiency. A crucial building block for efficient, fully
dynamic algorithms is efficient, dynamic edge-orientations. Given an undirected graph G,
the edge orientation problem asks for an orientation of G in which the maximum out-degree
of the vertices is minimized. Many real-world graphs are relatively sparse and allow for
edge orientations where the maximum out-degree is considerably smaller than the maximum
degree of the graph. Low out-degree integral orientations allow for efficient and low-memory
adjacency queries. This, in turn, has many applications, including dynamic map labeling,
graph colouring, maximal matchings, and finding k-cliques [16]. Other example applications
include Neiman and Solomon [36] who have shown how to maintain a maximal matching
in O(logn/loglogn) amortized time using a dynamic edge orientation algorithm, dynamic
matrix vector multiplication [32], or Kowalik and Kurowski [33] who use dynamic edge
orientations to answer shortest-path queries of length at most k in O(k) time in planar
graphs. The aforementioned algorithms use time proportional to the maximum out-degree in
the orientation. Thus, it becomes important to minimize max(G) := max,cy d* (v).

Minimax versus Least Square Regression. In graph mining, we are interested in orientations

that minimize sum2(%). Minimising this measure optimises for the “average” out-degree
which identifies the density of the neighborhood of each vertex. On the other hand, many
dynamic algorithmic application domains are interested in orientations G that minimize
max(G). Danisch, Chan, and Sozio prove that, in this case, the least square regression is
strictly more stringent than the minimax regression as any fractional orientation 8 minimizing
sum?( ) also minimizes max(G') [14]. The value of max(G') equals the pseudoarboricity of
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the graph. The (pseudo-)arboricity is defined as the number of (pseudo-)forests that the
graph can be partitioned into. The arboricity is either equal to the pseudoarboricity or plus
one [37].

Prior Work in Theory. Theoretical dynamic algorithms typically maintain a fractional
orientation G' over G. A naive rounding scheme then converts each fractional orientation

to an integral orientation G* where for all v € V, the out-degree d*(v) is at most 2d*(v). A
simple rounding scheme rounds all fractional edges with a value greater than % and ones
with equal value by a deterministic scheme, like the assigned vertex id. Christiansen and
Rotenberg [12] propose a dynamic polylog-time rounding algorithm where for all v € V|
d*(v) < d*(v) + 1. The state-of-the-art dynamic theoretical algorithm to maintain a
fractional orientation that minimizes max(a) is by Chekuri et al. [10]. They dynamically
maintain a fractional orientation G where for all G’ ,max(G) < (1 +¢) -max(G’). Their
algorithm uses linear space and has O(¢~° log4 n) update time. Christiansen, van der Hoog,
and Rotenberg [13] show that the algorithm from [10], in actuality, maintains a fractional
orfentation G such that for all G’ , squ(a) <(l+e¢)- sumz(a’ ). Thus, the state-of-the-art
theoretical algorithm maintains a fractional orientation that (14 ¢)-approximates the optimal
solution for both our metrics of interest in O(e~%log* n) time per update.

Prior Work in Practice. In contrast to theoretical algorithms, most practical methods for
computing edge-orientations on dynamic graphs maintain an integral orientation. We now
discuss some experimentally evaluated approaches. Brodal and Fagerberg [9] were the first to
consider the problem in the dynamic case. With a bound ¢ on the arboricity of the graph as
input, their approach supports adjacency queries in time O(c), edge insertions in amortized
time O(1), and edge deletions in amortized time O(c + logn) time.

Berglin and Brodal [5] allow a worst-case user-specific trade-off between out-degree and
running time of the operations. Their algorithm maintains an O(a + logn) orientation in
O(log n) worst-case time or an O(alog? n) orientation in constant worst-case time. Borowitz
et al. [6] experimentally evaluated different heuristics and approximation algorithms. This
evaluation includes new approaches presented by the authors, which are based on a BFS
strategy as well as the algorithm by Brodal and Fagerberg [9] and the K-Flip algorithm
introduced by Berglin and Brodal [5]. In this experimental evaluation, the BFS approach
performed best. Recently, Grofimann et al. [27] presented a dynamic algorithm to solve the
problem exactly. The worst-case complexity of this method for insertions is O(m), while for
deletion it is amortized O(m). Their experiments show that their exact algorithm achieves
up to 32 % lower running times than the inexact BFS approach by Borowitz et al. [6].

Contribution. We engineer an implementation of the recently proposed approximation
algorithms by Chekuri et al. [10]. In Section 2.1, we provide crucial details required for an
implementation. A straightforward implementation of the algorithms would be quite slow
and memory-intensive. This is because [10] defines a large (constant) number of values and
pointers to guarantee that all algorithmic operations take theoretically O(1) time. Real-world
graphs contain many edges compared to the number of available bits in memory. Storing up
to eight integers and pointers per edge is infeasible and a clear bottleneck.

Thus, in Section 3, we present engineering aspects to adapt the algorithm from [10]
to reduce space use and considerably improve its efficiency. As a consequence, we obtain
two implementations of [10] to maintain a fractional orientation G of a dynamic graph G
that simultaneously approximately minimizes both squ(a) and max(G). We note that
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these existing algorithms maintain an integral orientation 8* and are designed to minimize
max(G*). To provide a fair comparison between our implementation and the current state-
of-the-art, we convert our fractional orientation 8 to an integral orientation through the
naive rounding scheme. Experiments in Section 4 show that our implementations offer a
considerable speedup of up to 112.17 times whilst being very competitive on the measure
max(G*). Our algorithm performs considerably better than previous implementations when
using sum?( G *) as the quality metric. Our implementation has a natural parameter \, which
allows for a trade-off between algorithmic efficiency and the quality of the solution.

2 Preliminaries

Let G = (V, E) be a dynamic, unweighted, undirected graph subject to edge insertion and
edge deletion. We say that |V| = n at the time of an update. A fractional orientation 8 of
G assigns for every edge {u,v} two non-negative weights: d(u — v) and d(v — u) such that
d(u — v)+d(v — u) = 1. The out-degree of a vertex u is defined as d* (u) = >, o d(u — v).
An integral orientation is a fractional orientation where for all {u,v} € E, d(u — v) € {0,1}.
To distinguish between integral and fractional orientations, we denote by d*(u) the out-degree
of a vertex u if the orientation is integral. In integral orientations, we reference directed
edges as b and 4. A naive rounding scheme converts each fractional orientation G into an
integral orientation G'* where for all v € V, the out-degree d*(v) is at most 2d™* (v).

Quality Measures. We denote by O(G) the infinite-size set of all fractional orientations of
G. For any orientation Ce O(G) we define two quality measures:

max(a) :=max d " (v), and, sum2(8) = Z (d+(v))2.

veV
veV
These measures induce respectively a linear and a convex optimization problem over O(G):

A™™(@) := min max(a), and, AleY(@) ;=  min sum2(8).
€0(G) Geo(a)

Problem Statement. State-of-the-art edge orientation implementations use integral orient-
ations. We therefore maintain for a dynamic unweighted graph G either:

an integral orientation G* that approximately minimizes max(G™*), or,

an integral orientation 8* that approximately minimizes sum?(G'*)
To this end, we dynamically maintain a fractional orientation 8 and apply naive rounding.

Fairness. Sawlani and Wang [40] say that Ge O(G) is locally fair whenever d(u — v) > 0
implies that d*(u) < d*(v). They prove that if G is locally fair, then max(a) = Amn(@G).
Christiansen, van der Hoog, and Rotenberg [13] show an even stronger correlation between
fair orientations and the sum-of-squares measure as 8 is locally fair if and only if squ(a) =
Alocal (). A locally fair orientation cannot be maintained without requiring €2(n) update
time. Hence, several works relax the notion of fairness to approximate the local fairness and
thereby A™%(G) and Al°?!(G) [4, 7, 8, 13, 20, 40, 45]. For a fixed 6 € {0,1} and \ € [0, 1),
Chekuri et al. [10] define G as Mfair if du —v) = dt(u) < (1+N)-d(v) +6.

&2
logn

If we subsequently smartly choose A € @( and 6 = 0, then any A-fair fractional

orientation G guarantees that max(a) is a (1 + ¢)-approximation of A™®(@) [10] and that
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N*(u) = {85708}

Vertexv =O=--------------- --. : |BO (U)| | {é} |
Nt (v) = {58, 06,08, 00} I
N(0) - {e e e o0 e P [0 |

DiEdge W0 = @ (its counter is 2) == - .. .|B2 (U)| |{i%, ﬁ,ﬁ,ﬁﬂ
o Let :ry (@) =1,r,(0) =7y(@) =2,7,(0) =7,(0) =7,(@) =7,(0) =3
A=0.5=[log;,(1)] =0 and |log;,(2)] =1 and [log,,,(3)] =1

Figure 1 A graph G, for b = 2 and an orientation G;. We illustrate the data structure from [10].

Observe that the DiEdge Wb stores six pointers in this data structure to allow constant-time updates.

sum2(8) is a (1 + ¢)-approximation of Al°¢@(@G) [13]. If 6 = 1, the \-fair orientation may be
integral instead, which is considerably easier to maintain. Setting § = 1 does come at a cost
in quality, as the approximation becomes an additive error of O(logn).

2.1 The Algorithm for Maintaining a A-fair Orientation by [10]

Let A € [0, 1] be some quality parameter that the user fixed beforehand. Then, the algorithm
by Chekuri et al. [10], on a high level, inserts (or deletes) directed edges in G (which is an
integral orientation over the graph G where each edge is duplicated b times). They orient
the edges in such way that they maintain an (integral) A-fair orientation. After inserting a
directed edge w0, the out-degree of u increases. So, there may exist some edge ut for which
d*(u) > (14 A)d*(z). The algorithm then flips this edge, restoring the out-degree of z, and
recurses on the edge-insertion Zh. Instead of spending O(d*(u)) time to inspect all out-edges
x of u, the authors show that it suffices to loop over a fraction of the out-edges of w in
round-robin fashion. To make all supporting operations in this algorithm run in constant
time, the algorithm uses elaborate data structures, data types, and information updates. We
explain these first.

For b € N, denote by G} the graph G where every edge is duplicated b times. Each edge
insertion in G thereby inserts b edges into G. We maintain an integral orientation G} over
G} where dj (v) denotes the out-degree. G} induces a fractional orientation over G and we
obtain an integral orientation G* of G from G} by naively rounding each edge.

We denote for all u € V' by Nt (u) all vertices v for which G} has at least one edge i
(see Figure 1). The set N~ (u) are all vertices v where c?i includes at least one edge 4. Note
that dj (u) is not necessarily equal to |[N*(u)| because Gy, is a multigraph.

Information Updates. The update algorithm to G} implements a lazy information update
scheme where adding an edge b to G} increments a counter recording the number of edges
w0 that G} contains without updating all auxiliary information and data structures.

Formally we define an information update (we forward reference Algorithm 3). The
algorithm may invoke an information along a directed edge.

» Definition 1. Let df(w) be the out-degree of w at the time of the information update. We
define the log-degree r,(w) as the floor of the base (1 + \) logarithm of dj (w) at the time of
an information update along wi. Or formally: r,(w) = [log, .y dj(w)].

This value is recorded such that each directed edge wi in G} has access to the value r, (w).
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Data Structure. Chekuri et al. [10] equip the oriented graph Gj with a data structure.
They store for each vertex u € V' the following (see also Figure 1):
(a) The exact value of dj(u).

(b) The set N (u) in a linked list and a pointer some current “position” in the linked list.
(c) The set N~ (u) in a doubly linked list of buckets B;(u) sorted by j from high to low.
Each bucket B;(u) contains a doubly linked list of all w € N~ (u) where r,(w) = j.

(d) A pointer to the bucket B;(u) where j is closest to log, ., d¥(u).

Data Types. To guarantee that all data structures have O(1) update time, the proofs in [10]
reference several pointers stored in their data types. We formalise these here:
Bucket B;(v) stores a doubly linked list with all DiEdges w0 with i = 7, (u).
Vertex u stores:
a linked list of all DiEdges ub (corresponding to vertices v € N T (u)).
a doubly linked list of all non-empty Buckets B;(u), ordered by i.
a pointer to the DiEdge robin which represents our “current position” in N (u).
a pointer to the primary bucket B;(u) (here j is closest to logy, d* (u)).
the value dj (u).
DiEdge w0 represents all directed edges b in Gy, simultaneously. It stores:
two pointers to the Vertices u and v, respectively.
a counter counting how many edges b there are in Gy,
the value r,(u),
a pointer to the location of w6 in Nt (u).
a pointer to the bucket B;(v) of v with ¢ = r,(u),
a pointer to the location of @0 in the linked list in the bucket B;(v).
a pointer to the DiEdge v1.

2.1.1 Algorithm Definition

The algorithm has three parameters that are used throughout its algorithmic subroutines:
0 € {0,1}, A € [0,1] and b € N. We explain their interplay later in this subsection. Each
update operation in G simply invokes b updates to the digraph G} (see Algorithm 1 and 2).

Algorithm 1 Insert(edge {u,v} in G). Algorithm 2 Delete(edge {u, v} in G).
1 for i € [b] do for i € [b] do
2 if dj(u) < dj(v) then if w€ N~ (v) then
3 Insert () Delete (1)
4 else else
5 Insert () Delete(ut)

Recall that the algorithm does not always immediately update the data structure. Rather,
it only exactly maintains the value d; (u) for each vertex u and the set N (u). The bucketing
data structure is updated only when an information update (Algorithm 3) is triggered.

Algorithm 3 InfoUpdate(DiEdge Z7), Bucket B;(y)).

6 ry(x) = logy ,  dy ()
7 Starting from B;(y) find the bucket B;(y) with ¢ = ry(z) Inspect at most O(1) buckets
8 Move Z7) into the bucket B;(y)
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Suppose that we add a directed edge @0 to Gy. If there already exists an edge b in (?b
then we implicitly insert the extra copy by identifying the corresponding DiEdge ub and
incrementing the counter. Otherwise, we need to update N*(u) and do an information
update. The same principle holds when removing a directed edge, where we only do work if
we remove the last copy of a directed edge in G} (Algorithm 4 and 5).

Algorithm 4 Add(DiEdge u0). Algorithm 5 Remove(DiEdge u0).
9 Increment the counter of w0. Decrement the counter of ut
10 dy(u) =dy(u)+1 dp(u) = dj (u) —
1 if ul.counter =1 then if wl.counter = 0 then
12 Add ub at the end of N* (u) Remove v from N7 (u)
13 Bj(v) < the primary Bucket of v Bi(v) + the Bucket stored at b
14 InfoUpdate(ut, B;(v)) InfoUpdate(ud, B;(v))

The true complexity of this algorithm lies in the logic surrounding directed edge insertions
and deletions. Intuitively, inserting an edge wo iterates over the out-edges ut of u in a
round-robin fashion. If the out-degree of u is considerably larger than the out-degree of
x, we flip an edge u# to become an edge Jj_&, we terminate the round-robin and recurse on
the insertion of Z@. After this flip, the out-degree of u is unchanged and thus locally, the
orientation is still A-fair. This increased the out-degree of = by one, and we recurse on x
(Algorithm 1). Deleting an edge @ only considers a single directed edge, which is an edge 7
where the out-degree d} () is approximately maximal. If d} (u) is considerably larger than
dj (u) then we flip an edge ZG. After this flip, the out-degree of u is unchanged. Instead, the
out-degree of z is decreased by one, and we recurse on x (Algorithm 1).

Finally if, after either an edge insertion or deletion, a vertex u actually changes its
out-degree then the algorithm will inform up to % out-neighbours of u of its new out-degree.

Algorithm 6 Insert(DiEdge ud). Algorithm 7 Delete(DiEdge ud).
15 Add(ud) Remove(ud)
16 for [2] iterations do: do x < First( Max( Bucket(N ™ (u))))
17 w.robin = (u.robin + 1) mod [N (u)| if dj(z) > max{(1+\)-d;(u)+0,2}
18 DiEdge u# = *u.robin then
19 if dj(u) > max{(1+\)-dj(z)+0,2} then Add(u#)
2 Remove(ut) Delete(z1)
21 Insert(1.) else
2 BREAK for the next [3] wh in N*(u) do
2 for all the next [2] wh in N*(u) do InfoUpdate(ut, uth.Bucket)
24 InfoUpdate(uth, ‘@ Bucket)

Algorithm Parameters and Asymptotic Complexity. The algorithm has three parameters:
6 € {0,1} is a Boolean that is used in the logic of Algorithms 6 and 7. The Boolean
specifies whether we want a slower (1 + ¢)-approximation (setting 6 < 0), or, whether we
want a faster algorithm that achieves an additive O(logn)-error (setting 6 <+ 1).

A € ]0,1] is the approximation parameter.

If § = 0, then we may choose A € O(g;;

If § = 1, then we may choose A € O(-— ioen) to obtain an additive O(logn) error [10, 13].
b € N records how many edges the multigraph G, has per edge in G. If # =1 then b = 1.
If § = 0 then b > % in order to make the algorithmic logic work. Indeed, consider
an edge {u,v} in G. Our algorithm maintains the invariant that if 0 is in G then
di(u) < (1+ N)d;. If both dj (u) and d; (v) are less than + then there is no way to orient
{u,v} in G} such that our invariant is satisfied.

e —) to obtain a (1 + ¢)-approximation [10, 13].
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Each update in G triggers at most b updates in G,. Each update to Gy calls Algorithm 6
or 7. These functions do at most O(%) constant-time operations before recursing. These
functions recurse at most O(log; , , n) times. It follows that the total runtime is at most:

O\ 3logn) if6=0

O(b-
O\ "2logn) ifo=1

> =

-log;\n) C O(bA?logn) = {

In theory, one chooses A € ©(g2/logn) where ¢ is the approximation constant. In practice,
we simply choose a smaller A for a better approximation.

Space Usage. In theory, the data type as we specified in this paper allows each of the
operations in Algorithms 1-7 to take constant time. We give three examples: (i) we can flip
a directed edge in G in constant time because the DiEdge it stores a pointer to the DiEdge
T, (ii) a DiEdge w0 can remove itself from the linked list N (u) in constant time because
it stores a pointer to its location, and (iii) a DiEdge @b can remove itself from the doubly
linked list B;(v) of N~ (v) in constant time because it stores a pointer to its location.
While theoretically efficient, this solution faces a practical bottleneck due to high space
usage. Indeed, it stores six pointers and two integers per edge in the original graph G.
Moreover, the excessive use of pointers makes executing the algorithm less predictable
and slowing it down in practice. Additionally, each pointer is not efficient in addressing only
a part of the memory, i.e. the out-going edges, since it requires constant (64-bit) memory.

3 Engineering Aspects

We now engineer an efficient implementation of [10]. Our key observation is that there are
two data containers where the order of the elements in the container is irrelevant:

Vertex u stores all DiEdges w0 in arbitrary order, and

Bucket B;(v) stores all DiEdges w0 with i = r,(u) in arbitrary order.
By sorting these sets as arrays, we obtain more control over the size of these objects and the
size of pointers to elements in these sets. This in turn allows us to use packing techniques to
store the same information in fewer bits.

Arrays. This allows us to use arrays instead of linked list as we give each:
Vertex u an array A} with all DiEdges b in arbitrary order.
Bucket B;(v) an array BY with all DiEdges w0 with i = 7, (u) in arbitrary order.

Adding a DiEdge w0, given the Vertex u and the correct Bucket B;(v), takes amortized
constant time. Indeed, we simply increase the sizes of A;" and BY and append . Removing
b also takes amortized constant time: given its index a in A7 (and b in BY) we may swap
Afla] with the last element of A} (swap BY[b] with the last element) and decrement the
array’s size by one. These operations are supported by the vector data type in C++.

From Arrays to Packing. Replacing doubly linked lists with vectors naturally reduces
algorithmic overhead. It also has a secondary benefit: instead of maintaining, for a DiEdge
wb, pointers to its location in linked lists we store integers maintaining its index in vectors.
Recall that we maintain an orientation G} where the maximum out-degree Max(Gj) is low.
As a consequence, for any vertex v, the array A; is small. Thus, for a DiEdge wd its index
in A is small. Via the same logic, the integers robin, d;;(u), [log;(ru(v))] and the index
of the DiEdge U0 are small. We pack these small values into 32-bit integers.
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Indirection. Any DiEdge wb contained pointers to: the Vertex u, the Vertex v, and the
DiEdge o4. If each DiEdge only stores a pointer to its target then we can access the Vertex
u from wd by first accessing the DiEdge o0 and then reading its target.

Removing Bucket Pointers. FEach Vertex u maintained a pointer to the primary bucket
B;(u) and each DiEdge u{ maintained a pointer to the bucket B;(v) that contains w6. These
pointers are only used in Algorithm 3. Chekuri et al. [10] prove that to find for a DiEdge 0
is current bucket, one steps over at most O(1) buckets from the given pointer. We choose to
remove these pointers. Instead, we find the correct bucket for ﬁ/ by looping over all buckets
B;(y). Observe that there are at most O(log; ., n) € O(A~'logn) buckets B;(y). Moreover,
a call to Algorithm 6 or 7 triggers O(A~1) information updates only if it does not recurse.
So, the asymptotic running time remains the same.

Compact Types. By our above analysis, we obtain more compact data types (see Figure 2):
Bucket B;(u) stores a vector B with DiEdges wi with i = 7, (w).
Vertex u stores:
a vector A7 storing all DiEdges w0 (corresponding to vertices v € Nt (u)).
a linked list of all non-empty Buckets B;(u), ordered by i.
a 32-bit integer storing our “current position” robin in Ay and the value d; (u).

DiEdge w0 represents all directed edges wd in Gy, simultaneously. It stores:
A pointer to the Vertex v.
A 32-bit integer storing the counter, the value r,(u), and the index of o7 in A7 .
An 32-bit integer storing the index of u? in BY for i = r,(u).

3.1 A Space-Time Trade-off

Finally, we propose one more modification to the algorithm. The algorithm in [10] and our
above implementation store for a vertex v all non-empty buckets B;(v) in a linked list. The
algorithm in [10] accesses these buckets by storing a pointer for each edge in G. In our
implementation, we find the bucket B;(v) where i = 7, (u) in O(log,, , n) time by iterating
over all buckets Bj(v). We showed that that this does not increase the asymptotic running
time. However, it does increase the actual running time of the program.

Both methods have an inherent downside: [10] uses a lot of memory per edge, and our
above implementation is relatively slow. Moreover, doubly linked list inherently bring a lot
of overhead and cache misses. We therefore propose a third solution to store the buckets:

We define for a Vertex v the Bucket array B, such that for all ¢, B,[i] = B;(v). Any
DiEdge w0 can access the bucket B;(v) where i = r,(u) by simply indexing B, [r,(u)] in
constant time. By storing the array B, as a vector, we require only a relatively small amount

koSN 10 | LT N—

)
A+-[§<ﬁﬁ&5 |B U)|| B — (05,80 |

)

)

DiEdge u0 = @
Pointer vectorvm-- |B v |B2 [ﬁ @0, &0, @] |

o int32 counter | |log;, (ry(u))] | index 08 = 2|2|1
int32 index ® = 0

Figure 2 We illustrate our more compact data structure compared to the one from Figure 1.
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of memory for every empty bucket. There are O(log,, \(n)) buckets for each vertex v, so
this additively increases our space usage by O(%logn). Since the number of edges m is
considerably larger than the number of vertices n, this is space-efficient when compared
to [10]. This solution does use more space compared to our above implementation, with the
benefit of having a significantly faster implementation of Algorithm 3. Thus, we offer two
implementations — one using singly linked lists, and one using this array data structure —
that together provide a trade-off between time and space used.

4 Experimental Evaluation

In this section we evaluate our algorithm and compare its performance with previous work
by Grofimann et al. [27] and Borowitz et al. [6]. We compare them on the sparse data set
introduced in [6] and present a new dense data set featuring also deletions. The analysis is
done in separate sections (sparse, dense) since the performance of the various algorithms
highly depend on the density of used inputs.

Methodology. We carried out the implementation of the algorithms in C++ and compiled
the programs with g++-11.4. We tested each algorithm on a machine equipped with 768 GB
of RAM and an AMD EPYC 9754 128-Core Processor running at 2.25 GHz having a cache
of 256 MB. The time loading the graphs is not measured, but instead we measure every
operation and sum up the timings. We repeated every experiment 3 times, computations
taking longer than a day in total were cancelled and are marked as out of time (OOT) in the
result tables. For comparing the results we use performance profiles as introduced by Dolan
and Moré [17]. For a factor of 7 > 1 we plot the fraction of instances that could be solved
within that factor of the best result per instance. Algorithms in the top left corner of the
plot (e.g. Figure 3) are considered the best algorithm.

Instances. We use two sets of graphs for the experiments. First, the sparse set containing
83 instances collected by Borowitz et al. [6]. Only four of the instances feature deletions.
The size of the graphs is small to medium and they have low-density and out-degree. Second,
the dense set, that contains three, large, denser graphs sourced from the Suite Sparse
Matrix collection [15] and four ultra-dense graphs generated with KaGen [22]. See also our
supplemental details. The ultra-dense graphs were generated in the Erdos-Renyi model
having 8192 vertices and between % and % of all possible edges. The graphs and their
features are listed in the full version. For these instance we generated three different update
sequences. The first, building up the graph in lexicographical ordering (LEX). The other two
also include deletion of edges afterwards. The edges to be deleted are selected based on an
optimal orientation of the final graph, computed with HeiOrient [38]. In the LEx+TopP50
configuration all edges outgoing from the upper half of vertices ordered by out-degree are
deleted.

The LEX4+OUT50 configuration is built by maintaining a heap of the vertices by out-
degree. Outgoing edges are deleted and the out-degree is updated in the heap until the
maximum out-degree is half of the optimal orientation. We select these sequences in order to
see how different deletion strategies impact the quality, memory and runtime metrics.

Comparisons and Implementations. We refer to our basic implementation of the algorithm
by Chekuri et al. [10] as Fractional and with our engineering improvements as PackedFractional.
We provide two implementations of PackedFractional. One with PackedFractional list organizes
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Figure 3 State-of-the-art comparison with different quality measures on the sparse instance set.
The PackedF* is omitted due to its similar results as Fractional with a maximum difference of 0.3%.

the in-buckets in a singly linked list, and the one without suffix works with directly addressable,
possibly empty, buckets. We compare with BFS20 by Borowitz et al. [6] and StrongDynOpt
and ImprovedDynOpt by Grofimann et al. [27]. These algorithms are the best performing in
the extensive studies in [6] and [27] with regards to the max out-degree metric max(G). The
squ(a) metric has not been studied in practice. The BFS20 algorithm performs a limited
breadth-first-search of length up to 20 to find improving paths upon insertion and removes
only the edge on deletion, not optimizing the orientation. The StrongDynOpt runs a breadth-
first-search to find improving paths on every insertion and deletion, returning the optimal
orientation concerning out-degree and squared-sum of out-degree. The ImprovedDynOpt only
searches for improving paths if it is necessary to maintain the optimal out-degree.

Parameters. The algorithms Fractional and PackedFractional derived in Section 2.1 and
Section 3 have the three parameters: A, 8, b. First, A > 0 and 6 € {0, 1} control the quality
of the approximation by defining its A-fairness. If § = 0, b must be larger than % so that
the fractional orientation inequality can be satisfied. Otherwise (# = 1), b can be set to 1
making the orientation integral. This comes at costs of quality in the form of an additive
error of O(logn) in the approximation.

4.1 Experiments on Sparse Instances

The following experiments are conducted on the sparse instance set collected by Borow-
itz et al. [6] and analyse the running times and quality of the orientations. Since some of
graphs in this set were too small to consistently measure the maximum resident memory by
repeatedly querying the linux internal process stats, we examine the memory consumption
only for the dense instances. The maximum peak memory is 23 GB for the Fractional and
PackedFractional with A = 0.01 and # = 0 implementations on the LJOURNAL-2008 instance.
The PackedFractional list algorithm with A = 0.1, § = 1 only requires 4.4 GB on this instance
- only 2.29 times the amount of StrongDynOpt.
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Running Time [s]

A=0.01

Figure 4 Running times on the sparse set comparing Fractional (F), PackedFractional (P), and
PackedFractional, list (PL) with BFS20 (BFS), ImprovedDynOpt (I), and StrongDynOpt (S). Parameters:
A overall fairness of the orientation maintained. 6 is a binary variable deciding an additional O(logn)
error, b is the number of fractional edges.

Quality Metrics. In Figure 3 we compare different configurations of Fractional with the
state-of-the-art for integral orientations. We evaluate the performance using the two quality
measures discussed in Section 2. For better readability, the results for the packed implement-
ations are omitted. They achieve similar to those results of the Fractional configurations with
a maximum difference in quality of less than 0.3%. We can observe that smaller values of A
lead to improved solution quality for both metrics.

Mazimum Out-Degree. When comparing the algorithms using the metric max(a), we
can observe that both exact approaches ImprovedDynOpt and StrongDynOpt always find the
optimum solution. Compared to these, Fractional performs worse overall, but maintains a
factor of less than two for all parameter choices.

Squared Sum of Out-Degrees. When evaluating with sum2(8) of the naively rounded
fractional orientations, Fractional performs significantly better than the BFS20 algorithm,
matching the results of ImprovedDynOpt. The StrongDynOpt algorithm returns the best
values on every instance. This is the expected behaviour, because improving all possible
paths minimizes both objective functions. Our newly engineered algorithms perform very
well in the sum?(G) metric as they were designed for it. The variation in A € {0.01,0.1} is
not visible in this metric. In exchange, they allow themselves a higher maximum out-degree
on some of the vertices which is not accounted for in the definition of A-fair.

Running Time. Figure 4 shows the geometric mean running time for the approaches on the
sparse data set. The normalized running times can be found in the full version. Our fastest
algorithm PackedFractional is twice as fast as ImprovedDynOpt, which is the fastest state-of-
the-art method on this data set. The running time of our approach is highly dependent on
the parameter choices. Setting 8 = 1 is faster than 6 = 0. Decreasing A results in longer
running times. The smallest value A = 0.01 we tested is 8.58 times slower than the fastest
configuration with A = 0.1. The packed list implementation is up to 35% slower. The
measured difference between ImprovedDynOpt and BFS20 matches the result in [27].
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Figure 5 Geometric mean running times on the dense set comparing Fractional (F), PackedFrac-
tional (P), and PackedFractional, list (PL). We evaluate them for the different deletion sequences.

4.2 Experiments on Dense Instances

We conduct the following experiments on the new dense instance set, which includes three
real-world graphs and four ultra-dense graphs. As in previous sections, we analyze running
time and solution quality, and additionally provide an in-depth examination of memory usage.

Quality Metrics. Only three out of the 21 instances were solved optimally by StrongDynOpt
on the set of dense instances in the given timeout of 24 hours. Therefore, we show performance
profiles for our parameter choices and PackedFractional in the full version on all instances
and limited the following discussion about quality on those three instances.

Mazimum Out-Degree. FEvaluating the performance using max(G) the solutions of
Fractional are between 24 % (A = 0.01) up to 30% (A = 0.1) worse than the optimal
orientations. The method BFS20 also performs worse on these instances with solutions
being 26 % worse. Note that this approach does not handle deletions explicitly by running a
improving path search, which can explain the observed suboptimal results on our instances
featuring deletions. These results match the observations of previous work.

Squared Sum of Out-Degrees. Using sum? (8), we observe a solution quality for Packed-
Fractional which is less than 0.8 % higher for A = 0.1 and only 0.3 % higher when setting
A = 0.01 than the optimum computed by StrongDynOpt. With this, we achieve better results
on these instances compared to ImprovedDynOpt, which in the geometric mean has a solution
quality that is 15 % worse. The ImprovedDynOpt is specialised in maintaining the minimum
maximum out-degree while requiring fewer operations than StrongDynOpt. Therefore, its
sum?(G') metric is worse than our results. The impact of the X factor, in the range we tested,
on the squ(Z?}) metric is small for our new algorithms.

Running Time. The running times on the dense set for our implementations are displayed
in Figure 5. We detail these results in the full version. Detailed results per instance are
shown in the full version. The choice of lambda greatly impacts the running time. Reducing
the value of A by a factor of 10 from 0.1 to 0.01 (keeping 6 = 0) can result in running time
that is 20 times slower in the geometric mean. Setting § = 1 speeds up the algorithm by up
to a factor of 5 for small A = 0.01 compared to § = 0. The methods from Borowitz et al. [6]
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and Grofimann et al. [27] find solutions for considerably fewer number of instances in this
data set while requiring more running time. More precisely, BFS20, ImprovedDynOpt, and
StrongDynOpt find solutions on 15, 5, and 3 instances while having a geometric mean
running time which is 112.17, 29.15, and 25.98 times slower than our fastest algorithm
(PackedFractional) on the respective instances.

Memory. As a smaller A value results in more buckets, we expect the memory consumption
to increase with decreasing A. This behaviour can be observed in Figure 6. Here, we compare
the memory consumption of our implementations, which is evaluated separately for the
different deletion sequences. Already for A = 0.1, we can observe that the PackedFractional
is improving over Fractional, where we achieve a geometric mean reduction in memory
consumption by a factor of 1.94. In the case of A = 0.01, we omit Fractional due to its
already high memory consumption for A = 0.1 and focus on comparing the implementations
PackedFractional and PackedFractional, list. With this configuration, the List implementation
can save up to a factor of 2.72 memory (A = 0.01,6 = 0,b = 100). Overall, we can see
that the choice for A has the highest impact regarding memory consumption. However, the
parameters € and b also influence the memory needed. The memory consumption for the
competitor algorithms is generally smaller. Compared to our best approach, the competitor
methods perform up to a factor of 3.32 better. However, this result is expected since they do
not maintain a fractional orientation but an integral one. They store each edge’s target on
both sides in combination with the position of the reverse edge in the other array. Lastly, we
observe that the deletion of edges (ToP50, OuT50) requires more memory than just the LEX
ordering, with the OUT50 requiring the most. This is caused by the spreading of indices in
the in-bucket, as seen by the smaller difference in the list implementations.

Practitioner Advice: When optimizing the sum of squared out-degrees we recommend
using the packed PackedFractional implementation since it is the fastest implementation
overall and the difference in quality to the exact method (StrongDynOpt) is minimal. The
list implementation should only be used if memory consumption is of utmost importance.
The choice of parameters is paramount. Choosing higher values for A speeds up the
computation and reduces the memory needed. Setting §# = 1 can be used to relax the
running time further, but is penalized by a quality trade-off. The b parameter should be
chosen small to speed up computation, but has to stay above % if 6 = 0.

5 Conclusion

We have bridged the gap between theoretical results and practical experiments for adaptive
edge orientations. We engineered a space efficient implementation of a A-fair fractional
orientation algorithm by Chekuri et al. [10] and presented several effective methods to reduce
the memory footprint of the algorithm. In extensive experiments we show the feasibility of
our approach in comparison with several competitors from previous work. Our results for
the squared sum degree metric are close to optimal, while the running time is considerably
lower than competing algorithms. Our algorithm PackedFractional solves more instances than
the competitors within one day of compute time per instance while it is up to 112 times
faster on the instances that are solvable by all methods compared. Our list-based bucket
implementations can decrease the memory consumption by a factor of 2.72. Future avenues
of work include reducing the memory costs further and looking at batch updates. These
aspects could be combined with efforts to parallelize the algorithms.
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