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—— Abstract

We consider the existence and construction of biclique covers of graphs, consisting of coverings of

their edge sets by complete bipartite graphs. The size of such a cover is the sum of the sizes of
the bicliques. Small-size biclique covers of graphs are ubiquitous in computational geometry, and
have been shown to be useful compact representations of graphs. We give a brief survey of classical
and recent results on biclique covers and their applications, and give new families of graphs having
biclique covers of near-linear size.

In particular, we show that semilinear graphs, whose edges are defined by linear relations in
bounded dimensional space, always have biclique covers of size O(n polylogn). This generalizes many
previously known results on special classes of graphs including interval graphs, permutation graphs,
and graphs of bounded boxicity, but also new classes such as intersection graphs of L-shapes in the
plane. It also directly implies the bounds for Zarankiewicz’s problem derived by Basit, Chernikov,
Starchenko, Tao, and Tran (Forum Math. Sigma, 2021).

We also consider capped graphs, also known as terrain-like graphs, defined as ordered graphs
forbidding a certain ordered pattern on four vertices. Terrain-like graphs contain the induced
subgraphs of terrain visibility graphs. We give an elementary proof that these graphs admit biclique
partitions of size O(nlog®n). This provides a simple combinatorial analogue of a classical result
from Agarwal, Alon, Aronov, and Suri on polygon visibility graphs (Discrete Comput. Geom. 1994).

Finally, we prove that there exists families of unit disk graphs on n vertices that do not admit
biclique coverings of size o(n4/ 3)7 showing that we are unlikely to improve on Szemerédi-Trotter type
incidence bounds for higher-degree semialgebraic graphs.
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1 Introduction

Graph covering and partitioning is a well-studied topic in graph theory with numerous
connections to real-world problems, see for example the survey of Schwartz [68]. Given
a graph G, a cover of G is a collection H of subgraphs of G such that each edge of G is
contained in at least one of the subgraphs in H, that is, E(G) C gy E(H). A partition
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of G is a collection ‘H of subgraphs of G such that each edge of G is contained in ezactly one
of the subgraphs in H. Clearly, any partition of a graph is also a cover. The subgraphs in
the cover (or partition) can be chosen in different ways, for example, they can be chosen
to be cliques, complete bipartite graphs (to which we refer as bicliques), cycles, paths, and
other graphs (see [68] for a list of results for each of those graph classes).

A natural problem is, for a given graph, to determine the smallest possible number of
subgraphs in a cover. We are interested in a related parameter of the cover. Let G be a
graph and let H be a cover of G with any type of subgraphs. The size of a cover H is
> men |V(H)|. Clearly, those parameters are related. If G has a cover with £ subgraphs,
then there is also a cover of G of size n where n = |V(G)|.

In this work, we focus on the size of covers with bicliques, to which we refer as biclique
covers. See Figure 1 for an example of biclique cover of a graph.
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Figure 1 An example of a graph and a biclique cover with three bicliques of total size 15.

Biclique covers have applications to the multicommodity flow problem [47], quantified
Boolean formulas [55], and communication complexity of boolean functions [51]. In a seminal
paper, Feder and Motwani [41] showed that biclique covers of small sizes can be used as
compact representations of graphs, on which many computational problems can be solved
more efficiently than on standard representations. The minimum size of a biclique cover of a
graph is therefore sometimes referred to as its representation complexity [37].

1.1 Our results

We study biclique covers for various classes of graphs defined in geometric terms. We focus
on graph classes for which there exist biclique covers of size O(n polylogn), where n is the
number of vertices. Some of the terms used below are defined in the next section 1.2.

Our contribution is threefold. We first consider semilinear graphs, defined as semialgebraic
graphs for which the defining functions are linear. This class of graphs has first been defined
by Basit, Chernikov, Starchenko, Tao, and Tran [13], and further studied by Tomon [73].
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We generalize a number of results above by showing that semilinear graphs have biclique
partitions of size O(npolylogn). This in particular gives a simple proof of the bound on
Zarankiewicz’s problem for semilinear graphs shown by Basit et al. [13]. Semilinear graphs
include many previously studied graph classes such as interval graphs, threshold graphs,
permutation graphs, bounded-dimension comparability graphs, bounded-boxicity graphs,
and intersection graphs of L-shapes and other orthogonal shapes in the plane. For certain
restricted classes of semilinear graphs, we establish improved bounds on the size of a biclique
cover compared to those obtainable from the general bounds.

We then show that terrain-like graphs, also known as capped graphs [34] have biclique
partitions of size O(n log® n). These graphs contain in particular induced subgraphs of terrain
visibility graphs. This result can be seen as a combinatorial variant of the influential result
of Agarwal, Alon, Aronov, and Sharir [3] on compact representation of visibility graphs
of polygons, since terrain-like graphs include terrain visibility graphs. The two results,
however, are incomparable, since there exist terrain-like graphs that are not visibility graphs
of terrains [11].

Finally, we answer a question asked by Csaba Téth [74]: Can unit disk graphs have
near-linear biclique covers? Note that the existence of such covers is not ruled out by a
counting argument, since there are 2°0("1°6™) ynit disk graphs on n vertices [67]. Yet, we
answer the question in the negative: There exist unit disk graphs on n vertices, every biclique
cover of which has size Q(n4/ 3), which is essentially tight. This is proved by considering the
standard examples of configurations of points and lines that are tight for the Szemerédi-
Trotter Theorem [63], and applying a charging argument. Together with our upper bound for
semilinear graphs, this result provides a delineation of what classes of graphs have near-linear
biclique covers; as soon as we allow the functions defining a semialgebraic graph to be of
degree two, we may obtain strongly superlinear lower bounds on the size of biclique covers.

1.2 Background

Before detailing our results, we first give a brief survey of known results and applications
of biclique covers and partitions. We take the opportunity here to gather results that are
sometimes considered as folklore, but were never thoroughly compiled.

1.2.1 Covers and partitions in general graphs

The minimal number of bicliques needed to cover a graph has been studied by Tuza [75],
Ro6dl and Rucinski [66], and Jukna and Kulikov [51], among others. As mentioned earlier,
we are interested in the size of a biclique cover, which, to recall, is defined as the sum of
the number of vertices across all the bicliques in the cover. Let us first note that if G is an
n-vertex graph with O(n) edges, then G has a trivial biclique cover of size O(n). Hence the
question of bounding the size of a biclique cover is not relevant in classes of graphs with
linearly many edges, such as bounded-treewidth graphs or planar graphs.

A cover of size O(nlogn) of the complete graph K, can be obtained recursively as follows:
first split the set of vertices into two disjoint subsets of equal size, and add the corresponding
biclique to the cover, then recurse on both subsets. The cover we obtain in this way is also a
biclique partition with n bicliques.

A bound on the size of a biclique cover of an arbitrary graph was proved by Chung, Erdés,
and Spencer [30], and later by Tuza [75].

» Theorem 1 ([30, 75]). Let G be a graph on n vertices. Then there exists a biclique cover
of G of size O(n?/logn), and this bound is tight.
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We observe a connection between the size of a biclique cover and constructions of graphs
with many edges and without a complete bipartite graph K, , as a subgraph, also known
as the Zarankiewicz problem. We refer, for example, to Conlon [31] for a construction of
such graphs and to Smorodinsky [70] for a survey on the Zarankiewicz problem in geometric
graphs. Let G be a graph without a K, subgraph and let H be a biclique cover of G. Let
H € H, then |E(H)| < t|V(H)| and therefore ) ;o [V(H)| > > ey [E(H)|/t > |[E(G)]/t.
Hence we can deduce the following observation.

» Observation 2. Let G be a graph without a K. subgraph, for some t € N, and with a
biclique cover of size s. Then G has at most t - s edges.

For classes of graphs that have biclique partition of size O(n polylogn), like the ones studied
in this paper, this directly gives an upper bound of O(n polylogn) on the number of edges of
these graphs when K, ; is forbidden, for some constant ¢.

Let F be a class of graphs and let F,, be the graphs in F with exactly n vertices. If
any graph G € F,, has a biclique cover of size s(n) then |F,| < 25(Mognl+2s(n) ndeed,
every graph can be encoded by a binary string of length at most s(n)[logn] + 2s(n) where
every vertex is encoded by a binary string of length [logn] and at most 2s(n) additional
bits separating the bicliques and defining the bipartition inside each biclique. Based on the
above, we make the following observation.

» Observation 3. Let F be a family of graphs and let s(n) be the mazimum size of a biclique
cover of a graph in F,, then |F,| < 20(s(n)logn)

Note that for many classes of geometric graphs, the upper bound in the above observation
is significantly worse than the best known upper bounds [67].

1.2.2 Algorithms

Feder and Motwani [41] observed that biclique covers can be used to construct compressed
representations of graphs, on which several computational problems can be solved efficiently.
In a compressed representation, each biclique in the cover is replaced by a subgraph whose
number of edges is proportional to the size of the biclique. This can be interpreted as
a sparsification procedure, that preserves features of the initial graph while reducing the
number of edges. A simple application of this idea is to the all-pairs shortest paths problem.

» Lemma 4 ([41]). Given a biclique cover of size s of a graph G on n vertices, then the
breadth-first search tree rooted at any vertez of G can be computed in time O(s), hence the
(unweighted) all-pairs shortest paths problem can be solved in time O(n - s).

We refer to Chan and Skrepetos [25] for a discussion on the application of this result to
geometric intersection graphs.

Similarly, Feder and Motwani proved that a maximum matching of a bipartite graph
given in compressed form as a biclique cover of size s can be found in time O(y/n - s) [41,
Theorem 4.2]. Using a state-of-the-art maximum flow algorithm [29, 76], Cabello, Cheng,
Cheong, and Knauer [18] gave the following improvement.

» Lemma 5 ([18]). Given a biclique cover of size s of a bipartite graph G, the mazimum
matching problem on G can be solved in time O(s**¢) for any e > 0.

Note that in these results, we assume that a biclique cover is given, and do not take into
account the time required to compute it. Ideally, if the graph is given in some kind of implicit
form (for instance as a collection of geometric object, of which the graph is the intersection
graph), we may hope to be able to compute the biclique cover in time proportional to its
size, and then apply the above lemmas.
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1.2.3 Spanners

Let t € N and let G be a graph. A t-hop spanner is a subgraph G’ of G such that for any
wv € E(G), there is a path of length at most ¢ in G’ between u and v. The following was
observed by Conroy and Téth [33].

» Lemma 6 ([33]). If G has a biclique cover of size s then there is a subgraph G' of G which
is a 3-hop spanner with s edges.

This is achieved by simply replacing every biclique of the decomposition by two stars, with
centers on either side of the bipartition.

Biclique covers of intersection graphs of boxes in constant dimension are also used in a
recent preprint by Bhore, Chan, Huang, Smorodinsky and Téth [14] to obtain 2-hop spanners
for fat axis-aligned boxes.

1.2.4 Biclique covers and range searching

Biclique covers and partitions of geometric graphs are natural byproducts of range searching
algorithms and data structures in computational geometry. The range searching problem
can be defined as that of preprocessing a collection of points in R? so as to quickly answer
queries about the subset of points contained in a given region, called the range. There,
bicliques naturally arise as pairs of subsets of points and ranges, such that all points are
contained in all ranges. Classical data structures for orthogonal range searching, where
ranges are axis-aligned boxes, include segment trees and range trees [35, Chapters 5 and
10]. Halfspace and simplex range queries are typically answered using cuttings and partition
trees [58, 59, 26, 60, 23]. More recently, polynomial partitioning techniques, stemming from
the seminal paper from Guth and Katz [48], have been used to solve semialgebraic range
queries [61, 37, 4, 19, 7]. These structures naturally yield biclique covers of the corresponding
incidence graphs. In turn, running times for the offline range searching problem are closely
related to incidence bounds [63], an early example of which is the Szemerédi-Trotter theorem
bounding the number of incidences between points and lines in the plane. Quoting Agarwal,
Ezra, and Sharir [7]: “there is a general belief that the two problems are closely related,
and that the running time of (at least off-line) range queries should be almost the same
as the number of incidences between points and the corresponding curves/surfaces that
bound these regions”. It is therefore not surprising that incidence bounds often coincide with
representation complexities.

We summarize the known upper bounds stemming from this line of work. Let P be a
set of points and let R be a set of geometric objects in R%. An incidence graph I(P, R) is
a bipartite graph with the bipartition (P, R) where there is an edge between two elements
p € P and r € R if and only if p € r. We henceforth assume that every set of points or
geometric objects contains at most n elements. The following results are known (the O
notation omits polylogarithmic factors):

Incidence graphs of points and axis-parallel boxes in R?, for some constant d, have biclique

partitions of size O(nlog?n). This can be deduced from [6, Section 3] and [35, Chapter

5], for instance.

Incidence graphs of points and halfspaces in R¢, for some constant d, have biclique

partitions of size O(n?¥(@+1) [57].

Incidence graphs of points and hyperplanes in R, for some constant d, have biclique

partitions of size O(n?¥(@+1) [17].

Incidence graphs of points and unit disks have biclique partitions of size O(n*/3) [54].

Incidence graphs of points and disks (of arbitrary radii) have biclique partitions of size
O(n15/11) [7}
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In all these cases, the biclique covers can be constructed in time proportional to their
size.

Results by Erickson [39] on Hopcroft’s problem make the connection between range
searching problems and biclique covers explicit. It is shown, among other results, that the
running time of a type of a partitioning algorithm for the counting version of Hopcroft’s
problem with respect to a set of points P and hyperplanes H is bounded from below by the
size of the biclique cover of I(P, H).

Biclique covers also have other applications in computational geometry. For instance
Agarwal and Varadarajan [8] use them to compute approximations of polygonal chains, and
biclique partitions of pairs of points at bounded distance from each other are also at the
heart of the expander-based optimization method proposed by Katz and Sharir [54].

A graph G is an intersection graph for a class of geometric objects if its vertices can be
mapped to objects in the class so that two vertices are adjacent if and only if the corresponding
objects have a nonempty intersection. As mentioned by Agarwal et al. [7], interval graphs,
intersection graph of intervals on the real line, have biclique partitions of size O(nlogn).
More generally, it was shown by Chan [21] that intersection graphs of axis-aligned boxes in
R? have a biclique cover of size O(n logd n). The boxicity of a graph G is the minimum d
such that G is an intersection graph of axis-aligned boxes in R?. Hence this result shows that
bounded-boxicity graphs have near-linear size biclique covers. For intersection graphs of unit
disks in the plane, a bound of O(n*/3) on the size of a biclique cover can be derived from the
bound on the size of a biclique cover in the incidence graph between a set of points and unit
disks in the plane. Segment intersection graphs have biclique covers of size O(n*/3) [8, 7].
Finally, Chazelle, Edelsbrunner, Guibas, and Sharir [27] proved that the bipartite intersection
graph between a set of n disjoint blue segments and a set of n disjoint red segments in the
plane has a biclique cover of size O(nlog®n).!

Many natural classes of geometric graphs are contained in the class of semialgebraic
graphs [10, 32, 42, 71]. A graph G = (V, E) is a semialgebraic graph of description complexity
t and dimension d if the vertices in V' can be mapped to points in R? so that the presence of
an edge is defined by the sign patterns of ¢ polynomial functions of the corresponding pair of
points. More precisely, there must exist:

amap ¢:V — R

t polynomials f1,..., ft € R[z1,...,24,Y1,...ya4| each of degree at most ¢ in 2d variables,

a boolean function ® : {T,F}3* — {T,F},
such that for any u,v € V,

w € E & @ ({fi(e(u),9(v)) <0, filp(u), 0(v)) = 0, fi(p(u), ¢(v)) < 0}ie) =T

For example, two closed disks of center respectively (a,b) and (¢, d) and radius r and
s, for instance, have a nonempty intersection if and only if f(a,b,r,¢,d,s) < 0, where
fla,b,7,c,d,s) = (a—c)?+(b—d)? — (r+s)?. Hence disk intersection graphs are semialgebraic
graphs of dimension d = 3. Note that the union of constantly many semialgebraic graphs is
also a semialgebraic graph.

The following result has been proved by Do [37]. A computationally efficient version can
be found in Agarwal, Aronov, Ezra, Katz, and Sharir [5, Corollary A.5].

1 The result is not explicitly stated, but can be deduced from their method for reporting intersections,
involving so-called hereditary segment trees. See the full version of the paper [20] for details. See also
Palazzi and Snoeyink [64].
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» Theorem 7 ([37, 5]). Let G be a semialgebraic graph on n vertices of constant description
complexity t and constant dimension d. Then for any € > 0, G has a biclique cover of size
O(n?/(d+1)+2) yhere the constants in the O depend on ¢, t, and d.

Chan, Cheng, and Zheng [24, Final Remarks| showed that the intersection graph of n
algebraic arcs in the plane of constant description complexity has a biclique cover of size
O(n?/?*¢) and can be found in a similar running time for any & > 0.

1.2.5 Ordered graphs and visibility graphs

Visibility is a classical theme in computational geometry [35, Chapter 15] [46, 62]. A visibility
graph is typically defined on a set of points in the plane, such that two points form an edge
if and only if the line segment between them does not hit any obstacle. Polygon visibility
graphs, for instance, are defined on the set of vertices of a simple closed polygon, and two
vertices are adjacent in the graph if and only if the line segment between them is contained
in the polygon. A notable result due to Agarwal, Alon, Aronov, and Suri [3] states that
polygon visibility graphs have biclique partitions of size O(n log® n). The proof involves an
reduction to bichromatic segment intersection graphs [28] and their compact representation
based on segment trees by Chazelle et al. [27].

In what follows we consider ordered graphs, defined as graphs G = (V, E) where the set of
vertices V is totally ordered. For simplicity, we will often assume that V = [n] =: {1,2,...,n}
with the natural ordering on N. An ordered graph ([n], E) is a capped graph if for any
four vertices i < j < k < ¢, if ik € E and j¢ € E, then i{ € E [34]. See Figure 2 for an
illustration.

Figure 2 The forbidden ordered subgraph in a capped graph. The dashed curve represents a
non-edge: If ik and j¢ are edges, then i/ must be an edge.

This property is also sometimes referred to as the X-property, and capped graphs are
also referred to as terrain-like graphs [43, 12, 45].

A terrain visibility graph is defined on the set of vertices of an z-monotone polygonal
line in the plane, also called a terrain, where two vertices are adjacent in the graph if and

only if the open line segment between them lies completely above the terrain [1, 40, 11, 52].

Terrain visibility graphs have applications to time series analysis [56], and have been used
for instance in medical contexts [9, 72].

It is not difficult to realize that terrain visibility graphs are capped graphs. Indeed, if
we are given four points in the order i < j < k < £ along the terrain such that there is a

line of sight between ¢ and k and between j and ¢, then there must be one between ¢ and #.

In fact, capped graphs also contain induced subgraphs of terrain visibility graphs, as well
as visibility graphs involving points on an arbitrary, not necessary polygonal, z-monotone
curve. See Figure 3 for an example.

Persistent graphs are capped graphs that also satisfy the so-called bar property: for any
edge of the form ¢k such that k& > i + 2, there exists j such that ¢ < j < k and both 5 and
jk are also edges [11, 44]. Tt is known that terrain visibility graphs are also persistent, and
it was once conjectured that they form the same class. This conjecture was disproved by
Ameer, Gibson-Lopez, Krohn, Soderman, and Wang [11].
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Figure 3 The visibility graph of a set of points on an z-monotone curve. When vertices are
ordered from left to right, this is an example of capped graph.

Algorithms on terrain visibility graphs and terrain-like graphs have been studied by
Katz, Saban, and Sharir [53], Froese and Renken [43], and De Berg, Van Beusekom, Van
Mulken, Verbeek, and Wulms [36]. The Zarankiewicz problem for polygon visibility graphs
was recently studied by Ackerman and Keszegh [2].

1.3 Plan of the paper

In Section 2, we construct near-linear biclique partitions for comparability graphs and
bigraphs of bounded dimension. This will be used as a building block for many of the
subsequent results. In Section 3, we state and prove our main result on the existence and
construction of near-linear biclique partitions for any semilinear graphs. In Section 4, we
give our main result on terrain-like graphs. In Section 5 we consider lower bounds on the
size of biclique covers.

2 d-dimensional comparability graphs

A graph G = (V, E) is a comparability graph if there exists a partial ordering P(G) of V
such that two vertices are adjacent if and only if they are comparable in P(G). One may
wonder if comparability graph could have small biclique covers. A simple counting argument
rules this out: all bipartite graphs are comparability graphs, and there are 2%(n?) bipartite
graphs on n vertices. From Observation 3, there must exist comparability graphs all biclique
covers of which have size Q(n?/logn), which from Theorem 1 is not better than for general
graphs.

We therefore restrict our attention to d-dimensional comparability graphs. A partial
ordering P has dimension d if there is a collection £ = {Ly, La, ..., Lq} of linear extensions of
P such P = ﬂ?zl L;. A comparability graph GG has dimension d if there is a partial ordering
P(G) of V of dimension d. Equivalently, a d-dimensional comparability graph is a graph
G = (V, E) for which there exists a map ¢ : V — R? such that any two vertices v,u € V
are adjacent if and only if they are comparable with respect to ¢, that is either ¢(v) < p(u)
or p(v) = ¢(u), where a < b if and only if a; < b; for all i € [d]. We can assume without
loss of generality that no pair of points in (V) share a coordinate. See Figure 4 for an
example of a two-dimensional comparability graph. Note that two-dimensional comparability
graphs are also known as permutation graphs [16]. We also define a bipartite version of a
d-dimensional comparability graph. A d-dimensional comparability bigraph is a bipartite
graph G = (L U R, E) for which there exists a map ¢ : L U R — R? such that no pair of
points in ¢(L) X ¢(R) share a coordinate, and such that for any pair (¢,r) € L x R, ¢r € E
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(a) A two-dimensional comparability graph. (b) A two-dimensional comparability bi-
graph.

Figure 4 Comparability graphs and bigraphs.

if and only if p(£) < ¢(r). We also adopt the convention that 0-dimensional comparability
bigraphs are complete bipartite graphs, where £ = L x R. See Figure 4 for an example of a
two-dimensional comparability graph. For both graph classes, we refer to the function ¢ as
the embedding map of G.

We proceed by showing two key theorems concerning the size of a biclique cover of
d-dimensional comparability bigraphs and graphs. The proofs rely on a simple induction for
the dominating pairs problem [65, 22].

» Theorem 8. Any d-dimensional comparability bigraph on n vertices has a biclique partition
of size O(nlog?n).

Proof. We prove the theorem by induction on d. For d = 0, the bigraph is a biclique, hence
has a trivial partition of size O(n).

Now let d > 1 and assume that the theorem holds for any d’ < d. Let G be a d-dimensional
comparability bigraph and let ¢ be its embedding map in R%. Let p € R be a point on the
dth axis such that the orthogonal hyperplane H through p divides the points in L U R into
two parts of size at most [n/2]. Let ¢4 be the restriction of ¢ to the dth coordinate and
let 1, q—1 be the restriction of ¢ to the first (d — 1) coordinates. Let L’ C L be the set of

vertices ¢ € L for which p4(¢) < p and let R* C R be the of vertices r € R for which p4(r) > p.

Observe that ¢r € E, for £ € L' and r € R', if and only if @1 4-1(¢) < ¢1,..a—1(r). Let
G’ be a (d — 1)-dimensional comparability bipartite subgraph of G induced on L’ U R’ with
the embedding map @i 4—1 obtained by projecting those points on H. By induction, G’
has a biclique partition of size O(nlogd*1 n). It remains to recurse twice on each side of H
with half the points. Let S(n) be the size of a biclique partition of G. The total size S(n)
therefore obeys the recurrence

S(n) < 28([n/2]) + O(nlog? ' n) = O(nlog®n). <

The same method gives an upper bound on the size of a biclique partition of d-dimensional
comparability graphs. We omit the proof here.

» Theorem 9. Any d-dimensional comparability graph on n vertices has a biclique partition
of size O(nlog®n).
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3 Semilinear graphs

Semilinear graphs were recently introduced by Basit, Chernikov, Starchenko, Tao and
Tran [13], and form a subclass of semialgebraic graphs. A graph G = (V, E) is a semilinear
graph of complexity t if the vertices in V can be mapped to points in R? and there exist ¢
linear functions fi,..., f; : R? x R? — R such that the edges of G are defined by the sign
patterns of those functions. More precisely, let F and T denote false and true respectively.
Then G is semilinear if there exist:

amap @:V — R?,

t linear functions f1,..., fi € R[z1,...,24,91,...y4] in 2d variables,

a boolean function ® : {T,F}3* — {T,F},
such that for any u,v € V,

w € B & @ ({fi(e(u),o(v) <0, filp(u), o(v)) =0, filp(u), ¢(v)) < O}icy) =T

The bounded-dimensional comparability graphs of the previous section are simple examples
of semilinear graphs. Interval graphs are another. Indeed, two intervals [a, b] and [c, d] intersect
if and only if @ < d and b > ¢. A similar condition can be written for the intersection of two
boxes in R?. Furthermore the union of constantly many such graphs is also a semilinear
graph.

Tomon [73] observed that we can restrict the definition above to boolean formulas in
disjunctive normal form, and involving only strict inequalities. A graph G = (V, E) is
dnf-semilinear of complexity (t, ) if there exist a map ¢ : V +— R? and t - £ linear functions
fij RExRY - R, (i,5) € [] x [t], such that for any u,v € V,

weBe \/ [ N\ fulew. o) <0] =1 (1)

ielf] \Jjelt

As shown in [73], any semilinear graph of complexity ¢ is a dnf-semilinear graph of
complexity (¢,¢) where ¢’ and ¢ depend only on ¢, and therefore the two definitions are
essentially equivalent. The second definition will be useful in our proofs.

» Theorem 10. Let G = (V, E) be a semilinear graph of constant complexity on n vertices.
Then G has a biclique cover of size O(npolylogn).

Proof. From the above discussion, we can assume that G is dnf-semilinear of complexity
(t,¢), for some constants ¢t and ¢. Consider a function f; ; appearing in this definition, for
some (7,7) € [¢] x [t]. Since f; ; is linear, we can rewrite it as f; j(x,y) = gi;(x) + h; ;(y)
with suitable functions g; j,h; ; : R? — R. Let g;(z) = (gi1(2),...,9:+(2)) and h;(z) =
(hi1(x),..., hit(x)). Now the condition f; ;(z,y) < 0 can be rewritten g; ;(x) < —h; j(z),
and

/\ fij(zy) <0< gi(x) < —hi(y).
€l

This condition defines a subgraph G; of G whose edges are the pairs u,v € V such that
cither g(i2(u)) < ~hi((v)) or gi(p(v)) < —hi((u)).

We now show that G; has a biclique partition of size O(n logt*! n). Let us split the set V'
of vertices into two subsets L and R of size at most [n/2]. The graph whose edges are the
pairs (u,v) € L x R such that g;(¢(u)) < —hi(¢(v)) is a t-dimensional comparability bigraph.
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Similarly, the graph whose edges are the pairs (u,v) € L x R such that —h;(¢(u)) = gi(¢(v))
is also a t-dimensional comparability bigraph. These two graphs cover the edges of G; that
are in the cut (L, R). From Theorem 9, they each have a biclique cover of size O(nlog’ n).
It remains to cover the edges contained in L and R recursively. This yields a biclique cover
of size O(nlog"™* n), proving our claim.

G is the union of the ¢ graphs G; for i € [¢]. Taking the union of the biclique covers for

each of the G; yields a biclique cover of size O(n log"™* n) for G, as required. <

Combined with Observation 2, this directly implies the result from Basit, Chernikov,
Starchenko, Tao, and Tran [13].

» Corollary 11 ([13]). Let G be a semilinear graph without a K, subgraph, for some t € N.
Then G has at most O(n polylogn) edges.

Also note that the proof of Theorem 10 provides a construction algorithm running in time
proportional to the output size. This holds provided that the d-dimensional comparability
bigraph in Theorem 8 and the semilinear graph in Theorem 10 are given in the following
implicit form: Every vertex is encoded as a point in R?, and the functions determining the
presence of an edge are encoded in constant space.

» Lemma 12. Given a semilinear graph G of constant complexity, we can compute a biclique
partition of G of size O(npolylogn) in time O(npolylogn).

Combining Lemma 12 with the known computational results of Lemmas 4 and 5, we
obtain the following.

» Theorem 13. Given a semilinear graph G of constant complexity on n vertices, we can
compute a mazimum matching of G in time O(n'*t€), and solve the all-pairs shortest path
problem on G in time O(n? polylogn).

4  Terrain-like graphs

Recall that capped graphs, also known as terrain-like graphs, are ordered graphs such that
for any four vertices i < j < k < ¢, if both ik and j¢ are edges, then so is i/. We first
define the bipartite counterpart of capped graphs, that we call capped bigraphs, as ordered
bipartite graphs G = (L U R, E), where the elements in L appear before the elements in R in
the order, and that satisfy the same property, that is for all i < j € L and k < { € R, we
have that if ik € E and j¢ € E, then if € F.

» Lemma 14. FEvery capped bigraph is a two-dimensional comparability bigraph.

Proof. Let G = (LU R, E) be a capped bigraph. We assume for now that G does not have
any isolated vertex. Let us suppose, without loss of generality, that L, R C N. Consider the
map ¢ : LU R+ R? defined as

o) = ({,min{r' € R: lr' € E} —1/2)
for any ¢ € L, and
o(r)=(max{¢' e L:l{'re E}+1/2,r),

for any r € R. We claim that ¢r € E if and only if ¢(£) < ¢(r).

ESA 2025
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(a) A capped bigraph obtained from the example of Figure 3, together with the values
of p(u) for each vertex u.

+—n
8 =
[
1 2 3 4 50
(b) A representation of the capped bi- (c) A representation of the
graph as a two-dimensional comparab- capped bigraph as a two-
ility bigraph. directional orthogonal ray
graph.

Figure 5 Illustration of the proof of Lemma 14.

We first show that if r € E, then ¢(¢) < o(r). Indeed, if ¢r € E, it must be the case that
¢ <max{l': {'r € E} +1/2. Similarly, it must be the case that min{r’ : ¢r' € E} —1/2 < r.
Hence the point ¢(¢) is dominated by o(r).

Conversely, suppose that ¢(¢) < ¢(r). Let £* = max{¢ : ¢{'r € E} and r* = min{r’ :
U’ € E}. If either £* = £ or r* = r, then we have ¢r € E by definition. Let us therefore
suppose that £* # ¢ and r* # r. Then, since ¢(£) < ¢(r), we have £ < £* and r* < r. By
definition, ¢r* € E and ¢*r € E, hence from the X-property of capped bigraphs, it must be
the case that {r € E as well.

Finally, note that isolated vertices can easily be added, by assigning them either a very
large vertical or horizontal coordinate. <

The proof is illustrated in Figure 5. Note that conversely, any two-dimensional compar-
ability bigraph (L U R, E), as witnessed by a map ¢, is a capped bigraph, where the order
of the vertices in L and R is given respectively by the x and y-coordinates of the points
in the image of the map ¢. It suffices to observe that the X-property is satisfied. One
can observe that this class of bigraphs is in fact the same as that of interval containment
bigraphs in Huang [50] and Hell, Huang, Lin, and McConnell [49], and two-directional
orthogonal ray graphs studied by Shrestha, Tayu, and Ueno [69]. Therefore, capped bigraphs,
two-dimensional comparability bigraphs, interval containment bigraphs, and two-directional
orthogonal ray graphs are one and the same class. The equivalence with two-directional
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orthogonal ray graphs is immediate: Suppose that the vertical rays extend upwards and the
horizontal rays extend to the left, and observe that a vertical ray v intersects a horizontal
ray h if and only if the origin of v is dominated by the origin of h.

» Theorem 15. Fuvery capped graph on n vertices admits a biclique cover of size O(n log® n).

Proof. Consider a capped graph G = ([n], F) and let L := [[n/2]] and R = [n] \ L. Let
F={ije F:icL,j€ R}. By definition, H := (LU R, F) is a capped bigraph. From
Lemma 14 and Theorem 8, H admits a biclique cover of size O(n log? n). It remains to cover
the edges of the two subgraphs G[L] and G[R], which are also capped graphs. This can be
done recursively, yielding a total size of S(n) < 25([n/2]) + O(nlog®n) = O(nlog®n), as
claimed. <

We now consider the computational problem of constructing a biclique cover of size
O(nlog® n) of a capped graph given as input. The natural encoding of the input graph can
be of size proportional to the number of edges. Remember that capped graphs are ordered
graphs. We can suppose that a capped graph is given in sorted adjacency list representation,
in which not only the order of the vertices is given, but we are also given the neighbors of
each vertex in sorted order. Note that sorting adjacency lists requires an additional cost of
O(|E|loglogn), since the numbers to sort lie in the range [n] [77].

» Lemma 16. Given a capped graph G = (V, E) in sorted adjacency list representation, we
can compute a biclique partition of G of size O(nlog®n) in time O(max{|E|,nlog®n}).

Proof. We follow the proof of Theorem 15. Given a bipartition of the vertices of G into the
sets L and R, we need to efficiently compute the implicit representation of the corresponding
comparability bigraph, as described in the proof of Lemma 14. This requires finding, for each
vertex ¢ in L, the smallest index r € R such that ¢r € E, and conversely for every vertex in
R. This can be achieved by storing adjacency lists in binary search trees, for instance, which
can be done in linear time if they are sorted. |

We can then for instance combine Lemma 16 with Lemma 4.

» Theorem 17. Given a capped graph G on n vertices in sorted adjacency list representation,
we can solve the all-pairs shortest path problem on G in time O(n? polylogn). Furthermore,
after a O(max{|E|,nlog® n})-time preprocessing, one can construct the breadth-first search
tree rooted at any vertex in time O(nlog®n).

5 Lower bounds

It is known that there exist configurations of n points and n lines with G)(n4/ 3) point-line
incidences, hence that are tight examples for the Szemerédi-Trotter incidence bound; see for
instance the construction from Erdds described in Edelsbrunner [38]. From Observation 2, we
have that the size s of a biclique cover for a graph G = (V, E) without K;, for some constant
t must satisfy s > |E|/t. Clearly, point-line incidence graphs do not have K 5 subgraphs,
hence there exist such graphs on n vertices for which s > Q(n4/ 3). We first prove a similar
statement for incidence graphs of points and halfplanes in R%2. The proof is essentially the
same as that of Erickson [39, Theorem 3.4].

» Lemma 18. There exist incidence graphs between n points and n closed lower halfplanes,
any biclique cover of which has size Q(n*/3).

67:13
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Proof. We consider a configuration (P, L) of n points and n lines with ©(n*/?) point-line
incidences. Let H be the set of closed lower halfplanes bounded by the lines of L. We denote
by I(P, H) the incidence graph between the points of P and the halfplanes of H.

Let P, C P and H; C H be the two sets of vertices in the ¢th biclique of a biclique cover
of I(P,H). Let L; C L be the lines bounding the halfspaces of H;, and let us denote by
t(P;, L;) the number of pairs (p,?) € P; x L; such that p € £.

> Claim 19.
|Pi| + |H;| > (P, Li).

Proof of claim. Let R; denote the intersection of the lower halfplanes in H;. By definition,
R; is a downward closed convex polygonal region, and P; C R;.

Consider the leftmost incidence (p, ¢) in (F;, L;), involving the leftmost point with the
leftmost line. Suppose that p is incident to more than one line. It must then be the case
that ¢ does not contain any other point than p. Hence either p is incident to only one line,
or ¢ contains only one point. We can therefore always remove either a point or a line and
remove one incidence. The number of incidences is then at most |P;| + |L;| = |P;| + | H;|, as
claimed. <

We now obtain a lower bound on the size of the biclique cover as follows:

SR+ [Hi| =Y u(Py, Li) > (P, L) > Q(n/?).

where the second inequality is from the fact that every incidence in (P, L) is an edge of
I(P, H), hence must be covered by at least one of the biclique. <

We now turn our attention to unit disk graphs, which are perhaps among the simplest
non-semilinear geometric intersection graphs.

» Lemma 20. There exist unit disk graphs on n vertices, any biclique cover of which has
size Q(n*/3).

Proof. It is enough to show that the incidence graph I(P, H) in the proof of Lemma 18
can be realized with unit disks. Indeed, take the configuration (P, L) and shift every line of
L upwards by a small vertical offset, so that the points involved in the incidences lie now
slightly below their lines. We can now safely replace these lines by circles of the same very
large radius, keeping the points of P in the same relative positions with respect to each of
the lines. Let @ denote the set of centers of the circles. By a proper scaling, we can assume
without loss of generality that those circles have radius two.

Observe that if a graph G has a biclique cover of size s, then any bipartite graph obtained
from G by coloring the vertices in two colors and removing all monochromatic edges also has
a biclique cover of size s. It is therefore sufficient to prove a lower bound on the size of a
biclique cover of the bipartite intersection graph of the unit disks of centers respectively in
P and Q. By construction, this is exactly the point-halfplane incidence graph I(P, H), and
we can now apply the result of Lemma 18. |

Note that a similar statement should hold for intersection graphs of translates of any
smooth strictly convex body.

One may also wonder if there exists superlinear lower bounds on the size of biclique covers
for families of semilinear graphs. We can easily deduce such a lower bound from a recent
result from Bhore et al. [14].



J. Cardinal and Y. Yuditsky

» Lemma 21. There exist graphs on n vertices and boxicity at most d, any biclique cover of
which has size Q(n(logn/loglogn)?=2).

Proof. A construction from Bhore et al. [14] shows that there exist intersection graphs of n
boxes in dimension d such that any 3-hop spanners requires Q(n(logn/loglogn)?=2) edges.
From Lemma 6, it implies the same lower bound on the size of their biclique covers. <

6 Open questions

Many open questions remain. We showed a few upper bounds on the size of the biclique cover
for restricted families of semilinear graphs, such as intersection graphs of axis-aligned boxes
and grounded L-shapes (see the full version of the paper for the definition and the bound
on intersection graphs of grounded L-shapes [20]). These bounds improve upon those that
can be derived from the general upper bound for semilinear graphs. A first natural question
is whether any of those bounds can be improved or, alternatively, what are the achievable
lower bounds on the size of a biclique cover for these graphs. The question of improving
the upper bound also remains for capped graphs; do capped graphs admit O(nlog2 n)-size
biclique covers?

For both capped and non-jumping graphs we showed an upper bound of O(n log® n) on
the size of their biclique cover. Recall that capped and non-jumping graphs are graphs
equipped with an ordering on their vertices such that for any four vertices i < 7 < k < ¢,
if ¢k and j¢ are edges, then the edge i/ must also be present in a capped graph, and the
edge jk must be present in a non-jumping graph. There is an interesting superclass of both
capped and non-jumping graphs, in which given four vertices i < j < k < £ such that ik and
j¢ are edges, either the edge i¢ or jk must be present. In particular, they contain the terrain
visibility graphs considered by Katz, Saban, and Sharir [53], in which points lying strictly
above the terrain are also allowed as vertices. Do these ordered graphs admit biclique covers
of small size?

More generally, it would be interesting to characterize the forbidden patterns which give
rise to families of (ordered) graphs for which the size of a biclique cover is O(n polylogn).
Note that there are forbidden patterns of size 3 for which the family of graphs which forbids
them does not have such a bound. For example, 3 vertices which induce a triangle.

Finally, in this work we mostly focused on graph classes that are either arising in a
geometric setting or forbid some ordered patterns. It would be interesting to understand
how the size of a clique cover correlates with other width parameters of graphs, for example,
the twin-width of a graph [15].
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