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—— Abstract

A k-mismatch square is a string of the form XY where X and Y are two equal-length strings that

have at most k mismatches. Kolpakov and Kucherov [ Theor. Comput. Sci., 2003] defined two notions
of k-mismatch repeats, called k-repetitions and k-runs, each representing a sequence of consecutive
k-mismatch squares of equal length. They proposed algorithms for computing k-repetitions and
k-runs working in O(nklogk + output) time for a string of length n over an integer alphabet, where
output is the number of the reported repeats. We show that output = O(nklogk), both in case of
k-repetitions and k-runs, which implies that the complexity of their algorithms is actually O(nk log k).
We apply this result to computing parameterized squares.

A parameterized square is a string of the form XY such that X and Y parameterized-match, i.e.,
there exists a bijection f on the alphabet such that f(X) =Y. Two parameterized squares XY and
X'Y" are equivalent if they parameterized match. Recently Hamai et al. [SPIRE 2024] showed that
a string of length n over an alphabet of size ¢ contains less than no non-equivalent parameterized
squares, improving an earlier bound by Kociumaka et al. [Theor. Comput. Sci., 2016]. We apply our
bound for k-mismatch repeats to propose an algorithm that reports all non-equivalent parameterized
squares in O(nolog o) time. We also show that the number of non-equivalent parameterized squares
can be computed in O(nlogn) time. This last algorithm applies to squares under any substring
compatible equivalence relation and also to counting squares that are distinct as strings. In particular,
this improves upon the O(no)-time algorithm of Gawrychowski et al. [CPM 2023] for counting
order-preserving squares that are distinct as strings if o = w(logn).
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1 Introduction

A string of the form XX, for any string X, is called a square (or a tandem repeat). Squares
are a classic notion in combinatorics on words (see, e.g., the early works of Thue [53] on
avoidability of square substrings), text algorithms (starting from an algorithm for computing
square substrings by Main and Lorentz [40]), and bioinformatics (see Gusfield’s book [22]).
A string of length n contains at most n distinct square substrings [8] and all of them can be
computed in O(n) time [4, 9, 14, 23] or even O(n/log, n) time [10] assuming that the string
is over an integer alphabet of size . A maximal sequence of consecutive squares in a string
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is called a run (or a generalised run; cf. Section 2); see [33]. A string of length n contains at
most n runs [3] and they can all be computed in O(n) time [3, 17]. Our work is devoted to
efficient algorithms for computing known generalizations of squares and runs: k-mismatch
squares represented as k-runs or k-repetitions, parameterized squares, and generalised squares
that include parameterized squares, order-preserving squares, and Cartesian-tree squares.

We assume that positions in a string X are numbered from 1 to | X|, so that X[i] is the
ith character of X. For integers 4, j such that 1 <i <j <|X|, by X[i..j] =X[i..j+1) we
denote the substring composed of characters X[i], X[i 4+ 1],..., X[j]. We use similar notation
for integer intervals: [i..j] =1[i..j+1)={i,i+1,...,5}

We say that a length-n string is over an integer alphabet if its letters belong to [0. .no(l)}.
We use the word-RAM model of computation.

1.1 k-Mismatch Squares and k-Runs

For two equal-length strings X and Y, their Hamming distance is defined as dg (X,Y) = |{i €
[1..1X]] : X[i] #Y[i]}|- A k-mismatch square (also known under the name of k-mismatch
tandem repeat) is a string XY such that | X| = |Y] and dy(X,Y) < k. Let T be a string
of length n. A Ek-run of period ¢ in T (cf. [38]) is a maximal substring T'[a..b) such that
T[i..i+ 2¢) is a k-mismatch square for every i € [a..b — 2{]; see Figure 1. Maximality
means that the k-run is extended to the right and left as much as possible provided that the
definition is still satisfied.

Iababaacalabcbaaba‘

Iaababaaclaabcbaab‘

Ibaababaalcaabcbaa‘

Iabaababalacaabcba‘

Iaabaabablaacaabcb‘

abacaabaababaacaabcbaabaca
1 2 3 4 5 6 7 8 910111213141516 17 1819 20 21 22 23 24 25 26

\abacaabalababaaca}

\bacaabaalbabaacaa}

@caabaababaacaab,

Figure 1 String T'[1..26] contains two 2-runs with period 8, T'[1..18] and T'[5..24]. The two
2-runs represent three 2-mismatch squares (below) and five 2-mismatch squares (above), respectively;
mismatches are shown in red. Strings T'[z ..z + 16) for z € {4,10, 11} are not 2-mismatch squares.

Landau, Schmidt and Sokol [39] showed an algorithm for computing k-runs in a string of
length n that works in O(nklog(n/k)) time; hence, the total number of k-runs reported is
O(nklog(n/k)). Kolpakov and Kucherov [34, 35] showed that all k-runs (called there runs of
k-mismatch tandem repeats) in a string of length n can be computed in O(nklogk + output)
time, where output is the number of k-runs. Many other algorithms for computing approximate
tandem repeats under various metrics, in the context of computational biology and with the
aid of statistical methods and heuristics, were proposed [6, 7, 15, 16, 28, 31, 36, 43, 45, 46,
47, 48, 49, 50, 51, 52, 55, 56]. In Section 2 we show the following theorem.

» Theorem 1. A string of length n contains O(nklogk) k-runs.

Theorem 1 provides the first O(n) upper bound on the number of k-runs for k = O(1)
and implies that the algorithm of Kolpakov and Kucherov computing k-runs actually works
in O(nklogk) time. Actually, we show a stronger condition that a string 7' of length n
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contains O(nklogk) uniform k-runs. Intuitively, a uniform k-run is a maximal sequence of
consecutive k-mismatch squares of the same length in which the mismatches of all squares
are at the same positions. (See Section 2 for a formal definition.) Our bound on the number
of uniform k-runs implies the bound for k-runs as well as an O(nklog k) upper bound on
the number of k-repetitions as defined in [34, 35] (called there k-mismatch globally defined
repetitions).

To prove Theorem 1, we explore a combinatorial relation between k-runs and maximum
gapped repeats [32] and apply the optimal O(na) bound on the number of maximal a-gapped
repeats in a length-n string [20, 27].

1.2 Parameterized Squares

For a string X, by Alph(X) we denote the set of characters of X. Two strings X, Y
parameterized match if | X| = |Y| and there is a bijection f : Alph(X) — Alph(Y") such that
f(X)=Y (ie, |X|=1|Y]and f(X[i]) =Y[é] for all i € [1..]|X]]). A parameterized square

(p-square, in short) is a string XY such that X parameterized matches Y (see Figure 2).

Two p-squares XY and X'Y” are called equivalent if they parameterized match.
Parameterized matching was introduced by Baker [2] motivated by applications in code
refactoring and plagiarism detection. The notion of p-squares was introduced by Kociumaka,
Radoszewski, Rytter, and Walen [30] who showed that a string of length n over alphabet of
size o contains at most 20!n non-equivalent p-squares. They also considered avoidability of
parameterized cubes. The bounds from [30] were recently improved by Hamai, Taketsugu,
Nakashima, Inenaga, and Bannai [24]; they showed that a length-n string over alphabet of
size o contains less than on non-equivalent p-squares. This bound automatically implies that
such a string contains at most ¢! - o - n p-squares that are distinct as strings (improving the
2(!)?n upper bound from [30]). We show that all non-equivalent p-squares can be computed

efficiently; our approach also extends to p-squares that are distinct as strings. See Section 4.

» Theorem 2. All non-equivalent p-square substrings in a string of length n over alphabet
of size o can be computed in O(nologo) time.

All p-square substrings that are distinct as strings can be computed in O(no log o+ output)
time, where output is the number of p-squares reported.

By the above discussion, all p-square substrings that are distinct as strings can be
computed in O(n(o + 1)!) time. The key ingredient in the algorithm behind Theorem 2 is a
relation between p-squares and o-mismatch squares (and uniform o-runs).

1.3 Generalised Squares under Substring Consistent Equivalence
Relations

We then show an alternative algorithm for counting p-squares whose complexity does not
depend on the alphabet size 0. The algorithm is stated for squares under any substring
consistent equivalence relation (SCER in short). An SCER is a relation & on strings such
that X ~ Y implies that (1) |X|=|Y] and (2) X[i..j]=Y[i..j] forall 1 <i<j <|X]|;
see [42]. Known examples of SCERs include parameterized matching, order-preserving
matching [29, 37], Cartesian tree matching [44], and palindrome pattern matching [26]. Two
strings X and Y order-preserving match if | X| = |Y], sets Alph(X) and Alph(Y") are totally
ordered, and there is a bijection f : Alph(X) — Alph(Y’) that is increasing (i.e., if x < y then
f(x) < f(y)) such that f(X) =Y. Strings X, Y Cartesian-tree match if they have the same
shape of a Cartesian tree (cf. [54]). Finally, strings X and Y palindrome match if for all
1<i<j<|X|, X[i..j] is a palindrome if and only if Y[i..j] is a palindrome.
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An ~-square is a string XY such that X ~ Y under SCER ~. Thus p-squares and
order-preserving squares [30] (op-squares, in short) as well as Cartesian-tree squares [44]
(CT-squares) and squares in the sense of palindrome matching (palindrome-squares) are
~-squares for the respective SCERs ~. See Figure 2 for an example.

Y
§=1322434412323
X Z

Figure 2 For string S = 1322434412323, X = 132 243 is an op-square (hence, automatically, a
p-square and a CT-square), Y = 2243 4412 is a p-square, and Z = 412 323 is a CT-square. Among
the three substrings, only Z is not a palindrome-square, as its second half is a palindrome whereas
its first half is not.

In a prefix consistent equivalence relation (PCER), condition (2) of an SCER only needs
to hold for ¢ = 1. An SCER is a PCER. We say that £ : ¥* — Z is an encoding function if

X=Y <& (|X| = |Y| A Vie[l..|X|] 5(X[1 . Z]) = 5(Y[1 Z])) (1)

» Observation 3. For every PCER = on strings over integer alphabet there exists an encoding
function.

Proof. Let £(X) be defined as the number of the equivalence class under ~ of X among
all strings of length |X|. Let us verify that £ satisfies equivalence (1). (=) If X = Y,
then, by definition, |X| = |Y| and X[1..4] ~ Y[1..4] for all ¢« € [1..|X]|]. Then indeed
E(X[1..7]) =E(Y[1..14]). («) Taking i = |X| = |Y|, we obtain £(X) = E(Y). As | X| = Y],
we have X = Y. <

The encoding function defined in the proof of Observation 3 could be hard to compute
efficiently for a particular PCER ~. It is also stronger, as it satisfies X Y < (|X|=
Y] A E(X) = E(Y)). Luckily, for the aforementioned known SCERs efficient encoding
functions are known, as shown in the following Example 4.

For an encoding function &, let 7€ (n), pf(n) be integer sequences such that for a string
T of length n over integer alphabet, after 7€ (n) preprocessing time, &(Ti .. j]) for any 4, j
can be computed in p€(n) time.

» Example 4. For parameterized matching, there exists a classic prev-encoding, see [2], that
is an encoding function:

IX|—i X[i] = X[|X]] and X[5] # X[|X]] for all j € [i +1..|X])

0 otherwise

prev(X) = {

The prev-encodings of all prefixes of a string 7" can be computed by sorting all pairs (T°[¢], 7). If
T is over an integer alphabet, this is performed in 777?(n) = O(n) time. Then prev(T[i. . j])
can be computed from prev(T[1..j]) in pP™"(n) = O(1) time.

For order-preserving matching, one can use an encoding as pairs (a(X), 3(X)). Here

a(X) is the largest j < | X| such that X[j] = max{X[k] : k€ [1..|X]), X[k] < X[ X]]},
and if there is no such j, then «(X) = 0. Similarly,

B(X) is the largest j < |X| such that X[4] = min{X[k] : k€ [1..|X]), X[k] > X[ X]]},
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and B(X) = 0 if no such j exists; see [13, 29, 37]. As we require the encoding function to
return integers, we can set £(X) = a(X) - | X| 4+ B(X), since a(X), 8(X) € [0..]X]|). Then
[13, Lemma 4] implies that &£ is an encoding function for order-preserving matching and [13,
Lemma 24] gives 7€ (n) = O(ny/logn), pf(n) = O(logn/loglogn).

For Cartesian-tree matching, [44, Theorem 1] shows that the following parent-distance
representation:

| X| — max < x{7 : X[j] < X[|X[]} if such j exists

0 otherwise

PD(X) = {

is an encoding function. Encodings of all prefixes of a string T can be computed in
7PP(n) = O(n) time using a folklore nearest smaller value algorithm. In [44, Section 5.2] it
is noted that PD(TVi.. j]) can be computed from PD(T[1..3]) in pP(n) = O(1) time.

By X% we denote the reverse of string X. In [26, Lemma 2] it is shown that the length
of the longest suffix palindrome of X, formally:

Lpal(X) = max{|X| —k+1: X[k..|X[] = X[k..|X[]"},

is an encoding function for palindrome matching.

Computing encodings of substrings Lpal(T[i..j]) can be reduced in linear time to 2D
range successor queries as follows.

In the 2D range successor problem we are given n points in an n x n grid and we are
to answer queries that, given a rectangle in the grid, report a point in the rectangle with
the smallest first coordinate, if any. Such queries can be answered in O(loglogn) time after
O(n+/logn) preprocessing [18].

In the reduction, we compute all maximal palindromes in 7" in O(n) time using Manacher’s
algorithm [41]. Let us show how we deal with odd-length palindromes; the approach for
even-length palindromes is analogous. For a maximal palindrome T[c — r..c + r] with
c€[l..n] and r > 0, we create a point (¢,c+ 7). To compute Lpal(T[i..j]), it suffices to
find the point in the rectangle [[(i 4+ j)/2]..4] X [j..o0) with the smallest first coordinate.
If « is the sought coordinate, the longest odd-length suffix palindrome of T7i.. j] has length
2(j —x) + 1.

By [18], we get 2P (n) = O(n\/logn) and p*??(n) = O(loglogn).

In Section 5 we show the next theorem on efficient counting of ~s-squares.

» Theorem 5. Let ~ be an SCER and & be its encoding function. The number of non-
equivalent ~-square substrings in a length-n string can be computed in O(n€(n) + np®(n) +
nlogn) time.

The number of ~-square substrings in a length-n string that are distinct as strings can be
computed in the same time complexity.

Consequently, in a length-n string, the numbers of non-equivalent p-squares, op-squares,
CT-squares, and palindrome-squares, as well as the numbers of the respective squares that
are distinct as strings can be computed in O(nlogn) time, as the respective SCERs enjoy
encoding functions with 7€ (n) = O(nlogn) and pf(n) = O(logn) as shown in Example 4.
In particular, the algorithm of Theorem 5 in the case that ¢ = w(logn) improves upon
the O(no)-time algorithm of Gawrychowski, Ghazawi, and Landau [19] for reporting (thus,
counting) op-squares that are distinct as strings. Moreover, the obtained complexity for
counting non-equivalent p-squares (p-squares that are distinct as strings, respectively) is
better than the one in Theorem 2 if o = w(logn/loglogn) (o = Q(loglogn), respectively).

Theorem 5 involves constructing a =-suffix tree data structure (see Section 3 for a
definition).
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2 Upper Bound on the Number of k-Runs

This section introduces an upper bound on the number of k-runs (proof of Theorem 1) which
implies their efficient computation by the algorithm of Kolpakov and Kucherov [34, 35]. A
position 7 in string T is called an ¢-mismatching position if i € [1..n — €] and T'[i] # T[i + £].
In particular, T[i..i+ 2¢) is a k-mismatch square if and only if T[é .. + £) contains at most
k f-mismatching positions. Let us formally define a uniform k-run.

» Definition 6. A substring T[a..b) is called a uniform k-run of period £ if b — a > 2¢ and
the sets {j € [i..i+€) : T[j] ZT[j + €]} of €-mismatching positions for all i € [a..b— 2/
have cardinality at most k and are all the same. We are interested in maximal uniform
k-runs.

A gapped repeat in a string T is a fragment of the form UVU, for |U| > 0. Fragments
denoted by U are called arms of the gapped repeat (left and right arm). The period of the
gapped repeat is defined as [UV|. An a-gapped repeat (for o > 1) in T is a gapped repeat
UVU such that [UV| < «|U|. An (a-)gapped repeat is called mazimal if its arms cannot
be extended simultaneously with the same character to the right or to the left. A maximal
(a-)gapped repeat will be called an (a-)MGR, for short. Gawrychowski, I, Inenaga, Képpl,
and Manea [20] showed that, for a real a > 1, a string of length n contains O(na) a-MGRs.

A generalised run is a pair (T'[z..y),p) such that p satisfies 2p <y — 2z and (1) z =1 or
Tz — 1..y) does not have period p, and (2) y = |T|+ 1 or T[x..y] does not have period p.
That is, a generalised run is a O-run. A run is a generalised run in which p is the smallest
period of T[z..y). A string of length n contains less than n runs and O(n) generalised
runs [3].

» Definition 7. We say that an MGR UVU = Tz ..y) with period £ = |UV| in T induces a
uniform k-run Tla..b) of period £ if [x..y —€)Na..b— L) #£ 0.

We further say that a generalised run (T'[x..y),¢) induces a uniform k-run T[a..b) of
period L if [x..y =€) N]a..b— L) #0.

Let us emphasize that the uniform k-run does not need to be a substring of the MGR or
generalised run. Intuitively, an MGR induces a uniform k-run if the left half of at least one
k-mismatch square of the k-run contains a position of the left arm of the MGR; see Figure 3.
If an MGR or a generalised run induces a uniform k-run, we say that the k-run is induced
by the MGR or run, respectively. We also say that the MGR or generalised run induces all
k-mismatch squares in the uniform k-run that it induces.

aababaacaabcbaaba
aabaababaacaabcbaa

abacaabaababaacaab

abacaablaablabaaclaablcbaabaca
1 2 3 4 5 6 7 8 91011121314 1516 17 18 19 20 21 22 23 24 25 26

Figure 3 String T'[1..26] from Figure 1 with 8-mismatching positions shown in red. The string
contains three uniform 2-runs with period 8, T'[1..18], T'[5..22], and T'[8..24] (in Figure 1, the last
two form a single 2-run). They are all induced by a 3-MGR UVU for U = T[8..10] = T[16.. . 18] and
V =TJ11..15]. In the proof of Lemma 8 for this MGR, we have L = {7,4,0} and R = {11,15,17}.

» Lemma 8. An MGR induces at most 2k + 1 uniform k-runs.
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Proof. Consider an MGR T'[z..y) with period ¢. Let R be the set of k + 1 smallest {-
mismatching positions in [y — £..y) in T} if there are no such k + 1 positions, we select all
¢-mismatching positions in [y — £..y) in T to the set R. Similarly, let L be the set of k + 1
largest ¢-mismatching positions in [t —£+1..x) in T} if there are no k+ 1 such positions, we
select all f-mismatching positions in [z — £+ 1..x). If |R| < k, we insert y to R. If |L| < k,
we insert  — £ to L. This way, if a k-mismatch square T'[i..¢ + 2¢) is induced by the MGR
Tlx..y), theni € I for I = [minL + 1..max R — ¢] (as otherwise the left half of the square
would contain more than k ¢-mismatching positions or would not touch T'[x ..y — ¢)).

Let us consider a window of length ¢ sliding left-to-right over T" with the left end point
of the window located in interval I. There are at most 2k moments when the number of
f-mismatching positions in the window changes. Between them, we obtain uniform k-runs if
the number of ¢-mismatching positions in the window is at most k. <

An analogous lemma for generalised runs is obtained with the same proof (replacing
“MGR” by “generalised run”); see Figure 4.

aabaabacbaac
baabaabaabacbaa
aabaabaabaabaaba
aaaabaabaabaa
bdaaaabaabaab

bbdaalaabaabaabaabaabalcbaac
1 2 3 4 5 6 7 8 91011121314151617 18 19 20 21 22 23 24 25 26

Figure 4 String T'[1..26] with its 6-mismatching positions shown in red. A generalised run
T[6..21] with period 6 (rectangle) induces five uniform 2-runs with period 6 shown above. In this
example, the generalised run corresponds to a run with period 3.

» Lemma 9. A generalised run induces at most 2k + 1 uniform k-runs.
A uniform k-run can be induced by several MGRs and generalised runs.

» Example 10. The middle uniform 2-run 7'[5..22] in Figure 3 is induced also by two other
MGRs with period 8, T'[5..14] (with arms T'[5..6] = T[13..14] = aa) and T[12..22] (with
arms T[12..14] = T[20..22] = baa).

For a gapped repeat UVU, the fraction %/“ is called the gap ratio. That is, the gap

ratio is the minimum « such that UVU is an a-gapped repeat. We assign to each gapped

repeat UVU in T a weight equal to the reciprocal of its gap ratio, that is, II‘JLVll

» Lemma 11. If ¢ > 4k and T[a..b) is a uniform k-run of period £, then it is induced by a
generalised run or by some number of (2k 4+ 2)-MGRs of total weight at least %.

Proof. Let py,...,p; be all -mismatching positions among [a..b—¢), listed in an increasing
order. We define sentinel py being the maximum ¢-mismatching position that is smaller
than a; if there is no such position, we set pg = 0. Similarly, we define sentinel p;11 as the
minimum ¢-mismatching position that is at least b — ¢; if no such position exists, we set
pry1 =n+1-—2L

Let us fix s € [0..t]. We have Us := T[ps +1..ps41) = T[ps + £+ 1..ps11 + £), so
Ws:=T[ps + 1..pst1 + £) has period £. Moreover, we have (1) p; = 0 or T[ps] # T[ps + |
and (2) psy1 +€=n+1or T[psi1] # Tps+1 +£). If 0 < |Us| < £, then W, is an MGR with
arms equal to Us. If |Ug| > £, Wy is a generalised run. The MGR or generalised run induces
Tla..b) unless psy1 =aorp, =b—£—1.
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Assume that the uniform k-run T[a..b) is not induced by a generalised run. If a string
W, for s € [0..¢], is not a (2k + 2)-MGR of period ¢, the length of its left arm Uj is smaller
than #;2. Hence, for strings Wy that are not (2k + 2)-MGRs, the total length of their
left arms Uj is at most % The remaining (2k 4+ 2)-MGRs among Wy have total length of
left arms at least (b —a —¢) — £ — k > £ — k (accounting for the at most k (-mismatching
positions pi,...,p:) which is at least ﬁ by the assumption of the lemma. This means that
the total weight of (2k + 2)-MGRs that induce the k-run, defined as the sum of the lengths
of their left arms divided by their periods, all equal to ¢, is at least i. <

We show a theorem that implies Theorem 1.
» Theorem 12. A string of length n contains O(nklogk) uniform k-runs.

Proof. Let T be a string of length n. Let us consider a bipartite graph G = (V4 U Vs, E) such
that vertices in V; are uniform k-runs in T', vertices in V3 are (2k 4 2)-MGRs and generalised
runs in 7', and there is an edge uw € E, for v € V; and w € V3, if k-run v is induced by the
MGR or generalised run w. Our goal is to bound |V;| from above.

Let us remove from G all vertices in V; that are uniform k-runs with period at most 4k.
There are at most 4kn such k-runs (as there are at most 4kn substrings of T' of length at
most 4k). Let us also remove from G all vertices in V, that are generalised runs and all
vertices in V7 that are adjacent to at least one of the removed vertices in V2. By [3], this
way at most 1.5n vertices are removed from V5, so by Lemma 9, O(nk) vertices are removed
from V. Let G’ = (V] U VY, E’) be the remaining graph. We assume that each edge has a
weight equal to the weight of the MGR in V4 it is incident to. In order to bound |VY|, we
will consider the total weight of edges in E’.

For each o € [2..2k+2], let z,, be the number of a-MGRs in T that are not (o« —1)-MGRs.
Each such MGR has weight at most —— and 2k + 1 < 3k edges incident to it (cf. Lemma 8).

a—1

Thus the sum of weights of edges in E’ is bounded from above by

2k+2

Y e (2)

a=2

The improved upper bound on the number of a-MGRs of T and Képpl [27] implies that

(6%
in < 13na for every « € [2..2k + 2] (3)

=2
We show how to bound the number (2) in general.

o> Claim 13. For every sequence (g, ..., Z2i+2) of non-negative integers that satisfies the
condition (3), the value (2) is O(nklogk).

Proof. As long as there exists a € [3..2k + 2] such that z, > 13n, we select ¢ € [2..a) such
that z; < 13n or ¢ = 2 and z; < 26n, decrement x,, and increment x;. Such i exists by (3)
and the pigeonhole principle. The operation does not change any lhs in (3) and increases (2).

In the end, we have x5 < 26n and x, < 13n for all & € [3..2k+2]. Hence, (2) is bounded

as:

2k+2 2k+1

1
3 ko < 78k +39nk Y — < T8k+39nk(In(2k+1)+1) = O(nkloghk). <
a=2 a—1 a=2 “
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By the claim, the sum of weights of edges in G’ is O(nklogk). By Lemma 11, for each
uniform k-run with period ¢ > 4k that is not induced by a generalised run, the total weight
of edges incident to it is at least 7. This concludes that [V{| = O(nklogk), so the total
number of uniform k-runs (across all periods £ € [1..|n/2]]) is [V1| = O(nklogk). <

A k-run of period ¢ contains a prefix being a uniform k-run of period ¢, constructed
by taking k-mismatch squares of length 2¢ at subsequent positions as long as their sets of
{-mismatching positions are the same. By maximality, no two k-runs with equal period
start at the same position, so this way each k-run produces a different uniform k-run. Thus
the number of k-runs in T' does not exceed the number of uniform k-runs, which proves
Theorem 1. By the same argument, each k-repetition implies a unique uniform k-run and
so the number of k-repetitions is O(nklogk). (We refer the reader to the definition of
k-repetition in [34, 35, 38] as this notion is not used below.)

3 =-Suffix Trees and Their Applications

We introduce useful tools for the next two sections. Cole and Hariharan [11] defined a

quasi-suffiz collection as a collection of strings S1,S5s,...,5, that satisfies the following

conditions:

1. |S1‘ =n and |SZ| = |Si—1| — 1.

2. No S; is a prefix of another S;.

3. Suppose strings S; and S; have a common prefix of length £ > 0. Then S;11 and Sj41
have a common prefix of length at least ¢ — 1.

A quasi-suffix collection is specified implicitly by a character oracle that given i, j returns

Si[j]. They obtain the following result.

» Theorem 14 ([11]). The compacted trie of a quasi-suffix collection of n strings can be
constructed in O(n) expected time assuming that the character oracle works in O(1) time.

For a string T of length n, the ~-suffiz tree of T is a compacted trie of strings Code(T'[i .. n])#,
i €[1..n+ 1], where Code(X) = E(X[1])E(X[L..2])---E(X) for a string X and # is an
end-marker that is not an encoding of any string. We extend the sequences m, p so that
for any string T' € [0..0)", after 7€ (n, o) preprocessing time, &(T[i.. j]) for any i, can be
computed in p¢(n, o) time. By 7¢(n, o) we denote an upper bound on the total number of
distinct characters in the strings stored in the ~-suffix tree of a string in [0..¢)™. Theorem 14
implies the following corollary. (A similar result, but only for order-preserving equivalence,
was shown in [19, Lemma 16].)

» Corollary 15. Let = be an SCER and £ be its encoding function. The =-suffix tree of a
string in [0..0)™ can be constructed in worst case time:

O(n€ (n,0) + np® (n, o) + min{nlog® log n/logloglogn, ny¢(n,a)}).

Proof. Let us verify that strings Code(T'[i .. n])# satisfy the conditions 1-3 of a quasi-suffix
collection. Condition 1 for n + 1 is obvious. Condition 2 follows due to the end-marker.
As for condition 3, assume LCP(S;,S;) = ¢ > 0 and let ¢ # j as otherwise the conclusion
is trivial. Then ¢ < |S;|,|S;| because of the end-marker. By equivalence (1), we have
Tli..i+0)=T[j..j+{). Because ~ is an SCER, we have T[i+1..i+ ) = T[j+1..5+4).
Hence, LCP(S;41,5;+1) > £ — 1 by equivalence (1).

An oracle for the quasi-suffix collection S; answers queries in O(p€(n, o)) time after
O(n€(n, o)) preprocessing. The only source of randomness in the algorithm behind The-
orem 14 is the need to maintain, for each explicit node of the current tree, a dictionary
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indexed by the next character on an outgoing edge. If we store the respective characters per
each node in a dynamic predecessor data structure of Andersson and Thorup [1], the total
space remains O(n) and each predecessor query is answered in (9(log2 log n/logloglogn)
time in the worst case. Alternatively, one can store all the children of a node in a list, to
achieve O(~¢(n,)) space per an explicit node and O(y¢(n, o)) time for a predecessor query.
The complexity follows. <

» Remark 16. For SCERs mentioned in Example 4, we obtain the following time complexities
for constructing ~-suffix trees in the respective settings: O(nlog®logn/logloglogn) for
parameterized matching and Cartesian tree matching, O(n+/logn) for palindrome match-
ing (that matches the complexity from [26]), and O(nlogn/loglogn) for order-preserving
matching (a faster, O(ny/logn)-time construction was proposed in [13]).

For two strings X and Y, by LCP¥(X,Y") we denote max{¢ >0 : X[1../]~Y[l../]}.
As in the case of standard suffix trees, by equivalence (1), having an ~-suffix tree of 7" and
the data structure answering lowest common ancestor queries for nodes in O(1) time after
O(n) preprocessing [25, 5], we can answer LCP™ queries about pairs of substrings of T' in
O(1) time.

The longest previous ~-factor array LPF~ for a string T is an array such that

LPF¥[i] =max{¢ >0 : Tli..i+ ) = T[j..j+{) for some j € [1..4)}.

Computing this array can be stated in terms of the ~-suffix tree: for a leaf with index i of
the tree we are to find a leaf with index j < 7 such that the lowest common ancestor of the
two leaves is as low as possible. The actual value LPF~[i] is then the (weighted) depth of
this ancestor. In [13, Theorem 16] it was shown that this problem, stated for an arbitrary
rooted (weighted) tree with n leaves, can be solved in O(n) time. Thus, the LPF~ array for
a length-n string can be computed in O(n) time if the ~-suffix tree is available.

4  Counting p-Squares in O(no log o) Time

In this section we consider T' € [0..0)" and ~ denotes the relation of parameterized matching.
We use the following function E for ~ (see Example 17):

E(X) = |Alph(U)| where U is the longest suffix of X[1..|X|) without letter X[ X]].

» Example 17. E(X) for X =[1,2,1,1,2,3,2,1,4] is as follows:

i \ 1 2 3 4 5 6 7 8 9
X[ |1 3 2
E(X[1..i]) | 0 1 0 1 2 1 2 3

A similar function was used in the context of parameterized matching in [30]. Lemma 18
below shows that E is an encoding function for parameterized matching and Lemma 19
shows that it can be computed efficiently.

The (<) part of the proof of Lemma 18 is similar to the proof of [30, Lemma 5.4]. A
proof of the lemma can be found in the full version.

» Lemma 18. E is an encoding function for parameterized matching.

» Lemma 19. We have 7%(n, o) = O(no), p¥(n,o) = O(0), and v®(n,0) = o + 1.
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Proof. Let T € [0..0)". By definition, E(T[i..j]) € [0..0) for any indices ¢,;. Hence,
vB(n,0) = 0 + 1 (including the sentinel). In order to compute encodings of substrings of
T, we can store for every ¢ € [0..0), the numbers of characters ¢ in respective prefixes of
T. Moreover, for every index i, we store the position prev[i] € [0..4) of the last occurrence
of character T'[¢] in T[1..4); prev[i] = 0 if there is no such occurrence. The array prev can
be computed from left to right in O(n + o) time by storing an array of size ¢ of rightmost
occurrences of each character. Then indeed 7E(n, o) = O(no). When computing E(T'i .. j]),
we can compare the counts of every character ¢ at prefixes T[1..5) and T[1..7") where
i’ = max(prev[j] + 1,i). Hence, p&(n,o) = O(0). <

We define strings ?, ? of length n such that

Our goal is to reduce reporting non-equivalent p-squares to computing uniform k-runs. We
use two auxiliary lemmas.

» Lemma 20. IfT[i..i+2¢) is a p-square, then ?[2 .. i+2£) and ?[z ..14+20) are o-mismatch
squares.

Proof. We show a proof that ?[z ..1+20) is a o-mismatch square; the proof that ?[z L i+20)
is a o-mismatch square is symmetric.

Let i1,...,i €[0..¢),fort € [1..0], be the positions of leftmost occurrences of characters
from [0..0) in T'[i..¢ + £); if some character is not present in T'[i. .4 + £), it is not included
in the sequence. Let j € [0..£) \ {41,...,%;:}. Let j* € [0..7) be the maximum index such
that T[i + 5/ =T[i+j],so T[i+ ¢+ 3| =T[i+ £+ j] and T[i + £+ j"] # T[i + £ + j] for all
j"ei’+1..5) because T[i..i +€) =~ T[i +£..i+ 2¢). Then

Tlitj] = [Aph(T[i+4' +1..i+7)| = [Alph(T[i+ £+ +1..i46+5))| = Tli+l+]]
by the fact that =~ is an SCER. Hence, ?[zeré) and ?[z +/0..i4 2¢) have at most t < o

mismatches, as required. |

» Lemma 21. [fT[i..i+ 20) is a p-square and ?[z +/4) = 7[2 +20), then T[i+1..i+ 2/]
is a p-square. Similarly, if T[i..i + 2¢) is a p-square and T[i —1] = T[i+ £ — 1], then
Tli—1..i+20—1) is a p-square.

Proof. Again, we only prove the first part of the lemma. We have T[i..i+{) = T[i+£..i+2¢),
soTli+1..i+€)=T[i+1+£..i+ 20) since ~ is an SCER. If

Tli+20=T[i+ 0 < |Aph(T[i + 1.5 + £))] = |Alph(T[i + 1 + £..i +20))],

then T[i+0 = E(T[i+1..i+0), T[i+20 =E(T[i+1+¢..i+20), and T[i +1..i+ 4] ~
T[i+1+2¢..i4 2£] by the fact that E is an encoding function for parameterized matching
(Lemma 18). Otherwise,

Tli+ 0 & Alph(T[i +1..i+0)) and T[i + 2 & Alph(T[i + 1+ £..i + 20)),
so we immediately obtain T[i+1..i+ /¢ = T[i+1+¢..i+2(]. In both cases, T[i +1..i+ 2/
is a p-square. |

If T[a..b) is a uniform k-run with period ¢, then there is no ¢-mismatching position in
Tla+/0..b—1¥),ie,Tla+{..b—¥¢)=Tla+2¢..b). Hence, if ?[a. .b) is a uniform k-run
with period ¢ and T[a..a + 2¢) is a p-square, then by Lemma 21, each string T'[i. .7 + 2¢)
for i € [a..b— 2{] is a p-square. With this intuition, we are ready to obtain the reduction.
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» Lemma 22. Let T € [0..0)™. Reporting non-equivalent p-squares in T reduces in O(no+r)
time to computing uniform o-runs in T and T, where r is the number of these o-runs.

Reporting p-squares in T that are distinct as strings reduces to the same problem in
O(no + r + output) time, where output is the number of p-squares reported.

Proof. For a uniform k-run T'[a..b) of period ¢, we define its interval as [a..b — 2{]. For
each £ € [1..[n/2]], let P, and %g be sets of intervals of uniform o-runs of period ¢ in
and (T)%, respectively. Let $£ ={n-b—-20.n—a—-20 : [a..b] € %e} Finally, let

pi— (UP ) (UP)

> Claim 23. If T[i..i+ 2¢) is a p-square in T, then i € P,.

Proof. By Lemma 20, if T'[i..i+2¢) is a p-square in T', then ? .i+2¢) and ? Lt 26
(?)R[n —1i—20..n—1) are o-mismatch squares. Therefore, there exist intervals [a %

and [d/ .. V] € %g such that i € [a..b] and n—i—2¢ € [@’..V/]. In particular, 4 E% We
have [n — b —20..n—a' — 2/ E%e andie€n—b—20.n—da —20,s0ieY

We store Py as a union of non-empty intervals of the form {INJ : I € Bg, J e 732 .
Let this representation be denoted as Ry.

All the representations R, can be computed from 3/ and %Z in O(n+>,( \? |+ |79p|))
total time. Let us bucket sort all endpoints of intervals in 34 and %e’ for each £. When
processing the endpoints for a given ¢, we keep track of the number of intervals containing a
given position. This counter never exceeds 2 as intervals in each of P, and P/ are pairwise
disjoint. Whenever the counter reaches 2, for some endpoint a, it will drop at the next
endpoint encountered, say b. Then [a..b) is inserted into Ry.

The next claim shows that, for each interval in Ry, all positions correspond to p-squares
of length 2¢ or none of them does.

> Claim 24. Let [a..b] € Ry. For each i € [a..b], T[i..i + 2¢) is a p-square if and only if
Tla..a+ 2¢) is a p-square.

Proof. Let us fix i € [a..b]. Let [a'..V] € Bg and [a”..b"] € %’g be intervals such that
[@..b)=[d"..V]N[a"..b"].

Assume first that T[a..a + 2¢) is a p-square. As ?4 was computed from uniform o-runs,
we have ?[a’—l—%..b’—ﬁ—%) = %[a/—i—ﬂ.b’—i—ﬁ), so Tla+20..i+20) = ?[a—i—ﬁ..i—l—ﬁ).
By Lemma 21 applied for each subsequent position in [a..7), T[i..i + 2¢) is a p-square.

Now assume that T'[i ..i+2¢) is a p-square. As [a”..b"] € %2, [n—0"—2¢..n—a"—2f] €
%g. By definition, we have (?)R[n b ..n—-d") = (?)R[n —b' —tl.n—d" —10),ie
?[a” LY = %[a” +¢..V" 4+ £). In particular, %[a i) = %[a +/¢..i4+¢). By Lemma 21
applied for each position in [a + 1..4] in decreasing order, T'[a..a + 2¢) is a p-square. <

By Corollary 15 and Lemmas 18 and 19, after O(no) preprocessing we can check if a
given even-length substring of T is a p-square in O(1) time using an LCP~ query. For each
€ [1..|n/2]] and each interval [a..b] € Ry, we check if T'[a..a + 2¢) is a p-square. By
Claim 24, if so, we obtain an interval of occurrences of p-squares, and if not, then none of the
positions in [a..b] is the start of a p-square of length 2¢ in T'. The total number of intervals
in Ry is linear in the number of uniform o-runs in 7" and ?, so we obtain O(r) intervals of
occurrences of p-squares. By Claim 23, we do not miss any p-squares.
The final step of reporting non-equivalent p-squares mimics an analogous algorithm for
standard squares of Bannai, Inenaga, and Képpl [4]. We report non-equivalent p-squares
at their leftmost occurrence in 7 and use the LPF~ array to identify them in intervals of
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occurrences. More precisely, we compute the LPF~ array in O(no) time and construct in
O(n) time a data structure for answering Range Minimum Queries (RmQs) over LPF~ in
O(1) time per query; see [5, 25]. For each of the O(r) intervals [a..b] of starting positions of
p-squares of length 2¢, we want to list all positions i € [a..b] such that LPF~[i] < 2¢ and
report corresponding leftmost occurrences of p-squares T[i..i + 2¢). We ask an RmQ on
LPF~ on the interval [a..b]; let the minimum be attained for i € [a..b]. If LPF~[i] > 2/, the
algorithm is finished. Otherwise, we report T'[i..i+ 2¢) and run the algorithm recursively on
intervals [a..i — 1] and [¢ + 1..0]. The total time complexity is proportional to the number
of reported p-squares plus 1. By [24], T contains O(no) non-equivalent p-squares. This
completes an O(no + r)-time reduction to computing uniform o-runs.

When reporting all p-squares that are distinct as strings, it suffices to replace the LPF~
array with the standard LPF = LPF™ array. Such an array can be computed in O(n)
time after the letters of the string have been sorted [12]. Then the computations take
O(no + r + output) time. <

By Theorem 12, string T (and ?) contains O(no log o) uniform o-runs. They can be
computed in O(no logg time; we use the algorithm of Kolpakov and Kucherov [34, 35] to
compute all o-runs in 7' and then partition each o-run to uniform o-runs using kangaroo

jumps. That is, let T'[a..b) be a o-run with period. We compute two values:

dy =1+ LCP(Tla..b—20), Tla+(..b—0)
dy =1+ LCP(Tlat 0..b—0), Tla+20..0))

that, intuitively, find the first {-mismatching position in the o-run, if any (dy), and the first
¢-mismatching position after position a + ¢ — 1, if any (dz2). Let d = min(dy, d3). We then
report a uniform o-run T'[a..a + d + 2¢) and continue processing the (non-maximal) o-run
?[a +d..b) until its length drops below 2¢. The LCP-queries in (7 )® are answered in O(1)
time [5, 25]. Thus Lemma 22 implies Theorem 2.

5 Counting Generalised Squares in O(nlogn) Time

In this section we show an algorithm that counts non-equivalent ~-squares, for an SCER =~
with encoding function &, in O(7¢(n) 4+ np€(n) + nlogn) time.
For a string T of length n and positive integer p < n/2, we denote

~

Squares, = {i € [L..n —2p+1] : T[i..i+ 2p) is an ~-square}.

An interval representation of a set X of integers is X = [i1..j1] U [ig.. 2] U--- U [ig.. j4],
where j1 +1 < g, ..., ji—1 + 1 < 1iy; t is called the size of the representation.

Counterparts of the following lemma corresponding to order-preserving squares and
Cartesian-tree squares were shown in [21] and [44], respectively. Our proof generalises these
proofs; it can be found in the full version.

» Lemma 25. Let = be an SCER and & be ils encoding function. Given a string T of
length n, the interval representations of the sets Squaress for all 1 < p < n/2 have total size
O(nlogn) and can be computed in O(m€(n) + np®(n) + nlogn) time.

We count non-equivalent ~-squares using the LPF~ array. We would like to count an ~-square
at the position of its leftmost occurrence. For an integer array A[l..n], we denote a range
count query for i,5 € [1..n], x € Z as RangeCount 4 (i,j,2) = |{k € [i..]j] : Alk] < z}|.
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Then our problem reduces to computing the sum

[n/2]
Z Z RangeCount, pe=~ (i, 7, 2p). (4)

p=1 [i..j]€Squares,

We say that an array A[l..n] is a linear oscillation array if Z?;ll |A[i +1] — A[i]] = O(n).
The following fact is folklore for the LPF array; we prove it for LPF™ in the full version.

» Lemma 26. For any SCER =, LPF~ is a linear oscillation array.

We will now show that the sum from Equation (4) can be computed in O(nlogn) time.
We use a very simple abstract problem.

Counting Problem

Input: A set Y C[1..n], initially empty, and an integer ¢, initially £ = 0.

Operation: One of: (1) insert an element x € [1..n] to Z; (2) delete an element z € Y from
Y’; (3) increment ¢ by 1; (4) decrement £ by 1. After each operation, output |[Y N[£+1..n]|.

The Counting Problem can be solved with a basic indicator array for Y.

» Lemma 27. After O(n)-time preprocessing, each operation in the Counting Problem can
be answered in O(1) time.

Proof. We store an indicator array of bits C[1..n] such that C[i] =1 if and only if i € Y.
Initially, C = 0. We also store a value a = |Y N [¢ 4+ 1..n]|; initially a = 0. After each
operation, the current value of a is returned.

When we insert an element x € [1..n] to Y, we set C[z] to 1 and increment a if © > .
Symmetrically, when we delete z € Y from Y, we set C[z] to 0 and decrement a if z < .
When we increment ¢, we subtract C[¢] from a. When we decrement ¢, we add C[{] to a. <«

We are ready to obtain the final main result.

Proof of Theorem 5. First we show how to compute the number of non-equivalent ==-
squares in a length-n string. The LPF~ array can be computed in O(7€(n) + npf(n) +
nlog?logn/logloglogn) time (Corollary 15). We compute the interval representations
of the sets Squares) using Lemma 25 in O(n(n) + np®(n) + nlogn) time. The interval
representations have total size O(nlogn). We need to compute the sum of results of O(nlogn)
RangeCount queries as in Equation (4). We will do it using the Counting Problem.

Let us bucket sort all start and end points of intervals across all sets Sq uaresg in O(nlogn)
total time. We create an instance of the Counting Problem. For each position & from 1 to n,
we proceed as follows. First, for each interval [k..j] € Squaress , for any p, we insert 2p to
the set Y. Then, we change the current value ¢ in the problem to LPF~[k] by performing
increments or decrements, as appropriate. Afterwards, we add the returned value of the
Counting Problem to the final result. Finally, for each interval [i..k] € Squares), for any p,
we delete 2p from the set Y.

For each p € [1..[n/2]], the intervals in Squares, are pairwise disjoint. By Lemma 25,
O(nlogn) insertions and deletions are performed in the Counting Problem. The total number
of increments and decrements is bounded by O(n) by Lemma 26 (and the fact that the values
in this array are in [0..n)). In total, the sum (4) is computed in O(nlogn) time. We obtain
the first part of Theorem 5.

As before, if one wishes to compute all ~-squares that are distinct as substrings, it suffices
to replace the LPF~™ array in the algorithm by the standard LPF = LPF~ array. We obtain
the second part of Theorem 5. <
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