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Abstract
We explore fundamental geometric computations on point sets that are given to the algorithm
implicitly. In particular, we are given a database which is a collection of tables with numerical values,
and the geometric computation is to be performed on the join of the tables. Explicitly computing
this join takes time exponential in the size of the tables. We are therefore interested in geometric
problems that can be solved by algorithms whose running time is a polynomial in the size of the
tables. Such relational algorithms are typically not able to explicitly compute the join.

To avoid the NP-completeness bottleneck, researchers assume that the tables have a tractable
combinatorial structure, like being acyclic. Even with this assumption, simple geometric computations
turn out to be non-trivial and sometimes intractable. In this article, we study the problem
of computing the maximum distance of a point in the join to a given subspace, and develop
approximation algorithms for this NP-hard problem.
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1 Introduction

In this paper, we consider certain fundamental geometric computations that are trivially
solvable in linear or quadratic time in the size of the input point set. In our setting, the
input point set is not given explicitly, but rather in an implicit form as described below. An
explicit representation can be exponentially larger than the implicit one, and the question
we pursue is whether these geometric computations can be performed in time polynomial in
the size of the implicit representation.

We are given a set {C1, C2, . . . , Cm} where each Cj ⊆ Z+ is a subset of the positive
integers. We interpret each element of Cj as a coordinate axis or feature. Furthermore, for
each 1 ≤ j ≤ m, we are given a table (two-dimensional matrix) Tj with at least one row
and exactly |Cj | columns, where each column corresponds to a feature in Cj . The values in
the table Tj are real numbers. Given a row r in Tj , we let r[i] ∈ R (or ri) denote the value
corresponding to feature i ∈ Cj . We assume tables don’t have duplicate rows, and thus a
table specifies a set of row vectors.

We define the join T1 ▷◁ T2 · · · ▷◁ Tm of m ≥ 1 such tables as a table J whose columns
correspond to the union C =

⋃m
j=1 Cj of the individual feature sets. Thus each row in the

join is a vector with |C| real components. Such a vector q belongs to the join J if in each
table Tj , there is a row rj such that q and rj agree on the features in Cj – for each i ∈ Cj ,
q[i] = rj [i].
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12:2 Relational Approximations for Subspace Primitives

Thus, a row q in the join J is generated by picking rows r1 ∈ T1, r2 ∈ T2, . . . , rm ∈ Tm

that are pairwise compatible, that is, agreeing on the value on common features; and then
“concatenating” these rows. That is, for each feature i ∈ C, we find an arbitrary Cj containing
feature i, and let q[i] := rj [i]. The join J consists of the set of all rows that can be generated
in this way. An example of a join with feature set {a, b, c} is shown below:

T1 T2 J = T1 ⋊⋉ T2

a b b c a b c

1 1 1 2 1 1 2
1 2 2 3 2 1 2
2 1 5 6 1 2 3

A relational database stores its data in the form of multiple tables as above. However,
typical data analysis techniques such as clustering only work when the input data is in
explicit form, as in the join J . Standard practice is thus to compute the join, and then run
the data analysis algorithm on it. Let d = |C| denote the total number of features and n the
maximum number of rows in any given table. The space needed to store all the tables is
easily upper bounded by O(mnd), where we recall that m is the number of tables. However,
the number of rows in the join J = T1 ▷◁ T2 · · · ▷◁ Tm is Θ(nm) in the worst case, which
can be exponentially larger. This naturally raises the following question: what properties of
the join J can we compute using relational algorithms, defined as algorithms with running
time polynomial in n, m, and d? See [2, 1, 9, 12] and the references therein. Notice that a
relational algorithm typically is not able to explicitly construct the join.

Before describing prior work on relational algorithms, we point out the geometric nature
of the join. The rows of each table Tj can be viewed as a set of points lying in the subspace
spanned by the features/coordinate axes in Cj . The join J = T1 ▷◁ T2 · · · ▷◁ Tm is the set of
all points p, in the subspace spanned by features in C, such that the projection of p onto the
subspace spanned by Cj is an element of Tj , for each j.

1.1 Prior Work
Perhaps the most basic algorithmic question to ask about the join J of the tables T1, T2, . . . , Tm

is whether it is non-empty – does it have at least one row/point in it? This turns out to be
NP-Complete [7, 10, 9]. Indeed, a simple reduction from 3CNF-SAT has the property that
the number of rows in the join is exactly the number of satisfying assignments to the input
formula. (This is a good spot to emphasize that in this paper, the number d of features and
the number m of tables are not viewed as constants.)

Given this state of affairs, the approach taken by papers in this area is to assume that
the join has some additional structure that makes such basic algorithmic tasks tractable.
The most common assumption is that the join is acyclic – this is a combinatorial assumption
about how the features are distributed across the tables, and we define it in the next section.
Assuming acyclic joins lets us use dynamic programming to solve certain algorithmic questions
in polynomial time [2, 1]:
1. Compute the number of rows in the join J

2. Compute the maximum of the squared l2 norm of rows in the join, that is, maxq∈J

∑
i∈C q2

i .
These algorithmic tasks are special cases of a sum-product query. This is a query Q(J)

over the join J of the form

Q(J) =
⊕
q∈J

⊗
i∈C

Fi(qi),
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where (R,
⊕

,
⊗

) is a commutative semiring over a set R. Corresponding to feature i ∈ C,
Fi : R→ R is an easy to compute function with range R. For example, for the query asking
for the number of rows in the join, R is the set of integers, Fi is the constant function that
takes on the value 1,

⊗
is multiplication over the integers, and

⊕
is addition over the

integers. For computing the maximum of the squared l2 norm of the rows, R is the set of
real numbers, Fi(x) = x2,

⊗
is addition over the reals, and

⊕
is the max function.

The authors in [9] study sum-product queries under constraints on the rows of the join.
They allow constraints of the form

∑
i∈C gi(qi) ≤ β, where gi : R→ R is an easy-to-compute

function, and β is a constant. They consider the problem of evaluating a sum-product query
over those rows in the join that satisfy the given set of constraints. They show that with two
constraints, such problems are not only NP-hard but also hard to approximate to within
any multiplicative factor. Concretely, they show it is NP-hard to determine if there is a row
q in the join J that satisfies the linear constraint

∑
i qi = 0. This is via a reduction from

the Partition problem, where we want to determine if a given set of positive integers can be
partitioned into two sets whose sums are equal. Thus, it is a weak NP-hardness result [6].
The linear constraint

∑
i qi = 0 is equivalent to the two linear inequality constraints

∑
i qi ≥ 0

and
∑

i qi ≤ 0.
On the other hand, the authors in [9] show that with just one inequality constraint,

and some additional technical assumptions, there is a randomized approximation scheme
for sum-product queries that guarantees a multiplicative (1 + ϵ)-approximation, for any
given parameter ϵ > 0. For instance, they use this general result to get a polynomial-time
(1 + ϵ)-approximation for the following counting problems:
1. Count the number of rows in the join that lie in a given half space

∑
i aiqi ≤ β.

2. Count the number of rows in the join that lie within a given ball
∑

i(qi − yi)2 ≤ r2

(centered at point y and having radius r ≥ 0).

The authors in [12] study the k-means problem, and show how the k-means++ al-
gorithm [3] for constructing a coreset can be implemented in the relational setting, thus
deriving an O(1)-approximation for the k-means problem. Their core technical result is a
polynomial-time sampling algorithm that, given a set c1, c2, . . . , cj of centers in R|C|, outputs
a row q ∈ J with probability proportional to the square of the Euclidean distance of q to
the nearest center. This sampling result is surprising given the hardness of closely related
problems. In particular, the problem of counting the number of rows in the join whose closest
center is c1 is NP-hard even for j = 2, and hard to approximate to within any multiplicative
factor for j = 3. The technique of rejection sampling plays a key role in their sampling result.

Very recently, the authors in [5] present fast deterministic and randomized relational
approximation algorithms for the k-median and k-means clustering problems assuming the
dimension d is a constant. The authors in [4] present a method for constructing a coreset for
certain optimization problems in machine learning. The work that we have reviewed builds
on a body of theoretical and experimental research on relational algorithms. We refer the
reader to [9, 12, 5, 4] for surveys of this prior work.

1.2 Our Contribution
From prior work, it is evident that in the relational setting, the study of the complexity of
very fundamental geometric problems yields surprising answers. More of the terrain needs to
be explored to form a better picture of the computational complexity. Motivated by this, we
consider the following Distance to k-Subspace problem: Given a set S = {s1, s2, . . . , sk} of
orthogonal unit vectors, compute the maximum Euclidean distance of a row in the join to

APPROX/RANDOM 2025



12:4 Relational Approximations for Subspace Primitives

span(S), the subspace spanned by S. As a reminder, we are assuming an acyclic database.
The Distance to Subspace problem is a basic primitive for other tasks including the subspace
approximation problem [8]. We obtain the following results.

1. We show, in Section 4, that the Distance to k-Subspace problem is NP-hard even for
k = 1.

2. We present a polynomial-time
√

d-approximation for the Distance to k-Subspace problem.
To do so, we introduce a generalization of the join and compute measures on that
generalization. This is likely to be an algorithmic tool of independent interest. As a
consequence of our technique, we show that the row rank of the join J can be computed
exactly in polynomial time. These results are presented in Section 3.

3. Next, we ask if for constant k, we can get a multiplicative (1 + ϵ)-approximation for
the Distance to k-Subspace problem, for any ϵ > 0. The distance of a row q in the join
from the given k-subspace can be written as A(q)−B(q), where A(q) and B(q) are both
non-negative polynomials. A(q) and B(q) can individually be maximized/minimized
using prior work on sum-product queries, but obviously this does not, by itself, give us a
way of maximizing the difference A(q)−B(q).
Instead, we keep track of all possible values of the pair (A(q), B(q)) in our dynamic
program. However, there can be an exponential number of such pairs, as is to be expected
for an NP-hard problem. We can keep track of suitably discretized values of (A(q), B(q)),
but to get a polynomial-time algorithm using this approach, we need the instance to be
well-conditioned in the following sense: the maximum 2-norm of rows in the join (that
is, Distance to the 0-Subspace) is at most polynomially larger than the Distance to the
given k-subspace.
Our main technical contribution here is to show that the Distance to k-Subspace problem
can be reduced to polynomially many instances of the same problem that are well-
conditioned. To obtain such a reduction, one tool we develop is a proof that there exists
a k-subspace spanned by k of the standard basis vectors that is “close” to any given
k-subspace. Overall, our reduction gives us a (1 + ϵ)-approximation (Section 4) for the
Distance to k-Subspace problem.

4. We observe, in Section 4, that our (1 + ϵ)-approximation to Distance to k-Subspace can
be used as a primitive to obtain a (2(1 + ϵ))k-approximation for finding a k-subspace
that minimizes the maximum Euclidean distance to the join. When the point set is given
explicitly (as opposed to implicitly via the join), this is well known as the l∞-subspace
approximation problem [14]. The running time of our algorithm is polynomial for constant
k. Our approximation factor for subspace approximation is large, and this result serves
to illustrate the usefulness of the Distance to Subspace approximation primitive, which is
the main focus of this work.

We emphasize that our work addresses the regime where the number d of features and
the number m of tables are part of the input, and are not treated as constants. We are
primarily focussed on the approximation guarantee that we can get with polynomial running
time; we do not explore further optimizations of the running time.

2 Preliminaries

In this section, we present essential preliminaries. The database that is input to each of the
problems considered here consists of a collection of tables T1, T2, . . . , Tm. The columns of
table Tj correspond to a subset Cj ⊆ Z+ of features, and thus each row in Tj is a vector



X. Liu and K. Varadarajan 12:5

with |Cj | real-valued components. We use n to denote the maximum number of rows in any
table. Let C =

⋃m
j=1 Cj denote the set of all features. We will assume that C = {1, 2, . . . , d},

where d denotes |C|. We assume that the columns in any table are ordered according to the
natural ordering ⟨1, 2, . . . , d⟩ of the features in C. Thus, we can represent a row r in Table
Tj unambiguously as a point in R|Cj |. Given such a row r and feature i ∈ Cj , we will use ri

or r[i] to denote the component of r corresponding to feature i.
Given two row vectors r′ and r′′ over feature sets C ′ and C ′′, we say that r′ and r′′ are

compatible if for each feature i ∈ C ′ ∩C ′′, r′[i] = r′′[i]. We use the notation r′ ∼ r′′ to denote
that r′ and r′′ are compatible. The concatenation of compatible rows r′ and r′′ is the row
vector over C ′ ∪ C ′′ formed by combining the components of r′ and r′′ in the obvious way.

2.1 Acyclic Databases

We say that our database of m tables is acyclic if there is a tree τ with O(m) nodes, each
associated with one of our input tables, that has the following properties:
1. Each table in the database is associated with at least one node.
2. For each feature i ∈ C, the set of nodes whose tables contain i induces a connected

subgraph of the tree.

Note that for technical reasons, we allow a table to be associated with more than one
node of the tree τ . Given an acyclic database, such a tree τ can be computed in polynomial
time; see for example [9].

Note that each row of the join J = T1 ▷◁ T2 · · · ▷◁ Tm is formed by picking one row
from each table associated with each node of τ , such that the chosen rows are pairwise
compatible, and then concatenating the chosen rows. For an acyclic database, it suffices
to check compatibility between pairs of rows chosen from nodes that are neighbors in the
tree τ . This follows from the properties of an acyclic database. This is the crucial property
of acyclic databases that allows one to evaluate certain queries on the join efficiently via
dynamic programming.

For the purpose of dynamic programming, it will be convenient to view the tree τ as
rooted. Furthermore, we can assume that each internal node of τ has exactly two children.
This is without loss of generality: If there is a node α with exactly one child α′, we can make
α′ the left child of α and add a right child whose table is a copy of α’s. If a node α has
j > 2 children, then replace α with a complete binary tree with j − 1 internal nodes and j

leaves, which will now correspond to the original j children of α. The table at each of the
j − 1 internal nodes will be a copy of the table at α.

After applying these two operations, we have that each internal node of τ has exactly
two children. The total number of nodes in τ is O(m). The join is unchanged: we have
merely added copies of some of the original tables. Finally, τ still witnesses the fact that the
database is acyclic, as is readily checked. We will refer to τ as the join tree of the database.

For a node α in the tree τ , we use Tα to denote the table at node α, and Jα to denote
the join of all the tables in the subtree rooted at α. We “assign” each feature i ∈ C to the
highest node in tree τ whose table contains feature i as a column. By highest, we mean the
node closest to the root of τ . Let Ĉα denote the set of features assigned to node α, and
Cα denote the set of features assigned to nodes in the subtree rooted at α. For a row r in
table Tα, we denote the set of rows in the join Jα that are compatible with r by Jα ▷◁ r.
The notation is reasonable as this set of rows is indeed the result of a join of Jα and a table
containing the single row r.

APPROX/RANDOM 2025



12:6 Relational Approximations for Subspace Primitives

3 Computing the Distance to a given k-Subspace

Assume we are given an acyclic database consisting of tables T1, T2, . . . , Tm and a set of k

orthogonal unit vectors S = {si | 1 ≤ i ≤ k} ⊆ Rd, where (as we recall) the set of features in
the database is C = {1, 2, . . . , d}. The Distance to k-Subspace problem is that of computing
the maximum distance of a row in the join J = T1 ▷◁ T2 ▷◁ · · · ▷◁ Tm from the subspace
spanned by S. That is, we want to compute

max
r∈J
||r −

k∑
i=1

(r · si)si||2

The main result of this section is a
√

d-approximation to this problem. We begin with a
scheme for implicitly representing functions V : J → Rµ, and posing algorithmic problems
concerning this representation.

3.1 An Implicit Representation

Suppose that for each feature i ∈ C, we are given a function Vi : R → Rµ, where µ ≥ 1 is
identical across all features. We assume that these functions are easily computed. In fact, for
the application here, we assume that Vi(x) is given explicitly for each value x of feature i that
occurs in any of the input tables. For any any row r in the join J , let V (r) =

∑
i∈C Vi(ri).

Finally, let V (J) = {V (r) | r ∈ J}.
One illustrative example is to let Vi(x) = (0, 0, ..., x︸︷︷︸

i−th entry

, ..., 0) ∈ Rd, where we recall

that the feature set C is {1, 2, . . . , d}. Then for any row r in the join J of the tables,
V (r) =

∑
i∈C Vi(ri) = r. Thus, V (J) = J . We will see more interesting examples shortly.

We are interested in computing measures of the point set V (J). But this seems generally
harder for V (J) than for J . For example, there is a polynomial-time algorithm for computing
maxr∈J ||r||22 using sum-product queries. However, computing maxq∈V (J) ||q||22 seems harder.
Fortunately, we can show a positive result for the || · ||∞ norm.

▶ Lemma 1. There is a polynomial-time algorithm for computing maxq∈V (J) ||q||∞.

Proof. For 1 ≤ j ≤ µ, let

Ψmax
j = max

q∈V (J)
qj = max

r∈J

∑
i∈C

Vi(ri)[j],

and

Ψmin
j = min

q∈V (J)
qj = min

r∈J

∑
i∈C

Vi(ri)[j].

That is, Ψmax
j (resp. Ψmin

j ) is the maximum (minimum) value of the j-th coordinate over
points in V (J). As Ψmax

j = maxr∈J

∑
i∈C Vi(ri)[j], it is a sum-product query over the join J

where the commutative semiring is the set of real numbers, the
⊕

operator is max, and the⊗
is addition over the reals. It follows that Ψmax

j and Ψmin
j can be computed in polynomial

time. Let Ψj = max{|Ψmax
j |, |Ψmin

j |}.
Finally, we note that maxq∈V (J) ||q||∞ is maxµ

j=1 Ψj . ◀
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3.2 A
√

d-approximation
We begin by showing that using the above implicit representation, we can efficiently maximize
the l∞ norm of the projection onto the orthogonal complement of the given k-subspace.

▶ Lemma 2. Suppose that for 1 ≤ k ≤ d we are given a set of unit vectors S =
{s1, s2, ..., sk} ⊂ Rd that are pairwise orthogonal. We can compute

max
r∈J
||r −

k∑
i=1

(r · si)si||∞

in polynomial time.

Proof. For y ∈ Rd, let y† denote the projection onto the orthogonal complement of the
subspace spanned by S. Thus, y† = y−

∑k
i=1(y · si)si. Viewing y† as a function of y, we see

that y† =
∑d

i=1 yibi, where each bi ∈ Rd is a constant vector – it depends on S but not y.
(In other words, y† = By, where the projection matrix B depends only on S.)

For each 1 ≤ i ≤ d, define the function Vi : R→ Rd by Vi(x) = xbi. It follows that for
any row r in the join J ,

V (r) =
d∑

i=1
Vi(ri) =

d∑
i=1

ribi = r†.

Thus, V (J) = {r† | r ∈ J}. From Lemma 1, there is a polynomial-time algorithm to
compute

max
q∈V (J)

||q||∞ = max
r∈J
||r†||∞ ◀

For any y ∈ Rd, we have ||y||∞ ≤ ||y||2 ≤
√

d||y||∞. Thus we obtain the main result of this
Section:

▶ Theorem 3. Suppose that for 1 ≤ k ≤ d we are given a set of unit vectors S =
{s1, s2, ..., sk} ⊂ Rd that are pairwise orthogonal. There is a polynomial-time algorithm
to compute a

√
d-approximation to

max
r∈J
||r −

k∑
i=1

(r · si)si||2

Next, we consider the algorithmic task of computing the row rank of the join J = T1 ▷◁

T2 ▷◁ · · · ▷◁ Tm of the input acyclic database consisting of tables T1, T2, . . . , Tm. That is, we
want to compute the size of a maximal linearly independent set [13] of row vectors in J . An
algorithm for this follows from Lemma 2.

▶ Theorem 4. There is a polynomial time algorithms that, given an acyclic database as
input, can compute the row rank of the join J .

Proof. We build an orthonormal basis one vector at a time. Using prior work on sum-product
queries, we compute a vector s′

1 ∈ J that maximizes the square of the Euclidean norm. If s′
1

is the zero vector, the rank of J is 0. Otherwise, let s1 be the unit vector corresponding to
s′

1, and we initialize S = {s1}.

APPROX/RANDOM 2025
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Suppose that we have computed a set S = {s1, s2, ..., sj} of unit vectors in the row space
of J that are pairwise orthogonal. Using Lemma 2, we compute s′

j+1 ∈ J that achieves

max
r∈J
||r −

j∑
i=1

(r · si)si||∞

If this maximum is 0, then the rank of J is j and S is a basis for the row space of J .
Otherwise, we add the unit vector sj+1 corresponding to s′

j+1 to S and continue. ◀

4 Maximum Distance to a k-Subspace: A PTAS

Assume we are given an acyclic database consisting of tables T1, T2, . . . , Tm and an orthonor-
mal set of k vectors S = {si | 1 ≤ i ≤ k} ⊆ Rd, where (as we recall) the set of features in the
database is C = {1, 2, . . . , d}. We would like to compute the maximum distance of a row in
the join J = T1 ▷◁ T2 ▷◁ · · · ▷◁ Tm from the subspace spanned by S. The distance of a point
q ∈ Rd from the subspace spanned by S, is dist(q, span(S)) := ||q −

∑k
i=1(q · si)si||2. Thus,

our goal is to compute maxq∈J dist(q, span(S)). Let d̂(q, span(S)) := ||q||22 −
∑k

i=1(q · si)2.
As d̂(q, span(S)) = dist2(q, span(S)), we reformulate this as computing D(J, span(S)) :=
maxq∈J d̂(q, span(S)). The main result of this section a polynomial-time approximation
scheme (PTAS) for the problem for constant k.

We begin by showing that the Distance to k-Subspace problem is NP-hard even for k = 1.

▶ Theorem 5. If there is a polynomial-time algorithm for computing D(J, span({p})) given
the input acyclic database and vector p ∈ Rd, then P = NP.

Proof. The proof is by reduction from the Partition problem. Given a set of positive integers
F = {f1, f2, ..., fd}, the goal here is determine if F can be partitioned into two parts F ′ and
F ′′ such that diff(F ′, F ′′) :=

∑
f∈F ′ f −

∑
f∈F ′′ f = 0. Given such an input, we compute

an acyclic database with tables T1, T2, . . . , T2d and a vector p as follows. The sequence of
features is ⟨c1, v1, c2, v2, . . . , cd, vd, cd+1⟩. For 1 ≤ i ≤ d, the columns of table T2i−1 are ci

and vi, and the columns of table T2i are vi and ci+1. Each table has two rows, whose values
are determined as follows.

T1 T2

c1 v1 v1 c2

0 f1 f1 0
0 −f1 −f1 0

T3 T4

c2 v2 v2 c3

0 f2 f2 0
0 −f2 −f2 0

...

T2d−1 T2d

cd vd vd cd+1

0 fd fd 0
0 −fd −fd 0
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It is clear that the database is acyclic, and in fact, a tree that witnesses this is a path.
We set p = (1, 1, . . . , 1) ∈ R2d+1. Let ℓ(p) = span({p}) denote the line through p. Let J

denote the join of the tables. If D(J, ℓ(p)) =
∑

f∈F f2, we declare that the input Partition
instance has a solution; otherwise, we declare that it doesn’t.

The reduction runs in polynomial time, and we now argue that it is correct. For any
partition (F ′, F ′′) of F , we define χ(F ′, F ′′) to be the vector (c1, v1, . . . , cd, vd, cd+1) where
ci = 0 for 1 ≤ i ≤ d + 1, and for each 1 ≤ i ≤ d, vi = fi if fi ∈ F ′ and vi = −fi if fi ∈ F ′′.
Note that χ is a bijection from the set of partitions of F to the set of rows of the join J .
Furthermore, diff(F ′, F ′′) = χ(F ′, F ′′) · p. Note that ||p||22 = 2d + 1, and for any row q ∈ J ,
we have ||q||22 =

∑
f∈F f2; all rows in J have the same 2-norm. Thus, for any q ∈ J ,

d̂(q, ℓ(p)) = ||q||22 −
(q · p)2

||p||22
=

∑
f∈F

f2 − (q · p)2

2d + 1

We conclude that for any partition (F ′, F ′′) of F ,

diff(F ′, F ′′) = 0 ⇐⇒ χ(F ′, F ′′) · p = 0 ⇐⇒ d̂(χ(F ′, F ′′), p) =
∑
f∈F

f2 ◀

Our PTAS for Distance to a k-Subspace has three major steps. Let E = {ei | 1 ≤
i ≤ d} ⊆ Rd denote the unit vectors in the standard basis. We want to find a k-subset
Ek ⊆ E such that span(Ek) is “close to” span(S). This first step, along with the properties
of span(Ek), is described in Section 4.1. In the second step (Section 4.2), we use Ek to
reduce the Distance to k-Subspace instance to polynomially many well-conditioned instances
of the same problem. In the third step (Section 4.3), we use discretization and dynamic
programming to solve a well-conditioned instance approximately in polynomial time. We
conclude in Section 4.4 with an application of the PTAS to subspace approximation.

For a set X ⊂ Rd, we denote the orthogonal complement of X by X⊥. That is,
X⊥ = {y ∈ Rd | y · x = 0 for all x ∈ X}.

4.1 Finding a Close k-Subspace
Our algorithm for computing Ek is as follows. Let proj(a, span(S)) be the projection of a
vector a on the subspace spanned by S.

Algorithm 1 Compute Ek.

Initialize Ek = ∅, S′ = ∅
e′

1 := arg maxej∈E |s1 · ej |. Add e′
1 to Ek

p1 := a unit vector in the direction of proj(e′
1, span(S))

S′ ← S′ ∪ {p1}
for i = 2, 3, . . . , k do

Compute a unit vector p′
i such that p′

i ∈ span(S) ∩ span(S′)⊥

e′
i := arg maxej∈E |p′

i · ej |. Add e′
i to Ek.

pi := a unit vector in the direction of proj(e′
i, span(S) ∩ [span(S′)⊥])

S′ ← S′ ∪ {pi}
end for

We state some useful properties of this algorithm:

▶ Lemma 6. (a) The set {p1, p2, ..., pk} is an orthonormal basis for span(S); (b) For any
1 ≤ j < i ≤ k, we have e′

j · pi = 0; (c) We have |Ek| = k, that is, our algorithm never
attempts to add a duplicate element to Ek; (d) For each 1 ≤ i ≤ k, we have e′

i · pi ≥ 1√
d
.
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Proof. Part (a) is evident. As for (b), fix 1 ≤ j < i ≤ k. We have pi · pj = 0. We have
pj := proj(e′

j , span(S)∩[span(p1, p2, ..., pj−1)⊥]), and pi ∈ span(S)∩[span(p1, p2, ..., pj−1)⊥].
Given pi · pj = 0, we have pi · e′

j = 0.
For (c), We pick e′

i ∈ E such that |e′
i ·p′

i| is maximum. So |e′
i ·p′

i| ≥ 1√
d
. Given that p′

i, pi ∈
span(S) ∩ [span(p1, p2, ..., pi−1)⊥], and pi = proj(e′

i, span(S) ∩ [span(p1, p2, ..., pi−1)⊥]), we
have e′

i · pi ≥ |e′
i · p′

i| ≥ 1√
d
. From part (b), for all 1 ≤ j ≤ i − 1, we have e′

j · pi = 0, so
e′

i ̸∈ {e′
j | 1 ≤ j ≤ i− 1}. Thus |Ek| = k. We have already shown part (d) in the process. ◀

The key property of the set Ek computed above is that the k-subspaces span(Ek) and
span(S) are close in the sense of the following theorem. For other measures of closeness of
subspaces, see [11].

▶ Theorem 7. For any unit vector v ∈ span(S), there exists a unit vector u ∈ span(Ek)
such that |v · u| ≥ 1

(
√

d)k2k
. (We assume that the dimension d ≥ 36 to get this simplified

bound.)

Proof. A high-level overview of the proof is that we construct a “best-response” unit vector
u ∈ span(Ek) for each unit vector v ∈ span(S), depending on the relative magnitudes of
components of v. Now we proceed to the formal proof.

We represent the unit vectors as v = x1p1+x2p2+...+xkpk and u = y1e′
1+y2e′

2+...+yke′
k,

where
∑k

i=1 x2
i =

∑k
i=1 y2

i = 1. Let x = (x1, x2, ..., xk) and y = (y1, y2, ..., yk) denote the
corresponding unit vectors.

Let P =
[
p1 p2 ... pk

]
∈ Rd×k, U =

[
e′

1 e′
2 ... e′

k

]
∈ Rd×k, and A = P ⊤U . We

have v · u = x⊤Ay. We have the following claim for A.

▷ Claim 8. A is an upper triangular matrix. Each diagonal element aii ≥ 1√
d
. For other

non-diagonal elements aij′ , where i < j′, we have |aij′ | ≤ 1.

Proof. For 1 ≤ j < i ≤ k, we have aij = pi · e′
j = 0 by part (b) of Lemma 6. For 1 ≤ i ≤ k,

we have aii = pi · e′
i ≥ 1√

d
by part (d). For other non-diagonal elements aij′ , where i < j′:

given pi is a unit vector, |aij′ | = |pi · e′
j | ≤ 1. ◁

Let z = x⊤A. So v · u = z · y and

z = (a11x1, a12x1 + a22x2, ..., a1kx1 + a2kx2 + ... + akkxk)⊤

We want to pick a good vector y such that |z · y| is large enough. Let c be a small positive
constant. We discuss different cases for x:

Case 1: x1 ≥ c
(
√

d)k−1

Case 2: x1 < c
(
√

d)k−1 , x2 ≥ 2c
(
√

d)k−2

...
Case j: x1 < c

(
√

d)k−1 , x2 < 2c
(
√

d)k−2 , ..., xj−1 < 2j−2c
(
√

d)k−j+1 , xj ≥ 2j−1c
(
√

d)k−j

...
Case k: x1 < c

(
√

d)k−1 , x2 < 2c
(
√

d)k−2 , ..., xk−1 < 2k−2c
(
√

d) , xk ≥ 2k−1c

In case 1, we pick y1 = 1 and leave all other components 0. Then |z · y| = |a11x1| ≥
1√
d
· c

(
√

d)k−1 = c
(
√

d)k
.

In case 2, we pick y2 = 1 and leave all other components 0. Then |z ·y| = |a12x1 +a22x2| ≥
a22x2 − |a12x1| ≥ 1√

d
· 2c

(
√

d)k−2 − c
(
√

d)k−1 = c
(
√

d)k−1 .



X. Liu and K. Varadarajan 12:11

Similarly, in the case j, we pick yj = 1 and leave all other components 0. Then
|z · y| = |a1jx1 + a2jx2 + ... + ajjxj | ≥ ajjxj −

∑j−1
i=1 |aijxi| ≥ 2j−1c

(
√

d)k−j+1 −
∑j−1

i=1
2i−1c

(
√

d)k−i
≥

2j−1c
(
√

d)k−j+1 − 2j−2c
(
√

d)k−j+1 · 1
1− 2√

d

= 2j−2c
(
√

d)k−j+1

√
d−4√
d−2 .

In case k, we pick yk = 1 and leave all other components 0. Then |z ·y| = |a1jx1 + a2jx2 +
... + akkxk| ≥ akkxk −

∑k−1
i=1 |aikxi|. Similar to the case j, the lower bound is 2k−2c

(
√

d)

√
d−4√
d−2 .

Therefore, given that d ≥ 36, the smallest lower bound for |z · y| occurs in Case 1, where
|z · y| ≥ c

(
√

d)k
. We now argue that at least one of the cases must hold. It suffices that

k∑
i=1

( 2i−1c

(
√

d)k−i
)2 ≤

k∑
i=1

x2
i = 1

The inequality holds if c = 1
2k . Thus, |v · u| ≥ c

(
√

d)k
= 1

(
√

d)k2k
. ◀

For each 1 ≤ i ≤ k, let βi denote the coordinate corresponding to e′
i, i.e., e′

i = eβi . Let
I = {β1, β2, ..., βk} ⊆ [d] be the set of indices corresponding to the standard basis vectors in
Ek. The following claim is shown by using observations made in the proof of Theorem 7.

▶ Lemma 9. For any k-dimensional vector a = (a1, a2, ..., ak) ∈ Rk, we can efficiently
compute a point q ∈ span(S) such that qβi

= ai, for all 1 ≤ i ≤ k.

Proof. For any 1 ≤ i ≤ k, let wi ∈ Rk be pi restricted to the indices in I. Similarly, let
e′′

i ∈ Rk be e′
i restricted to indices in I.

Let M =
[
w1 w2 ... wi ... wk

]
∈ Rk×k, We want to show that there exists an

vector x ∈ Rk such that Mx = a. We have the following claim for M .

▷ Claim 10. rank(M) = k.

Proof. Let N =
[
e′′

1 e′′
2 ... e′′

i ... e′′
k

]
∈ Rk×k. We can observe that pi · e′

j = wi · e′′
j

holds for 1 ≤ i, j ≤ k. Thus, M⊤N = P ⊤U = A. From claim 8, we know rank(A) = k.
Thus rank(M) = k. ◁

Given M is a full rank square matrix, there exists an vector x ∈ Rk such that Mx = a.
Then we can compute q = Px. ◀

We conclude with the following implication of the closeness in Theorem 7 of span(S) and
span(Ek).

▶ Lemma 11. Let w be an arbitrary unit vector in the (d− k)-subspace span(E \ Ek). Let
w′ be a unit vector along the projection of w on span(S). Then |w · w′| ≤

√
1− 1

R , where
R = dk22k.

Proof. Let v be the projection of w′ on the subspace spanned by Ek. Let u = w′ − v.
According to Theorem 2, ||v||2 ≥ 1

(
√

d)k2k
, then ||u||2 ≤

√
1− 1

dk22k .
Then

|w · w′| = |w · (u + v)| = |w · u| ≤ ||w||2||u||2 ≤
√

1− 1
dk22k

=
√

1− 1
R

◀
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4.2 Reduction to Well-Conditioned Instances

We will use the new orthonormal basis P = {p1, p2, ..., pk} for span(S). Therefore we will
use the notation span(P) for the subspace span(S) in the following sections.

Recall that I ⊆ [d] is the set of indices corresponding to the standard basis vectors in Ek.
For each i ∈ I, let α∗

i be the node in the join tree such that i ∈ Ĉα∗
i
. See Section 2 for a

reminder of these concepts. Let A = {α∗
i | i ∈ I}; we use A = {α1, α2, . . . , α|A|} to denote

the elements of the set. We can write the join J as

J =
⋃

r1∈Tα1 ,r2∈Tα2 ,...,r|A|∈Tα|A|

J ▷◁ r1 ▷◁ r2 ▷◁ ... ▷◁ r|A|

We therefore compute D(J ▷◁ r1 ▷◁ r2 ▷◁ ... ▷◁ r|A|, span(P)) for each row combination
{r1, r2, ..., r|A|}, and return the maximum of these quantities. The number of row combina-
tions is O(nk), which is polynomial as k is a constant. In the remainder of Section 4, we fix a
single row combination {r1, r2, ..., r|A|}, and explain our approximation scheme for calculating
D(J ▷◁ r1 ▷◁ r2 ▷◁ ... ▷◁ r|A|, span(P)). We will continue to use J to denote the new join. For
each 1 ≤ i ≤ |A|, we delete all rows in the table Tαi

except ri. Let r∗ = r1 ⋊⋉ r2 ⋊⋉ ... ⋊⋉ r|A|.
For any q ∈ J , we have d̂(q, span(P)) = ||q||22 −

∑k
i=1(q · pi)2. However, the individual

terms ||q||22 and
∑k

i=1(q · pi)2 can be much larger than d̂(q, span(P)). We therefore apply a
translation that preserves d̂(·, span(P)) but makes these two terms small.

Let rk be the vector formed from r∗ by restricting to the indices in I. Using Lemma 9,
we compute a vector h ∈ span(P) such that hI = rk. We apply the translation q′ = q − h.
As we translate by a vector in span(P), the distance to span(P) is preserved:

▶ Lemma 12. For any q ∈ J , d̂(q, span(P)) = d̂(q′, span(P))

Also, we can observe that for any q ∈ J , q′
I = qI − hI = rk − rk = 0.

To effect the translation, we have to modify the tables. Thus, for each node α in the join
tree, and for each row r ∈ Tα and each feature i of Tα, we set rnew

i = ri − hi. We henceforth
refer to the rnew

i as just ri and q′ as q.

▶ Lemma 13. After the modification of tables, for any q ∈ J , q ∈ span(E\Ek) as qI = 0.
Therefore by Lemma 11, ||q||22 ≤ R · d̂(q, span(P)).

This bound on ||q||22 is what we mean by saying that the join J is well-conditioned.

4.3 Algorithm for a Well-Conditioned Instance

We can use dynamic programming over the join tree to explicitly compute the set
{d̂(q, span(P)) | q ∈ J}. However, this set can have exponential size. Our approximation
algorithm will therefore work with a rounded version of d̂(q, span(P)). We observe that

d̂(q, span(P)) = ||q||22 −
k∑

i=1
(q · pi)2 =

d∑
j=1

q2
j −

k∑
i=1

 d∑
j=1

pijqj

2

(1)

Where pij is the j-th element of pi. By Lemma 13, we know that ||q||22 ≤ R · d̂(q, span(P))
for any q ∈ J ; the join is well-conditioned.
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Let β = maxq∈J ||q||22. Consider a node α of the join tree such that its table Tα contains
a row r with an entry whose absolute value exceeds

√
β. Clearly, such a row r does

not contribute to the eventual join J , so we delete such rows. Let η = 4R(k+1)d2

ϵ , where

ϵ > 0 is the error parameter for the approximation scheme, and γ =
√

β

η . Notice from
Equation 1 that d̂(q, span(P)) is built up from terms of the form pijqj and qj . For x ∈ R,
let [x] = sign(x)⌊|x|/γ⌋. We will use γ ∗ [pijqj ] and γ ∗ [qj ] as our rounded version of pijqj

and qj accordingly – essentially we round to the nearest integer multiple of γ that makes the
absolute value smaller. The rounded version we use for d̂(q, span(P)) will then be

apxdist(q, span(P)) := γ2
d∑

j=1
[qj ]2 − γ2

k∑
i=1

 d∑
j=1

[pijqj ]

2

(2)

We now describe our dynamic programming algorithm to use the [pijqj ]’s to compute an
approximation to D(J, span(P)).

4.3.1 Data Structures for the DP

For node α in the join tree, and row q ∈ Jα, let Aα(q) =
∑

j∈Cα
[qj ]2, and

Bα(q) = (Bα(q)[1], Bα(q)[2], ..., Bα(q)[k]), where Bα(q)[i] =
∑

j∈Cα
[pijqj ], for 1 ≤ i ≤

k. Note that if α is the root of the join tree, then γ2Aα(q) − γ2 ∑k
i=1(Bα(q)[i])2 is

apxdist(q, span(P)) (Equation 2).
For each node α in the join tree τ , our algorithm stores an array α.M [] indexed by the

rows in table Tα. For a row r ∈ Tα, the entry α.M [r] will eventually store the set

{(Aα(q), Bα(q)) | q ∈ Jα ▷◁ r}

That is, a signature (Aα(q), Bα(q)) is stored in α.M [r] for each row q in the join Jα ▷◁ r.
Using the fact that the join is well-conditioned, we show later that the size of this set of
signatures is bounded by a polynomial, even though the join itself can have an exponential
number of rows.

4.3.2 The DP

To fill in the α.M [] arrays, the algorithm does a post-order traversal of the join tree τ , and
solves for each node α of τ in that order.

If α is a leaf node, then for each row r in Tα, we set α.M [r] to {(Aα(r), Bα(r))}.
Note that Aα(r) =

∑
j∈Ĉα

[rj ]2, and Bα(r) = (Bα(r)[1], Bα(r)[2], ..., Bα(r)[k]), where
Bα(r)[i] =

∑
j∈Ĉα

[pijrj ]. If Ĉα = ∅, then the above summations evaluate to 0, and
α.M [r] = {(0, [0, 0, ..., 0])}.

If α is an internal node, let λ and ρ denote its left and right child. For each row r ∈ Tα,
we initialize α.M [r] = ∅ and compute α.M [r] as follows:

APPROX/RANDOM 2025



12:14 Relational Approximations for Subspace Primitives

Algorithm 2 Compute α.M [r].

∆A ←
∑

j∈Ĉα
[rj ]2

Initialize vector ∆B := (∆B [1], ∆B [2], ..., ∆B [k])
for each 1 ≤ i ≤ k do

∆B [i]←
∑

j∈Ĉα
[pijrj ]

end for
for each rλ ∈ Tλ and rρ ∈ Tρ do

if rλ ∼ r and rρ ∼ r then
for each (aλ, bλ) ∈ λ.M [rλ] and (aρ, bρ) ∈ ρ.M [rρ] do

Add (aλ + aρ + ∆A, bλ + bρ + ∆B) to α.M [r]
end for

end if
end for

After the DP completes, we use the tables at the root α of the join tree to output this
estimate for D(J, span(P)):

max
r∈Tα

max
(a,b)∈α.M [r]

γ2a− γ2
k∑

i=1
b[i]2

4.3.3 Correctness of the DP
Let α be any node of the join tree, and r a row in the table Tα. We argue that for any row q

in the join Jα ▷◁ r, (Aα(q), Bα(q)) ∈ α.M [r] after the DP completes processing node α. If α

is a leaf, this is obvious. Assume that α is an internal node. Let λ and ρ be the left and
right child of α, respectively. There is exactly one row rλ ∈ Tλ (resp. rρ ∈ Tρ) such that
q ∼ rλ (resp. q ∼ rρ). Clearly, r ∼ rλ and r ∼ rρ. Thus, q is a concatenation of 3 rows: (a)
a row in qλ ∈ Jλ ▷◁ rλ (b) a row in qρ ∈ Jρ ▷◁ rρ; and (c) r itself.

Furthermore,

Aα(q) = Aλ(qλ) + Aρ(qρ) + ∆A,

where ∆A =
∑

j∈Ĉα
[rj ]2. And

Bα(q)[i] = Bλ(qλ)[i] + Bρ(qρ)[i] + ∆B [i],

where ∆B[i] =
∑

j∈Ĉα
[pijrj ]. Thus the pair (Aα(q), Bα(q)) is added to α.M [r] by the DP

when looking at rows rλ ∈ Tλ and rρ ∈ Tρ.
Conversely, we can also argue that if the pair (a, b) is added by the DP to α.M [r], then

a = Aα(q) and b = Bα(q) for some q ∈ Jα ▷◁ r.

4.3.4 Running Time
We now show that our algorithm runs in polynomial time. Consider the term pijrj for some
1 ≤ i ≤ k, 1 ≤ j ≤ d where r is some row of some table that contains j as a feature. Given
that pi is a unit vector, |pijrj | ≤ |rj | ≤ maxq∈J ||q||2 =

√
β. As |[pijrj ]| = ⌊|pijrj |/γ⌋, and

γ =
√

β/η, we have

|[pijrj ]| ≤ |pijrj |/γ ≤
√

β/γ ≤ η



X. Liu and K. Varadarajan 12:15

Note that [pijrj ] is an integer. Now fix a node α in the join tree and consider any row
q ∈ Jα. It follows that ∀i ∈ [k], Bα(q)[i] =

∑
j∈Cα

[pijqj ] is an integer whose absolute value
is at most dη. Similarly, Aα(q) =

∑
j∈Cα

[qj ]2 is an integer whose absolute value is at most
d2η2. Similarly, ∀i ∈ [k], Bα(q)[i] is an integer whose absolute value is at most dη. The
cardinality of the set {(Aα(q), Bα(q)) | q ∈ Jα} is therefore O(dk+2ηk+2). Thus, the space
used by the α.M [·] array is O(ndk+2ηk+2). Given that η = 4R(k + 1)d2/ϵ, it is now easy to
see that the overall running time is a polynomial.

4.3.5 Approximation Guarantee
Fix q ∈ Jα. We note that for all 1 ≤ i, j ≤ d, |pijqj − γ[pijqj ]| ≤ γ by design. Now for
1 ≤ i ≤ k, 1 ≤ j, j′ ≤ d, we have

|(pijqj)(pij′qj′)− γ2[pijqj ][pij′qj′ ]| ≤ |(pijqj)(pij′qj′)− γ[pijqj ](pij′qj′)|+
|γ[pijqj ](pij′qj′)− γ2[pijqj ][pij′qj′ ]|

≤ γ|pij′qj′ |+ γ|γ[pijqj ]|
≤ 2γ

√
β = 2β/η

Here, the last inequality is because we only round down the pijqj . Now, d̂(q, span(P))
(Equation 1) and apxdist(q, span(P)) (Equation 2) each have (k + 1)d2 corresponding terms,
and the difference in absolute value between the corresponding terms is bounded by 2β/η

above. Thus,

|d̂(q, span(P))− apxdist(q, span(P)| ≤ 2(k + 1)d2

η
β ≤ ϵ

2R
β ≤ ϵ

2D(J, span(P)) (3)

Here the last step is due to Lemma 13. Let q∗ ∈ J satisfy d̂(q∗, span(P)) = D(J, span(P)).
The algorithm returns apxdist(q, span(P)) for a row q ∈ J such that

d̂(q, span(P)) ≥ apxdist(q, span(P))− ϵ

2D(J, span(P))

≥ apxdist(q∗, span(P))− ϵ

2D(J, span(P))

≥ d̂(q∗, span(P))− ϵD(J, span(P)) = (1− ϵ)D(J, span(P))

▶ Theorem 14. There is a polynomial-time algorithm that, given an acyclic database
with tables T1, T2, . . . , Tm over a total of d features, a set of orthogonal unit vectors P =
{p1, p2, ..., pk} (where k is a constant), and a parameter 0 < ϵ < 1, computes a (1 − ϵ)-
approximation to the farthest distance of a row in the join from the subspace spanned by
P.

4.4 Subspace Approximation
Theorem 14 can be used as a primitive to compute a k-subspace that approximately minimizes
the maximum Euclidean distance of a row in the join to the k-subspace. This problem is
well known in the literature as l∞-subspace approximation; see [14] for references. Consider
the following algorithm:

Let S be a set that consists of the origin in Rd.
For i ∈ [k]:

Compute using Theorem 14 a row q ∈ J such that d̂(q, span(S)) ≥ (1− ϵ)D(J, span(S))
S ← S ∪ {q}
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It follows from (the proof of) Lemma 5.2 of [8] that for the set S computed by the
algorithm and sufficiently small 0 < ϵ < 1, we have D(J, span(S)) ≤ (2(1 + ϵ))2kD(J,F), for
any k-subspace F . That is, for constant k, we get an algorithm that runs in time polynomial
in the size of the acyclic database and returns a (2(1+ϵ))k-approximation for the l∞-subspace
approximation problem.
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