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—— Abstract

Given a set of source-sink pairs, the maximum multiflow problem asks for the maximum total
amount of flow that can be feasibly routed between them. The minimum multicut, a dual problem to
multiflow, seeks the minimum-cost set of edges whose removal disconnects all the source-sink pairs.
It is easy to see that the value of the minimum multicut is at least that of the maximum multiflow,
and their ratio is called the multiflow-multicut gap. The classical max-flow min-cut theorem states
that when there is only one source-sink pair, the gap is exactly one. However, in general, it is
well known that this gap can be arbitrarily large. In this paper, we study this gap for classes of
planar graphs and establish improved lower bound results. In particular, we show that this gap is
at least %0 for the class of planar graphs, improving upon the decades-old lower bound of 2. More
importantly, we develop new techniques for proving such a lower bound, which may be useful in
other settings as well.
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1 Introduction

Given an edge-weighted graph with k& source-sink pairs, a multicut is a set of edges whose
removal disconnects all the source-sink pairs. The minimum multicut problem seeks a multicut
with the minimum total edge weight. This problem generalizes the classical minimum s-¢ cut
problem and has been extensively studied in the past. Computing the minimum multicut is
NP-hard, even in highly restricted settings such as trees [11].

A problem closely related to the multicut problem is the multicommodity flow problem
(also known as multiflow). The goal of this problem is to maximize the total flow that
can be routed between the source-sink pairs. If the flow is restricted to take only integer
values, the problem is called the mazimum integer multiflow problem, which generalizes the
well-known edge-disjoint paths problem. Since any source-sink path must use at least one
edge of any multicut, the value of any feasible multicut is at least that of the maximum
multicommodity flow. In fact, it turns out that the LP relaxation of multicut problem is the
linear programming dual of the multiflow problem. The ratio of the minimum multicut to the
maximum multicommodity flow is called the multiflow-multicut gap. By the strong duality
of linear programming, it follows that the integrality gap of the natural linear programming
relaxation for the multicut also provides a bound on the multiflow-multicut gap, and vice
versa.
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The famous max-flow min-cut theorem [8] states that the multiflow-multicut gap is
exactly 1 when k& = 1, i.e., when there is exactly one source-sink pair. A well-known theorem
by Hu [13] further establishes that the gap remains 1 when k& = 2. However, this equality
does not hold when there are three or more source-sink pairs, even for very simple graphs
(see [11] for an example).

Garg, Vazirani, and Yannakakis [10] proved a tight bound of ©(In k) on the multiflow-
multicut gap for any graph G. If G is a tree, then the multiflow-multicut gap is exactly 2 [11].
For K,-minor-free graphs, Tardos and Vazirani [19] used the decomposition theorem of Klein,
Plotkin, and Rao [14] to prove a bound of O(r?®) on the multiflow-multicut gap. This bound
was subsequently improved to O(r?) by Fakcharoenphol and Talwar [6], and then to O(r)
by Abraham et al. [1]. A tight bound of ©(logr) was then obtained for graphs of bounded
treewidth [7, 9]. Finally, building upon this long sequence of results, Conroy and Filtser [5]
recently proved an asymptotically tight bound of ©(logr) on the multiflow—multicut gap for
K ,-minor-free graphs. Since planar graphs do not contain K5 as a minor, it follows that the
integrality gap of the minimum multicut problem for planar graphs is O(1).

The primary motivation behind the works mentioned above was to establish an asymptotic
bound on the integrality gap (in terms of r) without optimizing the constants involved.
However, for specific graph families, such as planar graphs, the constant obtained from these
results is quite large (close to 100). Thus, determining the exact integrality gap remains
an intriguing question. It is known that the integrality gap is at least 2 for trees, and
consequently for planar graphs as well. Better upper and lower bounds for this problem
remain elusive, serving as the primary motivation for this paper.

1.1 Related Work: Demand Multicommodity Flow

In another well studied version of the problem, called the demand multicommodity flow, we
are given a demand value for each source-sink pair, denoted as d; for the source-sink pair s;-¢;.
The goal is to determine whether there exists a feasible flow satisfying all the demands. A
necessary condition for the existence of a feasible flow is as follows: across every bi-partition
(S,5) of the vertex set, the total demand that must be routed across (S, S) must not exceed
the total capacity of edges crossing (S, S). This condition is known as the cut-condition, and
it is a sufficient condition for the existence of flows in trees, outerplanar graphs, and similar
graph classes.

In general, however, the cut-condition is not sufficient for the existence of a feasible flow.
This leads to a natural question: what is the minimum relaxation of the cut-condition that
ensures feasibility? Specifically, what is the smallest o > 1 such that if the total capacity
of edges across every bi-partition is at least « times the demand across the partition, then
a feasible flow is guaranteed? In their seminal work, Linial, London, and Rabinovich [16]
showed that this gap is ©(log k) for general graphs.

In contrast to the multiflow-multicut gap, our understanding of the flow-cut gap for
planar graphs remains limited. Rao [17] showed that the flow-cut gap for planar graphs is
O(yv/logn). However, the best known lower bound remains just 2 [15, 4], and it is conjectured
that the true answer is O(1) [12].1

On the other hand, we have a much better understanding of this gap for series-parallel
graphs, a subclass of planar graphs. The flow-cut gap is exactly 2 for series-parallel graphs [3,
15]. Given the current state of research, one might be tempted to claim that we understand

L This conjecture is widely known as the Planar Embedding Conjecture or the GNRS Conjecture [12].
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multiflow-multicut gaps better than flow-cut gaps. However, somewhat surprisingly, the
precise multiflow-multicut gap for series-parallel graphs remains unknown, despite the well-
understood flow-cut gap. One of the primary motivations of this paper is to bridge this gap
in our understanding.

2 Preliminaries

Given a graph G, we denote its vertex and edge sets by V(G) and E(G), respectively. We
will use K, to denote the complete graph on r vertices. In this paper, we will only be
concerned with planar graphs. A graph G is planar if it does not contain K5 or K33 as a
minor. Equivalently, a graph is planar if it can be drawn in the plane without any of its
edges crossing. Graphs in which every edge is contained in at most one cycle are called cactus
graphs. Cactus graphs are a subclass of series-parallel and planar graphs, and are arguably
the simplest family of planar graphs after trees and cycles. Cactus and series-parallel graphs
do not contain K, as a minor.

Let G be a simple undirected graph with edge costs c¢: E(G) — Qxo, and let {(s;, ;) }r_,
be the set of source-sink pairs. Let P; denote the set of all paths between s; and ¢; in G,
and let P = Ule Pi. A multicut is a set of edges F' C E(G) such that every P € P contains
at least one edge in F. Equivalently, a multicut is a set of edges whose removal disconnects
every source-sink pair. A multicommodity flow is an assignment of non-negative real numbers
to the paths in P that respects the capacity constraints of the edges. In the mazimum
multiflow problem, the objective is to find an assignment which maximizes the total value of
flow routed.

Given an edge length function ! : E(G) — Q3¢ and u,v € V(G), we use [(u,v) to denote
the shortest path distance between u and v with respect to I. The diameter of G is the
maximum distance between a pair of vertices in G, i.e., diam(G) = max, ,ev () [(u,v).
We use (v, e) to denote the distance of a vertex v from an edge e = (x,y), i.e., l(v,e) =
min{i(v, x),l(v,y)}.

For F C E(G) and v € V(G), we use Cr(v) to denote the connected component of
G — F containing v. We overload notation and also use Cr(v) to denote the set of vertices
in the connected component containing v. We define the radius of v with respect to F
as the distance of the farthest vertex from v in Cr(v), i.e., radp(v) = max,ecp () [(v, u).
In addition, the diameter of F' is the maximum diameter of a connected component after
the removal of F' from G, i.e., diam(F) = max,cy(q) diam(Cp(v)). Given t € Ry as a
parameter, we say that F' forms a t-diameter decomposition if diam(F') < t. We denote the
set of all ¢-diameter decompositions of G by F;(G). Note that when referring to the distance
between two vertices u,v in a component C, I(u,v) denotes their distance in G, rather than
in the subgraph induced by C, i.e., G[C].

2.1 Linear Programming Relaxation for the Minimum Multicut Problem

We begin by describing an integer programming (IP) formulation for the minimum multicut
problem. For each edge e € E(G), we introduce an integer variable z(e) € {0,1}, which
indicates whether the edge is selected in the multicut. For a given path P, we define
z(P) = .cp(p) ®(e). A feasible multicut must include at least one edge from each source-
sink path, so we impose the constraint z(P) > 1 for all P € P, ensuring that each path is cut
by at least one edge. We relax the integrality constraints to obtain the linear programming
(LP) relaxation of the multicut problem, which is formulated as follows:

14:3
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s.t. z(P)>1 YPeP
z(e) >0 VYee E(G).

Even though there are an exponential number of constraints, it is well known that the
optimal solution to this LP can be computed in polynomial time [10]. We denote the
optimal solutions of the integer and linear programs as OPT;p and OPT[ p, respectively.
We refer to OPT 1 p as the minimum fractional multicut. We know that the value of the
maximum multiflow is equal to the minimum fractional multicut. Furthermore, a bound on
the integrality gap of the LP relaxation for the multicut problem provides the same bound
for the multiflow-multicut gap. Therefore, from this point onward, we will focus solely on
the integrality gap of the multicut LP.

» Definition 1. Let G be a family of graphs, and let M(G) be the family of all instances of
the minimum multicut problem on G, obtained by assigning arbitrary capacities to the edges

and selecting a set of source-sink pairs. The integrality gap apqgy of the minimum multicut
problem on M(G) is defined as follows:

(6] = max 7OPTIP (M)
MG) -~ MeM(G) OPTLP(M).

From the discussion above, we know that o rresy = 2 [11], where TREE denotes the
family of all trees, and apq(pranar) = O(1) [14], where PLANAR refers to the family of all
planar graphs. In this paper, we focus on planar graphs, specifically the class of cactus
graphs.

3  Our Results and Techniques

We provide a partial answer to the questions raised above by showing that the integrality
gap of the minimum multicut problem for the family of cactus graphs (and therefore for
series-parallel graphs and planar graphs) is strictly greater than 2. In particular, we show
that the multiflow-multicut gap is at least % for the class of cactus graphs.

We give two different proofs of this lower bound. In the first proof, we develop a novel
technique to argue that the integrality gap of the multicut LP is at least 2‘70. We first observe
that the integrality gap of the multicut LP for a class of graphs is « only if any fractional
solution to the natural linear programming relaxation of the minimum multicut problem can
be approximately written as a convex combination (or equivalently a probability distribution)
of feasible multicuts. Furthermore, a feasible multicut can be interpreted in terms of small
diameter decompositions (i.e., a set of edges whose removal results in connected components
of small diameter) with an appropriate distance function. Therefore, if a graph class admits
an integrality gap of at most «, then there exists a set of small diameter decompositions that
do not cut any fixed edge too many times. We describe this in detail in Section 4.

Our crucial insight is that if the integrality gap is « for a class of graphs, then there
exists a well-structured set of small diameter decompositions that can be used to construct
the aforementioned convex combination. These structured decompositions are inspired by
the well-known single-source distance-based decomposition algorithms for trees. We also
describe this in detail in Section 4. The final step of the proof involves using these structural



S. Kalantarzadeh and N. Kumar

insights to argue that there cannot exist a small diameter decomposition with a small value
of a for the family of cactus graphs. Note that this proof is non-constructive and does not
lead to an explicit example with a large gap. Nevertheless, this proof provides sufficient
structural insights into instances with a large integrality gap, allowing us to construct explicit
examples of cactus graphs where the gap is at least %. We emphasize that we attempted to
construct these examples through an exhaustive computer search and manual crafting but
were unsuccessful. Furthermore, the structural properties established in the first proof hold
for very general classes of graphs, specifically those closed under edge subdivision and 1-sum
operations, and may prove useful in other settings as well. We now formally state our main
theorem, which we prove in Section 7.

» Theorem 2. If G is the class of cactus graphs, then apqgy > 29—0.

4  Multicut and Small Diameter Decompositions

Let G be a family of graphs, M(G) be the family of all instances of the minimum multicut
problem on G and a = a,yg)- In the following theorem, we are going to show that any
feasible fractional solution to the linear programming relaxation of the minimum multicut
problem of an instance M € M(G) can be approximately written as a convex combination of
feasible multicut solutions of M. The proof of this theorem also follows from the work of
Carr and Vempala [2], and for completeness we have included a proof in the appendix A.

» Theorem 3. Suppose we are given an instance of multicut M € M(G). Let F C 2F(G) pe
the set of all the feasible multicuts for instance M and x be a feasible fractional solution to
the LP relaxation. Then there exists a probability distribution y over F such that:

S© yr<a-a(e)  Vee E(Q).

F:e€cF,FEF

» Corollary 4. Let G be a graph with edge length function l and let t > 0 be a given parameter.
Then there exists a probability distribution y over Fi(G) such that:

> yr < %I(E) Ve € E(G).

F:ec F\FeF:(G)

Proof. We will define a multicut instance on G and then use Theorem 3 to complete the
proof. Let S = {(u,v) € V(G) x V(G) | l(u,v) >t} be the set of source-sink pairs. Let x
be a fractional solution such that z(e) = @ for all e € E(G). It is easy to verify that this
is feasible for the multicut instance. By Theorem 3, there exists a probability distribution
over feasible multicuts ;c(h?t satisfies the statement of the corollary, i.e., an edge is cut with

probability at most o - =~. The proof then follows by noting that a set of edges is a feasible

multicut for this instance if and only if it forms a ¢-diameter decomposition. |

In other words, if the integrality gap of any multicut instance for a class of graphs G
is at most «, then for any G € G equipped with an edge length function [/, there exists a

distribution over t-diameter decompositions such that an edge e is included in no more than

a-l(e)
i

notion of source-sink pairs, which could be arbitrarily situated, and provides a more uniform

fraction of the decompositions. This formulation of the integrality gap eliminates the

way of analysis. Furthermore, we will work with a family of graphs that are closed under
edge subdivision, i.e., the operation of replacing an edge by a path of arbitrary length. By
scaling and subdividing edges, we can assume that all edge lengths are 1. This simplifies the
presentation significantly, and we will make this assumption from here on.

14:5
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5 Small Diameter Decomposition for Trees

In this section, we provide a detailed description of a well-known construction of a probability
distribution over t-diameter decompositions for trees and highlight some useful properties
of this distribution. This will serve as a foundation for developing intuition regarding the
construction of structured small-diameter decompositions in the next section. As mentioned
earlier, we will assume without loss of generality that all edge lengths are set to 1. Additionally,
for reasons that will become clear shortly, we will assume that ¢ = 2w for some positive even
integer w.

We know that o = ap(rres) = 2 for the family of trees [11]. Given a tree T', Corollary 4
implies that there exists a probability distribution over 2w-diameter decompositions of T' such
that each edge e € E is part of the decomposition with probability at most - = % = %
In the following, we provide an explicit construction of this distribution.

» Theorem 5. Let T be a tree and Fou(T) be the family of all 2w-diameter decompositions
of T. Then there exists a probability distribution y over Fa,(T) such that:

1
> yr<— VeeE(T). (1)
FeFo,(T),e€F w

Proof. We root the tree T at an arbitrary vertex r € V. Let
F,={e€ E|l(r,e) =i+ kw where k € Z>¢} for i =0,...,w — 1.

We set yp, = % fori =0,...,w—1, and yp = 0 otherwise. It is easy to see that F;’s partition
the edge set E(T), i.e. E(T) = U ;' F; and F; N Fj = 0 for i # j. Thus,

w—1
Z Yp = Z ypizé Ve € E(T).

FeFau(T),e€F 1=0,e€F;

To complete the proof of the theorem, we need to show that F; is a 2w-diameter decomposition
fori=0,...,w—1. Fix a F;. Let (u,v) be a pair of vertices such that {(u,v) > 2w, and let
q be the lowest common ancestor (LCA) of 4 and v. The unique path v — v between u and v
can be partitioned into two subpaths: one from u to ¢, and the other from ¢ to v. Since the
length of the u — v path is at least 2w, one of the paths u — ¢ or ¢ — v must have length at
least w. Without loss of generality, assume that the ¢ — v path has length at least w. Denote
this path by Q = eg,e1,...,€p.

Since ¢ is an ancestor of v, the length of the path from any vertex r to an edge e; is given
by l(r,e;) = 1(r,e;—1) + 1 for i = 1,...,p. This implies that there exists at least one edge
in Q, say e;, such that j =7 + kw for some k € Z>(. This implies that e; € F;, and hence,
every u,v pair with distance at least 2w is disconnected after removing F;. This completes
the proof that F; is a valid 2w-diameter decomposition. |

We now point out a useful property of the 2w-diameter decompositions constructed above,
which will be helpful later.

» Observation 6. The following holds for the 2w-diameter decompositions Fy, ..., Fy_1
described in the proof of Theorem 5:
1. radp,(r) <i<w—1 for every i =0,...,w — 1. Equivalently,

Z yr = 1.

F:radp(r)<w-—1
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2. For all1 <k <w, radg,(r) < k — 1 with sufficiently high probability. More precisely,

k 2 Q M(TREE)
Z yFi:ZfUFi:*:1—7(11/—]6):1—7(’11}—]6).
Fiiradp, (r)<k—1 i=0 w 2w 2w

This observation shows that not only does the distribution claimed in Theorem 5 satisfy
the condition in equation (1), but it also fulfills additional constraints. These results are
succinctly captured in the following corollary. In Section 6, we will show that a similar
distribution exists for the families of graphs which are closed under 1-sum operation.

» Corollary 7. Let T be a tree, and let r € V(T') be an arbitrary vertex of T. Let Fau(T') be
the family of all 2w-diameter decompositions. Then, there exists a probability distribution y
over Faou(T) such that:

Z yFSIIU

FeFz,(T),e€F

Z yr =1,

Firadp (r)<w-—1

«
E yF21—M(w—k) Vk=1,...,w.
2w
F:radp(r)<k—1

Ve € E(T),

6 A Structural Result for Small Diameter Decompositions

We now define the 1-sum operation on graphs, which will play a crucial role going forward.
Let Gy,...,Gk be non-empty graphs, and let r; € V(G;) for i« = 1,...,k. The graph
G is obtained by taking the disjoint union of G, Gs, ..., G}, and identifying the vertices
r1,72,...,7%. We say that G° is obtained by performing the I-sum of the G;’s at the vertices
ri’s. The vertex r = r; = --- = 1}, is called the main vertex of G°. See figure 1 for an
illustration.

00-O=

Figure 1 An illustration of the 1-sum operation.

Let G be a family of graphs. We say that G is closed under the 1-sum operation if for
any G1,...,Gr € G and r; € G, the graph obtained by taking 1-sum of Gq,...,Gy at
71,72,...,T% is a graph in G. Many natural classes of family are closed under the 1-sum
operation, such as trees, cactus graphs and planar graphs. Note that 1-sum is a special case
of a well known and a more general notion of clique-sums.

We note down a few more definitions before stating the main theorem of this section. Let
G be a graph and r € V(G) be an arbitrary vertex. Recall that F2,,(G) denotes the set of
all 2w-diameter decompositions of G. For k € {1,...,w}, we use F% (G,r) to denote the set
of all 2w-diameter decompositions of G such that every vertex in the connected component
containing r is within distance strictly less than k from it. More precisely,

Fr (G,r) ={F € Fou(G) | radp(r) < k}.

14:7
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» Definition 8. Let G be a graph, and let F2,,(G) be the family of 2w-diameter decompositions
of G. We say that y = {yr | F € Fau,(G)} is a p-load distribution if the following conditions
hold:

Z yr <p Vee€ E(G),
FeFau(G),ecF

yr >0 YF € Fau(G).

If such a p-load distribution exists, we say that G accepts a p-load distribution. We also say
that a family G accepts a p-load distribution if every graph G € G accepts a p-load distribution.

Note that if we have a p-load distribution, then we can use this to sample a 2w-diameter
decomposition of G such that each edge is picked in the decomposition with probability at
most p.

AM(9)
2w

» Corollary 9. Let G be a family of graphs. Let p =
distribution.

, then G accepts a p-load

Proof. Recall that we assumed that all edges have unit length. Corollary 4 gives a direct
proof by setting ¢t = 2w. <

Suppose that G is a family of graphs closed under 1-sum for the rest of the section. Let
P = 5, where a = aqg). Corollary 9 implies that G accepts a p-load distribution. In
Theorem 10, we show that if G is closed under the 1-sum operation and accepts a p-load
distribution, then for any G € G and r € V(G), there exists a distribution over 2w-diameter
decompositions Fa,, (G) such that if we sample a decomposition F € Fa,(G) from this
distribution, we are guaranteed that radp(r) <w — 1, i.e. F € F3. (G, r). Note that this is

similar to the first item of Observation 6.

» Theorem 10. Suppose that G is closed under 1-sum and accepts a p-load distribution.
Let G € G and r € V(G) be an arbitrary vertex. Then there exists a p-load distribution

y={yr | F € Fou(G)} such that ZFef;w(G,r) yp = 1.

Proof. Let Fa, = Fou(G) and F3, (r) = F3., (G, r) for simplicity. It is sufficient to show
that the following LP is feasible and has optimal value 0.

min Z Yr

FeFau\FL, (1)
Z yr <p Vee€ E(G)
FEFsu,e€F
> yr =l
FeFow

yr >0 VEF € Foy

The above LP is feasible since G accepts a p-load distribution. For the sake of contradiction,
assume that the optimal value of the above LP is z > 0. Let m > % be a natural number. Let
G1,...,Gy, be m disjoint copies of G and r; be the vertex of GG; which corresponds to r. Let
G’ be formed by taking 1-sum of Gy, ...,Gy, at r1,...,7m,. See figure 2 for an illustration.
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rT=T1,T2,...,Tm

Figure 2 The construction of G'.

Note that G’ € G since G is closed under the 1-sum operation. Let F3,, = Fa,(G’) be
the set of all 2w-diameter decompositions of G’. By the assumption of the theorem, every
graph in G accepts a p-load distribution. Let {gp:}p/c7,, denote such a distribution for
G'. Let G; = (V;, E;) and Fu,(G;) be the set of all 2w-diameter decompositions of G;

for i =1,2,...,m.2 The distribution g over F5, defines a distribution g* over Fa,,(G;) as
follows:
g = > g forall F € Fau(Gy).
F'eF, F'NE;=F

2w’

Since ¢ is a projection of g onto G; and ¢ is a p-load distribution, it follows that g is also a
p-load distribution (see Appendix B for a short proof). Furthermore, since G; is an identical
copy of G and g’ is a feasible solution to the LP mentioned above, we have that,

Z g}}zz for i=1,2,...,m.
FeFou (Gi)\F3, (Gi,r)

Recall that F3% (G;,r) denotes the set of all 2w-diameter decompositions of G; in which the
distance of every vertex in the connected component containing r is at most w — 1 from
it. Let T; be the event that, when sampling F’ € F}, according to the distribution g, the
intersection F’ N E; does not belong to F42 (G;, 7). From the above discussion, it follows
that Pr[T;] > z. Since m > 1, we have

m

ZPr[Ti] >z-m> 1
i=1

This implies that the events T1,...,T;, are not disjoint, and there exist indices ¢, 7 such that
Pr[T; NT;] # 0. Therefore, there exists a F’ € F3,,, and vertices u € V;, v € V; such that:
1. grr > 0,

2. u and v are in the connected component containing r in G' — F”,

3. the distance of v and v from r is at least w.

But then, the diameter of F’ is at least 2w, which contradicts the fact that F’ € F5,,. This
implies that z = 0, and completes the proof of the theorem. |

We say that a graph G and one of its vertex r accepts a (r,p)-load distribution if
there exists a p-load distribution y over 2w-diameter decompositions Fa,,(G) such that

D Fery @Gy YFr =1

2w

2 Note that ﬂ:il Vi ={r}.

14:9
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We say that a graph class G accepts a strong-p-load distribution if for every G € G and
r € V(QG), there exists a (r,p)-load distribution.

In Theorem 10, we proved that if a class of graphs G, closed under the 1-sum operation,
accepts a p-load distribution, then it also accepts a strong-p-load distribution. In Theorem 11,
we generalize Theorem 10 to arbitrary radii. To prove this theorem, we assume, in addition
to the graph class being closed under the 1-sum operation, that the class also includes Ko,
the complete graph on two vertices, i.e. a single edge.

» Theorem 11. Suppose that G is closed under 1-sum such that Ko € G and accepts a
strong-p-load distribution. Let G € G,r € V(G) and k € {1,...,w}. Then there exists a
(r,p)-load distribution y = {yr | F € Fau(G)} such that,

Z yr > 1—plw—k).

FeFk (G,r)

2w

Proof. Let Fa, = Fou(G), Fi (r) = Fi (G, r) and F§,(r) = FL,(G,r) for simplicity. It is
sufficient to show that the following LP is feasible and has optimal value 0.

min Z Yr

FEFau\Fg, (1)

2w

> yrp=1—plw—k)

FeFy,(r)
Z yr <p Ve € E(G)
FeFay,e€F
> yr =l
FeFauw

yr 20 VF € Fy

For now, assume that the LP is feasible and its optimal value is z > 0. The proof that
LP is feasible will also follow from the discussion below. Let m > % and Gp,...,G,, bem
disjoint copies of G. Let r; be the vertex of G; which corresponds to r and G’ be formed
by taking 1-sum of Gy,...,G,, at r1,...,7,. We construct H by adding a path of length
w—k to G at r. Let P = {ej,ea,...,eu_k} be the set of edges on this path, where
e1 = (r,v1),ea = (v1,v2),...,€w—k = (Vw—k—1,v). See figure 3 for an illustration.

v

:

L =Tm

Ga

Figure 3 The construction of H.
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Since G is closed under taking 1-sum and K € G, we can conclude that H € G. By
Theorem 10, there exists a probability distribution z = {xp > 0 | F' € F3,(H,v)}, such
that

Z xp =1, and, Z xpr < pforall e e E(H).
F/eFw (H,v) F'eFy (Hw),e€F
Let A = {F' € F&,(H,v) | F'NE(P) # 0} and B = {F' € F¥ (H,v) | F'0 E(P) = 0}. Let

Aj={F'cAlecF'}fori=1,...,w—k. Notethat Y p,2p +> pcgrr = 1. Since
Y prea, Tr <p,and A = U R A;, it follows that:

prfg(w—k‘)p = prlzl—(w—k)p.

FleA F'eB
Let G; = (V;, E;) and Fa, (G;) be the set of all 2w-diameter decompositions of G; for
i=1,2,...,m. Recall that FY (G;,7), F§,(G:,7) is the set of 2w-diameter decompositions

of GG; in which the distance of every vertex in the connected component containing r is at
most w — 1 and k — 1 from it, respectively. For F' € Fa,,(G;), let

i
Yr = > Tp.
FreFe (Hw),F'NE;=F

In other words, y% is the projection of z to the graph G;. The next claim shows that the
projection of the distribution = onto G; is a feasible solution to the LP 6.

> Claim 12. y' = {y% | F € F2,(G;)} is a feasible solution to the LP 6.

Proof. Appendix B implies that 3’ is a p-load distribution for G;. Let B; = {F'NE; | F’ € B}.
Observe that B; € F2,(G;). Let F € B;. Then there exists F' € B such that F = F' N E;.

Furthermore, for any F’ € B, we have F' € F¥ (H,v) and F' N E(P) = (. Hence we can
conclude that F' € FX (G;,r). Thus,

S ur =D ye= Y Soap =Y ap2l-(w—k)p <

FeFE (Giyr) FEB; F€B; F/€B,F'NE;=F F'eB

Since G; is an identical copy of G and Fa,,(G;) is also an identical copy of Fayy = Fau(G),

Claim 6 shows that 7 is a feasible solutions for LP 6 for G, it follows that LP 6 is feasible.

Since z is the optimal solution of LP 6, for each y?, we have,
) Yp = 2
FG}-Zw(Gi)\]:;Uw(GiJ')

This implies that,

m

Z Z Y > mz > 1.

i=1  FeF2u(Gi)\Fy,(Gir)

Using same argument as in the proof of Theorem 10, we can show that there exists 1 < i #
j<mand F' € F¥ (H,v) such that

Ypr > 0, F’ﬂEi §é wa(Gi,’I“) and F/ﬂEj §é zww(Gj,T).

This means that there exists a vertex a € V;,b € V; such that the distance of a and b from r

is at least w, and they are both included in the connected component containing r in H — F”.

Hence v and v are at least 2w distance apart, and this contradicts the fact that F’ is a
2w-diameter decomposition. Hence z = 0 and this completes the proof of the theorem. <«
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So far, we have shown that probability distributions over 2w-diameter decompositions
for any class of graphs closed under 1-sum are consistent with those observed for trees, for
a fixed value of k3. We now state a simple claim that will be useful in proving the lower
bound. From this point onward, by Theorem 10 and Theorem 11, we can restrict ourselves
to F32, (G, r) instead of Fa,, (G) for a given graph G and vertex r € V(G).

» Lemma 13. Let G € G, and r € V(QG) be an arbitrary vertex. Let F& (G, r) be defined
as before. Let P be an arbitrary shortest path with length w, startmg at r. Denote the
other endpoint of P asr'. If y = {yr | F € F&,(G,r)} is a (r,p)-load distribution then
FNE(P)#0 for all F € F3,(G,r), and,

Z yr < (w-p)—1.

FeFy, (Gr),|FNE(P)|>2

Proof. If there exists F' € F (G, r) such that F N E(P) = 0, then r,r" are within the same
connected component in G — F which contradicts the fact that F' € F3! (G, r). Let,

A=A{F e F,(G,r) | [FNE(P)| > 2} and B={F € Fs5.,(G,r) | |FNE(P)| =1}

Note that A, B forms a partition of F3’ (G, 7). Using the definition of A and B, and the fact
that >~ pc 4 Yr + > pepyr = 1, we can derive the statement of the theorem as follows:

Dyp+1=2-> yr+ Y yr< Y. oo < Y p<wep

FeA FeA FeB e€E(P) ecF,FEFY (G,r) ecE(P)

Note that the first inequality can be derived by showing that yr appears at least twice in
the right hand side if F' € A, and exactly once if F' € B. <

7 Lower Bound For Cactus Graphs

We are now ready to prove our main theorem. We will apply the tools developed in the
previous sections to the family of cactus graphs. Let G be the family of cactus graphs, and
define a = apq(g)- Let ¢ = 5. First, since G is closed under 1-sum, Corollary 9 implies that
G accepts a g-load dlstrlbutlon and Theorem 10 ensures that G also accepts a strong ¢-load
distribution. In Theorem 14, we show that if G accepts a p-load distribution, then w-p > 19—0.
This implies that w-q=w - 5 > 19—0, and hence a > %. This concludes the proof of our
main theorem, i.e. Theorem 2.

» Theorem 14. Let G be the family of cactus graphs. If G accepts a p-load distribution, then
w:-p > 1—90.

Proof. Let H be a cycle of length 2w. Let r, u, 7/, and v be four vertices of the cycle in
anti-clockwise order, such that I(r,u) = l(u,r") = I(r',v) = I(v,r) = §. We construct G
from H by attaching paths v — ' and v — ¢’ of length % from u and v, respectively. We
denote the path of length % from r to u by P,, from u to v’ by Py, from r’ to v by P, and
from v to r by P,. We denote the path from u to v’ by P. and the path from v to v’ by
P,. See figure 4 for an illustration. Note that G € G. For the sake of contradiction, assume

3 Note that for trees, this property holds for all values of k simultaneously; however, here we can only
guarantee it for a fixed value of k.
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Figure 4 Construction of G.

that w-p < . Let k = %, F = F%,(G,r) and A = F§,(G,r). Since K3 € G and G is
closed under 1-sum, we can use Theorem 10 and Theorem 11 to conclude that there exists
(r,p)-load distribution y = {yr | F' € F3!,(G,r)} such that,

ZyF: Z yp>1—(w—k)- _1_7p_1_u.

2
FeA FeFk (r)

Suppose that F' € A. Since I(u,r) =k = ¥ and I(v,7) = k = §, we have that FNE(P,) # 0

and F N (P,) # (. The next claim shows that under the assumptlon that w - p < %,

there exists F' € A which does not pick any edges from P,, Py, P., P;. This will lead to a
contradiction, as v’ and v’ are 2w distance apart, and since F' is a 2w-diameter decomposition,
they should have been separated by F'. This implies that w - p > 19—0 and completes the proof
of the theorem.

> Claim 15. There exists F' € A such that FNE(P,), FNE(R,), FNE(P.), FNE(Py) = .

Proof. Let P!, P/ be the two paths between r,r’ containing P,, P, respectively. Also, let
P!, P/ be the unique shortest paths starting at r and ending at u’,v’, respectively. Let
A, ={Fe A|FNE(P,) #0} and F € A,. This implies that |F N E(P,)| > 2. Since P, is
a shortest path with length w from r, using Lemma 13, we have,

> yr<(w-p)—1 = > yr<(w-p) -1
FeF,|FNE(P,)|>2 FeA,
Similarly, we define,
Ay={FeA|FNER) #0},Ac.={Fe€A| FNE(P,) # 0}, Ag
={F e A| FnEP,;) +# 0},
and doing the same argument for P}, P, P,, we obtain,
yp<(w-p)—1; Y yr<(w-p)—1; > yr<(w-p) -1
FeA, FeA. FeAy

Let A* = A\ (A, U Ay UA. U Ay). From the discussion above, it follows that,

S ur= - > oz (1-5F) -4 wep-)

FeAx FeA FEALUAUAUA,
9-w-p
=5— > 0.
2
This shows that A* # () and completes the proof of the claim. <
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8 An Explicit Construction

Inspired by the proof presented in the previous sections, we now give an explicit example on
a cactus graph where the integrality gap is at least %. In particular, given an € > 0, we are
going to give an instance of the minimum multicut problem M on a cactus graph G such
that,

OPTp(M) S 20
— > — — e
OPTLp(M) — 9
We will construct the graph G by using two 1 — sum operations. Let H be the graph depicted
in figure 5.
U1
Vs Vg
Vg
H

Figure 5 Construction of H.

Let k be a sufficiently large natural number, and let Hy, ..., Hi be k distinct copies of
H. Let v} be the vertex corresponding to vy in H. We construct H' by taking 1-sum of
Hy, Hsy, ..., Hy at vi,v?, ... vk respectively. Let v; = vi =v? = ... = vF. We obtain H”

by adding an edge (v1,v9) to H'. See figure 6 for an illustration.

H//

Figure 6 Construction of H".

Let HY,..., H}! be k disjoint copies of H”. Let v{ be the vertex of H;/ corresponding to
the vertex vy of H”. Let G = (V, E) be the graph obtained by taking 1 — sum of HY, ..., H}!
be at vg, ... ,v’g, respectively. Let vg = v} = ... = vlg. Let v; be the unique neighbor of vg in
H; . See figure 7 for an illustration.

Let I(e) =1 for all e € E. We partition the set of edges E based on their distance from
vo as follows:

E,={e€ E|l(vg,e) =0}, Ea ={e€ E | l(vg,e) =1}, Es5={e € E | l(vg,e) = 2}.

Note that F; is the set of incident edges to vy, and E7, Fo, F53 is a partition of E. Now we
are going to define an instance of the minimum multicut problem on GG. We first assign costs
to edges as follows:
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Figure 7 Construction of G.

k ee F,
cle)=¢2 ecEy
1 €€E3

Let S = {(u,v) € VxV | I(u,v) > 4} be the set of source-sink pairs. We will denote this
multicut instance by M. It is easy to see that z = {z. = } | e € E} is a feasible fractional
solution to M with cost

k-k+2-k*2+4k* 1 9.k
4 T4

We will now show that the cost of any feasible multicut (i.e. an integral solution) is at least

5k? — 9k. This will imply that the integrality gap for this instance is at least 29—0 — %, which
20

can be arbitrarily close to -. More precisely, for any € > 0, we can set k > % to obtain a
lower bound of %0 — €

Recall that for a graph H, we use V(H) and E(H) to denote the set of vertices and edges
in H, and for E' C E(H), we use ¢(E’) to denote the total cost of edges in E’. Let F be a
feasible multicut solution to M. Let t = |Ey N F|. For now assume that 0 < t < k. Without

loss of generality, assume that (vg,v;) € F for i =1,...,¢t.

> Claim 16. ¢(FNEH!)>4-(k—-1)+kfori=1,2,...,¢.

Proof. We will prove the claim for i = 1. The proof for other values of i is identical. Denote
Hy,..., Hy as the k copies of H incident at v,. For each 1 < ¢ < k, we call H; good if
radp(v1) < 1, and we call it bad otherwise. It is not too difficult to see that there is at most
one bad H;. Suppose that Hy, Hs are bad graphs, then there exists a € V(H;),b € V(H>)
such that [(a,v1),{(b,v1) > 2. But this is a contradiction since a and b are within the
same component as vy after the removal of F', and are at a distance 4 apart, i.e. they are
a source-sink pair in the multicut instance M. Thus, there are at least kK — 1 good graphs
attached to v;. By doing a simple case analysis, it can be verified that ¢(F' N E(H;)) > 4 if
H; is good. Combining the above with the fact that the edge between vy, vy is included in F,
we obtain the statement of the claim. <

Note that v¢41,...,v are within the same component as vy after the removal of F'. For
each t +1 < j <k, we call H]’-' good if radp(vg) <1 in H]’-’, otherwise we call it bad. Using
a similar argument as in the proof of Claim 8, one can show that there at most 1 bad H'.
Thus, we have at least k —¢ — 1 good H]’s.

14:15
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> Claim 17. c(FNE(H])) > 5k if H} is good for t +1 < j < k.

Proof. Since the edge between vy, v; is not included in F, E; N E(H JV ) C F or equivalently,
all the edges with cost 2 of H]’/ are included in F. On the other hand, let H; be one of
the attached copies of H to v;. Note that we have already showed that E; N E(H;) € F.
If EsN E(H;) N F = 0, then there is a source-sink pair at distance 4 in H; which is not
disconnected. Therefore, in each H;, F' picks edges of total weight at least 5. <

Therefore we obtain,
c(F)>t-(5k —4) + (k —1—t) - (5k) = 5k* — 5k — 4t > 5k* — 9k.
Even when t = 0, k&, one can use the same arguments as above to obtain the same lower

bound on the cost of F.

9 Conclusions and Future Work

We improve upon a decade-old lower bound on the multiflow-multicut gap for planar graphs
and, in doing so, develop new techniques. The main question our work raises is whether tight
gap results can be obtained, even for the class of cactus and series-parallel graphs, and more
generally, for planar graphs. Proving such a result likely requires new techniques, making it
an interesting and challenging problem.
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A Proof of Theorem 3

Proof. Suppose the statement does not hold. Then the following linear system is infeasible.

Zszl

FEF
Z yr < a-z(e) Vee E(G)
FeF,ecF
yr 2 0.

This implies that the following system is infeasible as well. The reason is that if the system
below is feasible, then we can scale down the feasible solution appropriately and obtain a
feasible solution for the system above.

doyp=1 2)

FeF
Z yr < a-z(e) Ve € E(Q) (3)
FeF,ecF
yr 2 0. (4)

By reversing the inequality 2, we obtain that the following system is also infeasible,

Z —yr < —1

FeF
Z yr < a-z(e) Ve € E(Q)
FeF,ecF
yr > 0.

Now, we use the following variant of Farkas Lemma (see [18] for a proof).
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» Lemma 18. {z € R"|Ax < b,z > 0} = 0 iff there exists a vector u such that ATu > 0,u >0
and bTu < 0.

For a feasible multicut F, let xr € {0,1}¥ denote its indicator vector. By Lemma 18, there
exists © > 0 and ¢ > 0 such that ¢’ xyp —u >0 for all F € F and —u +a - ¢z < 0. This
means that ¢’ yp > u for all F € F, and a-c’2 < u. Thus, ¢’ xr > u > a-c'z for all
F € F. Therefore with respect to the cost function ¢, OPTyp < & and OPT;p > u. This
implies that integrality gap of the multicut instance M is > «, a contradiction. |

B Projection of p-load Distribution

> Claim 19. Let G be a graph and let = be a p-load distribution of G. Let H be a subgraph
of G, and for any F € Fy,,(H), let

Yr = Z Tpr.

F':F'€Fa, (G),F'NE(H)=F
y is a p-load distribution for H.

Proof. For an edge e € E(H), we have:

ZyF:Z Z Tpr = Z Tpr <.

e€F e€F ecF,F'NE(H)=F,F' €F2,(G) e€F! F'€F2,(Q)

Finally, note that y > 0, and y forms a distribution:

Z Yr = Z Z Tpr = Z rpr = 1. <

FEFau (H) FEFauw(H) FNE(H)=F,F'€Fau(G) F'€Fau (G)
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