
Sparsest Cut and Eigenvalue Multiplicities on Low
Degree Abelian Cayley Graphs
Tommaso d’Orsi #

Bocconi University, Milan, Italy

Chris Jones #

Bocconi University, Milan, Italy

Jake Ruotolo #

Harvard University, Cambridge, MA, USA

Salil Vadhan #

Harvard University, Cambridge, MA, USA

Jiyu Zhang #

Bocconi University, Milan, Italy

Abstract
Whether or not the Sparsest Cut problem admits an efficient O(1)-approximation algorithm is a
fundamental algorithmic question with connections to geometry and the Unique Games Conjecture.

Revisiting spectral algorithms for Sparsest Cut, we present a novel, simple algorithm that
combines eigenspace enumeration with a new algorithm for the Cut Improvement problem. The
runtime of our algorithm is parametrized by a quantity that we call the solution dimension SDε(G):
the smallest k such that the subspace spanned by the first k Laplacian eigenvectors contains all but
ε fraction of a sparsest cut.

Our algorithm matches the guarantees of prior methods based on the threshold-rank paradigm,
while also extending beyond them. To illustrate this, we study its performance on low degree Cayley
graphs over Abelian groups – canonical examples of graphs with poor expansion properties.

We prove that low degree Abelian Cayley graphs have small solution dimension, yielding an
algorithm that computes a (1 + ε)-approximation to the uniform Sparsest Cut of a degree-d Cayley
graph over an Abelian group of size n in time nO(1) · exp{(d/ε)O(d)}. Along the way to bounding
the solution dimension of Abelian Cayley graphs, we analyze their sparse cuts and spectra, proving
that the collection of O(1)-approximate sparsest cuts has an ε-net of size exp{(d/ε)O(d)} and that
the multiplicity of λ2 is bounded by 2O(d). The latter bound is tight and improves on a previous
bound of 2O(d2) by Lee and Makarychev.
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1 Introduction

For an undirected graph G, the sparsest cut measures how poor of an expander the graph is,
characterizing how slowly random walks on G mix. For simplicity in this introduction, we
will state our definitions just for the case of regular graphs:

▶ Definition 1 (Sparsest Cut). For a d-regular graph G on n vertices and a partition (Q, Q̄)
of its vertex set V (G), the (normalized) density of the cut (Q, Q̄) is defined as:

ψG(Q) := |E(Q, Q̄)|
|Q| · |Q̄|

· n
d
.

The sparsest cut problem is, given G, to find Q ⊆ V (G) that minimizes ψG(Q). We write
ψ(G) to denote the minimum value of ψG(Q) over all cuts (Q, Q̄).

The normalization factor of n/d ensures that the largest possible value of ψ(G) is 1, because
for a randomly chosen cut Q, the expectation of |E(Q, Q̄)| is nd/4, and the expectation of
|Q| · |Q̄| is n2/4. We’ll often switch back and forth between ψ(G) and the closely related
quantity of conductance, defined as

ϕ(G) = min
|Q|⩽n/2

ϕG(Q), where ϕG(Q) = |E(Q, Q̄)|
d · |Q|

.

We have ϕ(G) ⩽ ψ(G) ⩽ 2 · ϕ(G), so the problem of approximating conductance is equi-
valent to the problem of approximating sparsest cut, up to multiplying the approximation
factor by 2. Via known reductions, up to a constant factor of approximation, sparsest cut
is also equivalent to approximating several other graph parameters such as edge expansion
and balanced separator [5].

Because of its centrality to algorithms, computational complexity, combinatorics, and
geometry, efficient algorithms for sparsest cut have been the main focus of a long line
of work. A polynomial-time O(logn)-approximation algorithm was obtained via a linear
programming relaxation by Leighton and Rao [34], and later improved to O(

√
logn) by

Arora, Rao, and Vazirani (ARV) [5] via semidefinite programming. To this day, the ARV
algorithm remains the state-of-the-art for general graphs.

A central challenge to resolving the approximability of sparsest cut is its intricate rela-
tionship with the Unique Games Conjecture (UGC) and the Small Set Expansion Hypothesis
(SSEH), themselves outstanding open problems with a close connection [25, 41, 42]. Assuming
the SSEH, sparsest cut does not have a polynomial-time O(1)-approximation algorithm [42]
(the same holds for “non-uniform” sparsest cut assuming the UGC [13, 26, 4]). Thus we
have some evidence that beating the O(

√
logn) approximation factor of the ARV algorithm

may be hard. On the other side of the coin, searching for better approximation algorithms
for sparsest cut is an ostensible approach to developing algorithms for related problems,
including small-set expansion and unique games.

Given the above situation, researchers have attempted to pair interesting instances with
interesting algorithms to determine when constant-factor approximation to sparsest cut is
possible. Below we summarize the most relevant algorithmic approaches and what is known
about them.
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Fiedler’s Algorithm

The simplest algorithm for sparsest cut is Fiedler’s Algorithm, which is just to threshold
the second eigenvector [17]. Fiedler’s Algorithm always finds a cut Q such that ϕ(G) ⩽

√
2λ2,

where λ2 is the second-smallest eigenvalue of the normalized Laplacian of G. Indeed, this
performance guarantee for Fiedler’s Algorithm is the proof of the right-hand side of Cheeger’s
Inequality, which says:

λ2

2 ⩽ ϕ(G) ⩽
√

2λ2 .

This analysis of Fiedler’s algorithm shows that it gives an O(
√
λ2/ϕ(G)) worst-case ap-

proximation ratio, which can be quite large. Indeed, examples show, however, that the
approximation factor achieved by Fiedler’s Algorithm can be as bad as Ω(n1/3) in general [20].

Expander-like graphs

Starting around 15 years ago, a series of works gave approximation algorithms for sparsest
cut and unique games on graphs that are similar to expanders. A constant-factor ap-
proximation to sparsest cut is trivial on actual expanders (every cut is a constant-factor
approximation since ψ(G) = Ω(1)), but it took a nontrivial work of Arora et al. [4] to approx-
imate unique games on expanders. This in turn led to efficient algorithms for sparsest
cut on graphs that are “expander-like” in the sense of having few small eigenvalues, as
captured by the following definition:

▶ Definition 2 (τ -threshold-rank). For a graph G and 2 ⩾ τ ⩾ 0 , the τ -threshold-rank
mulτ (G) is the number of eigenvalues of the normalized Laplacian with value at most τ .

Recall that G is an expander if and only if λ2 is bounded away from 0. Equivalently, there is
a constant τ > 0 (independent of n) such that mulτ (G) = 1. For every constant τ > 0, the
works [3, 10] give a constant-factor approximation algorithm for sparsest cut that runs in
time polynomial in n but exponential in mulτ (G). The algorithm of Barak, Raghavendra,
and Steurer [10] is based on a rounding of a semidefinite programming relaxation, the
O(mulτ (G))’th level of the Sum-of-Squares hierarchy. Recent work has extended the Sum-of-
Squares technique based on looser expansion properties, including being a small-set expander
[7], coming from a high-dimensional expander [8], or having a “succinct characterization” of
non-expanding sets [9].

The algorithm of Arora, Barak, and Steurer [3] is based on enumerating the subspace
spanned by the first mulτ (G) eigenvectors to find a vector that is very close to a sparse
cut. Approaches like this, which utilize multiple low eigenvectors of the Laplacian matrix,
are natural generalizations of Fiedler’s Algorithm, and we collectively refer to them as
higher-order spectral algorithms.

Cheeger-lower-bound graphs

With a more careful use of the Sum-of-Squares hierarchy, Guruswami and Sinop [22] showed
that we can replace mulΩ(1) in the aforementioned results with mulO(ϕ(G)).

▶ Theorem 3 ([22]). For all constants ε > 0 , sparsest cut admits a (1 + ε)-approximation
algorithm in time nO(1) · exp{O(r)} where r is the O(ϕ(G)/ε)-threshold-rank.

APPROX/RANDOM 2025
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When ϕ(G) is small, it is not clear that graphs with small O(ϕ(G))-threshold-rank are
“expander-like” anymore. Instead, we can think of them as graphs where the lower bound of
Cheeger’s Inequality (λ2/2 ⩽ ϕ(G)) is nearly tight in the sense that G has few eigenvalues
between λ2/2 and ϕ(G).

The crucial feature of this class of graphs is that they have relatively few distinct near-
sparsest cuts. Indeed, the indicator vector of a set Q with conductance O(ϕ(G)) must be
close to the subspace spanned by the eigenvalues of magnitude O(ϕ(G)). Thus if the latter
subspace has dimension r, all of the near-sparsest cuts can be covered by a net of size
exponential in r.

A similar consequence of small O(ϕ(G))-threshold-rank is that these graphs can be
decomposed into a small number of pieces with conductance at most O(ϕ(G)) , such as
depicted in Figure 1. See full version for a simple statement and proof of this decomposition.

Figure 1 A graph with three distinct sparse cuts. In this graph, the 0/1 indicator vectors for the
three pieces approximately span the three low eigenvectors.

Cut improvement

As noted by Guruswami and Sinop [22], Theorem 3 can also be proven via a higher-
order spectral algorithm, based on eigenspace enumeration plus an algorithm for the cut
improvement problem.1 Informally, cut improvement is the problem of: given a cut
Q ⊆ V (G), compute the sparsest cut that has large intersection with Q. This is a problem
of independent interest, with practical applications [2, 31, 18].

Andersen and Lang [2] gave a flow-based approximation algorithm for cut improvement
which for our purposes can be summarized as follows.

▶ Theorem 4 ([2]). Let G be an n-vertex graph, let 0 < ε < 1/2, and let Q∗ ⊆ V (G) .
There is a polynomial-time algorithm that, given G and Q ⊆ V (G), |Q| ⩽ n/2 such that
|Q ∩Q∗| ⩾ (1 − ε)|Q∗| , returns Q̂ ⊆ V (G) with 0 < |Q̂| ⩽ n/2 and ϕ(Q̂) ⩽ 1

1−2ε · ϕ(Q∗) .

With this cut improvement algorithm in hand, we can derive Theorem 3 (with a factor
2 loss in approximation factor) as follows: by enumerating the eigenspace up to eigenvalue
O(ϕ(G)/ε), we can obtain a cut Q that is ε-close to a sparsest cut Q∗, and then we use
Theorem 4 to find Q̂ such that

ϕ(Q̂) ⩽ (1 +O(ε)) · ϕ(Q∗) ⩽ (1 +O(ε)) · 2ψ(G),

where the factor 2 loss comes from moving between conductance and density.

1 Guruswami and Sinop also study the non-uniform sparsest cut problem, which is not covered by the
results on cut improvement.
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Buser graphs

A class of graphs which is in a sense complementary to the class of Cheeger-lower-bound
graphs consists of graphs that satisfy a Buser Inequality ϕ = Θ(

√
λ2) . Examples of graphs

with bounded degree d which satisfy this inequality are: graphs with non-negative discrete
curvature [27, 39], Cayley graphs over Abelian groups [27, 40], or more generally Cayley
graphs over nilpotent groups [12], or graphs satisfying strong bounds on their volume
growth [11]. All these graphs satisfy ϕ(G) ⩾ Ω(

√
λ2/d) where d is the degree of the graph.

For solving these instances, it has been observed experimentally that spectral algorithms
are less successful than flow-based algorithms based on the Leighton–Rao LP and its successors
[34, 18]. For example, the computations of [31, Table 2] demonstrate that: for low-dimensional
mesh graphs, Leighton–Rao succeeds while simple spectral thresholding algorithms are
suboptimal, whereas the opposite is true for an “expander with a planted cut” similar to
the graph in Figure 1. Based on this intuition, one might plausibly believe that this class of
graphs is outside the range of techniques used for Theorem 3.

Note that the Buser Inequality ϕ(G) ⩾ Ω(
√
λ2/d) implies that Fiedler’s Algorithm

achieves O(
√
d)-approximation to sparsest cut since the conductance of the Fiedler cut

is O(
√
λ2) . Thus, Fiedler’s Algorithm can still achieve constant approximation ratio for

constant d, although the approximation ratio decays to Θ(
√

logn) for the hypercube graph
(when it is perturbed slightly so that the {±1}-indicator of the Majority function becomes
the unique second eigenvector).

1.1 Results
In this work:
1. We give a simple algorithm for the cut improvement problem using a modification of

the Leighton–Rao linear program [34]. This extends into a simple eigenspace enumeration
algorithm for sparsest cut in the same way as [22, Section 4].

2. We define a new complexity measure, the solution dimension SD, which determines
the runtime of our eigenspace enumeration algorithm for sparsest cut. Comparing to
Theorem 3, the solution dimension is no larger than the O(ϕ(G))-threshold-rank, but
surprisingly, it can be significantly smaller. We demonstrate that this is the case for
Cayley graphs over Abelian groups, which are a specific family of graphs satisfying the
previously mentioned Buser Inequality. This gives us a PTAS for sparsest cut in
Abelian Cayley graphs of degree d = o(log logn/ log log logn) and a subexponential time
(1 + ε)-approximation for d = o(logn/ log logn).

3. To prove our upper bound on the solution dimension, we obtain several new facts about
Abelian Cayley graphs. We bound the number of sparse cuts in an Abelian Cayley graph,
showing that all O(1)-approximate sparse cuts are 1 − ε contained in the span of the first
dO(d) eigenvectors. We also establish a new and tight bound of 2O(d) on the multiplicity
of λ2 improving a previous bound of 2O(d2) proven by Lee and Makaryachev [32] . In
contrast to their proof, which is based on Kleiner’s proof of Gromov’s theorem [29], we
directly show that the multiplicity of the λ2 eigenvalue in any graph can be robustly
upper bounded by a notion of volume growth of the graph.

We elaborate on these contributions below.

1.1.1 Cut Improvement
Our first result is a new algorithm for the cut improvement problem.

APPROX/RANDOM 2025
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▶ Theorem 5. Let G be a regular n-vertex graph, let 0 < ε < 1/3 and let Q∗ ⊆ V (G) ,
|Q∗| ⩽ n/2. There is a polynomial time algorithm that, given G and Q ⊆ [n] such that
|Q△Q∗| ⩽ ε3|Q∗| , returns Q̂ ⊆ [n] with ψ(Q̂) ⩽ (1 +O(ε)) · ψ(Q∗) .

Compared to Theorem 4 of Andersen and Lang [2], this theorem offers a (1 + ε)-
approximation to the density ψ(Q∗) rather than to the conductance ϕ(Q∗), which will
save us a factor of 2 in moving between the two. The algorithm of Andersen and Lang
is based on iterative max flow computations on an augmented graph. In comparison, our
algorithm seems conceptually simpler in that it uses the Leighton–Rao linear program with
one extra constraint, followed by the simplest ball rounding scheme. While other algorithms
have been proposed for the cut improvement problem, such as a spectral algorithm by
Mahoney et al [36], we are unaware of other algorithms besides Theorems 4 and 5 that
achieve 1 + ε approximation to the nearby sparse cut.

1.1.2 Solution Dimension
Our second contribution is a new characterization of graphs for which a combination of
eigenspace enumeration with an algorithm for cut improvement is an effective approach to
sparsest cut. We name the parameter controlling the runtime of our spectral enumeration
algorithm the solution dimension of the graph. For a subspace S ⊆ Rn , let ΠS ∈ Rn×n be
the projection onto S , let Cε(S) := {x ∈ Rn : ∥x∥ = 1, ∥ΠSx∥2 ⩾ 1 − ε} be the set of unit
vectors near S , and, for Q ⊆ [n], and let 1̄Q ∈ Rn be the projection of 1Q orthogonal to the
all-1s vector.

▶ Definition 6 (Sparsest Cut Solution Dimension). Let 0 ⩽ ε ⩽ 1 , c ⩾ 1 , let G be an n-vertex
graph. Let D ∈ Rn×n be the diagonal matrix whose ith entry is degG(i) . Let λ1 ⩽ · · · ⩽ λn
be the sorted eigenvalues of the normalized Laplacian of G and let v1, . . . , vn ∈ Rn be the
associated eigenvectors. The (ε, c)- sparest cut solution dimension of G, denoted by SDε,c(G) ,
is the smallest k ∈ [n] such that there exists Q ⊆ [n] with:

(i) ψG(Q) ⩽ c · ψ(G) .
(ii) D1/21̄Q/∥D1/21̄Q∥ ∈ Cε(span(v2, . . . , vk+1)) .2

When c = 1 we simply write SDε(G) .

It can be shown that SDε(G) ⩽ mulψ(G)/ε(G) ⩽ mul2ϕ(G)/ε(G); indeed every cut Q
can be approximated in the span of eigenvectors of eigenvalue at most ψ(G)/ε. (See full
version for a proof.) In this way, Theorem 7 strengthens Theorem 3. Surprisingly, the ϕ(G)-
threshold-rank does not always match the solution dimension, allowing for potentially large
speedups over Theorem 3. The cycle graph is perhaps the most basic example with solution
dimension O(1) whereas mulϕ(G) = Θ(

√
n). Put another way, it suffices for eigenspace

enumeration to find a (1 − ε) fraction of a sparse cut, instead of the entire cut, which can
dramatically reduce the runtime of the enumeration.

Furthermore, while mulψ(G)/ε(G) being small implies that there are few “distinct” sparsest
cuts (since all of them are ε-close to a low-dimensional subspace), small solution dimension
only requires that some approximate sparsest cut is close to the low eigenspace. From this
perspective, understanding whether graphs with small solution dimension yet many distinct
sparsest cuts exist – and what their structure might be – appears to be a potentially valuable
direction for developing new algorithms for sparsest cut.

2 Because of the centering, it does not matter whether the indicator of Q is represented as a 0/1 vector or
a ±1 vector, and Q and Q̄ are treated equivalently. For regular graphs, D can be ignored.
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Combining Definition 6 with Theorem 5 we deduce:

▶ Theorem 7. For all 0 ⩽ ε < 1/3 , c ⩾ 1 , sparsest cut on regular graphs admits a
c · (1 +O(ε))-approximation algorithm in time nO(1) · exp{SDε3,c(G) ·O(log 1/ε)} .

1.1.3 Abelian Cayley Graphs
Our next contribution is to show that using the solution dimension framework gives a
dramatic speedup generically for low-degree Cayley graphs over Abelian groups.

▶ Definition 8 (Cayley Graph). Let Γ be a group and let S be a multiset (called the set of
generators) from Γ such that the multiplicity of x ∈ S and −x ∈ S is the same for all x ∈ Γ.
The Cayley graph of Γ generated by S, denoted Cay(Γ, S), is the graph with vertex set Γ and
edge set {(v, v · s) : v ∈ Γ, s ∈ S}.

Even when restricted to constant degree, Cayley graphs provide a simple way to construct
graphs with interesting algebraic and geometric properties. For example, the first expander
construction by Margulis is a 12-regular Cayley graph over the group SL3(Zp) [37].

Constant-degree Cayley graphs over Abelian groups, and more generally nilpotent groups,
are well-known in computer science and geometric group theory as non-expanding graphs
which have slow mixing properties. Degree-d Abelian Cayley graphs satisfy ϕ(G) ⩽ O(n−2/d)
[28, 19], the Cheeger upper bound is nearly tight due to the Buser inequality ϕ(G) ⩾
Ω(
√
λ2/d) [27, 40], the volume of a radius-r ball is at most O(rd/2) , and they are flat or

positively curved using any of several definitions of discrete curvature [15, 27].
Trevisan posed the question of whether sparsest cut admits an O(1)-approximation

in polynomial time on Abelian Cayley graphs [40]. We prove that higher-order spectral
algorithms can efficiently solve sparsest cut on low-degree Abelian Cayley graphs using
the solution dimension framework.

▶ Theorem 9. Let G = Cay(Γ, S) be a Cayley graph over an Abelian group Γ, |Γ| = n with
generating set S ⊆ Γ, |S| = d. There is an algorithm that finds a set Q ⊆ [n], |Q| ⩽ n/2
satisfying ψG(Q) ⩽ (1 + ε) · ψ(G) in time nO(1) · exp{(d/ε)O(d)} .

Recall that, because of the aforementioned Buser Inequality, Fiedler’s algorithm gives an
O(

√
d) approximation algorithm on degree d Abelian Cayley graphs. In contrast, Theorem 9

gives a (1 + ε) approximation ratio. The price is that runtime is doubly exponential in
the degree d. Indeed, we obtain a PTAS for degree d = o(log logn/ log log logn) and a
subexponential-time approximation scheme for d = o(logn/ log logn).

Every finite Abelian group Γ is isomorphic to a product of cyclic groups Γ ∼= Zn1 ×· · ·×Znk
.

The minimum number k of cyclic factors in such a decomposition is also the minimum size of
a generating set S for Γ. Thus our algorithm is useful for groups Γ that can be decomposed
into o(logn/ log logn) cyclic factors (such as cyclic groups). Despite the fact that Zk2 requires
d ⩾ k = logn generators, Cayley graphs over Zk2 are easy instances. The solution dimension
of Cayley graphs over Zk2 satisfy that SDε = 1 for every ε > 0.

To prove Theorem 9 from Theorem 7, we bound the solution dimension of Abelian Cayley
graphs by analyzing both their sparse cuts and their low eigenvectors. The first key ingredient
is a new bound on the multiplicity of eigenvalues near λ2 .

▶ Theorem 10. Let G = Cay(Γ, S) be a Cayley graph over an Abelian group with generating
set S ⊆ Γ, |S| = d. For every λ2 ⩽ τ ⩽ 3

2 ,

mulτ (G) ⩽ O

(
τ

λ2

)30d
.

APPROX/RANDOM 2025
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By plugging in τ = λ2 , we obtain a bound of 2O(d) on the multiplicity of the λ2 eigenvalue
itself, which improves a previous bound of 2O(d2) proven by Lee and Makaryachev [32].
Moreover, our bound is robust, in that we also bound the number of eigenvalues that are at
most τ = c · λ2 by O(c)O(d). For d equal to a multiple of logn, our bound meets the trivial
upper bound mulλ2 ⩽ n. We observe that this upper bound is tight up to the constant factor
in the exponent, since there exist Cayley graphs over Zk2 coming from linear error-correcting
codes which have d = O(logn) and eigenvalue multiplicity nΩ(1). See the full version for the
details.

Theorem 10 may be of independent interest in spectral graph theory, due in part to a
recent work by Jiang et al. which resolved a longstanding open question in geometry about
the maximum number of equiangular lines in Rd , using a key insight that the maximum
multiplicity of λ2 in a graph with maximum degree d is od(n) [23, 38, 24]. These works also
mention Cayley graphs as useful special cases for analysis.

The second key ingredient behind Theorem 9 is a bound on sparse cuts in low-degree
Abelian Cayley graphs, established by the following theorem.

▶ Theorem 11. Let G = Cay(Γ, S) be a Cayley graph over an Abelian group Γ, |Γ| = n with
generating set S ⊆ Γ, |S| = d. Then SDε(G) ⩽ mulτ (G) for τ = O(d · ϕ2(G)/ε2) .

Combining Theorem 10 and Theorem 11 with the Cheeger inequality ϕ2(G) ⩽ O(λ2)
returns the bound SDε(G) ⩽ (d/ε2)O(d) on the solution dimension. This implies the final
result in Theorem 9. When d · ϕ2(G) ≪ ϕ(G) this theorem can lead to a large gap between
SDε(G) and mulϕ(G) and consequently to the large speedup we observe over Theorem 3.

In fact, our proof shows a stronger result that all of the sparsest cuts are (1−ε)-contained
in the span of the first dO(d) eigenvectors. That is, all of the sparsest cuts are (1 − ε)-close
to a hyperplane cut in the dO(d) dimensional spectral embedding of G. This upper bound on
the number of sparse cuts is likely of independent interest. In particular, a line of recent
work [7, 9] shows how to solve unique games instances over graphs with “certifiable” upper
bounds on the number of solutions. We consider it likely that our results can therefore be
extended to solve unique games instances in polynomial time on constant-degree Abelian
Cayley graphs.3

Regarding Cayley graphs of larger degree, d = Ω(logn) appears to be a natural threshold
for our analysis. Indeed, all Abelian Cayley graphs with o(logn) generators have o(1)
expansion by the bound ϕ(G) ⩽ O(n−2/d), whereas a random Abelian Cayley graph with
2 logn generators will be an expander with high probability [1]. Notably, Cayley graphs
over Zkp with p = O(1) , which may have small solution dimension, fall outside the range of
structural results above, since they necessarily have d ⩾ Ω(logn) in order to be connected.
Nonetheless, Cayley graphs over Zkp in fact admit an O(p)-approximation algorithm to
sparsest cut. This follows from [30], but we give a simpler algorithm in the full version.

In light of the results above, we conjecture that the class of Abelian Cayley graphs does
not contain hard examples for sparsest cut:

▶ Conjecture 12. Let G = Cay(Γ, S) be a Cayley graph over an Abelian group Γ of size n.
There is an algorithm that finds a set Q ⊆ [n], |Q| ⩽ n/2 satisfying ϕG(Q) ⩽ O(ϕ(G)) in
time nO(1).

3 Bafna and Minzer [9] informally define a “globally hypercontractive graph” to be one with a succinct
and algorithmic characterization of its small non-expanding sets. Our result informally shows that
low-degree Abelian Cayley graphs have this property, although the formal definitions do not exactly
meet.
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A subexponential time algorithm would already be an interesting result, considering
that there is a subexponential time algorithm for unique games [3], but efforts to lift this
algorithm back to sparsest cut have not yet succeeded.

2 Techniques

We present here the main ideas behind our results. Details and proofs are mostly deferred to
the full version, except for the proofs of Theorem 10 and Theorem 11, which we present in
Sections 4 and 5, respectively.

Cut improvement (Theorem 5) and eigenspace enumeration (Theorem 7)
The starting point for Theorem 5 is the natural LP relaxation for sparsest cut studied
in [34]. This LP relaxation assigns lengths to edges such that the average distance between all
pairs of vertices is fixed, while the average edge length is minimized. The pairwise distances
are constrained to form an n-point semi-metric d(·, ·) : V (G) × V (G) → R . The rounding
procedure then computes a randomized line embedding f : V (G) → R that is 1-Lipschitz
and has small average distortion with respect to this metric:

Ω(1/ logn)
∑

ij∈V (G)

d(i, j) ⩽
∑

ij∈V (G)

|f(i) − f(j)| ⩽
∑

ij∈V (G)

d(i, j) .

Finally, the line embedding can be easily converted into a cut, yielding a cut with sparsity at
most O(logn) ·ψ(G) . The improvement of [5] comes from the fact that their program returns
a metric of negative type and, for such metrics, one can efficiently construct a 1-Lipschitz
line embedding with average distortion at most O(

√
logn) . Hence, natural paths to improve

over these results may require better constructions of the metric and the line embedding,
which appears challenging and may be computationally hard in general [42].

Our key insight is that, if we enforce solutions to be close to a given partition (Q,V (G)\Q)
in the sense that:∑

ij∈Q
d(i, j) +

∑
ij /∈Q

d(i, j) ⩽ ε|Q| · |V (G) \Q| , (1)

then any feasible metric must have two “well-separated” sets of size at least (1 − εΩ(1))|Q|
and (1 − εΩ(1))|V (G) \Q| which are at distance at least 1 − εΩ(1) . Any such feasible metric
admits an efficiently computable line embedding with distortion at most 1 + εΩ(1) which can
then be easily rounded into an integral solution. In this approach, all feasible solutions must
have large overlap with (Q,V (G) \Q) and hence the overall quality of the output depends
on the starting point Q.

Finally, to obtain Theorem 7, we simply initialize the program at a good Q, by finding in
time exp{SDε(G)} a partition (Q,V (G) \Q) that differs from a sparsest cut in at most an
ε-fraction of the vertices. For this choice of the constraint Equation (1) we can simultaneously
ensure that the returned metric is easily roundable and that there is a nearby optimal integral
solution which we (1 + εΩ(1))-approximate.

Eigenvalue multiplicity (Theorem 10) and slow decay of collision
probability
The common approach to bounding the eigenvalue multiplicity of graph Laplacians boils
down to relating the local volume growth of induced subgraphs with the spectrum of the
whole graph [23, 32, 38]. We remark that weaker bounds are also immediate consequences of
higher order Cheeger inequalities [35, 33].
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Limiting our discussion to mulλ2(G) , in the context of Abelian Cayley graphs the most
relevant work is by Lee and Makarychev [32]. Their notion of volume growth is the doubling
constant: γG := maxt⩾0 |B(2t)|/|B(t)|, where B(t) is the ball of radius t about the identity
element of Γ. By vertex transitivity the choice of the center of the ball is inconsequential.
The importance of the doubling constant stems from the observation that it can be used
to bound the packing number N (t) of the graph G . Building on a series of existing results
[14, 29, 21], Lee and Makarychev use this observation to establish

mulλ2(G) ⩽ N
(

1/(γO(1)
G ·

√
λ2)
)
⩽ γ

O(log γG)
G ,

where the second step leveraged the inequality λ2 ⩽ O(log(γG)/ diam(G))2 . Because Abelian
Cayley graphs are known to have polynomial growth γG ⩽ 2O(d) [16], this allows them to
conclude mulλ2(G) ⩽ 2O(d2) .

We take a much more direct (and arguably significantly simpler) approach which directly
relates spectral and combinatorial quantities. The starting point is the notion of t-step
collision probability cpt . The t-step collision probability equals the probability that two
independent walks of length t have the same endpoint when starting from the same vertex,
sampled from the stationary distribution of G.4 Thus 1/cpt serves as a probabilistic analog
of the size of the ball B(t) (a similar notion was also used in [38]). This motivates us to
consider the following “smooth” version of the doubling constant:

γCPG = max
t⩾0

cpt
cp2t

.

An important fact is that for d-regular graphs the collision probability equals the average
of the eigenvalues of the adjacency matrix of G2t , the 2t-th power of our starting graph.
That is, we have for t ⩾ 0 ,

cpt = 1
n

n∑
i=1

(1 − λi)2t . (2)

This is the 2t-th norm of the eigenvalues, also called the 2t-th Schatten norm of the adjacency
matrix of G . The crucial consequence of the expressiveness of Equation (2) is that the
collision probability ratio is then entirely captured by the spectrum of G :

cpt
cp2t

=
∑n
i=1(1 − λi)2t∑n
i=1(1 − λi)4t . (3)

And now the key insight is that for an appropriate choice of t = Θ(log mulλ2(G)/λ2) ,
Equation (3) relates the collision probability ratio, the multiplicity of λ2 and the eigenvalues
of G :

mulλ2(G)Ω(1) ⩽
cpt
cp2t

⩽ γCPG .

The observation that, by taking longer random walks, we can learn critical information
about the spectrum and avoid constructing a large packing, is the fundamental improvement
over [32]. Our inequality is valid for all regular graphs and hence immediately implies a
bound on the eigenvalue multiplicities for all graphs that satisfy a bound on the collision
probability ratio.

4 A technical detail is that our analysis uses lazy random walks.



T. d’Orsi, C. Jones, J. Ruotolo, S. Vadhan, and J. Zhang 16:11

Our second key contribution is an upper bound on γCPG for all Abelian Cayley graphs.
To prove this statement, our challenge is to relate walks (not balls) of length t to those of
length 2t in an Abelian Cayley graph. First, we can see that in an Abelian Cayley graph, the
endpoint of a walk is completely determined by how many times each generator is chosen,
and not on their order. Therefore, we may replace the random walk by a random draw from
a multinomial distribution, using t samples of d items each occurring with probability 1/d.

From here we can directly relate the multinomial density for t to that of 2t. The binomial
density for 2t samples is approximately a Gaussian X with twice the variance of the density
of a Gaussian Y for t samples, leading to a direct comparison inequality on the probability
density functions, pX(x) ⩽ 2pY (x) for all x ∈ R. For d generators, this idea can be extended
(with additional arguments) to obtain a comparison equality with factor 2O(d) which then
implies

mulλ2(G)Ω(1) ⩽ γCPG ⩽ 2O(d) . (4)

The bound in Equation (4) is best possible up to the constant in the exponent: there exist
Abelian Cayley graphs Cay(Zk2 , S) with mulλ2 ⩾ 2Ω(d). The construction of such graphs
comes from a characterization of eigenvalue multiplicity in Cayley graphs over Zk2 in terms
of binary linear codes. Every Cayley graph Cay(Zk2 , S) corresponds to a binary linear code
of dimension k and block length |S| = d with the multiplicity of λ2 corresponding to the
number of code words of minimum weight. Thus, the problem of constructing Abelian Cayley
graphs with large eigenvalue multiplicity is equivalent to constructing binary linear codes
with many code words of minimum weight. Using algebraic geometry codes, Ashikhmin,
Barg, Vlădut̨ [6] constructed a family of binary linear codes with linear rate and distance,
and with an exponential number of minimum-weight codewords, which furnishes the desired
construction.

Sparse cuts are approximately low-dimensional (Theorem 11)
To show that a partition (Q,V (G) \ Q) in a graph G approximately lives in the span of
the first few eigenvectors, we observe that it suffices to relate its conductance in G with its
conductance in G2t in the sense:

ϕG2t(Q) ⩽
√
t · ℓ · ϕG(Q), (5)

for some sufficiently large t > 0 and small ℓ > 0 . Recall now that the expansion can be
expressed spectrally as the Rayleigh quotient of the vector 1Q. Let 1Q =

∑
i⩾1 qivi be the

representation of the indicator vector of the set Q in the eigenbasis v1, . . . , vn of the graph.
Then the above argument implies

1
|Q|

n∑
i=1

q2
i · (1 − (1 − λi)2t) ⩽

√
t · ℓ · ϕG(Q) .

From this inequality, simple manipulations show that with the choice t = Θ(ε2ℓ−1ϕ−2) all
but ε of the spectral mass of 1̄Q must be contained on eigenvalues up to 1/t.

To establish a version of Equation (5) for Abelian Cayley graphs, we leverage the analysis
of Buser inequality [27, 40]. The proof by Oveis Gharan and Trevisan [40] studies the
probability of a length-2t random walk X0, . . . , X2t crossing an arbitrary cut Q. This
measures the expansion of Q in the graph G2t and their combinatorial analysis proves that
Equation (5) holds for ℓ = Θ(

√
d) . As before, the crucial property of Abelian Cayley graphs
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being used is that it suffices to count how many times each generator is used by the walk. In
the proof of this inequality, it is also important that generators g and −g cancel out, which
allows us to bound the expected number of steps in the direction of generator g by only
O(
√
t/d). Finally, because this argument does not rely on the specific cut Q , we immediately

obtain that for Abelian Cayley graphs, all sparsest cut approximately live in the span of the
first O(ϕ2 · d/ε2) eigenvectors.

3 Preliminaries

We establish the notation used throughout the paper along with some preliminary notions.
The norm ∥·∥ is the ℓ2 norm. For a subspace S ⊆ Rn , we denote by ΠS the orthogonal

projection onto S . For a set Q ⊆ [n] we denote by 1Q ∈ {0, 1}n its indicator vector.
In this paper, we study undirected graphs which may have self-loops or multiedges, which

we refer to as graphs. We always use n to denote the number of vertices in a graph G and
we assume V (G) = [n]. We denote by A(G) ∈ Rn×n the normalized adjacency matrix,

A(G)ij =


1√

degG(i) degG(j)
if ij ∈ E(G)

0 otherwise ,

where degG(i) is the degree of i in G (counting a self-loop as degree 1). When the graph is
regular we use d to denote its degree. In some of these definitions we may omit G when the
context is clear.

Let D(G) be the diagonal matrix with entries degG(i). The normalized Laplacian of
G is defined as L(G) = I − A(G) . The eigenvalues of a graph G are the eigenvalues of
its normalized Laplacian L(G) and are denoted 0 = λ1(G) ⩽ λ2(G) ⩽ . . . ⩽ λn(G) to
the associated eigenvectors v1(G), . . . , vn(G). We use 1 = α1(G) ⩾ . . . ⩾ αn(G) for the
eigenvalues of the normalized adjacency matrix, in descending order. Note that for all i ∈ [n],
αi(G) = 1 − λi(G). When G is regular, A(G) equals W(G) which denotes the transition
matrix of the simple random walk on G. When G is not regular, A(G) and W(G) are similar
(under conjugation by D1/2) so they still have the same eigenvalues.

For a set Q ⊆ V (G) we let ∂Q = {(i, j) ∈ E(G) : i ∈ Q, j /∈ Q} . For t ∈ N we denote by
Gt the multi-graph obtained by taking an edge for each length-t walk in G. In other words,
A(Gt) = A(G)t.

▶ Fact 13. For all graphs G, L(G) is a symmetric positive semidefinite (PSD) matrix with
all eigenvalues in the range [0, 2].

▶ Fact 14. Let M ∈ Rn×n. If λ is an eigenvalue of M, then λt is an eigenvalue of Mt .

Furthermore, if M ⪰ 0 then for any i ∈ [n] , λi(Mt) = λi(M)t .

An immediate corollary is the following relation between the spectrum of G and its powers.

▶ Fact 15. Let G be a graph and let t ∈ N . For any i ∈ [n] it holds

λi(Gt) = 1 − (1 − λi(G))t .

We will make use of the following definition for the span of eigenvectors associated with
small eigenvalues of the Laplacian.

▶ Definition 16 (low eigenspace). For a graph G and 0 ⩽ τ ⩽ 2 we define lowτ (G)
to be the span of the eigenvectors of G associated with eigenvalues λ ⩽ τ . Notice that
mulτ (G) = dim(lowτ (G)) .
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The conductance and normalized density of a cut are defined for general graphs as follows.

▶ Definition 17 (Conductance and density). Let G be a graph and let Q ⊆ V (G). The
conductance ϕG(Q) and the (normalized) density ψG(Q) are:

ϕG(Q) := |∂Q|
vol(Q) ψG(Q) := |E(Q, Q̄)|/|E(G)|

2
(

vol(Q)
vol(G)

)(
vol(Q̄)
vol(G)

)
where the volume of Q ⊆ V (G) is vol(Q) =

∑
i∈Q degG(i) . The conductance and density of

G are then ϕ(G) := minQ⊆V :vol(Q)⩽vol(G)/2 ϕG(Q) and ψ(G) := minQ⊆V ψG(Q) .

The denominator of ψG(Q) is the probability that two independent random vertices chosen
according to the stationary distribution cross the (Q, Q̄) cut, and the numerator is the
probability that a random edge in the graph crosses the (Q, Q̄) cut. Although ∂Q and
E(Q, Q̄) are the same, we use both notations to highlight that ψG(Q) is symmetric with
respect to complementing Q whereas ϕG(Q) is not.

▶ Fact 18. Let G be a graph and Q ⊆ [n] , vol(Q) ⩽ vol(G)/2 . Then,

ϕG(Q) ⩽ ψG(Q) ⩽ 2ϕG(Q) .

These combinatorial quantities can be interpreted spectrally as simple Rayleigh quotients.
For a vector x ∈ Rn, let x̄ := x− ⟨x,1⟩ /n · 1 denote the projection of x orthogonal to the
all-1s vector.

▶ Fact 19. Let G be a graph. For all Q ⊆ [n],

ϕG(Q) =
1TQD1/2L(G)D1/21Q

1TQD1Q

(
=

1TQL(G)1Q
1TQ1Q

if G is regular
)
,

ψG(Q) =
1̄TQD1/2L(G)D1/21̄Q

1̄TQD1̄Q

(
=

1̄TQL(G)1̄Q
1̄TQ1̄Q

if G is regular
)
.

Cheeger’s inequality provides a quantitative relation between eigenvalues and conductance.

▶ Theorem 20 (Cheeger inequality). Let G be a graph. Then λ2
2 ⩽ ϕ(G) ⩽

√
2λ2 .

We will make use of Stirling’s approximation:

▶ Fact 21 (Stirling’s approximation [43]). 2
√
t
(
t
e

)t
⩽ t! ⩽ 2

√
2t
(
t
e

)t for all t ∈ N \ {0}.

4 The low eigenspace of Abelian Cayley graphs

In this section, we study the low eigenspace of Abelian Cayley graphs and prove Theorem 10.
We do so by analyzing the collision probability of a random walk in G. For a probability
distribution π, the collision probability of π is defined by cp(π) = ∥π∥2

2 = Px,x′∼π(x = x′) .

▶ Definition 22 (t-step lazy collision probability). Let G be a graph and π be the sta-
tionary distribution for 1

2 I + 1
2W. The t-step lazy collision probability is defined by

cpt = Ex∼π cp
(( 1

2 I + 1
2 W

)t 1x
)

.

Recall that the stationary distribution is proportional to the degree, and is the uniform
distribution when the graph is regular. Note that for vertex-transitive graphs such as Abelian
Cayley graphs, the collision probability satisfies cpt = cp(( 1

2 I + 1
2 W)t1x) for all vertices x.

The next Lemma gives a spectral interpretation of cpt as the power sums of the eigenvalues of
the normalized adjacency matrix (a.k.a the moments of the empirical spectral distribution).
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▶ Lemma 23. Let G be a regular graph. Then

cpt = 1
n

n∑
i=1

(
1 − λi

2

)2t
.

Proof. Let X0, X1, . . . , X2t be a simple random walk initialized at X0 drawn from the
stationary distribution. Let X̃0, . . . , X̃t be an independent simple random walk initialized
at X0. Since the simple random walk is a reversible Markov chain, cpt = P(Xt = X̃t) =
P(X2t = X0). On the other hand, the diagonal elements of the transition matrix equal the
returning probabilities of a random walk. Therefore

cpt = E
x∼π

( 1
2 I + 1

2 W
)2t
x,x

= 1
n

Tr
(( 1

2 I + 1
2 W

)2t
)

= 1
n

n∑
i=1

(
1 − λi

2

)2t
,

as desired. ◀

To bound the multiplicity of eigenvalues close to λ2, we analyze the ratio cpt/cpt(κ+1)
where t ∈ N and κ ⩾ 1 are parameters. Concretely, Theorem 10 will follow from a combination
of the next two statements.

The first shows that the collision probability ratio cpt/cpt(κ+1) can be used to bound
the dimension of lowτ , which is equal to mulτ , using an appropriate choice of t and κ.
Interestingly, the argument works for regular graphs and not only for Abelian Cayley graphs.

▶ Lemma 24. Let G be a connected regular graph on n vertices. Suppose λ2 ⩽ τ ⩽ 3
2 and

let κ = ⌈τ/λ2⌉. Then for t = ⌊ln(mulτ )/3τ⌋, we have

cpt
cpt(κ+1)

⩾ mul1/3
τ /(2e3/2) .

Proof. First notice that for any i ⩾ 2 , it holds 0 ⩽ (1−λi/2) ⩽ (1−λ2/2) since λ2 ⩽ λi ⩽ 2 .
By applying Lemma 23, we have

cpt
cpt(κ+1)

=
∑
i∈[n](1 − λi/2)2t∑

i∈[n](1 − λi/2)2t(κ+1) =
∑
i∈[n](1 − λi/2)2t

1 +
∑
i⩾2(1 − λi/2)2t(κ+1) .

We show the following lower bound,

∑
i∈[n]

(1 − λi/2)2t ⩾ max

mulτ · e−2tτ , etτ
∑
i⩾2

(1 − λi/2)2t(κ+1)

 . (6)

First observe that if λi ⩽ τ , then (1 − λi/2)2t ⩾ (1 − τ/2)2t. Now by ignoring all λi that are
not in lowτ , we have∑

i∈[n]

(1 − λi/2)2t ⩾ mulτ · (1 − τ/2)2t

⩾ mulτ · e−2tτ ,

where the last inequality uses the fact that 1 − x/2 ⩾ e−x for x ∈ [0, 3/2]. Now, note that

(1 − λi/2)2t = (1 − λi/2)−2tκ · (1 − λi/2)2t(κ+1).
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This implies, (1 − λi/2)2t ⩾ (1 − λ2/2)−2tκ · (1 − λi/2)2t(κ+1). In particular, we can use this
to obtain∑

i∈[n]

(1 − λi/2)2t ⩾ (1 − λ2/2)−2tκ ·
∑
i⩾2

(1 − λi/2)2t(κ+1)

⩾ etτ ·
∑
i⩾2

(1 − λi/2)2t(κ+1).

The final inequality uses the fact that 1 − x ⩽ e−x and λ2κ ⩾ τ . This proves (6). Observe,
that for all non-negative numbers a, b, c, d with c, d > 0 we have max{a, b}/(c + d) ⩾
1
2 min{a/c, b/d}. This implies the following inequality

max
(

mulτ · e−2tτ , etτ ·
∑
i⩾2(1 − λi/2)2t(κ+1)

)
1 +

∑
i⩾2(1 − λi/2)2t(κ+1) ⩾

1
2 min

(
mulτ · e−2tτ , etτ

)
. (7)

Choosing t = ⌊ln(mulτ )/3τ⌋ gives the desired inequality. The factor of e3/2 in the
denominator comes from the fact that eτ⌊ln(mulτ )/3τ⌋ ⩾ eτ(

1
3τ ln(mulτ )−1) ⩾ mul1/3

τ /eτ and
the assumption τ ⩽ 3/2. ◀

The second statement we prove, which is restricted to Abelian Cayley graphs, upper
bounds the ratio cpt/cp2t with a function that depends on the degree d of the graph but
not on t or n.

▶ Lemma 25. Let G = Cay(Γ, S) be a degree d Abelian Cayley graph. Then, for every
integer t ⩾ 0 , cpt

cp2t
⩽ (2e)4d .

Proof. To simplify the analysis of the quantity cpt, we
1. replace the lazy random walk with non-lazy random walk by introducing d new copies of

the identity element as generators, and
2. assume each generator occurs with even multiplicity. This can be done by making a copy

of every generator. Note this does not change the random walk matrix and hence the
collision probabilities are preserved.

In the above two operations we introduce 3d new generators (2d copies of the identity and
1 copy of each the original generators). To simplify notation, we assume S = {s1, . . . , sd}
satisfies the assumptions above and replace d with 4d in the final bound.

Let X0, X1, . . . , X2t be a simple random walk in G initialized at the identity element,
denoted 0. Because Γ is Abelian, the position of Xt at any time can be compressed into the
count of the number of times that each generator si has been used as a step, which we write
as the tuple C(t) ∈ Nd. The returning walks of length 2t are exactly those c ∈ Nd such that∑d
i=1 cisi = 0 (in Γ) and

∑d
i=1 ci = 2t (in N). We have:

cpt
cp2t

= P(X2t = X0)
P(X4t = X0) =

∑
c∈Nd:

∑d

i=1
cisi=0 P(C(2t) = c)∑

c∈Nd:
∑d

i=1
cisi=0 P(C(4t) = c)

We define µ ∈ Nd to be an integer vector whose entries are approximately t
d .

▷ Claim 26. There exists µ ∈ Nd such that
∑d
i=1 µi = 2t,

∑d
i=1 µisi = 0, and |µi − µj | ⩽ 1

for all i, j ∈ [d].
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Let µ ∈ Nd be as in the Claim. Then, by ignoring terms in the denominator except for those
with ci ⩾ µi for all i,∑

c∈Nd:
∑d

i=1
cisi=0 P(C(2t) = c)∑

c∈Nd:
∑d

i=1
cisi=0 P(C(4t)) = c)

⩽

∑
c∈Nd:

∑d

i=1
cisi=0 P(C(2t) = c)∑

c∈Nd:
∑d

i=1
cisi=0 P(C(4t) = c+ µ)

.

The point of the inequality is that it now suffices to show the direct comparison inequal-
ity P(C(2t)=c)

P(C(4t)=c+µ) ⩽ (2e)d for all c ∈ Nd with
∑d
i=1 ci = 2t (dropping the constraint that∑d

i=1 cisi = 0 in Γ). Towards this, we have

P(C(2t) = c)
P(C(4t) = c+ µ)

=
( 2t
c1,...,cd

)
d4t( 4t

c1+µ1,...,cd+µd

)
d2t

= (2t)!(c1 + µ1)! · · · (cd + µd)!d2t

(4t)!c1! · · · cd!
.

We prove by “discrete gradient descent” that this quantity is maximized when c = µ. Let
c′ be c with ci replaced by ci + 1 and cj replaced by cj − 1. The ratio of the consecutive
terms is,

P(C(2t) = c′)
P(C(4t)) = c′ + µ)

· P(C(4t) = c+ µ)
P(C(2t) = c)

= (ci + µi + 1)cj
(ci + 1)(cj + µj)

.

This is at least 1 if and only if cj

ci+1 ⩾ µj

µi
. If this holds, the change (ci, cj) → (ci + 1, cj − 1)

increases the value. This implies that c = µ at the maximizer (since if c ̸= µ, there is at least
once coordinate which is smaller than µ and one coordinate which is larger than µ in which
we can move to increase the value).

Finally, we bound the value at the maximizer.

P(C(2t) = µ)
P(C(4t) = 2µ)

=
(2t)!d2t∏d

i=1(2µi)!
(4t)!

∏d
i=1 µi!

⩽ 2d/2+1
√

2t(2t/e)2td2t∏d
i=1

√
2µi(2µi/e)2µi

√
4t(4t/e)4t∏d

i=1
√
µi(µi/e)µi

(Fact 21)

= 2d ·
d2t∏d

i=1 22µiµµi

i

24t(2t)2t

⩽ 2d ·
d2t∏d

i=1 22µi( 2t
d + 1)µi

24t(2t)2t (µi ⩽
2t
d

+ 1)

= 2d ·
(
d

2t

)2t(2t
d

+ 1
)2t

(
d∑
i=1

µi = 2t
)

= 2d
(

1 + d

2t

)2t
⩽ (2e)d (1 + x ⩽ ex) .

Which concludes the proof. ◀

We are now ready to prove Theorem 10.

Proof of Theorem 10. The Theorem follows immediately combining Lemma 24 and
Lemma 25. By Lemma 25, for every integer t ⩾ 0 we have cpt/cp2t ⩽ (2e)4d ⩽ 210d.
Let κ = ⌈τ/λ2⌉. Observe,

mul1/3
τ

(2e3/2)
⩽

cpt
cpt(κ+1)

⩽
cpt
cp2t

· cp2t

cp4t
· · · cpt2⌈log(κ+1)⌉−1

cpt2⌈log(κ+1)⌉
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⩽ 210d⌈log(κ+1)⌉

⩽ 210d log(O(τ/λ2)),

where the last inequality uses the fact that κ ⩽ 2τ/λ2 and log(2τ/λ2 + 1) ⩽ log(3τ/λ2). This
implies,

mulτ ⩽ 230d log(O(τ/λ2))+11

⩽ O

(
τ

λ2

)30d
. ◀

5 The sparse cuts of Abelian Cayley graphs

In this section, we prove that all sparse cuts of an Abelian Cayley graph are approximately
contained in the low eigenspace with τ = O(d · ϕ2) thus obtaining Theorem 11.

▶ Theorem 27. Let G = Cay(Γ, S) with |S| = d . Let 0 < ε ⩽ 1 and τ = 100d · ϕ2/ε2 . For
all Q ⊆ [n], |Q| ⩽ n/2 such that ϕG(Q) ⩽ 2ϕ(G) , we have

∥∥Πlowτ
1̄Q
∥∥2

⩾ (1 − ε)
∥∥1̄Q

∥∥2
.

The proof extends the combinatorial proof of the Buser inequality in graphs due to Oveis
Gharan and Trevisan [40]. Let Q ⊆ [n] be a sparsest cut in G = Cay(Γ, S). We analyze the
expansion of Q in the graph G2t for an appropriate choice of t ∈ N. Following the proof of
the Buser inequality [40], this quantity can be bounded in terms of the expansion in G.

▶ Lemma 28 ([40]). ϕG2t(Q) ⩽ 2
√
td · ϕG(Q).

Proof of Theorem 27. By Fact 19 the expansion has a spectral representation,

ϕG2t(G) =
1TQL(G2t)1Q

1TQ1Q
. (8)

Let 1Q =
∑n
i=1 qivi(G) be the representation of 1Q in the eigenbasis. The eigenvalues of

L(G2t) are equal to 1 − (1 − λi(G))2t. By combining Equation (8) and Lemma 28 we obtain,

1
|Q|

n∑
i=2

q2
i (1 − (1 − λi)2t) ⩽ 2

√
td · ϕG(Q) .

We interpret the left-hand side probabilistically. Let i ∼ S(Q) denote the “spectral
sample” distribution on {2, 3, . . . , n} taking value i with probability proportional to q2

i i.e.
the weight of 1̄Q on the ith eigenvector. The normalizing factor for S(Q) is ∥1̄Q∥2 =∑n
i=2 q

2
i = |Q|(n−|Q|)

n ⩾ |Q|
2 using |Q| ⩽ n/2. Then we have,

E
i∼S(Q)

[1 − e−2λit] ⩽ E
i∼S(Q)

[1 − (1 − λi)2t] ⩽ 8
√
td · ϕ(G)

Fixing a threshold τ ⩾ 0, we upper bound Ei∼S(Q)[e−2λit] ⩽ (1 − p) + pe−2τt where
p := 1 − ∥Πlowτ

1̄Q∥2/∥1̄Q∥2 is the fraction of mass outside of the low eigenspace. Therefore,

p(1 − e−2τt) ⩽ 8
√
td · ϕ(G) .

Selecting τ = 100ε−2dϕ2(G) and t = 1/τ , we conclude p ⩽ ε i.e. at least 1 − ε fraction
of the mass of 1Q is on the low eigenspace. This finishes the proof of Theorem 27. ◀
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