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—— Abstract

We study minimum cost constraint satisfaction problems (MINCOSTCSP) through the algebraic
lens. We show that for any constraint language I' which has the dual discriminator operation
as a polymorphism, there exists a |D|-approximation algorithm for MINCOSTCSP(I") where D
is the domain. Complementing our algorithmic result, we show that any constraint language I
where MINCOSTCSP(T") admits a constant-factor approximation must have a near-unanimity (NU)
polymorphism unless P = NP, extending a similar result by Dalmau et al. on MinCSPs. These
results imply a dichotomy of constant-factor approximability for constraint languages that contain
all permutation relations (a natural generalization for Boolean CSPs that allow variable negation):
either MINCosTCSP(T") has an NU polymorphism and is | D|-approximable, or it does not have any
NU polymorphism and is NP-hard to approximate within any constant factor. Finally, we present a
constraint language which has a majority polymorphism, but is nonetheless NP-hard to approximate
within any constant factor assuming the Unique Games Conjecture, showing that the condition of
having an NU polymorphism is in general not sufficient unless UGC fails.
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1 Introduction

Constraint satisfaction problems (CSPs) are a central topic of study in theoretical computer
science. In an instance of a CSP, we are given a finite set of variables taking values in a finite
domain and a finite set of constraints on these variables, and our goal is to find an assignment
to the variables so that all constraints are satisfied. CSPs provide a very expressive framework
that encompasses many natural combinatorial problems, including satisfiability problems,
graph coloring, and solving linear systems. CSPs in their full generality are NP-hard, and
therefore it is natural to consider restrictions which lead to interesting tractable subclasses of
CSPs. One very influential type of restrictions is to restrict the constraint language, that is, to
restrict the set of relations that can be used as constraints. In this line of work, the ultimate
goal is to obtain a dichotomy, if it exists, which characterizes the boundary between tractable
and NP-hard constraint languages. The first such result, obtained by Schaffer [41], gave a
complete classification of tractable Boolean CSPs. In their landmark paper [22], Feder and
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On the Constant-Factor Approximability of Minimum Cost CSPs

Vardi conjectured that a dichotomy exists for CSPs over general domains. This conjecture,
known as the CSP Dichotomy Conjecture, led to a series of fruitful work culminating in the
proof of the conjecture obtained independently by Bulatov [12] and by Zhuk [46].

Compared to the standard decision variant of CSPs, there are many natural optimization
CSP variants whose complexity landscape is less understood. The most well-studied optimiza-
tion variant is arguably the maximum constraint satisfaction problem (MaAXCSP), where
the objective is to find an assignment that maximizes the number of satisfied constraints.
Interesting examples in this class include maximum cut and maximum satisfiability problems.
For MAXCSPs, Raghavendra showed that the optimal approximation ratio' can be obtained
by solving and rounding a generic semidefinite programming relaxation of the problem [40]
(note that a constant approximation ratio for MAXCSP can be trivially obtained by uni-
form random assignment), assuming that the Unique Games Conjecture (UGC) [31] holds.
However, the exact approximation ratio is not explicit in Raghavendra’s result, and the
ratios for many interesting MAxXCSPs are still open (see e.g., [8, 9]). For MINCSPs, the
objective is to minimize the number of unsatisfied constraints. MINCSP can be much harder
than the corresponding MAXCSP in terms of the approximation ratio. In particular, it is at
least as hard as the decision problem since an approximation algorithm has to satisfy every
constraint when the instance is satisfiable. Valued CSPs generalize MINCSP by replacing 0-1
constraints with valued constraints, so that for any constraint different partial assignments
can incur different costs. Thapper and Zivny obtained a complexity dichotomy for the
task of exact minimization for finite-valued CSPs [45], but the approximability question for
this problem is still poorly understood. Ene et al. showed that under some mild technical
assumption, there is a generic linear programming relaxation for finite-valued CSPs that is
optimal for constant-factor approximation, unless UGC fails [21]. But unlike for MAXCSPs,
it is unknown how to round this linear program. Dalmau et al. gave some algebraic conditions
which indicate where the boundary of constant-factor approximability (or the lack thereof)
for valued CSPs may lie [18], but a full characterization of constant-factor approximability is
still unresolved.

In this work, we consider an optimization CSP variant called minimum cost CSP
(MINCOSTCSP). In this variant, assigning any value to a variable comes with a cost, and the
cost is a function of the variable-value pair. Our goal is to find a satisfying assignment that
minimizes the total cost. MINCOSTCSP can be seen as a mixed variant between decision
and optimization problems, in that we are still required to find a satisfying assignment. It
can also be thought of as a special case of valued CSP, where we have some unary constraints
representing the variable costs and all other constraints incur 0 cost if satisfied or infinite
cost otherwise. MINCOSTCSP is a very natural CSP variant which avoids the full generality
of valued CSPs, yet still includes many interesting problems, such as graph and hypergraph
vertex cover, min-ones CSP [30] and minimum solution CSP [29].

We study the approximability, and in particular constant-factor approximability of MIN-
CosTCSP. Like many aforementioned results, our study is based on the universal-algebraic
approach (see e.g., [34] for a survey on this approach applied to the exact optimization of
valued CSPs), where we investigate the algebraic structure of any constraint language via its
polymorphisms, which can be thought of certain high-dimensional symmetry that exists in
the space of satisfying assignments. More specifically, we seek to algorithmically exploit the
existence of desirable polymorphisms or show hardness results based on the lack thereof.

! For a maximization (resp. minimization) problem, an approximation algorithm achieves an approximation
ratio of «, if on an input instance with global optimal Opt, it produces a solution whose objective value
is at least a - Opt (resp. at most « - Opt).
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Our contribution

We obtain constant-factor approximability for constraint languages that have the dual
discriminator operation as a polymorphism. These constraint languages can be thought
of as generalization of 2-SAT to arbitrary finite domains. We give two algorithms for this
class of problems, one using a greedy approach and the other based on a natural linear
programming relaxation of the problem. Both algorithms crucially use the consistency notion
called (2,3)-minimality [4].

» Theorem 1. Let T' be a constraint language over some domain D that has the dual dis-
criminator operation as its polymorphism. Then MINCOSTCSP(I") can be |D|-approzimated
in polynomial time.

Complementing our algorithmic result, we obtain the following hardness condition which
says that constant-factor approximation is NP-hard for any constraint language which does
not have a near-unanimity (NU) polymorphism.

» Theorem 2. Let T be a constraint language such that MINCosTCSP(T') has a constant-
factor approzimation, then T' has a NU polymorphism, unless P = NP.

Near unanimity operations are well-studied in universal algebra (see e.g., [1]), and they
have also appeared in the study of CSPs [22, 18, 16]. In particular, Dalmau et al. showed
that for valued CSPs the existence of NU polymorphisms is also a necessary condition for
constant-factor approximability [18]. It can be verified that for MINCOSTCSP over the
Boolean domain, the condition of having an NU polymorphism is not only necessary but also
sufficient for constant-factor approximability (see Remark 40 for more discussion). However,
as soon as the domain has at least 3 elements, there exist constraint languages which have
NU polymorphisms yet does not admit constant-factor approximation, unless the UGC fails.
We present such an example in Section 4.3.

Finally, as an application of our hardness and algorithmic results, we fully classify the
constant-factor approximability of constraint languages that include all permutation relations,
showing that the existence of an NU polymorphism is also a sufficient condition for this
class. These languages can be thought of as a natural generalization of Boolean CSPs where
we are allowed to apply constraints to negated variables. Our classification relies on the
classification of homogeneous algebras by Marchenkov [36].

» Theorem 3. Let I be a constraint language over some domain D that contains all
permutation relations over D. Then MINCOSTCSP(T') can be |D|-approxzimated if T' has an
NU polymorphism, and is NP-hard to approximate within any constant factor otherwise.

Related work

The approximability of MAXCSP, MINCSP, as well as MINCoSTCSP over the Boolean
domain was fully classified by Khanna et al. [30]. In particular, for MINCOSTCSP they
obtained the following complete classification: MINCOSTCSP(T") can be solved to optimality
in polynomial time if T" is “width-2 affine”, that is, I' can be expressed as a conjunction
of linear equations over Fo where each equation has at most 2 variables; the problem can
be approximated within a constant factor in polynomial time if I' can be expressed as a
2CNF-formula, or if T is IHB-B+ (expressible as a CNF formula where each clause is of
the form x1 V -+ V xg, —x1 V 29, or mxq where k < K for some K depending on T'), or if

T is IHB-B— (defined analogously to IHB-B+ with every literal replaced by its negation).

Otherwise, MINCosTCSP(T") is NP-hard to approximate within any constant factor. (See
Remark 40 for a more detailed discussion in the context of our results.)

19:3
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On the Constant-Factor Approximability of Minimum Cost CSPs

Over the general domain, a dichotomy for solving MINCOSTCSP(T') optimally was
obtained by Takhanov [44]. Takhanov’s characterization is based on local algebraic conditions
satisfied by polymorphisms of T'.

Kumar et al. showed that for a large class of covering and packing problems that can
be expressed as MINCOSTCSP (they called it “Strict-CSP”) over the general domain, a
generic linear programming relaxation gives the optimal approximation ratio achievable in
polynomial time, assuming the Unique Games Conjecture [35]. Their result generalizes the
earlier UGC-based hardness results for vertex cover [33] and the k-uniform hypergraph vertex
cover problems [2].

An important special case for MINCOSTCSP(I") where I" consists of one single binary
relation has been studied in the literature under the name “min-cost graph homomorphism”
(in the case where the binary relation is symmetric) or “min-cost di-graph homomorphism”
(in the general binary case). Dichotomy results for optimally solving these problems are
known based on graph-theoretic properties [25, 27]. Hell et al. gave a similar dichotomy for
constant-factor approximability for the min-cost graph homomorphism problem in the case
where the graph (equivalently, the binary relation) is reflexive (every vertex has a self-loop)
or irreflexive (no vertex has a self-loop) [26].2

Another CSP variant closely related to MINCOSTCSP is LiISTCSP which can be thought
of as a special case of MINCOSTCSP where the costs take values in {0, c0}. Bulatov obtained
a complete classification for this problem (under the name “conservative CSP”) based on the
algebraic approach [10] (see also [3, 11]).

Organization of the paper

The rest of the paper is organized as follows. In Section 2, we formally define the problems
and introduce some algebraic concepts that are needed throughout the paper. In Section 3,
we present our main algorithmic results, proving Theorem 1. In Section 4, we prove some
algebraic conditions sufficient for reductions between MINCOSTCSPs, and use them to
prove Theorem 2. Finally, in Section 5, we use our results to give a dichotomy of constant-
factor approximability for MINCOSTCSPs that contain all permutation relations, proving
Theorem 3.

2 Preliminaries

2.1 CSP, ListCSP, and MinCostCSP

Let D be a finite set. A relation over D is a subset R C D¥ for some positive integer k, where
D is called the domain of R and k is called the arity of R. A set of relations I' over the same
domain D is called a constraint language. Throughout this paper, any constraint language
we consider will be assumed to contain finitely many relations whose common domain will
be denoted by D. The elements in D will be referred to as labels.

» Definition 4. Let T’ be a constraint language. An instance of CSP(T') is a tuple I = (V,C),
where V' is a finite set of variables and C a finite set of constraints. Fach constraint C € C
is of the form (R, S), where R is a relation in T with some arity k and S € V¥ a k-tuple

2 We note that an ICALP’19 paper [39] claimed that the following dichotomy for constant-factor approx-
imability holds over all (undirected) graphs: either a graph G has a conservative majority polymorphism
and is constant-factor approximable, or it does not and is NP-hard to approximate within any constant
factor. Our Theorem 45 contradicts this claim under the Unique Games Conjecture and P # NP.
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of variables. An assignment for I is a function A : V. — D. We say that A satisfies a
constraint C = (R, (z1,...,zk)) if (A(z1),...,A(zr)) € R, and we say that A is a satisfying
assignment for I = (V,C) if A satisfies every constraint in C.

One closely related variant of CSP is the following LiSTCSP problem. This problem has
also been referred to as conservative CSP in the literature.

» Definition 5. Let T' be a constraint language. An instance of LISTCSP(T) is a tuple
I=(V,C,{Ry}zcv), where V is a finite set of variables and C a finite set of constraints, as
in the definition of CSP(T'). In addition to V and C, we are also given a subset R, C D for
every variable x € V.. We say that A is a satisfying assignment for I = (V,C,{Ry}.cv) if A
satisfies every constraint in C and A(x) € R, for every x € V.

LisTCSP may be equivalently viewed as the ordinary CSP where all unary constraints
are allowed in addition. In this paper, we will mainly focus on MINCOSTCSP, which further
generalizes L1ISTCSP.

» Definition 6. Let I be a constraint language. An instance of MINCosTCSP(T) is a tuple
I =(V,C,cost), where V and C are the same as they are in the definition of CSP(T"), and
we are also given a function cost : V x D — RZ9U {+o00}. For any assignment A for I,
the cost of A is defined to be costr(A) = . cost(x, A(z)). The goal is find a satisfying
assignment with the minimum cost.

For any MINCosTCSP instance I, the cost of any optimal solution is denoted by Opt([) :=
min 4 costy(A), where A ranges over all satisfying assignments for I. Although we allowed
infinite costs in the definition of MINCOSTCSP, this is not essential in the context of
approximability. In fact, we may simulate infinite cost by setting costs to be prohibitively
high, say larger than |V| times the maximum of any other finite cost, so that no approximation
algorithm will pick the label. The inclusion of the infinite cost conveniently allows us to
assume without loss of generality that I" contains all unary relations.

» Observation 7. Let ' be a constraint language over some domain D and T' =T U {S C
D | S # @}. Then MINCosTCSP(T') and MINCosTCSP(I”) are equivalent. Namely, any
instance of MINCOSTCSP(T') can be solved as an instance of MINCOSTCSP(I") and vice
versa.

Proof. One direction is clear since I' C T”. For the other direction, for any unary constraint
S(z) where S C D (the constraint which says the label of z must be in ), we simply set
cost(z,a) = oo for any a € S. <

Observation 7 implies that MINCOsTCSP(T") contains LisTCSP(T") as a special case.

In particular, if LISTCSP(T') is NP-hard, then for MINCosTCSP(T') finding any satisfying
assignment regardless of cost is NP-hard as well.

2.2 Polymorphisms

» Definition 8. Let f: D* — D be a k-ary operation on the domain D, and R some m-ary
relation over the same domain. We say that f preserves R (or f is a polymorphism of
R) if for every (a1,1,..-,a1,m)s---,(@k,1s---,0km) € R we have (b1,...,by) € R, where
bi = f(a1,,...,ak;) for everyi € [m]. Given a constraint language I’ we say that f preserves
T (or f is a polymorphism of T') if f preserves every R € T'. We use Pol(R) to denote the set
of all polymorphisms of R, and (abusing notation slightly) Pol(T') = (. Pol(R) to denote
the set of all polymorphisms of I

19:5
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It follows directly from the definition that for any n > 1, ¢ € [n], the projection
operation proj! : D™ — D, (z1,...,x,) — x; is a polymorphism. Also, any composition of
polymorphisms is still a polymorphism. A set of operations satisfying these two properties is
known as a clone.

» Definition 9. A clone over D is a set of operations F C |U,>,{f : D" — D} for which
the following holds:

F contains the projection operation projl for everyn > 1,1 € [n].

For every m-ary g € F and n-ary f1,..., fm € F, the n-ary function g’ defined by

gl : (xh"'?xn) '—)g(f1($1,...,l‘n),...,fm($1,...,xn))
is also in F.

Clones have been studied extensively in the universal algebra community, and many
complexity-theoretic classification results for CSPs depend on classification results for their
corresponding family of polymorphism clones (see e.g. [6] for more on polymorphism clones).

We say that a function f : D* — D is conservative, if f(z1,...,z%) € {z1,..., 2%} for
every ri,...,xr € D. It is immediate from the definition that if I" is constraint language
that contains all unary relations, then every f € Pol(T") is conservative.

» Definition 10. Let f: D* — D be a k-ary operation for some k > 3. We say that f is a
near-unanimity (NU) operation if for every a,b € D,

flaya,... a,b) = f(a,a,...,b,a) == f(b,a,...,a,a) = a.

In other words, if all but one inputs are equal to some a € D, then f outputs a. If k =3,
then f is also called a majority operation.

» Example 11. Let the dual discriminator operation d : D3 — D be defined by

a if|{i|z;=a} >2,
x1 otherwise.

d(x17x2)x3) = {

Then d is a majority operation. This operation will be featured heavily in our algorithmic
results.

Constraint languages that are preserved by some NU operation enjoy the following nice
property.

» Definition 12. Let R be a n-ary relation. Let Sy, = {(i1,... i) | 1 <ip < -+ <ix <n}
be the set of k-tuples whose entries are in [n] and in increasing order. For any s =
(11, ... ,1k) € Spp and = (21, ..., 2y), let gz = (24, ..., 2;,) and II,R = {Il,x | x € R}.
We say that R is k-decomposable if for every x = (x1,...,2,), we have

reR & Vsel, Izl R
We say that T' is k-decomposable if every R € I is k-decomposable.

» Theorem 13 (Theorem 3.5 in [28]). Let I' be a constraint language and k > 2. If T is
preserved by some (k + 1)-ary NU operation, then T' is k-decomposable.
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3  Algorithms for the dual discriminator

In this section, we give two | D|-approximation algorithms for MINCOSTCSP(T") where T is
a constraint language over D preserved by the dual discriminator operation, thus proving
Theorem 1. Both algorithms will assume that the input instance is a satisfiable binary,
(2,3)-minimal instance. We introduce and justify this assumption in Section 3.1, and then
present a greedy algorithm in Section 3.2 and a LP-based algorithm in Section 3.3.

3.1 Reducing to satisfiable binary (2,3)-minimal instances

A CSP instance I = (V,C) is binary, if every constraint in C has arity at most 2. Theorem 13
allows us to assume that the input instance is binary, since it is preserved by the dual
discriminator operation which is a 3-ary NU operation. For any binary instance I, we may
also write it as a triple I = (V,{Ry }uev, {Ru,v tuztvev ), where we have one unary relation
R, for every u € V and one binary relation R, , for every pair (u,v) € V. Note that to
write I in this form we may take the intersection of relations with the same scope or add
complete relation on some variable(s) if none exists.

» Definition 14 (See e.g., [6]). A binary CSP instance I = (V,{Ry}uev, {Ruv}tuzvev) over

domain D is (2,3)-minimal if

(a) For every distinct u,v € V, Ry, = {(b,a) | (a,b) € Ry}

(b) For every distinct u,v € V, R, ={a€ D |3be D,(a,b) € Ry}

(c) For every pairwise distinct u,v,w € V and (a,b) € R, ,, there exists ¢ € Ry, such that
(a,¢) € Ry and (b,c) € Ry -

Informally, the definition says that I is (2,3)-minimal if any partial satisfying assignment
(that is, a partial assignment that does not immediately falsify any constraint) to two variables
can be extended to a partial satisfying assignment to three variables. Given a binary CSP
instance I = (V,{Ry}uev; {Ru v fustvev ), we may transform it into a (2, 3)-minimal instance
using the following procedure:

repeat
for every distinct u,v,w € V do
Ry {(a,b) € Ry | 3c€ D,(a,¢c) € Ryw N (b,c) € Ry}
Ry {(a,b) € Ry | (b,a) € Ry}
R,«{a€eD|3eD,(ab) € Ryv}
R, {beD|3a€D,(a,b) € Ry}

until none of the relations change

Clearly, when the above procedure stops, the instance must be (2, 3)-minimal (otherwise
the loop would have continued). The new instance may have constraints that are not
in our original constraint language. However, since the new constraints are all obtained
by pp-definitions from the original constraint language, they are preserved by the same
polymorphisms (see Definition 27 and Theorem 28). In particular, the new instance is still
preserved by the dual discriminator operation.

We say that a (2,3)-minimal instance is trivial if at least one of the unary relations is
empty, and it is nontrivial otherwise. A trivial (2,3)-minimal instance has no satisfying
assignment since no assignment can satisfy an empty relation. On the other hand, if the
instance is nontrivial and its constraint language has bounded width, then such an instance is
always guaranteed to have a satisfying assignment which we can find in polynomial time.

19:7
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» Theorem 15 ([4, 5]). Let I be a nontrivial (2,3)-minimal instance whose constraint
language has bounded width. Then I has a satisfying assignment which can be found in
polynomial time.

We will not define the term “bounded width” formally here (see Theorem 31 for a charac-
terization). For us it is sufficient to note that any constraint language that is preserved by an
NU polymorphism has bounded width [22], so any unsatisfiable instance will necessarily give
rise to a trivial (2,3)-minimal instance. From now on we will assume that the (2,3)-minimal
instance is nontrivial, and therefore satisfiable. Also, observe any satisfying assignment for
the original instance will remain satisfying for the new (2,3)-minimal instance. This means
any assignment we obtain on the new instance will give an approximation ratio at least as
good on the original instance, and therefore we may shift our attention to this new instance
instead.

We crucially use the following characterization for binary relations preserved by the dual
discriminator operation. The same characterization was used by [16] in the context of robust
satisfiability (these relations have also been studied under the name of 0/1/all relations [14]).
We sketch a short proof here for completeness.

» Lemma 16 (See e.g. [6, 16]). Let R C D? be a binary relation. Then R is preserved by the
dual discriminator operation d : D3 — D if and only if R is of one of the following forms:
R=P xQ for some P,Q C D.
R=({u} xQ)U (P x {v}) for someue PC D andveQCD.
R = {(u,7(u)) | u € P} for some P,Q C D and bijective m : P — Q.

Proof. It is easy to verify that if R is one of these three types then it is preserved by
d. Let us prove the other direction. Let P = {& € D | Jy € D s.t. (z,y) € R} and
Q={yeD|3zxeDst. (z,y) € R}. For any u € P, if there exist two distinct vy,v2 € Q
such that (u,v1), (u,v2) € R, then for any v € @, we have also (u,v) € R. In other words,
we have {u} x @ C R. This is because we can find some (u1,v) € R by the definition of
@, and apply f to the three pairs (u1,v), (u,v1), (u,v2) € R to obtain (u,v) (observe that
flur,u,u) = wand f(v,vy,v3) =v).

Now if we have two distinct ug, ug € P such that {u1} x Q@ C R and {u2} x Q C R, then
for every v € ) there are two distinct w1, us such that (uq,v), (u2,v) € R. By applying the
above argument with P and @ reversed we get that for every v € Q, P x {v} C R, so it must
be the case that R = P x Q.

Now assume that there exists exactly one u € P such that {u} x @ C Rand R # P x Q.
Then there exists (u1,v) € R such that u; # u, so we have P x {v} C R. Note that in this
case we must have R = ({u} x Q) U (P x {v}), for the existence of any other pair would
imply that R = P x Q.

Finally, if R # P x @ and there is no u € P such that {u} x @ C R, then there can
also be no v € @ such that P x {v} C R. So for every u € P there is a unique v such that
(u,v) € R, and we can find some bijective 7 : P — @ such that R = {(u,7(u)) | v € P}. <«

3.2 A greedy algorithm

We now present a greedy algorithm which is a generalization of a 2-approximation algorithm
for MinOnes 2-SAT due to Gusfield and Pitt [24]. In this algorithm, we will greedily pick
labels for the variables one by one, and each label we pick may potentially restrict the set
of feasible labels for some other variables. For general CSPs, this restriction can be rather
arbitrary and difficult to control. However, for binary (2, 3)-minimal instances preserved
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by the dual discriminator operation, the restriction is very simple: either the set of feasible
labels is unchanged, or it is restricted to a singleton set (as is guaranteed by Lemma 16).
This means for variables where proper restriction happens we can simply fix it to the label
in the singleton set. On the other hand, the variables whose set of feasible labels didn’t
change induce a sub-instance of the original instance and the algorithm may recurse on this
sub-instance. This property guarantees that we will always produce a satisfying assignment,
as is formalized in the following lemma.

» Definition 17. Let I = (V,{Ry}uev, {Ruv tuvev) be a (2,8)-minimal instance. For any
u,v €V, a€ Ry and b € R,, we say that v is fized to b by assigning a to u if u = v and
a=b, oruz#vand R,,N ({a} X R,) ={(a,b)}. In other words, b is the only feasible label
left for v if we assign the label a to u.

» Lemma 18. Let I = (V,{Ry}uev, {Ruv}uwvev) be a nontrivial (2,3)-minimal instance
preserved by the dual discriminator operation. Let ug € V, a € Ry, S be the set of variables
fized by assigning a to ug. For every v € S, let Ag(v) be the unique label that v is fixed
to by assigning a to ug. Let A’ : V\S — D be any satisfying assignment for the induced
(2,8)-minimal instance I' = (V\S, {Ru}uecv\s, { Ruv tuwev\s), then

As(v) ifvels,

A:V =D, Alv)= { A'(v)  otherwise

s a satisfying assignment for I.

Proof. Clearly all unary constraints in I are satisfied. Any binary constraint R, , where
u,v € V\S is satisfied since A’ is a satisfying assignment. The remaining two cases, where
u€ S,v e V\S oru,veS, follow from the following claim:

> Claim 19. For every distinct v € S and w € V, if (a,¢) € Ry, w, then we have
(As(v),¢) € Ry -

Proof. This claim clearly holds for v = wy. Suppose v # ug. Since (a,¢) € Ry, w, by
(2,3)-minimality we can find b € R, such that (a,b) € Ry, v, (b,c) € Ry . This b must

coincide with Ag(v), since v is fixed by assigning a to ug. Thus, we have (Ag(v),c) € Ry .

<

For uw € S,v € V\S, since (a, A'(v)) € Ry, ., we may apply the claim and obtain that
(As(u),A'(v)) € Ry, so this constraint is satisfied. For w,v € S, again since since
(a,Ag(v)) € Ryy,0, we may apply the claim and obtain that (Ag(u), As(v)) € Ry, SO
this constraint is also satisfied. It follows that all binary constraints in I are satisfied by A,
so it is indeed a satisfying assignment for I. <

To guarantee a constant-factor approximation, we need to pick labels in a clever way.

One naive idea is to compute the total cost incurred by variables fixed by each label and
pick the label that minimizes this cost. However, this does not work because the optimum
assignment may incur more cost but save by fixing more variables. One way to fix this naive
idea is to consider a derived cost t, instead of the original cost cost. In particular, when we
face a decision for some variable u (i.e., |R,| > 2), we pick the label that minimizes the total
derived cost of fixed variables. We then pay |R,| < |D| times this cost towards reducing the

derived cost of all variable-label pairs that are or could’ve been fixed by assignment to w.

The key idea here is that one of the labels in R, will be taken by the optimal assignment,
so the amount we pay are always within a factor of |D| from the total cost of the optimal
assignment.

19:9
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We now formally present the algorithm and its analysis. The pseudocode for the algorithm
can be found in Algorithm 1.

Algorithm 1 Greedy algorithm for MiINCoOsTCSP.

Input: I = (V,{Ru}uev, {Ruw}uwev) a (2,3)-minimal instance, cost : V x D — RU {+o0}
Output: A:V — D a satisfying assignment for I.

Initialization: ¢ : V x D — RZ% U {+o00},t(u,a) + cost(u,a)

1: procedure MINCOSTHOM-GREEDY ([)

2 S {ueV]||Ru >2} > The set of undetermined variables
3 for u € V\S do

4 A(u) + the unique label a in R,

5: t(u,a) <+ 0
6

7

8

9

while S # @ do
Pick an arbitrary v € S
for a € R, do
: F, « {u € S| uis fixed by assigning v = a}
10: for u € F, do

11: Aq(u) < the label u is fixed to if assigning v = a

12: Ca ZueFa t(u, Aa(u)) > Calculate the potential cost for every label a
13: ap < argminger, Ca

14: Initialize an array At indexed by V' x D to all zeros.

15: > At stores the amount by which we will decrease t this round.
16: > Intuitively, this is the cost we need to pay in this round.
17: for a € R, do

18: Find 0 < tq(u) < t(u, Aq(u)) for every u € F, such that ZuEFa ta(u) = caq

19: > Always possible since ZueFa t(u, Aa(w)) = ca > Caq
20: > In particular, tq, (u) = t(u, Aay(u)) for every u € Fy,,
21: for v € F,, do

22: At(u, Ag(u)) + max(At(u, Ag(u)), ta(u)) > Choose the largest decrease

23: for u € V do

24: for a € D do

25: t(u,a) < t(u,a) — At(u,a) > Update the costs

26: for u € Fy, do

27: A(u) « Agy(u) > Set values to the variables fixed by assigning ao to u
28: S < S\F,, > Remove variables fixed in this step from the set of undetermined variables

29: return A

We start by making the following observations.

» Observation 20. Let t°"? be the values of t when A is returned. For every u € V,
tend(u, A(u)) = 0.

Proof. For variables fixed outside the while loop, this follows from Line 5. For variables
that obtained its assignment inside the while loop, this follows from Lines 18 and 25 (since
At(u, Agy(u)) = t(u, Ag, (u)) for every u € Fy,). <

» Observation 21. The value of t never increases during the algorithm. In particular, for
every u € V and a € D, we have cost(u,a) — t**(u,a) > 0.

Proof. This is because At is always nonnegative. <

» Observation 22. For every u € V and a € D, we have t(u,a) > 0 at any point of the
algorithm.
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Proof. This is because when an update happens at Line 22, the updated value for At(u, A,(u))
is equal to t,(u) < t(u, Ag(u)). <

The guarantee on the approximation ratio is based on the following claim.

> Claim 23. Let A’ : V — D be any satisfying assignment for I. For each iteration of the
while loop beginning at Line 6, let tPefore ¢after he the values of ¢ at the beginning and the
end of the iteration respectively. Then we have

Z (tbcforc(u’ CL) _ taftcr(u7a)) < |D| . Z(tbCforC(u,A/(u)) _ taftcr(u, A’(u)))

ueV,aeD ueV

Proof. Let the variables be defined as they are in the algorithm. For every w € V and a € D
define the auxiliary variables

A(u,a) = > tar (1)

a’:a’ €Ry,uEF, ,a=A,/ (u)

Note that the quantity (¢ (u,a) — t**(u,a)) is nonzero only if there exists some
a’ € R, such that u € F,y and a = A,/ (u), and this quantity is given by the value stored in
At(u, a) at the beginning for Line 23. By construction (see Line 22), for any such o’ we have

to(u) < At(u,a) < A'(u,a),

since At(u,a) is equal to the largest summand in the sum defining A’(u,a). It follows that

Z (tbcforc(u’ CL) _ taftcr(u7a)) < Z A,(U,CL)

u€eV,aeD ueV,aeD

Z Z ta' (u)

u€V,a€D \a’:a’€R,,u€F,,a=A,/ (u)

= > > tew) = Rl o < 1D - cap.

a’€R, ueF,,

Here, the last equality follows from ), tar(u) = cq, (see Line 18). On the other hand,
for a = A’(v) we must have A,(u) = A'(u) for every u € F,, and therefore we have

S (A () = 5 a, A () = D (A1) — £ (Ao ()

ueV ueF,
= Z At(u, Ag(u)) > Z ta(u) = caq-
ueF, uekF,
This establishes the claim. <

» Theorem 24. Algorithm 1 returns a satisfying assignment A : V. — D whose cost is at
most |D| times the optimal cost.

APPROX/RANDOM 2025
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Proof. The algorithm returns a satisfying assignment by Lemma 18.
Let A’ : V — D be an arbitrary assignment. We have the following chain of inequalities:

Z cost(v, A(v)) < Z (cost(v, A(v)) — t (v, A(v))) (Observation 20)
veV veV
< Z Z (cost(v,a) — t™(v,a)) (Observation 21)
veV aeD
<ID[- ) (cost(v, A'(v)) — (v, A'(v))) (Claim 23)
veV
<|D]- Z cost(v, A'(v)) (Observation 22)
veV
Since A’ is arbitrary, the theorem follows by taking A’ to be an optimal assignment. <

3.3 An LP-based algorithm

We now present another approximation algorithm that is based on the basic linear program-
ming (BLP) relaxation for the MINCOSTCSP problem [42, 35]. Given an MINCOSTCSP(T")
instance I = (V,C, cost), its BLP relaxation can be formulated as follows.

minimize E E Dov,a - cost(v,a)

veV aeD
subject to va,a =1, Yv eV,
a€D
> pow=1, VC = (R,S) €C,
TER
ch,;c -1[z(v) = a] = po,a, vC = (R,S) €C, Vv € S, Va € D,
TER
Dv,a, PCz 2> 0, YveV,ae D,C=(R,S)eC,x €R.

Figure 1 BLP relaxation for MINCOoSTCSP(T").

Recall that each constraint C' is represented by a pair (R,S) where R is some k-ary
relation and S is a k-tuple of variables to which R is applied. Here in the LP formulation
we abuse the notation slightly and think of each satisfying tuple x € R also as a partial
assignment S — D¥ and x(v) is the label that x assigns to v. Informally, the linear program
maintains a distribution of satisfying partial assignments for each constraint, and it requires
that if a variable appears in multiple constraints, then the marginal distribution on this
variable should be consistent across these constraints. The objective function to minimize is
then the expected cost under these marginal distributions. It is easy to see that any integral
assignment to I corresponds to distributions supported on a single element, so this is indeed
a relaxation of the original problem. We remark that in polynomial time we can actually
enforce the marginal consistency requirement on any constant-sized set of variables, and thus
obtain tighter relaxations on the so-called Sherali-Adams hierarchy ([42]). However, this will
not be needed for our purpose.

For any MINCOSTCSP instance I, let LP(I) be the optimal value of the BLP relaxation
for I. Our LP-based algorithm is as follows. Note that as before, we assume that I is given
as a non-trivial (2, 3)-minimal instance.
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Algorithm 2 LP-based algorithm for MINCosTCSP.
Input: I = (V,{Ru}uev, {Ruw}uvev) a (2,3)-minimal instance
Output: A:V — D a satisfying assignment for I.
1: procedure MINCosTHOM-LP ()
2 Solve the Basic LP relaxation and obtain {p,.. | (v,a) € V x D}.
3 for v € V do
4: R, < {a € Ry | pv,a > 1/|D[}
5
6
7

for every distinct u,v € V do
Riy ¢ Ruw N (R, X Ry)
Return any satisfying solution to the (2, 3)-minimal instance I’ = (V, { R, }uev, {Ru v fu,vev)-

In words, we remove labels that receive tiny LP probabilities (less than 1/|D|) and solve
the new instance. Observe that R! is nonempty for every v € V| since at least one of the
|D| labels will get a probability that is at least 1/|D|.

» Theorem 25. Let I be a nontrivial (2,3)-minimal instance. Then on input I, Algorithm 2
returns in polynomial time a satisfying assignment to I whose cost is at most |D| - LP(I).

Proof. We first show that I’ is indeed a (2,3)-minimal instance. We verify the conditions in

Definition 14 one by one. For readers’ convenience, we restate the conditions in italic.

(a) For every distinct u,v € V, R, , = {(b,a) | (a,b) € R, }. This is equivalent to the
statement (a,b) € R;, , < (b,a) € R, ,. By symmetry, it is sufficient to show that
(a,0) € R, , = (b,a) € R, . Let (a,b) € R;, , C Ry, then a € R;, and b € R;,. Since I
is (2,3)-minimal, we have that (b,a) € Ry, so (b,a) € R, N (R, X R,) = R, ,,.

(b) For every distinct u,v € V, R, ={a|3b€ R, (a,b) € R, ,}. By construction we have
{a|3be R,,(a,b) € R, ,} € R,,. To show the other inclusion, let us pick a € R],. By
Lemma 16, we have the following two cases:

{a} x R, € Ry . In this case, we have {a} x R, C R,, N (R; x R,) = R,, ,. Since
R;, is nonempty, we have that a € {a | 3b € R, (a,b) € R, ,}.

{a} x Ry € Ry . In this case, there is a unique by € R, such that (a,by) € Ry .

By the LP constraint, we have p,p, > pu,q > 1/|D|, and therefore by € R, and
ac€{al3dbe R, (a,b) € R, ,}.
(c) For every pairwise distinct u,v,w € V and (a,b) € R, ,,, there exists c € R,, such that
(a,c) € Ry, ,, and (b,c) € R;, . Similar to part (b), we again have two cases:

{a} X Ry € Ry or {b} x Ry Z R, . Since I is (2,3)-minimal, there exists ¢ € Ry,
such that (a,c) € Ry and (b, c) € R, . By Lemma 16, ¢ is either the unique element

in R, such that (a,c) € Ry, or the unique element in R,, such that (b,c) € Ry 4.

In either case, we can conclude that p, . > min(py,q,pvp) > 1/|D|, so ¢ € R, as
required.
{a} X Ry, C Ry and {b} x Ry, C R, 4. In this case, since R), is non-empty, there
exists some ¢y € R;, C Ry, so we have (a,cp) € R, ,, and (b,co) € R, ,,..

This establishes that I’ is (2,3)-minimal. Note that every binary relation in I’ is also of the

U, W

three types described in Lemma 16, so it is also preserved by the dual discriminator operation.
By Theorem 15, we can find a satisfying assignment A : V' — D for I’ in polynomial time.

Note that for this assignment, we have

Z COSt(’U, A(/U)) < Z |D| “Puv,A(v) * COSt('U, A(U))

veV veV

<IDI-> Y pua-cost(v,a) = |D|-LP(I). <

veV aeD

19:13
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4 NU polymorphism as necessary condition for constant-factor
approximability

In this section, we establish the following necessary condition for the constant-factor approx-
imability of MINCOSTCSP(T") problem. We note that Dalmau et al. [18] obtained a similar
necessary condtion for the problem of MinCSP. We will closely follow their proof.

» Theorem 26 (Theorem 2 restated). Let I’ be a constraint language. If MINCosTCSP(T")
has a constant-factor approximation, then Pol(T) contains a conservative NU polymorphism,
unless P = NP.

4.1 Gadget reductions and primitive positive interpretations

Let us first establish some sufficient condition for reductions between MINCOSTCSPs. Given
two constraint languages I'; and T's, we write MINCOSTCSP(T'1) <cr MINCOSTCSP(T'2)
if the constant-factor approximability for MINCOosTCSP(I'2) implies the constant-factor
approximability for MINCosTCSP(T'1). By definition, <¢r is transitive.

» Definition 27 (pp-definition). Let T’ be a constraint language over D and R a k-ary
relation over the same domain. We say that I' pp-defines R, if there exist some m > 0
and a conjunction € over variables x1,...,Tg, Y1, .-, Ym consisting of relations in I and the
equality relation (eqp := {(u,v) € D? | u=v}) over D, such that

R(zy1,...,zk) = Jy1 -+ - Jym €.

If T is another constraint language over the same domain D, then we say that I' pp-defines
IV if T' pp-defines every relation in T".

The following theorem establishes a connection (often referred to as Galois correspondence
in the literature) between polymorphisms and pp-definitions. We say that a relation R with
arity k is irreducible, if for every distinct ¢, € [k], there exists (x1,...,2%) € R such that
T # Ty

» Theorem 28 ([7, 23]). Let T be a constraint language and R some k-ary relation over the
same domain. Then we have
Pol(T') C Pol(R) if and only T’ pp-defines R.
If R is irreducible, then Pol(T") C Pol(R) if and only T’ pp-defines R without using the
equality relation.

» Definition 29 (pp-interpretation). Let I’y and T's be constraint languages over domains D
and E respectively. We say that I'y pp-interprets I's if there exist n € N, FF C D" and a
surjective function f: F — E such that I'y pp-defines the following relations:

F as an n-ary relation over D.

For every R € 'y with some arity k, the relation

fYR) = {(x(l),x(Q), . ,x(k)) € DF» | 29 e F fori=1,... k, (f(av(l))7 .. .,f(x(k))) € R}

Here each £V is a n-tuple over D and we are thinking of (m(l), z®, .. ,x(k)) as a flattened
kn-tuple over D.
The relation

feap) = {@V,2®) € D |2 € F fori = 1,2, f(aM) = f=)

Here again V) and 3 are n-tuples over D and (a:(l),x@)) is a flattened 2n-tuple.
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We say that I'y pp-interpretes I's in the first power if n = 1 in the above definition. It is
known in the case of standard decision CSP that the existence of a pp-interpretation implies
a gadget reduction, where we simply replace constraints in IV with constraints in I" using the
pp-definitions. However, in the case of MINCOSTCSP, for the purpose of the reduction we
would also need to translate the costs between the two instances. This is straightforward for
n = 1, but there seems to be no natural way of doing this if we are using a pp-interpretation
with n > 2.

» Lemma 30. Let I'y be a constraint language over D and T'y a constraint language over E.
If Ty pp-interpretes T's in the first power and one of the following holds:

The equality relation eqp over D is in I'y.

Every R € T’y is irreducible.
Then MINCosTCSP(T'2) <crp MINCOSTCSP(T'y)

Proof. Let F C D and f : FF — FE be as in the definition of pp-interpretation. Let
I, = (V,C, cost) be a MINCOSTCSP(T'2) instance. We define a MINCOSTCSP(T';) instance
I, = (V,C’, cost’) as follows:
I; has the same set of variables V as I5.
For each constraint C' = (R, S) € C, we would like to add a constraint C’' = (f~1(R), 5)
to C’. To do this, without loss of generality assuming S = {x1,...,2%}, we take the
pp-definition of f~!(R), which is of the form

Fy1 -+ Fym €.

Here y1,...,yn are auxiliary variables with zero costs and € is a conjunction of con-
straints, each being either a relation from I'y or eqp applied to some of the variables in
{z1,.. ., %k, Y1, -, Ym}. Now if eqp, € 'y, then we can think of € as a CSP(I';) instance
with variables being {z1,...,Zk,¥1,...,Ym}, and this instance can be satisfied if and
only (z1,...,zx) € f~1(R), so we add (the constraints and the auxiliary variables of )
this instance to Is. If eqp & I'1, but every R € I'y is irreducible, then by Theorem 28, we
may assume that € does not contain eqp and therefore we can still write it as an instance
of CSP(T'y) and add it to Is.

cost(r,a) if Ja € Est. be f~(a),

For each z € V and a € D, let cost/(z,b) = )
+o0 otherwise.

Clearly, for every satisfying assignment A : V — E to I, we may define A’ : V — F such
that A’(z) € f~1(A(x)), and A’ will be a satisfying assignment to I; with the same cost. In
particular, this means that Opt([;) < Opt([2).

Now if we have a constant-factor approximation algorithm for MINCosTCSP(T'y), we
can use it to obtain a solution 4; : V' — D such that costy, (41) < t- Opt(I1) for some
constant ¢ independent of I;. In fact, we may assume A; : V' — F', since every label not in
F has infinite cost. Take Ay : V — E,x +— f(Ai(z)), then by construction A, is a satisfying
assignment for I, and

costy,(Az) = costy, (A1) <t-Opt(ly) <t-Opt(lz).
Thus we obtain a constant-factor approximation algorithm for MINCOSTCSP(I';) as well. <«

We refer interested readers to the survey by Barto el al. [6] which contains a more detailed
exposition on pp-interpretation (and its generalization pp-construction) in the context of
decision CSPs.

19:15
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4.2 Proof of Theorem 26

The proof contains two cases: either I' has unbounded width, or it has bounded width. We
use the following characterization for bounded-widthness of constraint languages.

» Theorem 31 ([5, 17]). Let T be a constraint language that contains all singleton relations.
I is not bounded width if and only if there exists some nontrivial finite abelian group G such
that T' pp-interprets T'(GQ) in the first power using pp-definitions without equality.

Here G being nontrivial means it has at least 2 elements, and T'(G) is the set of relations
{Rape = {(z,y,2) € G | ax + by + cz = 0} | a,b,c € Z}3 over G.

In the unbounded-width case we shall use a reduction from the Nearest Codeword problem,
and in the bounded-width case we reduce from the hypergraph vertex cover problem.

» Definition 32. In the Nearest Codeword problem over a finite field Fp,, we are given a
matriz A € F'*™ and a vector x € F), and we are asked to find a vector y € F such that
Ay = 0 and the number of nonzero entries in x — y is minimized.

» Definition 33. In the k-uniform hypergraph vertez cover problem, we are given a k-uniform
hypergraph (namely, each hyperedge is contains k vertices), and our goal is to choose a
minimum number of vertices so that from each hyperedge we have chosen at least one verter.

The following theorems give the best known NP-hardness results for approximating these
two problems.

» Theorem 34 ([20, 13]). The Nearest Codeword problem over any finite field F,, is NP-hard
to approximate within a factor of 21Og1_6("), for any constant € > 0.

» Theorem 35 ([19]). The k-uniform hypergraph vertex cover problem is NP-hard to approz-
imate within a factor of k — 1 — ¢, for any k > 3 and € > 0.

We remark that if we further assume the Unique Games Conjecture, then we can improve
the hardness factor for k-uniform hypergraph vertex cover from k — 1 — € to k — € [2], but
this difference does not matter for us here.

The following is a simple corollary from the hardness of the Nearest Codeword problem.

» Corollary 36. Let T', be the set of all relations of the form Rgpe = {(z,y,2) € IE‘% |
az + by + cz = 0}* where a,b,c € F,\{0} over some finite field F,,. Then MINCosTCSP(T,)
is NP-hard to approximate within a factor of glog’ ~“(n)

Proof. We show how to cast the Nearest Codeword problem over F,, as a MINCoSTCSP(T',)
instance. We first add the variables y1, ..., ¥y, denoting entries of y. For each y;, we impose
a cost of 1 if it is not equal to x;, and O if it is equal to z;. This models the minimum
Hamming weight requirement. To model the constraint Ay = 0, we first note that I', can
also be used to simulate Rape = {(,y,2) € F3 | ax + by + ¢z = 0} if one of a,b, ¢ is zero.
This can be achieved as follows: to obtain the constraint ax + by = 0, we create a dummy
variable z and add the constraint Rgp.(z,y, z) for an arbitrary nonzero ¢, and then we set
the non-zero label costs for z to be all infinite and its zero label cost to be just 0, effectively
forcing this variable to be zero. This can be extended easily if two of a, b, ¢ are zeros.

3 Here ax denotes the sum of a copies of . Note that this is a finite set of relations, since G is a finite
group.
4 Here ax denotes the F, multiplication between field elements a, z € Fp.
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Now we need to transform each linear equation of the form 2111 Ar;y; = 0 so that
left hand side contains at most 3 variables. This can be done via the standard trick: by
introducing a new auxiliary variable z (which has zero cost for any label), we may rewrite
Yot Ariyi = 0 equivalently as Apiy1 + Aoy +2 = 0and —z+ " 5 Ag;y; = 0, and thereby
reducing the number of variables on the left hand side by 1. We repeat this procedure
until all equations have at most 3 variables on the left hand side. It is clear that the
resulting instance is a MINCOsTCSP(T',,) instance which is equivalent to the original Nearest
Codeword instance. By Theorem 34, we can therefore conclude that MINCosTCSP(T',) is
also NP-hard to approximate within a factor of glog! " (n) |

» Lemma 37. Let T be a constraint language such that MINCosTCSP(T') has a constant-
factor approzimation, then T' is bounded-width unless P = NP.

Proof. We prove the contrapositive. Let I' be a constraint language with unbounded width.
Without loss of generality, assume that I' contains all unary relations. Then by Theorem 31,
there exists some nontrivial finite abelian group G such that T' pp-interprets I'(G) in the
first power. In particular, I pp-interprets the set of all irreducible relations I'(G)™* C I'(G)
in the first power. By Lemma 30, we have MINCoSTCSP (T'(G)"™") <cp MINCosTCSP(T).

We now claim that MINCosTCSP(I'(G)™) contains MINCoSTCSP(I',,) as a special case
for some prime p. Note that G must contain some cyclic subgroup of prime order: one may
find this subgroup by taking a subgroup of prime order of some cyclic subgroup generated
by a single nonzero element in G. We may identify this subgroup of order p with the finite
field F,. Note that any relation Rape = {(z,y,2) € F3 | ax + by + cz = 0} over F, is
irreducible if a, b, ¢ are all nonzero, so these relations are contained in T'(G)"™. So we have
that MINCosTCSP(I'(G)"™) contains MINCosTCSP(I',) as a subproblem (where we set
the cost of any label outside F,, to be infinite). It follows that MINCosTCSP(I'(G)"™), and
therefore MINCOSTCSP(I"), do not have a constant-factor approximation unless P = NP. <

For the bounded-width case, we use the following reduction from the hypergraph vertex
cover problem.

» Lemma 38 ([18]). Let I’ be a bounded-width constraint language which is not preserved by
any NU operation. If T' contains all unary singleton relations, then for every k > 1, there is
a k-ary relation R pp-definable from I and a,b € D such that

RN {a,b}* = {a,0}*"\{(a,qa,...,a)}.

» Lemma 39. Let T' be a bounded-width constraint language which is not preserved by any
NU operation. Then MINCosTCSP(T) does not have a constant-factor approximation unless
P = NP.

Proof. Assume that I' has all unary relations without loss of generality. Note that the
k-uniform hypergraph vertex cover problem is the MINCOSTCSP problem with a single
relation Ry = {0,1}*\{(0,0,...,0)}, which is pp-definable from T by Lemma 38 (by thinking
of a as 0 and b as 1, and the assumption that {a, b} as a unary relation is in I"). Observe
that Ry, is irreducible, so the reduction in Lemma 30 implies that MINCOSTCSP(T") is as
hard to approximate as the k-uniform hypergraph vertex cover problem, in particular, by
Theorem 35, it is NP-hard to approximate MINCOSTCSP(I") within a factor of k — 1 — ¢
for any € > 0. Since k can be arbitrarily large, this implies that MINCOSTCSP(I") does not
have a constant-factor approximation, unless P = NP. |

Theorem 26 can now be obtained by combining these two cases.

19:17
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Proof of Theorem 26. Let I' be a constraint language such that MINCosTCSP(I") has a
constant-factor approximation and assume that P # NP, then by Lemma 37, I must be
bounded-width. It then follows from Lemma 39 that I' must be preserved by some NU
operation. <

» Remark 40. In the Boolean case (|D| = 2), it follows from Khanna et al’s classification [30]
as well as Post’s classification of Boolean clones [38] that the necessary condition of having a
conservative NU polymorphism is sufficient as well. Recall that we have the following three
classes of constant-factor approximable Boolean MINCOSTCSPs:
I" can be expressed as a 2CNF-formula. In this case, T' is preserved by the (unique)
majority operation. (This case also includes constraint languages that are width-2 affine
for which MINCOSTCSP can be solved to optimality.)
T" is expressible as a CNF formula where each clause is of the form z1 V- -V xy, 7z V 22,
or —~x; where k < K for some K depending on I'. In this case I is preserved by the
(K 4 1)-ary NU operation thy ™, where

1 if {i€[n]|z; =1} >p,
0 otherwise.

thy (z1,...,2,) = {

I" is expressible as a CNF formula where each clause is of the form —xq V -V —xy,
x1 V g, or 1 where k < K for some K depending on I'. In this case I is preserved by
the (K + 1)-ary NU operation thi .
It can be easily verified using Post’s Lattice [38] that any constraint language whose poly-
morphism clone contains an NU operation can be reduced to one of the three cases above.
However, as soon as |D| > 3, the condition of being preserved by some NU operation is no
longer sufficient (for example, see Theorem 45 in the following subsection).

4.3 A hard predicate with a majority polymorphism

We now present a binary relation Py which has a conservative majority polymorphism, but
nonetheless MINCOSTCSP (Py) is hard to approximate within any constant factor, unless
UGC fails. This implies that the existence of an NU polymorphism is in general not sufficient
for constant-factor approximability assuming UGC.

» Definition 41. Let Py be the binary relation on domain A = {0,1,2} such that Py(x,y)
holds if and only if xt £y or x =y = 2.

The constraint satisfaction problem defined by Py is equivalent to the graph homomor-
phism problem to the undirected graph shown in Figure 2. Intuitively, Py is the XOR
predicate with a “wildcard” element 2 such that the predicate is also satisfied if some input
is 2.

Figure 2 The undirected graph H corresponding to Pp.

We now verify that Py is preserved by a conservative majority operation.
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Figure 3 The reduction from MIN UNCUT to MINCOSTCSP(Py). The nonzero costs are
c(z,2) = c(y,2) =1, c(ze,2) = c(2L,2) = we.

> Claim 42. Let f: A? — A be defined as follows

a if |{ie€[3]|a;=a}|>2,
2 otherwise.

f(al,a2,a3) :{

Then f € Pol(Py).

Proof. Let (a1,b1), (az,bs), (as,bs) € Py. We verify that (f(a1,as,as), f(b1,b2,b3)) € Py.
This is always true if at least one of f(a1,as2,as) and f(by,be,bs) is 2. If neither is 2, then
there is a majority in (a1, as, as) as well as in (by, by, b3). It follows by the pigeonhold principle
that there must be some i € [3] such that a; is equal to the majority element in (a;,as,as)
and b; is equal to the majority element in (b1, be, b3), so we have (f (a1, az,as), f(b1,b2,b3)) =
(ai, bl) € Py. <

Note that f is conservative since when there isn’t a majority we must have {a1,aq,a3} =
{0,1,2} 5 2.

To prove that MINCosSTCSP(Pg) is hard to approximate, we use a reduction from the
MiN UNCuT problem.

» Definition 43. In the MIN UNCUT problem, the input is a weighted undirected graph
G = (V,E,{we}ecr) where w, > 0 for every e € E, and we are asked to remove a subset
E' C E of the edges such that the remaining graph G' = (V, E\ E') is bipartite. The goal is
to minimize the total weight of removed edges ), p We.

We use Opt(G) to denote the value of an optimum solution to MiN UNCUT(G). Without
loss of generality, we may assume that the total edge weight in a MIN UNCUT instance is
normalized to be 1, i.e., > . pwe = 1.

» Theorem 44 ([32]). Assuming UGC, there exists some constant ¢ > 0 such that for all
sufficiently small € > 0 it is NP-hard to distinguish instances of MIN UNCUT with value at
most € and instances with value at least ¢ - \/e. In particular, it is NP-hard to approzimate
Min UNCUT within any constant factor, assuming UGC.

» Theorem 45. Assuming UGC, it is NP-hard to approzimate MINCOSTCSP(Py) within
any constant factor.

Proof. Given any MIN UNCUT instance G = (V, E, {w. }ecE), we construct an instance I of
MINCOSTCSP(Pg) such that Opt(G) = Opt(I). This reduction combined with Theorem 44
will establish our theorem. The reduction is as follows. The variable set of T will be VU{z,, 2., |
e € E} where we take vertices in G plus two distince auxiliary variables z., 2z, for every edge
e € E. For every e = {z,y} € E, we add three constraints Py (z, z¢), Pr(ze, 2.), Pr(2.,y) to
I (note that the order of x and y does not matter). For the cost function ¢, we define ¢(z,0) =
c(xz,1) =0, ¢(x,2) = 1 for every € V, and ¢(z.,0) = ¢(z.,1) = ¢(2.,0) = ¢(zl,1) = 0,
c(ze,2) = ¢(z},2) = w, for the auxiliary variables. This completes the construction. See
Figure 3 for an illustration.

We claim that Opt(G) = Opt(I). We first show that Opt(G) > Opt(I). Take any optimal
assignment for G. We take the same assignment for the vertex variables in I which generates
no cost. For any edge e = {x,y} that is satisfied by the assignment, we can set z, = 1 — x,
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zl, =1 — y and satisfy all three constraints Py (z, 2¢), Pr(2e, 2L.), Pr (2., y) with no cost. For
any edge e = {z,y} that is not satisfied, we can set z, = 2 and z, = 1 — y, satisfying all
three constraints P (z, ze), Pr(ze, 2.), Pr (2., y) with cost w.. So we obtain an assignment
for I that has value Opt(G).

The other direction can be shown similarly. First observe that for each edge e we may
assume at most one of the two auxiliary variables z., 2., is set to 2. Also, since for any vertex
variable z we have ¢(x,2) =1 =) __pw., we may assume that no vertex variable x is set to
2. Now if we take an optimal assignment A for I with these two assumptions, A restricted
to the vertex variables is a valid assignment for G whose the total weight of violated edges is
at most the cost of A, which implies that Opt(G) < Opt(I). <

5 Application: Dichotomy for MinCostCSP with permutation
constraints

As an application of our results, we give a complete classification for MINCOSTCSP(T") where
T" contains all permutation relations.

» Definition 46. A binary relation R C D? over D is called a permutation relation if
R ={(a,0(a)) | a € D} for some bijective o : D — D.

» Theorem 47 (Theorem 3 restated). Let I' be a set of relations over D such that it contains
all permutation relations. Then MINCOSTCSP(T) is |D|-approximable if T is preserved
by a conservative majority operation. Otherwise, if I is not preserved by any conservative
magjority operation, then it is also not preserved by any conservative NU operation and
MINCosTCSP(T') is not constant-factor approzimable, assuming P # NP.

A constraint language that contains all permutation relations can be seen as a natural
generalization of Boolean constraint languages that allow negation of variables. Our classifi-
cation relies on the classification of homogeneous algebras. To state the result, we first need
some definitions.

» Definition 48. An algebra (D, F) consists of a set D (called the universe) and a set of
operations F (called the basic operations) which are functions from finite powers of D to D.
The symbols and arities of the basic operations are called the signature of (D, F). A term
operation is an operation obtained by composition of operations in F.

The set of all term operations of a given algebra (D, F) form a clone (recall Definition 9).
We denote this clone by (F). When F = {s1,..., s} consists of finitely many operations,
we may also write (s1,...,sg) in place of (F).

» Definition 49. Let (D,F) and (D', F') be two algebras with the same signature. A
function f : D — D’ is called a homomorphism from (D, F) to (D', F'), if f commutes with
all basic operations. That is, for every k-ary function symbol t in the signature, we have
tp (flar),..., flax)) = f(tp(a1,...,ar)), where tp and tp are the functions t represents
in (D,F) and (D', F') respectively. When (D,F) = (D', F'), we also say that f is an
automorphism.

» Definition 50. An algebra (D, F) is called a homogeneous algebra if every bijection D — D
is an automorphism.

The following claim follows directly from the definition.
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> Claim 51. Let I' be a constraint language which contains all permutation relations. Then
(D, Pol(T")) is a homogeneous algebra.

The study of homogenous algebras was initiated by Marczewski [37], and a complete
classification was first obtained by Marchenkov [36]. Dalmau used Marchenkov’s result to
give a complete classification for decision CSP where the constraint language contains all
permutation relations [15]. The following theorem is taken from [43] (see also [15]).

» Theorem 52 (Theorem 5.9 in [43]). Let D be a finite domain such that |D| > 5. Let (D, F)
be a homogeneous algebra, then either the dual discriminator operation d is a term operation,
or its clone of term operations (F) is equal to one of the followings:
EY = (s), E{ = (s,70),
EY=(l;) for2<i<n-—1, EY=7.
El = (L) for2<i<n-—3, EL o= (r,).
Here J is the clone of projection operations. s is the switching operation, defined by
x3 if X1 = X,
s(x1,w2,3) = ¢ a2 if 11 = 13,
x1 otherwise.

For2 <k <n-—1, Il is the k-ary near projection operation defined by

1 ifl{l‘l,...,l'k}|<k,
T, otherwise.

lk($1,$2, . ,l‘k) = {

And finally, r, is the (n — 1)-ary operation defined by

z1 iz, x| <n—1,

Tn(@0 22, s T) = { T, otherwise, where x, € D\{z1,...,Tn_1}.

The |D| > 5 assumption is not essential. When |D| > 5, the above algebras are all distinct.

When 2 < |D| < 4, some of these algebras become non-distinct, but the only exceptional
case not covered by the classification above is the Klein 4-group (the unique 4-element group
with exponent 2) with the operation « 4+ y + z. However, this is not a conservative operation
so we may safely ignore it for our purpose.

We are now ready to prove Theorem 47.

Proof of Theorem 47. First observe that if Pol(I") contains some majority function f, then
there must be some i € [3] such that f(x1,z2,23) = 2; when z1, 29, x5 are pairwise distinct:
if not, then there exist distinct ,j € [3] and two triples (1,22, z3), (Y1, Y2, y3) with pairwise
distinct elements within each triple such that f(x1,z2,23) = 24, f(y1,¥2,y3) = y;. Then, let
m: D — D be a permutation such that y; = 7(z;) for every i € [3], f does not preserve the
permutation relation {(a,n(a)) | @ € D}, which is a contradiction. By potentially permuting
the input coordinates in f, we get that the dual discriminator operation d is also contained
in Pol(T"), and therefore MINCOSTCSP(T') is | D|-approximable by Theorem 1.

Now suppose Pol(T") does not contain a conservative majority function, then in particular
it does not contain the dual discriminator operation. Note that since I' can be assumed to
contain all unary operations (see Observation 7), every polymorphism of I" is conservative. It

is easy to see that 7, is not conservative. If Pol(I') = E? = 7, then CSP(T") is NP-complete.

Furthermore, Dalmau [15] showed that if Pol(T') = E? for some 2 < i < n — 1, then CSP(T")

is also NP-complete. So by Theorem 52, the only remaining possibility is Pol(T") = (s).

However, as is observed by Dalmau [15], (s) does not contain any NU operation, so by
Theorem 26, there is no constant factor approximation for MINCosTCSP(T'), assuming
P # NP. <
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