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Abstract
We present a framework that unifies directed buy-at-bulk network design and directed spanner
problems, namely, buy-at-bulk spanners. The goal is to find a minimum-cost routing solution for
network design problems that captures economies at scale, while satisfying demands and distance
constraints for terminal pairs. A more restricted version of this problem was shown to be O(2log1−ε n)-
hard to approximate, where n is the number of vertices, under a standard complexity assumption,
by Elkin and Peleg (Theory of Computing Systems, 2007). Our results for buy-at-bulk spanners are
the following.
1. When the edge lengths are integral with magnitude polynomial in n we present:

a. An Õ(n4/5+ε)-approximation polynomial-time randomized algorithm for uniform demands.
b. An Õ(k1/2+ε)-approximation polynomial-time randomized algorithm for general demands,

where k is the number of terminal pairs. This can be improved to an Õ(kε)-approximation
algorithm for the single-source problem. The same approximation ratios hold in the online
setting.

2. When the edge lengths are rational and well-conditioned, we present an Õ(k1/2+ε)-approximation
polynomial-time randomized algorithm that may slightly violate the distance constraints. The
result can be improved to an Õ(kε)-approximation algorithm for the single-source problem. The
same approximation ratios hold for the online setting when the condition number is given in
advance.

To the best of our knowledge, these are the first sublinear factor approximation algorithms for
directed buy-at-bulk spanners. We allow the edge lengths to be negative and the demands to be
non-unit, unlike the previous literature. Our approximation ratios match the state-of-the-art ratios
in special cases, namely, buy-at-bulk network design by Antonakopoulos (WAOA, 2010) and (online)
weighted spanners by Grigorescu, Kumar, and Lin (APPROX 2023). Furthermore, we improve
the competitive ratio for online buy-at-bulk by Chakrabarty, Ene, Krishnaswamy, and Panigrahi
(SICOMP, 2018) by a factor of log R, where R is the ratio between the maximum demand and the
minimum demand.
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1 Introduction

A core network connectivity problem is the buy-at-bulk problem [5,7, 12, 14, 17, 37, 49, 55, 57],
in which the goal is to route resources between pairs of source and destination locations.
Each pair has an associated demand, i.e., the load of the resources to be delivered. To model
economies of scale, each edge in the network is associated with a cost given by a subadditive
function for the total load of resources delivered through an edge. A feasible solution to the
problem is a collection of routes for each demand. The goal is to find a feasible solution that
minimizes the overall cost.

The spanner problem [9–11,18,21, 22, 26, 27, 32, 46], on the other hand, is a fundamental
network connectivity problem where each edge is assigned a length, and each terminal pair is
associated with a distance budget. The goal is to find a minimum-size subgraph such that
each pair is connected within its target distance.

Both the buy-at-bulk and spanner problems have been well-studied problems in their
own right as they have a plethora of applications in theory and practice. One limitation of
the buy-at-bulk problem is that it does not account for distance constraints. For example,
although the buy-at-bulk cost formulation captures the economies of scale excellently in
communication networks such as the Internet, it does not account for latency 1. On the
other hand, spanners can capture distance-constrained connectivity but do not account for
economies of scale cost when the terminal pairs have various demands.

As a specific example, consider a situation where the city council wishes to modernize
the city transportation network in order to minimize the carbon footprint of commuters.
This could be captured by a buy-at-bulk formulation: if more commuters use a single
transportation link, say a train, then it is natural to assume that the per-commuter carbon
footprint will decrease. However, commuters also have their self-interest in mind, which
may be a time constraint. How to minimize the carbon footprint while ensuring that the
commuters don’t experience significant delays?

Complex network design problems often need to be modeled by buy-at-bulk costs, while
also satisfying spanner-like distance constraints, which leads to the following question:

How can we solve buy-at-bulk network design problems
while also satisfying spanner-like distance constraints?

Typical spanner problems have only dealt with positive edge lengths. However, one
encounters natural applications in which the resource cost may be modeled as being negative,
i.e., a resource gain. Consider a commuter who drives an electric car as part of his commute.
This car gets recharged when going downhill, which may be captured by a gain in money
when traveling on such an edge since recharging means spending less on a charging station.
Hence, we may further ask:

How can we solve buy-at-bulk network design problems
with distance constraints and negative edge lengths?

Motivated by these questions, we study a general multi-commodity problem in directed
graphs, namely, the buy-at-bulk spanner problem. We obtain the first results for this general
formulation, which are also comparable with the best-known results from the literature on
the two individual problems. We now proceed to formalize the buy-at-bulk spanner problem.

1 Consider a situation where your service provider picks a solution that increases your latency by a factor
of 10 just to save a few hundred dollars for them! The Buy-at-bulk formulation will always prefer the
cheapest solution, even if it has very high latency. Note that cost and latency of an edge are both
independent and possibly inversely related metrics. Consider for example using air travel (which is
expensive but quick) as opposed to trains.
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1.1 Buy-at-bulk spanners
In the buy-at-bulk spanner problem, we are given a directed simple graph G = (V, E) with n

vertices, and a set of k terminal pairs D ⊆ V × V . Each pair (s, t) ∈ D is associated with
a distance budget given by the function Dis : D → R and a demand given by the function
Dem : D → Z>0. When Dem(s, t) = 1 for all (s, t) ∈ D, we say that the problem has
unit demands. Each edge e ∈ E is associated with a cost given by a subadditive function
fe : R≥0 → R≥0, satisfying fe(x + y) ≤ fe(x) + fe(y) for all x, y ≥ 0, and a length ℓe ∈ R.
Unlike previous work, our work allows edge lengths to be negative which captures the notion
of gain of a resource/commodity when traversing an edge 2.

A feasible solution to the problem is a collection of paths P := {p(s, t)}(s,t)∈D where
p(s, t) is a feasible s ; t path i.e., if

∑
e∈p(s,t) ℓe ≤ Dis(s, t). Let the load of edge e be

Load(e) :=
∑

(s,t)∈D:e∈p(s,t) Dem(s, t). The goal is to find a feasible solution that minimizes
the objective

∑
e∈E fe(Load(e)).3

The buy-at-bulk spanner problem captures a wide range of network connectivity problems
that are motivated by common scenarios, such as product delivery, transportation, electricity,
and internet construction.

This general formulation has been studied under many variants: without distance con-
straints, it is equivalent to the buy-at-bulk problem [55]; when the edge cost is a fixed value
once used, it captures the weighted spanner problem [32]. The weighted spanner problem
is a generalization of spanners, distance preservers, and Steiner forests, which have found
applicability in various domains such as multi-commodity network design [30,36], approximate
shortest paths [8, 24, 25], distributed computation [6, 52], and routing schemes [20, 51, 53, 54].

1.1.1 A two-metric-based buy-at-bulk formulation
Previous work [5,12,17,40] reduces the buy-at-bulk problem to the two-metric network design
problem, with only a constant factor loss in the approximation guarantee.

In this problem, each edge e ∈ E has a one-time setup cost σ(e) and a maintenance cost
δ(e) 4. The objective is to minimize the cost∑

e∈∪(s,t)∈Dp(s,t)

σ(e) +
∑

(s,t)∈D

∑
e∈p(s,t)

δ(e) ·Dem(s, t). (1)

▶ Lemma 1 ( [17]). Given any feasible solution with objective value OBJBB for the buy-at-
bulk problem, there exists an instance of the two-metric network design problem that has a
feasible solution with objective value OBJ2M , such that OBJ2M ≤ OBJBB ≤ (2 + ε)OBJ2M .

We note that adding distance constraints does not affect the reduction. Let D ⊆ R be
the domain for the length of each edge. We consider the following problem throughout the
paper with different options of D.

2 The distance budget can be negative. We further assume that there are no negative length cycles in G.
3 We note while alternate formulations (such as one where the global cost is a constraint and the distance

travelled by individual users is an objective) are also interesting, we aim to make our formulation here
as close to previous literature on buy-at-bulk network design and spanners as possible.

4 Previous literature uses the term length to refer to δ(e). In our case, δ(e) does not capture any local
constraints; it can only handle a global objective. In the context of say the internet, δ(e) would be the
maintenance cost of the internet due to the load; not the latency of individual users.

APPROX/RANDOM 2025



22:4 Directed Buy-At-Bulk Spanners

▶ Definition 2. Buy-at-bulk Spanner on D
Instance: A directed graph G = (V, E), where
each edge e ∈ E has an upfront cost σ : E → Q≥0, a pay-per-use cost δ : E → Q≥0, and
a distance ℓe ∈ D. We assume that there are no negative cycles induced by {ℓe}e∈E.
We are given a set D ⊆ V × V of ordered pairs, where each pair has a demand captured
by the function Dem : D → Z≥0 and a distance budget captured by the function Dis :
D → R \ {0} 5. Furthermore, we assume that there exists an s ; t path that satisfies the
distance constraint for each (s, t) ∈ D.

Objective: Find a collection of feasible s ; t paths P := {p(s, t)}(s,t)∈D such that the
cost (1) is minimized. An s ; t path p(s, t) is feasible if

∑
e∈p(s,t) ℓe ≤ Dis(s, t).

The performance of an approximation algorithm is measured by the approximation ratio,
the ratio between the cost of the approximate solution and that of the optimal solution.

For Buy-at-bulk Spanner, we consider two domains for edge lengths, D = [poly(n)]± :=
{j ∈ Z | |j| ≤ poly(n)} and D = R. When the problem has unit demands, Buy-at-bulk
Spanner is termed Unit-demand Buy-at-bulk Spanner. In a special case of Buy-at-
bulk Spanner where the source vertex s ∈ V is fixed, we call this problem Single-source
Buy-at-bulk Spanner. For notation convenience, we have D ⊆ {s} × V . We say that s

is the root vertex. The definition for a single-sink buy-at-bulk spanner where the terminal
pairs share the same sink is defined similarly.

In the online buy-at-bulk spanner problem, each terminal pair and its corresponding
demand and budget arrive in an online fashion, one at a time. The other parts of the input,
including the graph, edge costs, and edge lengths, are provided in advance. The goal is to
irrevocably select a path to satisfy the terminal demand pair within the distance budget.
We add the prefix Online to the problem of interest to denote the online version of that
problem. The vertex pair (si, ti) denotes the i-th pair that arrives online.

1.2 Our Contributions
To the best of our knowledge, we give the first efficient sublinear factor approximation
algorithm for Buy-at-bulk Spanner on [poly(n)]± and R. Our online results even allow
demands to be non-unit without paying an extra cost that depends on the demands. We
allow edge lengths to be negative. To the best of our knowledge, negative edge lengths were
not well-studied even for simpler cases such as spanners and restricted shortest paths.

In Section 1.2.1, we present our results for Buy-at-bulk Spanner. In Section 1.2.2 we
present our results for Online Pairwise Spanner. In Sections 1.2.3 and 1.2.4, we present
our technical tools for solving Buy-at-bulk Spanner, namely, distance-constrained junction
trees and resource-constrained shortest paths with negative consumption, respectively.

1.2.1 Buy-at-bulk spanners
In Section 2, we prove the following for Unit-demand Buy-at-bulk Spanner on [poly(n)]±.

▶ Theorem 3. For any constant ε > 0, there exists a polynomial-time randomized algorithm
for Unit-demand Buy-at-bulk Spanner on [poly(n)]± with approximation ratio Õ(n4/5+ε)
and the distance constraints for all (s, t) ∈ D are satisfied with high probability.6

5 One workaround if we want to set a specific distance constraint as 0 is to set it to a small number that
is close enough to 0 like say 10−c (where c > 0) while ensuring the problem is well-conditioned.

6 Throughout this paper, when we say high probability, we mean probability at least 1 − 1/n.
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Theorem 3 generalizes the Õ(n4/5+ε)-approximation algorithm for the unit-demand
directed buy-at-bulk network design problem [5] and directed weighted spanners [32], by
allowing distance constraints.

Next, we turn to online buy-at-bulk spanners. The performance of an online algorithm is
measured by its competitive ratio, that is, the ratio between the cost of the online solution
and that of an optimal offline solution. With non-unit demand, we show the following.

▶ Corollary 4. For any constant ε > 0, there are polynomial-time randomized online
algorithms for Online Buy-at-bulk Spanner on [poly(n)]± with competitive ratio Õ(k1/2+ε)
and for Online Single-source Buy-at-bulk Spanner on [poly(n)]± with competitive
ratio Õ(kε) satisfying the distance constraints with high probability.

Corollary 4 generalizes the Õ(k1/2+ε)-competitive algorithm for directed weighted spanners
[32] and buy-at-bulk network design [5, 12], and the Õ(kε)-competitive algorithm for the
single-source version of these problems, by allowing general demands, pay-per-use cost, and
distance constraints.

Without distance constraints, Online Buy-at-bulk Spanner captures the online buy-
at-bulk problem. Set the distance of each edge to one and the distance budget of each
terminal pair to n. The state-of-the-art results are Õ(k1/2+ε log R)-competitive for online
buy-at-bulk and Õ(kε log R)-competitive for online single-source buy-at-bulk. Here, R is the
ratio between the maximum and minimum demand [12]. We show the following result for
Online Buy-at-bulk Spanner and Online Single-source Buy-at-bulk Spanner
on [poly(n)]±, which removes the dependency of R from the competitive ratio in the result
of [12]. Note that R is independent of n or k and in practice could be very large.

Next, we consider Online Buy-at-bulk Spanner on R by slightly relaxing the distance
constraints. This also allows us to obtain approximation algorithms for Online Buy-at-
bulk Spanner on [poly(n)]± in terms of k (Corollary 4). For notation convenience, we
define some condition numbers. Let

η := |min{mine∈E{ℓe}, 0}|
min(s,t)∈D{|Dis(s, t)|} and ξ :=

max(s,t)∈D{|Dis(s, t)|}
min(s,t)∈D{|Dis(s, t)|} . (2)

Intuitively, η denotes the ratio between the magnitude of the most negative edge length
and the smallest absolute value of the budget.7 If edge lengths are all non-negative, then
η = 0. Similarly, ξ denotes the ratio between the largest and the smallest absolute value of
the budget. To accommodate a negative distance budget, we use the sgn function

sgn(x) =


−1 if x < 0,

0 if x = 0,

1 if x > 0.

For Online Buy-at-bulk Spanner on R, we assume that the condition numbers η and
ξ are given in advance. This is not necessary for the offline version of this problem or for the
Online Buy-at-bulk Spanner on [poly(n)]± .

Suppose we are given a tolerance parameter θ > 0. When the distance budget is positive,
the goal is to satisfy the distance constraint within a factor of (1 + θ). When the distance
budget is negative, the distance between the terminal pair is below (1− θ) times the budget.
We prove Theorem 6 in the full version paper [33].

7 η cares about mine∈E{ℓe}, but not about maxe∈E{ℓe}. This is because we can safely ignore edges that
are much longer than the budget, but we cannot do so for edges (with negative lengths) that are much
shorter than the budget.

APPROX/RANDOM 2025
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▶ Definition 5 (θ-Feasibility). For a given θ > 0, an s ; t path p(s, t) is θ-feasible if∑
e∈p(s,t) ℓe ≤ (1 + θ · sgn(Dis(s, t))) · Dis(s, t). Note that when θ = 0, θ-feasibility is no

different from regular feasibility.

▶ Theorem 6. For any θ > 0 and constant ε > 0, there are poly(n, 1/θ, η, ξ)-time randomized
algorithms for Online Buy-at-bulk Spanner on R with competitive ratio Õ(k1/2+ε) and
for Online Single-source Buy-at-bulk Spanner on R with competitive ratio Õ(kε),
both returning a set of θ-feasible paths p(s, t) for each (s, t) ∈ D, with high probability. Here,
η and ξ are the condition numbers defined in (2), respectively. When 1/θ, η, ξ ∈ poly(n), the
algorithm runs in polynomial time.

When the edge lengths are non-negative, η = 0, so the running time is poly(n, 1/θ, ξ).
When the domain D = [poly(n)]±, observe that it is sufficient to consider that Dis(s, t) ∈

poly(n). This in turn guarantees a poly(n) upper bound for ξ and η. This upper bound can be
obtained by processing the input graph (even when we don’t know the distance constraints)
and therefore for Online Buy-at-bulk Spanner on [poly(n)]±, we don’t need to know the
condition numbers in advance. From Theorem 6, when the domain D = [poly(n)]±, we can
set θ = 1/poly(n) (based on the upper bounds of ξ and η) such that the distance constraints
are satisfied. This implies Corollary 4.

1.2.2 Online Pairwise Spanner
In one special case of Online Buy-at-bulk Spanner where for all edges, the upfront cost is
one, the maintenance cost is zero, and the lengths are positive, the problem is termed Online
Pairwise Spanner. Theorem 6 and Corollary 4 imply Corollaries 8 and 9, respectively,
using the following lemma.

▶ Lemma 7 ([34]). For any constant ε > 0, an Õ(k1/2+ε)-competitive randomized online
algorithm with running time T for Online Pairwise Spanner implies an Õ(n2/3+ε)-
competitive randomized online algorithm for Online Pairwise Spanner with running time
T + poly(n, log (maxe∈E{|ℓe|})).

▶ Corollary 8. For any constant ε > 0, there exists a poly(n, 1/θ, ξ, log (maxe∈E{|ℓe|}))-
time randomized algorithm for Online Pairwise Spanner with competitive ratio Õ(n2/3+ε)
returning a set of θ-feasible paths p(s, t) for each (s, t) ∈ D, with high probability. Hernumbere,
ξ is the condition numbers defined in (2). When 1/θ, ξ ∈ poly(n), the algorithm runs in
polynomial time.

▶ Corollary 9. For any θ > 0 and constant ε > 0, there exists a polynomial-time randomized
algorithm for Online Pairwise Spanner on [poly(n)] with competitive ratio Õ(n2/3+ε)
satisfying the distance constraints with high probability.

Corollary 8 is comparable with the Õ(n4/5+ε)-competitive result for Online Pairwise
Spanner and the Õ(n2/3+ε)-competitive result for Online Pairwise Spanner with unit
edge lengths [34]. The improvement in the competitive ratio and the domain of the edge
lengths has a trade-off of slightly violating the distance constraints. Corollary 9 generalizes
the result for Online Pairwise Spanner from unit edge lengths to edge lengths in [poly(n)].

We emphasize again that Buy-at-bulk Spanner unifies the buy-at-bulk network design
and spanners problems. Our results expand the domain for some results in the existing
literature on these two problems. We allow edge lengths to be negative and of arbitrary
magnitude (provided they are well-conditioned). There are no directed spanner results that
account for edge lengths with negative values and arbitrary magnitude that we are aware of.
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1.2.3 Distance-constrained junction trees (Main technical results)
In previous literature, one main engine for solving the directed pairwise spanner problem
[18, 34], the directed buy-at-bulk network design problem [5, 12, 17, 56], and the directed
Steiner forest problem [9, 13, 16, 28] is the notion of junction tree. The notion of junction
tree used for these problems is a union of an in-arborescence and an out-arborescence both
rooted at the same vertex. For our purpose, we extend the definition of junction trees to
handle both buy-at-bulk costs and distance constraints.

To further extend our results to the domain R for edge lengths, we define and use a
relaxed version of distance-constrained junction trees. This allows us to obtain approximation
algorithms for (θ-relaxed) Minimum-density Distance-constrained Junction Tree
(Theorem 12 and Corollary 13) later on.

▶ Definition 10. Given an instance of Buy-at-bulk Spanner, a root vertex r ∈ V and a
constant θ > 0, a θ-relaxed distance-constrained junction tree J := {p(s, r, t)}(s,t)∈D′ rooted
at r is a non-empty collection of θ-feasible s ; r ; t paths in G for some D′ ⊆ D. The
s ; r paths form an in-arborescence and the r ; t paths form an out-arborescence, both
rooted at r.

The crucial subproblem for solving Buy-at-bulk Spanner on R is defined as follows.

▶ Definition 11. θ-relaxed Minimum-density Distance-constrained Junction Tree
Instance: Same as Buy-at-bulk Spanner on R.
Objective: Find a root r ∈ V , a distance-constrained junction tree J rooted at r, such

that the ratio of the cost (1) of J to the number of (s, t) pairs that satisfy the θ-feasibility
requirement (recall Definition 5) is minimized. Specifically, the goal is the following:

min
r∈V,J

cost(J )
|{(s, t) ∈ D | ∃ a θ-feasible path p(s, r, t) in J | . (3)

▶ Theorem 12 (Main Theorem). For any constant ε > 0, there is a poly(n, 1/θ, η, ξ)-time
randomized algorithm that gives an Õ(kε)-approximation for θ-relaxed Minimum-density
Distance-constrained Junction Tree with high probability. When 1/θ, η, ξ ∈ poly(n),
the algorithm runs in polynomial time.

When the edge lengths are non-negative, η = 0, so the running time is poly(n, 1/θ, ξ).
When the domain D = [poly(n)]± and it is required to exactly satisfy the distance

constraints, the problem θ-relaxed Minimum-density Distance-constrained Junction
Tree is termed Minimum-density Distance-constrained Junction Tree. From
Theorem 12, we can set θ = 1/poly(n) (for a sufficiently large poly(n)) such that the distance
constraints are satisfied and the condition numbers η and ξ are polynomial in n (since it is
sufficient to consider that Dis(s, t) ∈ poly(n)). This implies the following.

▶ Corollary 13. For any constant ε > 0, there is a polynomial-time randomized algorithm that
gives an Õ(kε)-approximation for Minimum-density Distance-constrained Junction
Tree with high probability.

Corollary 13 generalizes the minimum density junction tree used for buy-at-bulk network
design [5], pairwise spanners [18], and weighted spanners [32], with the same approximation
ratio. We emphasize that our minimum-density junction tree framework accounts for buy-
at-bulk costs and distance constraints with negative edge lengths. Furthermore, since
junction trees and their variants are used in several algorithms in network design, we believe

APPROX/RANDOM 2025
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Theorem 12 and Corollary 13 which extend the junction tree black box in multiple ways are
of independent interest. For instance, Corollaries 8 and 9 which improve existing results for
Online Pairwise Spanner are obtained by simple application of our improved blackbox.
An interesting question to ask is if Theorem 12 can be used in the same way to extend other
such results (see for instance [18]).

1.2.4 Resource-constrained shortest paths with negative consumption
In previous literature, one crucial case analysis for solving directed spanner problems [9,18,
21,32,34] and the directed buy-at-bulk network design problem [5] is via flow-based linear
programs (LP). The LP formulations for spanners potentially contain an exponential number
of constraints and thus require an efficient black-box subroutine to be solved in polynomial
time. A fully polynomial time approximation scheme (FPTAS) for the restricted shortest
path problem [43, 47] is treated as an approximate separation oracle to approximately solve
the flow-based LP for spanners.

We design and use an approximation scheme for the resource-constrained shortest paths
problem with negative resource consumption, a generalization of the FPTAS for the restricted
shortest path problem [44] in order to further accommodate buy-at-bulk costs for spanners
with negative edge lengths. We believe this generalization is of independent interest since it
can be used to extend the results which use [43,44,47].

▶ Definition 14. Resource-constrained Shortest Path (m-RCSP)
Instance: An n-vertex directed graph G = (V, E), with edge costs c : E → R≥0, a terminal

pair (s, t) with s, t ∈ V , and a resource budget L = (L1, ..., Lm) ∈ (R \ {0})m. For each edge
e ∈ E, we also have a resource consumption vector w(e) = (w1(e), w2(e), . . . , wm(e)) ∈ Rm.
We assume that there are no negative cycles induced by {wi(e)}e∈E for each i ∈ [m].

Objective: Find a min-cost s ; t path P such that
∑

e∈P wi(e) ≤ Li, ∀i ∈ [m].

We note that when m = 1 and the resource consumption is non-negative, m-RCSP
captures the restricted shortest path problem. In the LP for Buy-at-bulk Spanner, the
constraints can be captured by solving m-RCSP. For m-RCSP, we design an algorithm that
finds an optimal solution that slightly violates the resource budget.

▶ Definition 15 (E-Multicriteria-Feasibility). Let E = (ε1, ε2..., εm) ∈ Rm
>0 be a given error

tolerance vector. Given a terminal pair (s, t), an s ; t path p(s, t) is εi-feasible for resource
i ∈ [m] if

∑
e∈p(s,t) wi(e) ≤ (1+εi·sgn(Li))Li. An s ; t path p(s, t) is E-multicriteria-feasible

if it is εi-feasible for all resources i ∈ [m].

Let OPTRCSP be the cost of any minimum cost s ; t path that satisfies the resource
constraints. Given a tolerance vector (ε1, ε2..., εm) ∈ Rm

>0, a (1; 1 + ε1, 1 + ε2..., 1 + εm)-
approximation scheme finds a E-multicriteria-feasible (see definition 15) s ; t path whose
cost is at most OPTRCSP . Let the condition number

γi := |min{mine∈E{wi(e)}, 0}|
|Li|

(4)

denote the ratio between the magnitude of the most negative i-th resource consumption
among the edges and the absolute value of the budget for the i-th resource.

▶ Theorem 16. There exists a poly(nm, γ1, ..., γm, 1/|ε1|, ..., 1/|εm|)-time (1; 1+ε1, 1+ε2..., 1+
εm)-approximation scheme for m-RCSP. When γi, 1/|εi| ∈ poly(n) ∀i ∈ [m] and m is a
constant, the approximation scheme runs in polynomial time.

When wi(e) > 0 ∀i ∈ [m], e ∈ E, Theorem 16 directly recovers the FPTAS from [44].
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1.2.5 Summary
We summarize our main results for Buy-at-bulk Spanner in Table 1 by listing the
approximation ratios and contrasting them with the corresponding known approximation
ratios. The running time for Buy-at-bulk Spanner and Single-source Buy-at-bulk
Spanner on [poly(n)]± is polynomial. The running time for the θ-feasible or relaxed results
on R is poly(1/θ, η, ξ, n) (poly(n, 1/θ, ξ, log (maxe∈E{|ℓe|})) for Online Pairwise Spanner).

Table 1 Summary of the approximation and competitive ratios. Here, n refers to the number
of vertices and k refers to the number of terminal pairs. The edge costs σ and δ are non-negative
rational numbers. Input graphs do not have negative cycles induced by the edge lengths (or resources
for m-RCSP). R is the ratio between the maximum and minimum demand. The weighted spanner
problem [32] considers edge lengths in [poly(n)].

Problem Our Results Previous Problems and Results

Buy-at-bulk Õ(n4/5+ε) (unit-demand, Thm 3) O(n4/5+ε) (unit-demand buy-at-bulk) [5]

Spanner on [poly(n)]± Õ(k1/2+ε) (Cor 4) Õ(n4/5+ε) (weighted spanners) [32]

Õ(kε) (single-source, Cor 4) O(k1/2+ε) (buy-at-bulk) [5]

O(kε) (single-source buy-at-bulk) [5]

Buy-at-bulk Õ(k1/2+ε) (θ-feasible, Thm 6) Õ(k1/2+ε) (weighted spanners) [32]

Spanner on R Õ(kε) (θ-feasible, single-source, Õ(kε) (single-source weighted spanners) [32]

Thm 6) Õ(n3/5+ε) (pairwise spanners) [18]

Online Buy-at-bulk Õ(k1/2+ε) (Cor 4) Õ(n4/5) (online pairwise spanners) [34]

Spanner on [poly(n)]± Õ(kε) (single-source, Cor 4) min{Õ(k1/2+ε), Õ(n2/3+ε)} (online spanners with

Online Buy-at-bulk Õ(k1/2+ε) (θ-feasible, Thm 6) unit edge lengths) [34]

Spanner on R Õ(kε) (θ-feasible, single-source, O(k1/2+ε log R) (online buy-at-bulk) [12]

Thm 6) O(kε log R) (online single-source buy-at-bulk) [12]

Online Pairwise Õ(n2/3+ε) (θ-feasible, Cor 8) Õ(k1/2+ε) (online weighted spanners) [32]

Spanner Õ(n2/3+ε) (on [poly(n)], Cor 9) Õ(kε) (online single-source weighted spanners) [32]

Minimum-density Õ(kε) (on [poly(n)]±, Cor 13) O(kε) (buy-at-bulk) [5]

Distance-constrained Õ(kε) (on R, θ-relaxed, Thm 12) Õ(kε) (pairwise spanners) [18]

Junction Tree Õ(kε) (weighted spanners) [32]

m-RCSP with negative an (1; 1 + ε1, 1 + ε2..., 1 + εm)- an (1; 1 + ε, 1 + ε..., 1 + ε)-approximation scheme

resource consumption approximation scheme (Thm 16) for m-RCSP with non-negative consumption

1.3 High-level technical overview
1.3.1 The Õ(kε)-approximation for Minimum-density

Distance-constrained Junction Tree
We now sketch the proof of Theorem 12. This is our main technical result and an important
tool for deriving many of our other results, i.e., Theorems 3 and Corollary 8.

At a high level, junction trees form a cheap partial solution that connects a subset of
terminal pairs. For Buy-at-bulk Spanner, a potential approach is to iteratively select a
low-density junction tree in case there exist edges that are crucial for connecting terminal
pairs. For our purpose, we have to construct feasible junction trees that satisfy the distance
constraints while connecting terminal pairs. The modified junction-tree-based approach is
the main engine of our framework.

Suppose we have a fixed root vertex r ∈ V , and the goal is to find a minimum-density
junction tree rooted at r. Here, the density is defined as the cost of the junction tree divided
by the number of terminal pairs connected. The framework in [18] used for pairwise spanners
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with unit lengths has three main steps: 1) construct a layered graph from G to capture the
distance constraints and a junction tree rooted at r, 2) use the height reduction technique to
construct a tree-like graph from the layered graph by paying a small approximation ratio, and
3) solve a corresponding minimum density Steiner label cover problem on the tree-like graph.
The main reason for the second and third steps is that the tree-like graph is well-structured,
which allows one to find a low-density junction tree by paying a polylogarithmic factor.

To capture distance constraints with negative edge lengths and the flow-based cost in the
buy-at-bulk problem, our first two steps (scaling the edge lengths and building the layered
graph) require multiple new ideas, which significantly depart from the analysis of [18] in
several aspects, as we describe below. Although some of our ideas are natural, we do not
believe they are obvious beforehand.

1.3.1.1 Scaling and rounding the edge lengths

In our first step, we use an approach similar to [44] to properly scale and round the edge
lengths. The edge lengths are rounded up so that the distances between the terminal
pairs might be slightly overestimated. This allows us to construct a layered graph of size
polynomial in the condition numbers which approximately preserves the edge lengths and
terminal distances. Note that this scaling process has been used only in the single commodity
setting [44, 47]. Using this technique in the multi-commodity setting creates a new set of
challenges as the scaling parameters depend on the distance constraint and in the multi-
commodity setting we have multiple distance constraints. Our techniques effectively adapt
the scaling process to the multi-commodity setting without paying a significant overhead.

1.3.1.2 Turning distance constraints into connectivity constraints

In our second step, we construct a layered graph that approximately preserves the edge
lengths. In the layered graph, each layer captures the distance to (from) the root vertex. To
handle negative edge lengths, a key modification is to allow edges to go backward, instead of
always forward as in [18]. Furthermore, since we have general edge lengths instead of unit
edge lengths, it is no longer the case that only neighboring layers have edges between them.
Edges are added from one layer to another whenever their length corresponds to the distance
between layers. Finally, one also needs to be careful in building the layers themselves – our
distances are not bound by the maximum number of hops and thus we need more layers (it
is for this reason we need scaling - otherwise we would have too many layers).

1.3.1.3 Handling pay-per-use cost

In our third step, the main challenge is to handle the flow-based cost properly. Fortunately,
following the height reduction technique in [12] allows us to reduce the two-metric problem
to a variant of the Steiner problem, namely, minimum density Steiner label cover, which
only accounts for the upfront cost. In this problem, the goal is to find a minimum density
subgraph that connects pairs of terminal vertex sets, subject to a relation induced by the
distance constraints. This process also needs to be able to handle general demands (as
opposed to [12] which only handles uniform demands). We use the algorithm in [18] to solve
the minimum density Steiner label cover problem.
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1.3.2 The online algorithms for Buy-at-bulk Spanner
We now present a sketch of the proof of Theorem 6. This is our approximation algorithm
for Online Buy-at-bulk Spanner and it removes the dependency on R (i.e., the ratio
between the maximum and minimum demand) from previous literature.

In the offline setting, an Õ(kε)-approximation algorithm for Single-source Buy-at-
bulk Spanner directly follows by Theorem 12. An offline approximation algorithm for
Buy-at-bulk Spanner follows a standard iterative density procedure for directed Steiner
forests [16] and spanners [32, 34]. Iteratively picking minimum-density distance-constrained
junction trees only pays a factor of O(

√
k). Combining this and Theorem 12 results an offline

Õ(k1/2+ε)-approximation. Finding an online solution requires several technical modifications.
Instead of using an iterative procedure, which inherently uses the global structure of the
problem in the offline setting, we construct junction trees in an online fashion similar to online
buy-at-bulk [12], by considering all vertices as the candidate junction tree root simultaneously.
Before terminal pairs arrive, we pre-process the input graph as follows. To handle distance
constraints, we first construct a collection of layered graphs that approximately preserves
the edge lengths and captures the distance to (from) each candidate root vertex of the
junction tree. Then we use the height reduction technique to construct a forest, which is
well-structured for deriving a reduction to the online Steiner label cover problem on the
forest. An arriving terminal pair introduces a partial input of the online Steiner label cover
problem on the forest, which can be approximately solved online [34]. Ultimately, we recover
a solution in the original graph from the Steiner label cover solution in the forest.

1.3.3 The Õ(n4/5+ε)-approximation algorithm for Buy-at-bulk Spanner
on [poly(n)]±

We now describe the high-level overview of the proof of Theorem 3. This result gives a
sublinear approximation for Buy-at-bulk Spanner. The overall strategy here is to classify
all terminal pairs as good or bad based on some parameters and tackle them separately. This
approach is followed by multiple publications in the past such as [9, 21, 28, 32]. But all of
these results have key differences in their details which give rise to significant differences
in their results. Our proof of Theorem 3 also has several seemingly minor changes which
require delicate incorporation to achieve our general result.

Similarly to the Steiner forest framework [9, 28] and the buy-at-bulk network design
framework [5], we classify the terminal pairs as follows:

A pair (s, t) ∈ D is good if the feasible (i.e., satisfying the distance constraint) and cheap
(low upfront cost and low pay-per-use cost) s ; t paths span a great number of vertices.
A pair (s, t) ∈ D is bad otherwise.

Different from the previous literature, our main technical challenge is to accommodate
distance constraints. With distance constraints, we have to handle all the cases carefully,
without destroying the desired structural properties. The analysis significantly departs
from [5,9, 28,32] in several aspects, as we describe below.

1.3.3.1 Handling good pairs

For the first case, a standard approach is to sample a sufficient number of intermediary
vertices from V and add cheap and feasible paths to connect the good pairs. For directed
Steiner forests, edges only have upfront cost and there are no distance constraints, so it is
sufficient to add cheap paths [9,28]. For weighted spanners [32], edges only have upfront cost
and positive edge lengths, so it is sufficient to find a shortest cheap path by using the restricted
shortest path FPTAS [43,47] as a subroutine.
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For Buy-at-bulk Spanner on [poly(n)], edges have positive edge lengths, upfront cost,
and pay-per-use cost, one can carefully use the resource-constrained shortest path (RCSP)
FPTAS from [44] as the subroutine to handle distance constraints. This approach connects
the sources to the intermediary vertices and the intermediary vertices to the sinks, where the
connecting paths have short distances and low upfront cost and pay-per-use cost. Handling
negative edge lengths requires a more general subroutine to connect the terminal vertices to
(from) the intermediary vertices, so we modify the FPTAS for RCSP to accommodate negative
edge lengths (described in more detail in Section 1.3.4). We note that the process of using
the FPTAS we design isn’t straightforward either and requires some careful observations.

1.3.3.2 Handling bad pairs

After the good pairs are resolved, we iteratively use a greedy algorithm based on a density
argument. The greedy algorithm constructs a low-density partial solution in each iteration.
Adding low-density partial solutions iteratively guarantees a global solution of approximately
minimum cost. For ease of our analysis, we partition the bad pairs into three classes based
on an unknown optimal solution P∗ = {p∗(s, t)}(s,t)∈D.

A bad pair (s, t) ∈ D is in class 1 if p∗(s, t) has a high pay-per-use cost.
A bad pair (s, t) ∈ D is in class 2 if p∗(s, t) has a high upfront cost and a low
pay-per-use cost.
A bad pair (s, t) ∈ D is in class 3 if p∗(s, t) has low upfront cost and low pay-per-use cost.

We consider three subcases for the bad pairs.
Case 1: the number of bad pairs is small.
Case 2: the number of class 2 bad pairs is larger than the number of class 3 bad pairs.
Case 3: the number of class 2 bad pairs is at most the number of class 3 bad pairs.

The iterative procedure continues by picking the better solution by trying out case 2
and case 3 until the number of bad pairs is small (case 1). Once we reach case 1, we use
Corollary 4 to resolve all the bad pairs. Since the number of unresolved vertex pairs is small
in this case, the approximation ratio is sufficiently small.

A key observation is that the number of class 1 bad pairs is always smaller than the
threshold used for case 1. Therefore, it suffices to consider cases 2 and 3 before we run out
of class 2 and class 3 bad pairs. For case 2, there are more class 2 pairs than class 3 pairs.
Since the class 2 bad pairs have high upfront cost, we must have an edge that belongs to
a sufficient number of paths that connect the terminal pairs within the required distance
in an optimal solution. This implies that there must be a vertex that lies on an edge used
plenty of times, so we can use Corollary 13 (obtained from Theorem 12) to find a low-density
junction tree rooted at that vertex as our partial solution.

Recall that for each bad pair, the number of vertices spanned by its feasible paths is
small. In case 3, there are more class 3 pairs than class 2 pairs. Therefore, there are sufficient
terminal pairs whose upfront cost and pay-per-use cost are low and whose feasible paths span
a small number of vertices. A natural approach that addresses this case is via a flow-based LP
formulation. Intuitively, when we have a large number of terminal pairs with low upfront cost
and pay-per-use cost and a small number of vertices spanned by feasible paths, the edge
indicators of the LP must be large enough to construct a feasible fractional solution. To solve
the LP, we use our RCSP framework that accommodates negative resource consumption as a
separation oracle to extract violating constraints. After using a careful pruning procedure as
in [5] and a rounding scheme similar to the ones used for Steiner forests [9] and weighted
spanners [32], we extract the edges with high indicator values in the LP and recover the
collection of paths as our partial solution.
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1.3.4 The approximation scheme for RCSP with negative consumption

We describe the proof of Theorem 16. This is our approximation algorithm for Resource-
constrained Shortest Path and it allows edge lengths to be negative (as opposed
to [43, 44, 47]). We use this result in the proof of Theorem 3. We also believe it is of
independent interest since it can be used to extend the results which use [43,44,47]).

Recall that for m-RCSP, we are given a directed graph with a terminal vertex pair. Each
edge is associated with a cost and an m-dimensional resource consumption vector where
entries can be negative. There is no negative cycle induced by any resource type. We also
have an m-dimensional budget for the resource consumption. The goal is to find a cheap
path to connect the terminal pair without exceeding the budget.

To construct the approximation scheme, we follow the dynamic programming (DP)
paradigm in [44]. To approximately preserve feasibility, [44] scales the resource consumption
properly, and the DP memorizes the feasible resource consumption patterns while reaching a
specific vertex from the source. To accommodate negative resource consumption, the main
challenge is the negative resource consumption can be unbounded in terms of the scale for
the non-negative consumption. Addressing these challenges requires several modifications.
Not only do we construct a larger DP table, this DP table needs a different algorithm since
the old algorithm fails when the weights are allowed to be negative. With the assumption
that negative cycles do not exist, our DP needs to consider hop counts in a fashion similar to
the Bellman-Ford algorithm. The number of resource consumption patterns in our setting
depends on the condition numbers γi and this requires some careful analysis.

1.4 Related work

1.4.1 Directed spanners

A well-studied variant of spanners is called the directed s-spanner problem, where there is a
fixed value s ≥ 1 called the stretch, and the goal is to find a subgraph with a minimum number
of edges such that the distance between every pair of vertices is preserved within a factor of
s in the original graph. When the lengths of the edges are uniform and s = 2, there is a tight
Θ(log n)-approximation algorithm [26,46]. When s = 3, 4 there are Õ(n1/3)-approximation
algorithms [9, 22]. When s > 4, the best known approximation factor is Õ(n1/2) [9]. The
problem is hard to approximate within an O(2log1−ε n) factor for 3 ≤ s = O(n1−δ) and
any ε, δ ∈ (0, 1), unless NP ⊆ DTIME(npolylog n) [27]. More general variants consider the
pairwise spanner problem [18], and the client-server model [10,26], where the set of terminals
is arbitrary D = {(si, ti) | i ∈ [k]} ⊆ V × V , and each terminal pair (si, ti) has its own
target distance di. The goal is to compute a minimum cardinality subgraph in which for
each i, the distance from si to ti is at most di. For the pairwise spanner problem with
uniform lengths, [18] obtains an Õ(n3/5+ε) approximation. Recently, [32] studied the weighted
spanner problem for arbitrary terminal pairs, which has a closer formulation to buy-at-bulk
spanners. [34] studied online directed spanners. We refer the reader to the excellent survey [2]
for a more comprehensive exposition.

1.4.2 Buy-at-bulk network design

The buy-at-bulk problem has received considerable attention and has been well-studied in
the past few decades. Most of the previous buy-at-bulk literature focused on undirected
networks, as listed below.
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The problem was first introduced in [55], where the subadditive load function was used to
capture the economy of scale in network design. [55] showed that the problem is NP -hard,
and gave an O(min{log n, log Dmax})-approximation algorithm for the single-source problem,
where Dmax is the maximum demand. When the edge costs are uniform, there is a polylog(n)-
approximation algorithm for the multi-commodity problem [7] and O(1)-approximation
algorithms for the single-source problem [35,37,57]. With non-uniform load functions, the first
nontrivial result for the multi-commodity problem was O(log Dmax exp(O(

√
log n log log n)))-

approximate [14], later improved to polylog(n)-approximate [17]; for the single-source problem,
there is an O(log k)-approximate algorithm [49]. The buy-at-bulk problem is more intractable
on directed graphs. The state-of-the-art is an min{Õ(k1/2+ε), Õ(n4/5+ε)}-approximate
algorithm [5]. Even in the special case of directed Steiner forests, previous algorithms only gave
poly(n) but sublinear (i.e., o(n)) approximation algorithms [1,9,18,28]. On the hardness side,
for the undirected buy-at-bulk problem, the multi-commodity problem is O(log1/2−ε n)-hard
to approximate when the costs are general and O(log1/4−ε n)-hard to approximate when the
costs are uniform [4], and the single-source problem is O(log log n)-hard to approximate [19].
These results are based on the assumption that NP ⊈ ZTIME(npolylog(n)). For directed
buy-at-bulk, the problem is hard to approximate within an O(2log1−ε n) factor assuming that
NP ⊈ DTIME(npolylog(n)), even in the special case of directed Steiner forests [23].

Note that previous literature, including [12, 31], uses the term length to refer to δ(e),
where the notion is different from ours. In [12], length refers to a global parameter that
needs to be minimized. We consider length as a constraint parameter. Furthermore, our
setting accounts for three types of costs (two for buy-at-bulk and one for lengths), which is
richer than the earlier work on buy-at-bulk and hop-constrained network design (see Section
1.4.4) with two cost functions.

1.4.3 Other variants of buy-at-bulk network design
Besides the edge-weighted buy-at-bulk problem, there are other variants, including the
node-weighted problem and the prize-collecting problem. In the prize-collecting problem,
each terminal pair also has a penalty, and one can choose not to connect the pair and incur
the penalty in the cost. Most results are on undirected graphs. For undirected node-weighted
buy-at-bulk, there exists a polylogarithmic polynomial-time approximation algorithm [15]
and a polylogarithmic quasi-polynomial-time competitive online algorithm [12]. In a more
restricted case, i.e., undirected node-weighted Steiner trees, a polylogarithmic approximation
algorithm was presented in [45] and a polylogarithmic competitive online algorithm was
presented in [50]. Following [50], [41] extends to online undirected node-weighted Steiner
forests while [42] extends to the online prize-collecting versions. These results fall under the
unifying framework of [3] which utilizes an online primal-dual LP rounding scheme. The
work [12] further extends to the online price-collecting buy-at-bulk problem with the same
competitive ratio as the standard edge-weighted problem on both directed and undirected
graphs. The work [38] considers a metric-based variant of undirected online buy-at-bulk and
presents a framework that finds a cheap subgraph (compared to the minimum spanning tree
or the optimal Steiner forest) that connects the terminal pairs with low stretch.

1.4.4 Undirected bi-criteria network design
A general class of undirected bi-criteria network problems was introduced by [48], where
one basic setting is the undirected Steiner tree problem. The goal is to connect a subset of
vertices to a specified root vertex. In the bi-criteria problem, the distance from the root to a
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target vertex is required to be at most the given global threshold. [48] presented a bi-criteria
algorithm for undirected Steiner trees that is O(log n)-approximate and violates the distance
constraints by a factor of O(log n). Following [48], [40] extends this result to a more general
buy-at-bulk bi-criteria network design problem, where the objective is polylog(n)-approximate
and violates the distance constraints by a factor of polylog(n).

[29, 39] studied the tree embedding technique used for undirected network connectivity
problems with hop constraints. For a positively weighted graph with a global parameter
h ∈ [n], the hop distance between vertices u and v is the minimum weight among the u-v-
paths using at most h edges. Under some mild assumptions, the tree embedding technique
allows a polylog(n)-approximation by relaxing the hop distance within a polylog(n) factor for
a rich class of undirected network connectivity problems.

1.4.5 Resource-constrained shortest path
The resource-constrained shortest path problem was introduced in [44]. The input consists
of m resource types and a directed graph where each edge is associated with a non-negative
cost and a non-negative (for all coordinates) resource consumption vector. The goal is to
find a minimum-cost path that connects the single source vertex to the single sink vertex
while satisfying the resource constraint. When m = 1, this problem is equivalent to the
restricted shortest path problem [43, 47], which has been extensively used in the literature of
spanners [9,18,21,28,34]. The results of [44] show that when m is a constant, there exists an
FPTAS that finds a path with a cost at most the same as the feasible minimum-cost path
by violating each budget by a factor of 1 + ε. The FPTAS for m = 2 is used to solve the
weighted spanner problem [32].

1.5 Organization
We present the Õ(n4/5+ε)-approximation algorithm for Buy-at-bulk Spanner on [poly(n)]±
in Section 2. All missing proofs are deferred to the full version paper [33].

2 An Õ(n4/5+ε)-approximation for Buy-at-Bulk Spanners

In this section, we give a short sketch of Theorem 3. While some of our other results (such
as Theorem 12) are also of independent utility and some involve higher technical complexity,
we choose to emphasize Theorem 3 here as it uses several tools developed throughout this
work. Through this section, we get a glimpse into a number of our other results as well.

Throughout this subsection, we set D = [poly(n)]±.
As in [5, 9, 28, 32] let τ be our guess of the optimal solution - OPT such that OPT ≤

τ ≤ 2 · OPT. Throughout this section, we will assume that our demand is uniform (i.e.,
Dem(s, t) = 1 ∀ (s, t) ∈ D).

We define some common notations used in the literature for Spanners, Steiner forests,
and buy-at-bulk network design. Let β = n3/5 and L1 = τ/n4/5, L2 = n4/5τ/k - we will use
these parameters later in our algorithm. We say that any path p(s, t) connecting a terminal
pair (s, t) is feasible if

∑
e∈p(s,t) ℓe ≤ Dis(s, t).

We say that a path p(s, t) has cheap investment if σ(p(s, t)) =
∑

e∈p(s,t) σ(e) ≤ L1; we
say that a path has cheap maintenance if δ(p(s, t)) =

∑
e∈p(s,t) δ(e) ≤ L2. Further, we say

that p(s, t) is cheap if it has both cheap investment and cheap maintenance 8.

8 We only deal with uniform demand - thus we don’t need to multiply δ(e) with demand for a single path.
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We call a terminal pair (s, t) ∈ D as good if the local graph Gs,t = (V s,t, Es,t) induced by
the vertices on feasible s ; t paths that are cheap has at least n/β vertices; we say it is bad
otherwise. Let Da be the set of good pairs and Db be the set of bad pairs; also let ka = |Da|
and kb = |Db|. Our definition of good and bad pairs here has to account for both negative
lengths and the addition of the pay-per-use cost unlike previous literature [9, 28, 32]. Finally,
we state that a set of paths {p(s, t)}(s,t)∈D resolves (or settles) a pair (s, t) ∈ D if it contains
a feasible s ; t path.

2.1 Resolving good pairs
We first define, S = {s | ∃t : (s, t) ∈ D} and T = {t | ∃s : (s, t) ∈ D}. In this subsection,
we settle the good pairs with high probability. We do this by sampling some vertices using
Algorithm 1 and then adding some incoming paths and outgoing paths from the samples to
the vertices in S and T respectively using Algorithm 2. We ensure that any path we build is
both feasible and cheap.

Algorithm 1 Sample(G(V, E)).

1: R← ϕ, k ← 3β ln n.
2: Sample k vertices independently and uniformly at random and store them in the set R.
3: return R.

▷ Claim 17. Algorithm 1 selects a set of samples R such that with high probability any
given good pair (s, t) has at least one vertex from its local graph in R.

In Algorithm 2, we call Algorithm 1 to get a set of samples R. For each u ∈ R, s ∈ S, t ∈ T ,
we try to add a set of s ; u paths and a set of u ; t path each of cost both upfront cost
at most O(L1) and pay-per-use cost at most L2. It is possible we can’t find some of these
paths and if that happens, we just ignore this pair and continue.

Now, we just need a black box algorithm that can add a s ; u path that fits requirements.
We present a slightly modified version of Theorem 16 in Corollary 18 that can exactly satisfy
m− 1 resource constraints where the corresponding resources are integers polynomial in n;
and approximately satisfy one resource constraint that where the corresponding resource is a
non-negative rational number.

▶ Corollary 18. When for all edges e ∈ E, we,i ∈ [poly(n)]± ∀i ∈ {1, 2, . . . , m − 1} and
we,m ∈ Q≥0, there exists a fully polynomial time (1; 1, 1, . . . , 1 + ζ)− algorithm for the
k−Resource-constrained Shortest Path problem that runs in time polynomial in input
size and 1/ζ.

Since we have to ensure that both upfront cost and pay-per-use cost are low enough, we
need to model one of them as a constraint and the other as an objective. Without loss of
generality, we set the upfront cost as the objective in Corollary 18 and set the pay-per-use cost
as the 2nd constraint (which is allowed to be rational and non-negative). The length is
modeled as the first constraint (it is an integer polynomial in n). Without Theorem 16 and
its extensions, we would not have a black box that meets these requirements.

Now, we do not know the exact length we need for a s ; u path. But, what we can
do is search for all possible lengths in the interval:[n ·Min length, n ·Max length]9 for
the lowest possible length as in [32]. Using Claim 18 as our black box, we get a cheap and
feasible path p(s, t) if such a path exists.

9 This can be speed up by binary search. We use linear search to improve readability.
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Algorithm 2 Good pairs resolver (G(V, E), {ℓ(e), σ(e), δ(e)}e∈E).

1: R← ϕ, P ′ ← ϕ.
2: R← Sample(G(V, E)).
3: for u ∈ R do
4: for s ∈ S do
5: for length ∈ [n ·Min length, n ·Max length] do
6: Use Claim 18 to find the cheapest s ; u path (in terms of upfront cost) that

has pay-per-use cost ≤ L2 and length(p) ≤ len. If a path is found and it has upfront cost
≤ L1, add it to P ′ and go to the next pair of terminals.

7: If no path can be found for any length, continue to the next iteration.
8: for u ∈ R do
9: for t ∈ T do

10: for len ∈ [n ·Min length, n ·Max length] do
11: Use Claim 18 to find the cheapest u ; t path (in terms of upfront cost) that

has pay-per-use cost ≤ L2 and length(p) ≤ len. If a path is found and it has upfront cost
≤ L1, add it to P ′ and go to the next pair of terminals.

12: If no path can be found for any length, continue to the next iteration with the
next pair of terminals.

13: for (s, t) ∈ D do
14: Find some feasible s ; t path p3 that is obtained by joining a s ; u path p1 ∈ P ′

and u ; t path p2 ∈ P ′. This path will have pay-per-use cost at most 2(1 + ζ)L2,
upfront cost at most 2L1 (if no such path can be formed from P ′, then ignore this pair).

15: Add p3 to Pg.
16: return Pg

▶ Lemma 19. With high probability, the set of paths Pg returned by Algorithm 2 resolves all
good pairs in D with a total cost Õ(n4/5 · τ). Moreover, Algorithm 2 runs in polynomial time.

2.2 Resolving bad pairs
For this section, we adapt and expand a proof in [5]. We also add some detail for some parts
of the proof. We also need an entirely different proof technique (based on [32]) for some
parts of our proof. Before running the following algorithm, we first run the algorithm for
good pairs and remove every resolved pair.

Let P∗ = {p∗(u, v)}(u,v)∈D be an optimal solution (note that since it is an optimal
solution, all paths here are feasible). Let

D1
b = {(u, v) ∈ Db | δ(p∗(u, v)) > L2},

D2
b = {(u, v) ∈ Db \D1

b | σ(p∗(u, v)) > L1}, and
D3

b = Db \ (D1
b ∪D2

b ).

If kb ≤ 4n6/5, then we can use Corollary 4 to resolve all the bad pairs with cost≤ Õ(n3/5+ε)
for some ε > 0. Note that other junction tree results from previous literature cannot be used
here for they do not handle pay-per-use cost with distance constraints. We need Corollary 4
(and consequently all of its predecessors) to handle this. Thus, we can assume that kb > 4n6/5.
Now, since each (u, v) ∈ D1

b has cost at least L2 = n4/5τ/k, the cost of an optimal solution
is τ , and k < n2, we have, |D1

b | < 2k/n4/5 < 2n6/5. This also implies that if we ever have a
situation where all pairs in D2

b and D3
b are resolved, then as kb > 4n6/5, |D1

b | < kb/2. Now,
we have two cases based on whether |D2

b | > |D3
b | or not.
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We define the density of a set of paths P to be the ratio of the total cost of these paths
to the number of pairs settled by those paths. Note that the total cost of a single path is
the sum of the upfront cost and pay-per-use cost (since we have uniform demand). When
we take sets of paths, we count every edge only once for upfront cost.

We first see how to efficiently construct a subset P1 of paths with density Õ(n4/5+ε)τ/|D|.
Then we iteratively find paths with that density, remove the pairs corresponding to those
paths, and repeat until we resolve all bad pairs. This gives a total cost of Õ(n4/5+ε)τ . We
construct P1 by building two other sets P2 and P3 and picking the smaller density of them.

Since |D1
b | < kb/2, when |D2

b | > |D3
b |, we have |D2

b | > kb/4. When |D2
b | ≤ |D3

b |, we have
|D3

b | ≥ kb/4.

2.2.1 When |D2
b | > |D3

b |
We use Minimum-density Distance-constrained Junction Tree as a black box for
resolving this case. The following lemma is a slight variant of a standard result in previous
literature [9, 28,32].

▶ Lemma 20. When |D2
b | > |D3

b |, we can get a set of paths P2 that has density at most
Õ(n4/5+ε · τ/kb)

2.2.2 When |D3
b | ≥ |D2

b |
To handle this case, we first build a linear program (LP) and solve it.

min
∑
e∈E

σ(e) · xe (5a)

subject to
∑

(u,v)∈Db

yuv ≥ kb/4, (5b)

∑
Π∋p∋e

fp ≤ xe ∀(u, v) ∈ Db, e ∈ E, (5c)

∑
p∈Π(u,v)

fp ≥ yu,v ∀(u, v) ∈ Db, (5d)

∑
p∈Π(u,v)

δ(p)fp ≤
n4/5τ

2k
· yuv ∀(u, v) ∈ Db, (5e)

0 ≤ yu,v, fp, xe ≤ 1 ∀(u, v) ∈ Db, p ∈ Π(u, v), e ∈ E. (5f)

Intuitively, xe denotes the edge indicators for e ∈ E, yuv denotes the total flow value
that connects u to v via cheap and feasible routes, and fp denotes the flow value for path
p. For every (u, v) ∈ Db, let Π(u, v) be the set of paths P from u to v in G such that
σ(P ) ≤ τ/n4/5 and Len(P ) ≤ Dis(u, v) (i.e., the distance constraints are satisfied). Also, let
Π = ∪(u,v)∈Db

Π(u, v). LP (5) attempts to find a cheap and feasible (resource constraint-wise)
solution where all the paths are taken from Π. We first use a separation-oracle-base approach
to approximately solve LP (5) (described in more detail in Section 2.3), but the problem
here is that this solution could have paths that are expensive in the pay-per-use cost δ. We
resolve this issue by careful processing based on [5].

Because the optimal set of paths for the pairs in D3
b (i.e., P ∗

3 = {P ∗
uv | (u, v) ∈ D3

b})
corresponds to a basic feasible solution of LP (5), the objective value of (x̂, ŷ, f̂) is at most
(1+ζ)·τ . Now, let (x̌, y̌, f̌) = (2x̂, ŷ, 2f̂). Set f̌p = 0 for every path p such that δ(p) > n4/5τ/k.
Then we reduce other f̌p values so that

∑
p∈Π(u,v) f̌p = yu,v ∀(u, v) ∈ Db, and also prune the
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xe values such that x̌e = max(u,v)∈Db
{
∑

p:e∈P ∈Π(u,v)
f̌p} for all e ∈ E (i.e., we prune xe to

make it as small as it can be while ensuring it can handle the necessary flow). This new
(x̌, y̌, f̌) is another basic feasible solution to LP (5).

For now, we have
∑

p∈Π(u,v) f̌p = yu,v ∀(u, v) ∈ Db; in addition, any path that still
has f̌p > 0 has both cheap investment and cheap maintenance (i.e., σ(P ) ≤ τ/n4/5 and
δ(P ) ≤ n4/5τ/k). Furthermore, these paths also satisfy the distance constraint of the demand
pair they connect. All we have to do now is to round this solution.

2.2.2.1 Rounding our solution

Now we need to round the solution of LP (5) appropriately to decide which edges we need to
include in our final solution. The overall structure of our rounding procedure is similar to
that of [32]. Let (x̌, y̌) be a feasible approximate solution to LP (5) we get after processing
(x̂, ŷ). Let K2 be the set of edges obtained by running Algorithm 3 on x̌.

The following lemma is an adaptation of Claim 2.3 from [9,32].

Algorithm 3 Bad pair rounding [LP rounding] (xe, D).

1: E′′ ← ϕ .
2: for e ∈ E do
3: Add e to Gtemp with probability min{n4/5 ln n · xe, 1};
4: for (s, t) ∈ D do
5: Find the cheapest path (in terms of pay-per-use cost) p(s,t) in Gtemp that fulfills the

distance constraints Dis(s, t). Add the path to P3 if it has pay-per-use cost ≤ L2.
6: return P3, Gtemp

▷ Claim 21. Let A ⊆ E. If Algorithm 3 receives a fractional vector {x̌e} with nonnegative
entries satisfying

∑
e∈A x̌e ≥ 1/10, the probability that it outputs a set E′′ disjoint from A

is at most exp((−1/10) · n4/5 · ln n).

Proof. If A contains an edge e with x̌e ≥ 1/(n4/5 ln n), then e is definitely included in E′′.
Otherwise, the probability that no edge in A is included in E′′ is

∏
e∈A

(1− n4/5 ln n · x̌e) ≤ exp
(
−
∑
e∈A

n4/5 ln n · x̌e

)
≤ exp

(
− 1

10n4/5 ln n

)
. ◁

Let us now define anti-spanners which serve as a useful tool to analyze the rounding
algorithm for our LP. As in [32], our definition of anti-spanners has to be more general than
Definition 2.4 in [9] to account for the fact we also have multiple constraints for a single pair
(and pay-per-use cost).

▶ Definition 22. A set A ⊆ E is an anti-spanner for a terminal pair (s, t) ∈ E if (V, E \A)
contains no feasible path from s to t of total cost at most L. If no proper subset of anti-
spanner A for (s, t) is an anti-spanner for (s, t), then A is minimal. The set of all minimal
anti-spanners for all bad edges is denoted by A.

The following lemma is an analogue of Claim 2.5 from [9]. The proof here is almost
identical to that of [32].

▶ Lemma 23. Let A be the set of all minimal anti-spanners for bad pairs. Then |A| is
upper-bounded by |D| · 2(n/β)2/2.

APPROX/RANDOM 2025
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Proof. Let PS(s, t) be the power set of all edges in the local graph for a given bad pair (s, t).
Since (s, t) is a bad pair we have at most n/β vertices and (n/β)2/2 edges in the local graph,
therefore |PS(s, t)| ≤ 2(n/β)2/2 for any (s, t) that is a bad pair. Now, every anti-spanner for
a specific demand pair (s, t) ∈ D is a set of edges and therefore corresponds to an element in
PS(s, t). Let PS bad =

⋃
(s,t) PS(s, t) where (s, t) ∈ D are bad pairs. Every anti-spanner

for a bad pair is a set of edges and therefore corresponds to an element in PS thin. We have
|A| ≤ |PS bad | ≤ |D| · 2(n/β)2/2 which proves the lemma. ◀

The rest of this discussion is quite similar to [9] although the exact constants and the
expressions involved are different because our bounds for |A| are weaker.

▶ Lemma 24. With high probability set K2 settles every bad pair (s, t) with y̌s,t ≥ 1/10.

Proof. For every bad pair (s, t) ∈ D with y̌s,t ≥ 1/10, if A is an anti-spanner for (s, t) then∑
e∈A x̌e ≥

∑
P ∈Π(s,t) f̌p ≥ 1/10, where f̌p is the value of the variable fp in LP (5) that

corresponds to the solution (x̌, y̌).
By Claim 21, the probability that A is disjoint from K2 is at most exp(−n4/5 · ln n/10).

Further using Lemma 23, we can bound the number of minimal anti-spanners for bad pairs
and then if we apply union bound, we have the probability that K2 is disjoint from any anti
spanner for a bad pair is at most

exp
(
− 1

10n4/5 · ln n

)
· |D| · 2(n/β)2/2. (6)

In the worst case, |D| is n2. Recall that β = n3/5, so (n/β)2 = n4/5. Thus, (6) becomes

exp
(
− 1

10 · n
4/5 · ln n + ln

(
n2 · 2n4/5/2

))
= exp

(
−Θ(n4/5 ln n)

)
.

Thus we have shown that the probability K2 is disjoint from any anti-spanner for a bad pair
is exponentially small when y̌s,t ≥ 1/10. ◀

▶ Lemma 25. When 0 ≤ |C| < |D|/2, with high probability, the density of K2 is at most
Õ(n4/5+ε · τ/|D|).

Proof. Firstly, notice that the expected cost of K2 would be at most n4/5+ε ln n · τ . We also
point out that the number of pairs (s, t) ∈ D for which y̌s,t < 1/10 is at most 5kb/6 because
otherwise the amount of flow between all pairs is strictly less than kb/4 which violates a
constraint of LP (5). Since with high probability all pairs for which y̌s,t ≥ 1/10 are satisfied,
this means that the expected density of K2 is at most

n4/5+ε ln n · τ
kb/6 = 6n4/5+ε ln n · τ

kb
= Õ(n4/5+ε · τ)

kb
. ◀

▶ Lemma 26. For any ε > 0, when |D2
b | ≤ |D3

b |, with high probability, the density of P3 is
at most Õ(n4/5 · τ/kb).

Proof of Theorem 3. With the help of Corollary 18, we can settle all good pairs with high
probability with cost ≤ Õ(n4/5 · τ). For bad pairs, if we ever have kb ≤ 4n6/5, we can use
Corollary 4 to resolve them with cost ≤ Õ(n3/5+ε · τ). Otherwise, we can make two sets
of paths P2 and P3 using a junction tree and by rounding the modified solution to LP (5)
respectively. By Lemmas 20 and 26, we can see that at least one of these sets of paths will
have a density ≤ Õ(n4/5+ε · τ/kb). We take the cheaper among them and keep repeating the
process until we can resolve all bad pairs with a high probability. This process has total cost
≤ Õ(n4/5+ε · τ). ◀
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2.3 Solving LP (5) via 2-RCSP
This section is based on [5, 32]. We describe how to solve LP (5). Note that LP (5) has
an exponential number of variables. So, we take the dual (7) that has polynomially many
variables and exponentially many constraints. If we have a valid separation oracle we can
solve LP (7) using the ellipsoid method.

max (kb/4) · θ −
∑

(u,v)∈Db

ζ(u,v) (7a)

subject to
∑

(u,v)∈Db

αe,(u,v) ≤ σe ∀e ∈ E, (7b)

β(u,v) + ζ(u,v) ≥ θ + n4/5τ

2k
· γ(u,v) ∀(u, v) ∈ Db, (7c)

β(u,v) ≤
∑
e∈p

αe,(u,v) + δ(p) · γ(u,v) ∀(u, v) ∈ Db,∀p ∈ Π(u,v), (7d)

αe,(u,v), β(u,v), γ(u,v), ζ(u,v), θ ≥ 0 ∀e ∈ E,∀(u, v) ∈ Db,∀p ∈ Π(u,v). (7e)

We only have polynomially many constraints in (7b), (7c). However, we have exponentially
many constraints in (7d). [5] uses the restricted shortest path from [43] for this purpose. Our
set of paths Π(u,v) also has distance constraints to account for, and we also need to handle
negative lengths. We use Corollary 18 as our separation oracle. The following claim is similar
to Claim 2.13 in [32] used for weighted spanners.

▷ Claim 27. For (s, t) ∈ D, 2-RCSP is a separation oracle for constraints in equation (7d).

By replacing the LHS of (7d) with (1 + ζ)β(u,v), we can obtain a (1 + ζ)-approximate
solution for LP (5) for some constant ζ > 0. Since our δ(e) values are rational and
ℓe ∈ [poly(n)]± (which allows us to set a tolerance parameter greater than 1/poly(n) to
ensure that distance constraints are satisfied), we can use the FPTAS for 2-RCSP as a
separation oracle to efficiently extract the violating constraints in (7d). We defer the details
to the full version of our paper [33].
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