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—— Abstract

In this work, we study k-min-sum-of-radii (k-MSR) clustering under mergeable constraints. k-MSR
seeks to group data points using a set of up to k balls, such that the sum of the radii of the balls
is minimized. A clustering constraint is called mergeable if merging two clusters satisfying the
constraint, results in a cluster that also satisfies the constraint. Many popularly studied constraints
are mergeable, including fairness constraints and lower bound constraints.

In our work, we design a (4 + €)-approximation for k-MSR under any given mergeable constraint
with runtime 20(¢ 1°8” é)n“, i.e., fixed-parameter tractable in k for constant e. Our result directly
improves upon the FPT (6 + ¢)-approximation by Carta et al. [10]. We also provide a hardness
result that excludes the exact solvability of k-MSR under any given mergeable constraint in time
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1 Introduction

Given a set of points in a metric space and an integer k > 0, the k-min-sum-of-radii clustering
problem (k-MSR for short) seeks to group the points using a set of at most & balls, called
clusters, each centered at a point, minimizing the sum of the radii of those balls. Like most
clustering objectives, finding an optimal k-MSR clustering is NP-hard, as shown by Gibson
et al. [21]. They also designed a quasi-polynomial-time approximation scheme (QPTAS) for
k-MSR in the same work, implying it is unlikely that k-MSR is APX-hard under standard
complexity-theoretic assumptions. Consequently, substantial attention has been directed
toward designing approximation algorithms. Currently, the best-known polynomial-time
approximation factor is 3 + € [9].

To highlight the motivation for studying k-MSR, we compare it to k-center and k-median,
two popular clustering objectives. k-center is similar to k-MSR, but instead of minimizing the
sum of the radii of balls, it minimizes the radius of the largest ball. Simple 2-approximation
algorithms exist for k-center [22, 23], and variants of k-center are relatively easy to solve.
However, as a trade-off, k-center is prone to outliers, as well as artifacts such as the dissection
effect shown in Figure 1, where clusters might be split unnecessarily. k-median, on the other
hand, seeks to minimize the sum of each point’s distance to the closest center, rather than
the radii of a cluster. k-median and its variants are relatively more difficult to solve, but
its robustness has given rise to its popularity [3, 16]. Informally, the k-MSR problem lies
between k-center and k-median — it reduces the dissection effect seen in k-center, while often
allowing for simpler solutions than those typically admitted by k-median, which motivates
our study.
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(a) k-center. (b) k-MSR.

Figure 1 An example of the dissection effect in k-center. In Figure la, k-center splits a group of
data that should have been in the left cluster, and assign them to the cluster on the right in effort
to decrease the maximum ball size. In Figure 1b, k-MSR mitigates the issue and provides better
separation between clusters.

k-MSR clustering has also been studied under additional constraints, popularly known as
constrained variants. In our work, we focus on specific types of constraints, namely mergeable
constraints. A clustering constraint is said to be mergeable if merging two clusters that satisfy
the constraint, results in a cluster that also satisfies the constraint. The property has proven
useful for analyzing constrained k-MSR clustering, with a number of works dedicated to
it [10, 18, 6]. A popular class of mergeable constraints includes many fairness constraints.
First introduced by Chierichetti et al. [15], given a partition of the input dataset into groups
based on some attribute (commonly referred to as colors), fair clustering aims to ensure that
each group in the dataset is proportionally represented within every cluster. For instance,
given a set of red and blue points, fair clustering seeks to have a balanced number of red and
blue points in each cluster. Carta et al. showed that many common fairness constraints are
mergeable [10]; we discuss these constraints further in Section 1.2. There are also non-fair
constraints that are mergeable, such as the lower bound constraint, where each cluster is
required to have at least L points, for some given L > 0 [1].

Constrained versions of k-MSR are often difficult to approximate and lack tractability in
polynomial time. A potential approach to address this issue is the design of fized-parameter
tractable (FPT) algorithms. FPT algorithms still have a runtime polynomial in the input size
but do not have to be polynomial in their parameters. For example, an algorithm running
in O(n? - 2%) time is considered to be FPT in parameter k. Fixed-parameter tractability
essentially allows efficient computation, assuming the parameters are small in practice. For
challenging constrained clustering problems such as constrained k-MSR, FPT algorithms
are often the preferred approach, as they offer computational tractability and can yield
improved approximation guarantees. In our work, we also adopt this approach to address
the complexity of the problem.

1.1 OQOur Contributions

Our work establishes two main results concerning k-MSR under mergeable constraints: one
demonstrating that the problem admits a (4+ €)-approximation in FPT time in & for constant
€, and another proving its computational hardness. We begin by presenting the following
theorem.

» Theorem 1. For any € > 0, there is a (4 + €)-approzimation algorithm for the k-MSR

-log?

problem under mergeable constraints that runs in 20(¢ nt time.
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Our result directly improves upon the FPT (6 + €)-approximation by Carta et al. [10].

Moreover, to solve k-MSR under a given mergeable constraint, their algorithm requires
the existence of a constant-factor approximation algorithm for k-center under the same
constraint, while ours does not have this restriction. There are constraints under which
no constant-factor approximation is known for k-center. For instance, no approximation
algorithm is known for k-center under what is called fair representational constraint, which is
one of the more general definitions of fair constraints. Our algorithm also has the advantage
of generality. While the FPT algorithms by Drexler et al. [18] and Banerjee et al. [6] achieve
an approximation factor of (1+4¢), they are limited to specific metric spaces such as Euclidean
spaces or those with bounded doubling dimension. In contrast, our algorithm applies to
general metric spaces.

Next, we give the following theorem regarding the hardness of k-MSR clustering under
the fair representational constraint.

» Theorem 2. FAIR REPRESENTATIONAL CLUSTERING cannot be solved in time f(k)n°®*)
unless ETH is false.

This result also trivially extends to k-MSR under mergeable constraints, as the fair
representational constraint is known to be mergeable [18].

1.2 Related Work

Gibson et al. showed that the k-MSR objective is NP-hard, even in planar graphs and metrics
with doubling dimensions [21]; consequently, a line of work gave approximation algorithms
for the problem. Charikar and Panigrahy first gave a polynomial time 3.504-approximation
for the problem in their seminal work [12]. This result remained the best approximation
until Friggstad and Jamshidian followed up with a 3.489-approximation nearly twenty years
later [20]. Soon after, Buchem et al. improved the approximation factor to (3 + €), which is
the current best known in polynomial time [9].

k-MSR has been studied under various constraints, most notably the capacitated constraint
and the matroid constraint. A line of work on devising O(1)-approximation for capacitated
k-MSR led to an FPT 3-approximation [24, 19, 25, 5]. k-MSR has also been studied
under matroid constraints, leading to an FPT (9 + €) approximation by Inamdar and
Varadarajan [24] and an improved (34 €) approximation by Chen et al. [13]. Polynomial time
O(1)-approximations for these variants of k-MSR are not known. Interestingly, polynomial
time O(1)-approximations exist for k-MSR with lower bound [2, 9].

Another common k-MSR constraint to study is the mergeable constraint. Most of the

studies are geared towards fairness constraints, since many fairness constraints are mergeable.

Drexler et al. first developed an FPT (1 + ¢€)-approximation algorithm for k-MSR under
mergeable constraints in Euclidean metrics of arbitrary dimension with constant & [18]. The
result was subsequently extended to metrics with bounded doubling dimension by Banerjee
et al. [6]. Carta et al. gave a (6 + €)-approximation algorithm for A-MSR under mergeable
constraints in general metrics [10].

Fair k-MSR has also received attention from researchers. Carta et al. showed that
several fairness constraints are mergeable [10]. We name a few of these constraints that are
commonly used. The simplest definition is called ezact fairness [8], where each cluster must
have exactly the same number of points from each color. The next step up is PAIRWISE
FAIR CLUSTERING (or sometimes called (¢, k)-fair clustering) [15]. Given a set of red points
and blue points and integer ¢t > 0, PAIRWISE FAIR CLUSTERING ensures that the ratio
between blue and red points in each cluster is between ¢ and % This definition is sometimes
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extended to have more than two colors. Another common fairness definition is called FAIR
REPRESENTATIONAL CLUSTERING [7, 8], where the fraction of points in some color ¢ allowed
in each cluster is at most «; and at least 3;, given parameters «;, 3; € [0, 1]. Bandyapadhyay
et al. gave polynomial-time O(1)-approximation algorithms for k-MSR under the PAIRWISE
FAIR CLUSTERING constraint with two groups and exact fair constraint for [ > 2 groups [4].
Chen et al. developed an FPT (34 €)-approximation algorithm for k-MSR under an alternate
notion of fairness that is a special case of matroid k-MSR [13]. In their definition of fairness,
each color is allowed to have a pre-defined number k; of points that can be chosen as cluster
centers. Banerjee et al. [6] also gave an FPT (1 + ¢)-approximation algorithm for the same
problem in Euclidean metric. For more works on fair clustering, one can refer to the survey
by Chhabra et al. [14].

Roadmap. We first define some notations in Section 2, then describe our algorithm in
Section 3, and finally prove our hardness result in Section 4.

2 Preliminaries

In k-MSR clustering, we are given a set P of n points in a metric space with metric d. The
goal is to find (i) a set of up to k points C' = {¢1,...,c,} C P called centers, and (ii) a
function ¢ assigning each point p € P to some center ¢; € C. We call (C, ¢) a clustering of
P. For each ¢; € C, we call C; = ¢~ *(¢;) the cluster centered at c;, and we define the radius
corresponding to ¢; as r; = MaxX,.¢(p)=c, (P, ;). We refer to the sum of radii of a clustering
(C, ¢) as the cost of the clustering, and we denote it by cost(C, ¢); we use the same notation
cost(R) to denote a sum of a set of radii R, or cost(C) for a set of clusters C.

We merge two clusters C; = ¢~ 1(c;),C; = ¢~ '(c;) by setting ¢(p) = c¢ for all points
p € C; UC; and some ¢ € P. We say that a constraint is mergeable if for any two clusters
satisfying the constraint, merging the clusters results in a new cluster that also satisfies the
constraint. We refer to a clustering that satisfies some (mergeable) constraint as a constrained
clustering, and a clustering without any constraint as a vanilla clustering. We say that a
clustering (C, ¢) is feasible if every point in P is assigned to some center, |C| < k, and each
cluster satisfies the desired constraint (if any). Moreover, we say that a clustering (C, ¢) is
optimal if it is feasible, and cost(C, ¢) is minimized over all such clustering.

We denote a ball with center ¢ and radius r by B(c,r). Given a point p and a ball B(e, ),
we say that p is contained in B(c,r) if d(p,c) < r, denoted by p € B(c,r); note that a point
p may be contained in a ball B(c,r), but not assigned to its center ¢, as p may be contained
in multiple balls but only assigned to one cluster.

3 An FPT (4 + €)-approximation Algorithm

In this section, we describe an FPT (4 + €)-approximation algorithm for k-MSR under
mergeable constraints. We first describe the algorithm at a high level, then state the
procedures that it calls, present the algorithm, and lastly analyze it.

Our algorithm stems from the idea that we can find a vanilla clustering and expand
the balls such that each cluster of any constrained clustering is contained within one of the
expanded balls. This allows us to transform a vanilla clustering into a constrained clustering
in FPT time in k. Our algorithm has four major steps: (1) Guess the radii of an optimal
vanilla clustering up to a (1 + ¢) factor. (2) Compute a (2 + ¢)-approximate vanilla clustering
using the guessed radii, (3) Expand the vanilla clusters, resulting in a (3 + €)-approximate set
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of balls, and (4) Merge the expanded balls to create clusters that satisfy the given mergeable
constraint. These steps are accomplished through calls to a series of procedures, which we
describe in the following subsections.

Similar to our algorithm, the algorithm of Carta et al. [10] also finds a (3+ €)-approximate
set of balls with the aforementioned containment property. However, our algorithm finds the
balls in a simpler and more general manner in that it does not rely on a k-center algorithm
under the same constraint to obtain the balls. Carta et al. also made the same observation
as ours that one can satisfy the mergeable constraint by merging the (3 + €)-approximate
balls, but our approach differs in how we choose the new center for each set of balls being
merged. The algorithm of Carta et al. picks the center of the largest ball, which results in a
2 factor increase in cost, but we show that one can always pick a center that results in at
most a % factor increase in cost.

3.1 Finding a Vanilla Clustering

We first describe a procedure that takes a radii vector (rq,...,7;), and a multiplicity vector
(k1,...,k;) as input. Moreover, if there is a feasible vanilla clustering that uses those radii
with the respective multiplicities, the procedure outputs a vanilla clustering that uses those
radii values up to a factor of 2 with the same multiplicities. We make use of the fact shown
in Observation 3 that for any point p in a cluster C; with radius r;, we can cover all points in
the cluster with a ball centered at p with a radius of 2 - ;. This allows us to recursively find
a point p that is not yet covered, and guess the cluster containing p and the corresponding
radius to cover all points of that cluster. We note that our procedure is essentially the same
as the procedure used by Chen et al. in their work on k-MSR [13], but restated to take in a
pair of radii and multiplicity vectors as an additional input; this allows us to use the same set
of radii and multiplicity vectors in both the vanilla clustering step and the cluster expansion
step of our algorithm. The procedure is given as Algorithm 1.

Algorithm 1 Vanilla-Clustering(P, R;, K;).

Input :A set of points P, a radii vector R; = (r1,...,7), and a multiplicity vector
K; = (ki,..., k).
Output : A vanilla clustering (C,, ¢,).

1 for each r; € R; where kj >0 do

2 Cj ~0

3 K} + K; with k; decremented by 1

4 | PP+ P\{qePldlpq) <2 -r;}

5 if P’ # () then

6 | (Cj,¢;) + Vanilla-Clustering(P’, R;, K})

7 else

8 ‘ flag < true

o | Cj« CjU{p} ¢;(p) < {g€P|dp.q) <21}
// All recursive calls failed to cover P’

10 if flag == false then

11 ‘ return

12 (Cy, ¢y) < a (C}, ¢;) with the smallest cost from Loop 1.

13 return (Cy, ¢y)

N
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» Observation 3. For any cluster C; with center ¢ and radius v, we can cover all points in
C; using a ball centered at some point p € C' with radius 2 - r.

Proof. Consider the point p and some other point p’ € C;. By triangle inequality, we have
that d(p,p’) < d(p,c) + d(p’, ¢). Furthermore, since p,p’ € C;, d(p,c),d(p’,c) < r. It follows
that d(p,p’) < 2-r for any p,p’ € C;, therefore we can cover all points in C' with any point
p € C; and a radius 2 - r. |

» Lemma 4. Suppose there is a feasible vanilla clustering of P that uses exactly k; balls of
radius v for 1 < j <1. Then Algorithm 1 outputs a feasible vanilla clustering of P that uses
at most k;j balls of radius 2-r; for1 < j <I.

Proof. Let C* = {C7,...,C;;} be a set of feasible vanilla clusters corresponding to the radii
vector R;. We consider the following construction of (C,, ¢,). Let p be some point in P.
Note that p is in some C; € C* with radius r; for some j. We add p to C, as a new center
and set ¢, (¢q) = p for all points ¢ such that d(p,q) < 2-r;, and remove p and all such ¢ from
P. We also remove the cluster C; from consideration. We can do this because by Observation
3 we have that p with a radius of 2 - r; covers all points in C;. We repeat this process until
there are no points left in P. We can always find a clustering within & iterations this way
because each time we repeat the process, we cover all points in some cluster C;. Specifically,
there exists a recursion branch in Algorithm 1 that follows this construction. It follows that

Algorithm 1 outputs the desired vanilla clustering of P. |
» Lemma 5. Given a vector R; with O(log, . %) radii, Algorithm 1 runs in (O(log . %))kn
time.

Proof. First, we consider the depth of the recursive calls in Algorithm 1. Since each clustering
is restricted to having a maximum of k clusters, and each recursive call decreases the number
of clusters by one, each branch of recursive calls will have at most k levels of recursion. Now,
we consider how many additional calls each recursive call makes. By our assumption, we
have O(log, JrF(%)) radii in R;. Since each recursive call makes an additional call for each
r; € R; with k; > 0, each recursive call can make O(log; +E(§)) additional calls. Since each
call can be computed in O(n + k) time, it follows that Algorithm 1 runs in (O(log, . %))kn
time. <

3.2 Expanding the Vanilla Clustering

Given a feasible vanilla clustering, we describe a process to expand the vanilla balls so that
each cluster of a fixed, constrained clustering is contained in one of the expanded balls. The
idea is to guess how much to expand the vanilla clusters using a guessed set of radii for
the constrained clustering. In particular, for each vanilla cluster C¢, we guess the biggest
constrained cluster whose center is contained in C?, and expand C! by its radius, thereby
fully containing all the constrained clusters whose centers are in C!. We assume that the
radii vector R; = (r1,...,7) and a multiplicity vector K; = (k1,...,k;) of the constrained
clustering are given. The procedure is given as Algorithm 2.
Now we show some properties of the output of Algorithm 2.

» Lemma 6. Given a vanilla clustering with balls By(c1,77), ..., Br(ck,r}), and the radii
vector R; = (r1,...,m) and a multiplicity vector K; = (k1,...,k;) of a fized constrained
clustering, the output R of Algorithm 2 contains a vector (r{,...,rf) such that each cluster

of the constrained clustering is contained in B(cj,rj) for some 1 < j < k. Moreover,
k E l
Zj:l i < Zj:l i+ D1 ke re
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Algorithm 2 Expand-Balls(Cy, ¢, Ri, K;).

Input :A vanilla clustering (C,, ¢,), a radii vector R; = (r1,...,7), and a
multiplicity vector K; = (ki,..., k).
Output: A set of guesses R, for expanded radii.

Ry < {r?, ..., 12}, the radii of (C,, ¢,

=

2 Ro+ 0

3 B+ {(rf,...,m%) | 7§ € {r1,...,m} U{0} and the number of r{ = r, does not
exceed k,, for each r, € R; and k, € K}

4 for each (r{,...,r;) € E do

5 ‘ Add (r§ +rY,...,7r5 +77) to Re
6 return R,

Proof. Let C* = {C{,...,C}} be a fixed constrained clustering that for each 1 <t¢ <1 uses
k¢ clusters of radii ;. Consider the following construction of a vector (r{,...,r5). For each
center ¢; € €, with radius rf, let C:/‘)( ) be the largest cluster in C* whose center is in the vanilla
cluster CJ, and let 7";;)( ) be its radius. We set each 7§ to r7 +r1’2( nE Note that the expanded ball
B(cj, %) contains any cluster in C* whose center is in C}, satisfying the desired property. As
the center of each constrained cluster in C* is contained in a unique vanilla cluster, the radius
of the constrained cluster is used at most once to expand the radius of that vanilla cluster. In

particular, each 7, € R; is used at most &, times for the expansion. It follows that (r§,...,r})
is in R.. For the same reason, Z?:l ¢ = Zle(rj 7)) < Z?Zl Ty + 21:1 ky - 7, which
proves the moreover part. |

Now we show the following two lemmas about the output size and runtime of Algorithm 2.

» Lemma 7. Given the vectors R;, K; of size O(log, . %), the number of guesses |R.| that
Algorithm 2 outputs is bounded by (O(logy . %))*.

Proof. Algorithm 2 computes R, by enumerating a set of guesses E for how much to expand
each vanilla cluster. There are &k vanilla clusters, and there are O(log; , %) ways to expand
each cluster, since there are O(log, . %) distinct radii in R;. It follows that the number of
entries in E and R. are bounded by (O(log, . %))*. <

Since each entry in F takes O(k) time to compute, we have the following lemma.

» Lemma 8. Given the vectors R;, K; of size O(logy . %), Algorithm 2 runs in (O(log, .. %))*
time.

3.3 Merging Balls

Suppose we are given a set of balls that cover a set of points P. Moreover, we assume that
there is a clustering of P with a mergeable constraint such that each cluster is contained
in one of the given balls. We design a procedure that helps find a clustering of P with the
mergeable constraint such that its cost is at most 4/3 times the sum of the radii of the given
balls.

Before describing the algorithm, we define a few notations. Let B = {Bjy,..., B} denote
a set of balls. Let G = (B, E) be a graph with the balls in B as vertices and the set of edges
E = {(B;, Bj) | Bi, B; € B and there is a point such that p € B; and p € B;}. A connected
component of G therefore contains a maximal subset of balls where every pair is connected
by a path.

23:7
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The merging algorithm, Algorithm 3, is quite simple. Given a set of balls B that cover a
set of points P, Algorithm 3 first construct the graph G = (B, F) as defined above. For each
connected component of balls B’ in GG, Algorithm 3 finds a point ¢ contained in the balls of
B’ such that assigning all other points contained in B’ to ¢ results in a cluster whose radius
is minimized.

Algorithm 3 Merge-Balls(B).

Input :A set of balls B.
Output: A clustering (C, ¢) of P.

1 E + {(By, B;) | B;, B; € B and there is a point such that p € B; and p € B;}
2 G+« (B,E)

3 C+ 0

4 for each connected component with set of balls B' = {B1,...,B]} in G do

5 ¢ + arg min, maz,d(p, q), where p, q are points in some balls in B’

6 C+ CU{c}

7 | for each q € B], for some B] € B’ do

s | | o(g)«c

9

return (C, ¢)

In the following, we show that the output clustering (C,¢) of Algorithm 3 satisfies a
mergeable constraint based on an additional assumption.

» Lemma 9. Suppose there is a clustering C of P with a mergeable constraint such that each
cluster is contained in a ball of B. Then the output clustering (C, $) of Algorithm 3 satisfies
the mergeable constraint.

Proof. Since each cluster in C is in a ball of B, the union of the balls in each connected
component of G is the disjoint union of a subset of clusters of C. This means that when
Algorithm 3 merges the balls in a connected component into a single cluster, the resulting
cluster satisfies the constraint, as the constraint is mergeable. It follows that the output
clustering (C, ¢) also satisfies the mergeable constraint. <

» Lemma 10. Algorithm 3 runs in O(kn?) time.

Proof. The main bottlenecks of Algorithm 3 are the construction of the edges E for graph
G, and finding a center ¢ in each connected component B’ that minimizes the radius when
merging the balls in B’. Since there are O(n) points in P and O(k) balls, checking if each
point p € P is in both of each pair of B;, B; to construct E takes O(nk?) time. To find ¢, we
can simply probe all points in the connected component. Since there are O(k) components,
and each component can contain up to O(n) points, we can find ¢ in O(kn?) time, resulting
in an overall runtime of O(kn?). <

Next, we give an upper bound on the cost of the clustering (C, ¢) computed by Algorithm
3. Consider any connected component of G with a set of balls B’. Let P’ be the set of points
in the union of the balls of B’. Denote the sum of the radii of the balls in B’ by R. Then we
have the following lemma.

» Lemma 11. There is a point ¢ € P’ such that for any q € P', d(p,q) < %R.

Before proving the lemma, we describe a major consequence of it. Recall that for each
connected component of G, Algorithm 3 assigns all points in the associated balls to a single
cluster center c. Moreover, this center ¢ is chosen to be a point p € P’ that minimizes the
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maximum distance from all other points. Thus, by the above lemma, the resulting cluster
C = ¢~ *(c) has cost(C) < 3R, where R is the sum of the radii of the balls in the component.
As B is the disjoint union of balls in the components, we have the following corollary.

» Corollary 12. The cost of the output clustering (C, @) of Algorithm 3 is at most % times
the sum of the radii of the input balls in B.

Now, we move on towards proving Lemma 11. We need a few additional definitions
and observations. Let T be a spanning tree of the concerned connected component. We
call a path 7 = {my,...,m,} in T a mazimum leaf-to-leaf path if 7 is a simple path from
a leaf node in T to another leaf node, and the sum of the radii of the balls along 7 is the
maximum among all such paths. Now, consider any path © = {m,..., 7} between two
leaves. Also, consider the graph T = T — 7, constructed by removing the vertices and edges
of m from T. Note that T’ is a collection of connected components each having exactly one
ball B connected to exactly one m; € m with an edge of T'. We say that such a component is
connected to T via m;. A set of balls Z C B is said to form a connected set if the subgraph of
G induced by the balls in Z is connected.

» Observation 13. Consider a connected set Z of balls with the sum of radii R'. For any
two points a,b contained in the balls of Z, d(a,b) <2-R'.

Proof. Let B(c;,r;), B(cj,r;) € Z be the balls containing a, b, respectively. Since Z is a
connected set, there is a simple path between B(c;,r;) and B(cj,7;) in G that uses only
balls of Z. Thus, by triangle inequality, d(c;,¢;) <ri +2(R' —r;i—rj)+r; =2-R —r; —r;.
Hence, d(a,b) < d(a,¢;) + d(ci,¢;) +d(cj,b) <2-R'. <

Similarly, we also have the following observation.

» Observation 14. Consider a connected set Z of balls with the sum of radii R'. For any
point p in a ball of Z and a ball B(c;,ri) € Z, d(ciyp) <2-R' —r;.

Proof. Let B(cj,7;) € Z be a ball containing p. Since Z is a connected set, there is a
simple path between B(c;,r;) and B(cj,7;) in G that uses only balls of Z. Thus, by triangle
inequality, d(c;,p) < d(ci,c;)+d(cj,p) <1 +2(R' —ri—rj)+7r;+d(cj,p) <2-R' —r;. <«

The proof of Lemma 11 is as follows.

Proof. We prove the existence of the point ¢ with the desired property by considering
Procedure 4 that explicitly computes a center. We clarify that this procedure is only for the
purpose of analysis, and we do not run it as a part of our algorithm.

Procedure 4 picks the new center according to two main cases: (i) there exists a ball in
B’ with radius at least 2R, (ii) all balls in B’ have radii less than 2R.

In case (i), there exists a ball B(c],r}) such that r; > 2R. In this case, Procedure
4 picks ¢, as the new center. By Observation 14, we have that for any point p € P/,
d(cj,p) <2-R—-r;<2-R-2R=3R.

In case (ii), each ball in B’ has a radius of less than %R. The center selection is split up
into two subcases: (iia) Sumy > iR, and (iib) Sumy < 1 R.

We first consider case (iia), where a point p contained in both m;_; and 7; is chosen as
the new center. As each ball has radius less than %R and 7y is a leaf, while loop 7 cannot
terminate with ¢ = 1, i.e., at its termination ¢ > 2. Thus, m;_1 is well-defined. Consider the
partition of B’ into two parts By, and Bg. By, is the union of the balls mq,...,m;_1 and

any ball that lies in a component of T — 7 that is connected to 1" via m; for 1 < j <¢—1.
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Procedure 4 Find-Center(B’).
Input :The set of balls B" = {B(c},),...,B(c},r])} having a sum of radii of R.
Output : A point ¢ € P'.
// Case (i)
1 if there exists B(c},r}) € B’ with r} > 2R then

(2

2 | return ¢
// Case (ii)

3

4 T <+ a spanning tree of the component with the set B’ of balls
5 w4 (m1,...,Tm), @ maximum leaf-to-leaf path in T

6 1+ 0

7 Sum, Sumy, <+ 0

8 while Sum < %’R do

9

1 1+1
10 Sumy, < Sum
11 Sum < Sum + the radius of ;
12 for each component I’ in T =T — 7, connected to T via m; do
13 for each ball B(c;,7%) in I do
14 ‘ Sum < Sum + 77

// Case (iia)
15 if Sumy > iR then

16 ‘ p < a point contained in the intersection of the balls 7;_1 and 7; return p
// Case (iib)
17 else
18 ‘ return the center of the ball 7;
Similarly, Bg is the union of the balls m;, ..., 7, and any ball that lies in a component of T'—7

that is connected to T via m; for ¢ < j < m. Let Py, = {pr | point pz, is in a ball of By}
and Pr = {pgr | point pg is in a ball of Bgr}. Note that P, U P = P’. Next, we bound
the distance between the chosen center p and the points in P, and Pr. Note that by our
definition of p, Pr, and Pg, p € P, N Pg. First, we consider d(p, pr) for any pr, € Pr. Note
that Sumjy, < %R at the end of while loop 7. Also, by our definition of Sumy, it is the sum
of the radii of the balls in By,. Then, as By, is a connected set of balls and p € Pp, by
Observation 13, it follows that d(p,pr) < 2-Sump, < %R. Now we consider d(p,pr) for any
pr € Pr. Since Sumj, > %R in this subcase and (B, Bg) is a partition of B’, we know that
the sum of the radii of the balls in Bgr, Sumg < %R Then, as Bpg is a connected set of balls
and p € Pg, by Observation 13, it follows that d(p,pr) < 2-Sumpg < %R. Thus, the lemma
follows in this subcase.

Next, we consider case (iib), here, we pick center ¢, of ball m; = B(c}, ) as the new center.
Similar to case (iia), we partition B’ into three parts By, Bas, and Bg. By, is the union of the
balls 71, ..., m;—1 and any ball that lies in a component of T'— 7 that is connected to T" via m;
for 1 < j <i—1. Similarly, By, is the union of the ball 7; and any ball that lies in a component
of T'— 7 that is connected to T" via ;. Lastly, Br is the union of the balls m;44,..., 7, and
any ball that lies in a component of T'— 7 that is connected to T" via m; for i +1 < j < m.
Let Pr, = {pr | point pr, is in a ball of By}, Pyy = {pas | point pys is in a ball of By}, and
Pr = {pgr | point pgr is in a ball of Br}. Note that P U Py U Pgp = P’, so we can again
bound the overall distance by considering Py, Pys, and Pr separately. Towards this end,
note that by the end of Loop 5, Sumy, = cost(Br) and Sum = cost(By,) + cost(Bay).
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We first consider d(p, pr,) for any pr, € Pr. Note that By, U{m;} is a connected set of balls
with a sum of radii of Sumy, + ;. Furthermore, recall that Sum;, < %R by the assumption
of case (iib), and r} < 2R by the assumption of case (ii). By Observation 14, we have that
d(cf,pr) <2+ (Sump + 7)) =7, =2-Sumy + 7, <2- iR+ 2R = 3R.

Next, we consider d(p,pr) for some pr € Pr. Note that cost(Bgr) = R — Sum. Since
Sum > %R by the end of Loop 7, we have that cost(Bg) = R — Sum < %R Note also
that Br U {m;} is a connected set of balls with a sum of radii of cost(Bg) + ri. Since
r < %R by the assumption of case (ii), by Observation 14 we have that for any pr € Pg,
d(c;,pr) <2 (cost(Br) +1}) — 7 =2-cost(Br) + 7, <2- 3R+ 2R = 3R.

Lastly, we consider d(p,pys) for some pyr € Pyy. Let By € By be a ball that contains
py- Consider any simple path 7’ in T' between any leaf ball in By; and m; such that 7’ also
contains B;. Such a path exists, as B; lies in a component of T — 7 that is connected to T'
via ;. We denote by 7’ — 7; the path obtained by removing 7; from 7’. Note that

Sumy, + cost(n’ — m;) + i + Sump < R. (1)
Since balls along the path 7 have the maximum sum of radii, we have that
cost(n’ — m;) + 1} = cost(n’) < cost(mw) < Sumy, + r; + Sumpg
and therefore
cost(n’ — ;) < Sumy, + Sumpg. (2)
Combining Inequalities 1 and 2 we have that
2 cost(n’ —m;) + 7 <R. (3)

Now, note that 7’ is a connected set of balls including B;  pjs with the sum of radii
cost(n’' —m;)+r;. Thus, by Observation 14 we have that d(c}, pas) < 2-(cost(n’' —m;)+r;)—rl =
2 - cost(n’ — m;) + r;. Applying Inequality 3 we have that d(c},prp) < R.

Since d(pr,c}), d(par,cl), d(pr,ci) < 3R for all pr, € Pr,py € P, and pr € Pgr, and

Pr, U Py U Pg covers all points in P, ¢} is at a distance of at most %R from any point in P’
in case (iib). This finishes the proof of the lemma. |

3.4 Guessing Radii

Here we describe a procedure for guessing the radii of any k-MSR clustering up to (1 + ¢)
factor. Formally, one can enumerate a set R of k-sized vectors such that for any k-MSR

clustering with radii r < ... <ry, there is a vector (7, ...,7;) in R where for all 1 < j <k,
r; <rjand if r; > Skl < (14 €)rj. Moreover, the size of R is only kOMog1 4 $)p2, From

now on, we call this type of enumeration process a guessing procedure, and we refer to each
enumerated entry as a guess. Similar procedures have been used previously for guessing the
radii of an optimal capacitated sum of radii clustering [24, 5, 19, 25, 13]. We restate those
procedures to obtain a general algorithm that can enumerate the radii of all clusterings. In
our algorithm, this procedure will be used to guess both a set of optimal vanilla radii and
a set of optimal radii under any given mergeable constraint. Towards this end, we clarify
that in the guessed radii vector (rf,...,r}.), all radii might not be distinct, and specifically
we have O(log, ;. £) many distinct radii. So, we will enumerate O(log, . £)-sized vectors
instead while keeping track of the multiplicities.
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The procedure works in the following manner. Given a set of n points P in a metric space,
and parameters k and €, we first compute a radius 7,4, that can potentially be the maximum
radius of some clustering; we can do this in O(n?) time by trying distances between each pair
of points in P. For each 7,42, we set [<752e2 (1 + €)rpaq] as the range in which we guess
the radii. The procedure is described as Algorithm 5.

Algorithm 5 Guess-Radii(P, k, ¢€).

Input :A set of points P in a metric space, and parameters k and e.
Output:Sets R={R; |1 <i<z}and K ={K;; |1 <i<uz,1<j <y} for some z
and y, where each R;, K;; are I-sized vectors for | = O(log; . é)
1 R 0,K+0,i+1
2 for each p1,p2 € P do

3 | Tmaz & d(p1,p2)

4 M < argmin_(1+€)7 > rpae

5 m < argmin, (14 ¢€)7 > “Fpaz

6 Ri+ (1+e)™, ..., (1+e)M)

7 | Re RU{R)

8 71

9 for each (km,kmt1,---, k), 0 <k <k form<t<M do
10 KZ] — (km7,kM)

11 K(—KU{KZ‘]‘}

12 j<—J+1

13 t—1+1
14 return R, K

Now we show some properties of the output size, runtime, and correctness of the procedure.
First, we note the following observation about the number of distinct radii in each R; € R.

» Observation 15. Fach R; € R from the output of Algorithm 5 has O(log, . %) distinct
radii.

Proof. Consider the radii vector R; = ((14+¢€)™,...,(1+€)™). Since R; is formed by picking

powers of 1+ ¢ from the range [“*2e=, (1 + €)7142], the number of radii in R; is bounded by

M—m+1§1+log1+s%m:O(10g1+6%). <
k

Furthermore, we have the following observation about the size of K, which will help us
bound the runtime of both Algorithm 5 and some other algorithms.

» Observation 16. The size of K is bounded by kOU081+ce)n2,

Proof. First, note that there are a total of n? choices for 7,,,. Next, we consider the
number of distinct radii vectors K;; = (ky,, ..., kn) that are computed for each ry,44. By
Observation 15 we have that M —m+1 = |R;| is bounded by O(log, . %). Since each k; < k,

there are kOU0811c¢) possible vectors K;; for each choice of 7y,4,. It follows that there are a
total of k0U1o81+<)n2 many vectors in K. <

Since Algorithm 5 enumerates each entry of K, the next lemma follows.

» Lemma 17. Algorithm 5 runs in KOs ) n?2 time.



S. Bandyapadhyay and T. Chen

Next, we show that for any clustering, Algorithm 5 outputs a solution with a correct
guess.

» Lemma 18. For any k-MSR clustering with radii ry,...,r,, there are vectors R; =
(ri,...,m) in R and K;; = (ki,..., k) in K for some 1,j such that there exist exactly k;
indices k € {1,...,k} withr, <r, < (14 ¢e)r, for 2 <t <1 and ki indices k € {1,...,k}
with r, < r]. Moreover, Zi=1 k-7 < (1+e) Zle T

Proof. Consider the choice of 7,4, made in Algorithm 5 so that 7,4, = max¥_, ;. Also
consider the vector R; = (r{,...,r]) in R corresponding to this choice. By definition,
77 < (14 €)Tmae and 7] > “pez. Define ky to be the number of radii in {ry,..., 74} that are
at most r}. For 2 < ¢ <, define k] to be the number of radii in {r1,...,7} that are also in
(ri_q,71]. By definition, Zizl ki =k, and so (k,...,k]) is a vector in K which is considered
W.I.t Tmaz- Also by definition of kj for 2 < ¢ <[, there are k} indices k € {1,...,k} with
Ty € (ri_q, 7], Le, 1y <71 < (14 €)r, as desired.

Next, we prove the moreover part. The sum of the kj radii r} is at most k7 (1 +¢)“pes <
k
2€ Tyar < 2€y ;1. Also, for 2 <t <1 k;-r; < Zne{l,...,k}\me( :

r 71,1”;]

(14¢€)r,. Summing

over all 2 <t <, Zizz ki -rp < (1+4¢€) Zle r;. Hence, Zi:l E,-r, < (14 3e) Zle Ti.

Scaling € down by a factor of 3, we obtain the lemma. <

» Corollary 19. For any optimal sum of radii clustering (vanilla or constrained) C, there are
vectors R; = (rq,...,r]) in R and K;; = (k1,...,k]) in K for some i,j such that there is a
feasible (1 + €)-approzimate clustering that uses kj balls of radius r; for all 1 <t <.

Proof. Let r1,...,7 be the radii of an optimal clustering. Fix the vectors R; = (r1,...,r])
and K;; = (k{,...,k]) given by Lemma 18. We show that each cluster of C can be covered
by a ball of radius 7. for some 7 such that k; balls of radius r; are used for all 1 <t <. As

the clustering induced by these balls is essentially the same clustering C, it remains feasible.

To cover each cluster of C that uses a ball of radius 7y, if r, < 7], use the same center,
but with radius r}; otherwise, as Zizl ki, =k, there is 2 < 7 <[ with r, <7l < (1+ €)ry,
and in this case use the same center, but with radius r/.. By the correspondence of the
radii {r.} and {r;} in Lemma 18, k; balls of radius r} are used for all 1 <¢ <. Lastly, as
Zf‘,:l ki-ry < (1+e€) 25:1 r;, the new set of balls induces a (1+¢)-approximate clustering. <

3.5 The Algorithm and its Analysis

With all of the procedures defined, we state the main algorithm. Let £ > 0 and € > 0 be
some constants, our algorithm is given as Algorithm 6.

We now analyze Algorithm 6, starting with the correctness and approximation factor.

We have the following Lemma.

» Lemma 20. Algorithm 6 produces a (4 + €)-approzimate k-MSR clustering satisfying a
given mergeable constraint.

Proof. Let OPT, and OPT, be the respective optimal cost of vanilla k-MSR and k-MSR
with the given mergeable constraint. By Corollary 19, there are vectors R; = (r,...,7]) in
R and K;;» = (Ki,..., k) in K for some 4,4 such that there is a feasible (1 + ¢)-approximate
vanilla clustering that uses k; balls of radius r} for all 1 < ¢ < [. Fix this choice of R; and Kj;/
in Line 2. Then by Lemma 4, Vanilla-Clustering(P, R;, K;;») (Algorithm 1) outputs a feasible
(24 2¢) vanilla clustering (C,, ¢,,). Let ¢1,. .., ¢k be the centers in C,. Similarly, by Corollary
19, there are vectors R; = (r1,...,r;) in R and Kjjs = (k1,..., k) in K for some j, j' such
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Algorithm 6 Mergeable-Constraint-k-MSR(P, k, €).

Input :A set of points P in a metric space and parameters k and e.
Output: A clustering (C, ¢) of P satisfying the mergeable constraint.

// Find sets of radii and multiplicity vectors

1 R, K < Guess-Radii(P, k,¢/3)
for each radii vector R; € R with multiplicity vector K;; € K do

// Find a vanilla clustering (\(ﬂ'.’x <,)§.’ )

(CH" | 41"y + Vanilla-Clustering(P, R;, K )
(Cy, dy) + a feasible clustering (C#', ¢ii') with the smallest sum of radii over all 4, i’
Let ¢, ...,c} be a fixed ordering of the centers in C,
Re 0
for each radii vector R; € R with multiplicity vector K;; € K do

N

N o ook W

// A set R}’ of expanded radii vectors

R#7" « Expand-Balls(Cy, ¢, R;, Kjj:) Re + R, U R’

9 for each vector R; = (r{,...,r}) € R do

// Find a constrained clustering (C, ¢;)

10 B+ {B(c{,r$),...,B(c},r5)}

11 (Cj, ¢;) < Merge-Balls(B)

12 (C,¢) « (Cj, ¢;) satisfying the mergeable constraint with the smallest sum of radii
over all j

13 return (C, ¢)

®

that there is a feasible (1 4 €)-approximate clustering C* with the given mergeable constraint
that uses k; balls of radius r; for all 1 < ¢ <. Fix this choice of R; and Kj;» in Line 7.
Then by Lemma 6, the output R of Expand-Balls(C,, ¢, Rj, K;:) (Algorithm 2) and

hence R contains a vector (r{,...,7;) such that each cluster of C* is contained in B(c;,75)
for some 1 < j < k. Moreover, by the same lemma, Zﬁzl i < Zle r+ Zi:l ke - <

(24 2¢)OPT, + (1 + €)OPT. < (34 3¢)OPT,. This is true, as the optimal vanilla clustering
cost is at most the optimal cost of any constrained clustering.

Fix the above choice of (r{,...,r{) € Rc in Line 10. Then B = {B(c1,7{), ..., B(c, )},
and hence by Lemma 9, the clustering (C}, ¢;) returned by Merge-Balls(B) (Algorithm 3)
satisfies the mergeable constraint. Moreover, by Corollary 12, the cost of (Cj,¢;) is at
most 3 22:1 i < 3(3+ 3€¢)OPT, = (4 + 4¢)OPT.. Scaling € by a constant, we obtain the
lemma. <

Now we analyze the runtime of Algorithm 6. We have the following lemma.
» Lemma 21. Algorithm 6 runs in 20(2108" )4 time.

Proof. We first show the runtime of each part of the algorithm. By Lemma 17 we have
that the Guess-Radii procedure has a runtime of kOo11 )2, Next, by Observation 16
we also have that Guess-Radii produces O Uog1 1 )2
have that the Vanilla-Clustering procedure runs in O((log; . £)¥ - n) time; since we run
Vanilla-Clustering on each pair R; € R and K;;; € K, this step of the algorithm has a runtime
of

many vectors in K. By Lemma 5 we

k0(10g1+g§)n2 . (10g1+5 E)k n
€

_ k0(10g1+e§) . (10g1+6 ﬁ)kn?)
€
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Moving on to the expand radii step, by Lemma 8 we have that the Expand-Balls procedure
runs in (O(logy .. %))k time. Also, Expand-Balls runs for each of the kC1°81+<€)n2 pairs
R; € Rand K, € K, resulting in a runtime of kO(081+%) . (logy 4. Z)*n?. The next step of
the algorithm, Merge-Balls, runs in O(kn?) time by Lemma 10. We also showed in Lemma 7
that Expand-Balls outputs (O(log, . ¥))* pairs R; € R and K € K, so the total number
of guesses for expanded radii is bounded by kOUog1yc) . (logy . %)kn2 Since Algorithm 6
runs Merge-Balls for each set of guessed radii R; € R., this step has a runtime of

k
k. ng . kO(10g1+s§) . (10g1+€ 7)}{:”2
€
k
_ kO(log1+€§) . (10g1+6 E)kn4.

Adding everything together we have that Algorithm 6 runs in time

ko(logpre%)n? + k0(10g1+5§) . (10g1+€ ﬁ)kn3+
€

: k k
kO(logHE%) . (10g1+e z)an + kO(loglJrEf) . (10g1+€ Z)kn4

N k
_ kO(10g1+e <) (10g1+e z)kn4

= 20(¢log” E) 4 |

Lemma 20 and Lemma 21 together produces Theorem 1.

» Theorem 1. For any € > 0, there is a (4 + €)-approximation algorithm for the k-MSR
problem under mergeable constraints that runs in 20(%10g” E) 4 fime.

4 Hardness of Clustering with Mergeable Constraints

» Definition 22 (FAIR REPRESENTATIONAL CLUSTERING). We are given £ disjoint groups
of points, denoted as Py, ..., Py, with a total of n points with a distance metric d. Each group
P; is associated with fairness parameters a;, §; € [0,1], for 1 < i < €. A clustering is said
to be fair representational if, within every cluster, the proportion of points from group i lies
between «; and B;, for all i. The objective is to find a fair representational clustering with k
clusters, that minimizes the sum of the radii of the clusters.

As shown by Carta et al. [11], the fair representational constraint is mergeable. We prove
that FAIR REPRESENTATIONAL CLUSTERING cannot be solved in time f(k)n°®*) unless ETH
is false. Specifically, we show a reduction from the DOMINATING SET problem.

Given an instance of DOMINATING SET containing an n-vertex graph G = (V, E) and
a parameter k, we construct a new graph G’. Initially, G’ = G. Add two sets V1, V5 of
k vertices each to G’ and the edges {v,v;},{v,v;} for all v € V,u; € Vj,v; € V5. The
instance Z of FAIR REPRESENTATIONAL CLUSTERING is defined as follows: £ =3, P, =V,
P, = V4, P; = V4, d is the shortest path metric in G/, a3 =1/3,5; = 1, and for i € {2,3},
a; =1/(n+2)and §; = 1.

» Lemma 23. DOMINATING SET admits a solution of size k if and only if there is a fair
representational clustering of U3_, P; with k clusters of cost k.

Proof. The forward direction is easy to prove. Suppose DOMINATING SET admits a solution
V' = {v1,va,...,v}. We construct a clustering (C, ¢) of U?_, P; as follows. Use the points

{v1,v2,...,v;} in P; as centers. For each v € Py, assign v to a center v; that dominates v.

Assign the j-th points of P and Ps to v;. It is easy to verify that each cluster has radius
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1, so the total cost is k. Also in each cluster, the proportion of points of P is at least 1/3,
the proportion of points of P» is at least 1/(n + 2), and the same for Ps. So, (C, ¢) is a fair
representational clustering.

Now, suppose there is a fair representational clustering of U3_; P; with k clusters of cost k.
First, we argue that each cluster has a non-zero radius, as otherwise, it is a singleton cluster,
which is not fair. This implies that the radius of each cluster is 1. Now, each cluster center
must be in P; = V, as the distance between any two points u € Py, u’ € P3 is 2, excluding
them to be a center of a fair cluster of radius 1. It follows that any point v € P is at a
distance at most 1 from the k cluster centers. Hence, these vertices in V' form a dominating
set of size k. |

Since it is not possible to solve DOMINATING SET in f(k)n°*) time unless ETH is false [17],
we obtain Theorem 2.

» Theorem 2. FAIR REPRESENTATIONAL CLUSTERING cannot be solved in time f(k)n°®*)
unless ETH is false.
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