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—— Abstract

We study the problem of transforming an algorithm for matrix multiplication, whose output has a
small fraction of the entries correct into a matrix multiplication algorithm, whose output is fully
correct for all inputs. In this work, we provide a new and simple way to transform an average-case
algorithm that takes two matrices A, B € F,*™ for a prime p, and outputs a matrix that agrees
with the matrix product AB on a 1/p + € fraction of entries on average for a small € > 0, into a
worst-case algorithm that correctly computes the matrix product for all possible inputs.

Our reduction employs list-decodable codes to transform an average-case algorithm into an
algorithm with one-sided error, which are known to admit efficient reductions from the work of Gola,
Shinkar, and Singh [12]. Our reduction is more concise and straightforward compared to the recent
work of Hirahara and Shimizu [18], and improves the overhead in the running time incurred during
the reduction.
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1 Introduction

The problem of efficiently multiplying two n x n matrices is one of the most fundamental
problems in computer science. The naive approach for Matrix Multiplication takes O(n?) time,
and there is a lot of ongoing research attempting to improve the running time. Strassen [29]
first gave a well-known and widely adopted algorithm, with the running time of O(n2?-8074),
Since then, a long line of work ([24, 5, 26, 25, 28, 8, 27, 31, 22, 3, 9, 32]) has achieved
improvement in the exponent, with the current best known algorithm having the runtime
of O(n?373) [2]. It is still an open problem to find the optimal running time for Matrix
Multiplication.

A natural and relaxed version of the above question is to come up with an algorithm
which outputs the product of two matrices, but is allowed to have some incorrect entries. In
this work, we address the problem of correcting the output of such an algorithm. Assume
that we have an algorithm for matrix multiplication which gets two matrices and outputs a
matrix which has a fraction of its entries correct, is it possible to correct the incorrect entries
efficiently, i.e., without significantly increasing the running time? For two n X n matrices A
and B, define their agreement, denoted by agr(A, B) as

{(,4) [ Aij = Bij}|
agr(A,B) = > .
n
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Hence, the problem can be stated as correcting the output of the matrix multiplication
algorithm which has some agreement with the correct product. It is perhaps more convenient
to view this question as the problem of getting a worst-case to average-case approximate
reduction for matrix multiplication. Worst-case to Average-case reductions could help us to
get fast algorithms which work in the worst-case, if we could come up with fast average-case
algorithms. On the opposite side, such reductions allow us to show that if a problem is known
to be worst-case hard, then it is also average-case hard. So our problem could be restated as
— Given an algorithm which gets two matrices A, B € F);*", and outputs a matrix C' € F*"
such that C' has a non-trivial agreement with AB in expectation, can we efficiently transform
it into an algorithm which outputs the correct matrix product for all possible inputs?

1.1 Previous Work

Worst-Case to Average-case reductions for matrix multiplication have received considerable
attention lately. Asadi, Golovnev, Gur, and Shinkar [4] and Hirahara and Shimizu [16]
developed Worst-case to Average-case reductions for matrix multiplications. Specifically,
they showed that if there exists an algorithm which, on input two matrices over a finite
field, returns the correct matrix product on a small fraction of all possible inputs, then it is
possible to transform it into an algorithm that computes the matrix product correctly on all
the inputs.

Gola, Shinkar, and Singh [12] addressed the related problem of correcting matrix product
efficiently, i.e., given an algorithm which on input two matrices over a finite field, outputs a
matrix which agrees with the correct matrix product on a non-trivial fraction of entries, can
it be reduced to an algorithm that computes the matrix product correctly on all the inputs?
Note that this is a weaker assumption than the one used in previous works, since it only
assumes a fraction of the output entries to be correct in expectation, whereas the previous
works assumed that the output is fully correct for a small fraction of inputs. They showed
that over a finite field when the output has a high agreement (> 8/9) with the correct matrix
product, a reduction can be obtained using standard self-correction techniques for linear
functions [6]. In the same work, using techniques from additive combinatorics, it was shown
that over o, an optimal reduction can be performed in the case of one-sided error, i.e., when
all the 1 entries in the output are correct, and the expected agreement is 1/2 + ¢, for any
e> 0.

Hirahara and Shimizu [18] improved upon the previous results by providing a reduction
from an algorithm which has a non-trivial agreement with the correct matrix product over a
finite field (specifically, an agreement of 2/p+ € for a field of size p), to a worst-case algorithm.
Their key idea was to apply a left-right encoding to the output, using error correcting codes
that are encodable and list-decodable in nearly linear time, allowing them to list-decode
the left-right encoding efficiently, thereby correcting the matrix product with the help of
a matrix-vector product verification algorithm to identify the correct item from the list.
Over larger fields, Reed-Solomon Codes satisfied these requirements and allowed for optimal
reductions. However, for small fields, they used Ta-Shma codes [30] which are based on
random walks over expander graphs, and were shown to be nearly linear time list-decodable
by Jeronimo, Srivastava and Tulsiani [21] and Jeronimo [20]. Using efficient list-decoding
properties of Ta-Shma codes, a reduction (optimal upto a factor of 2) over small fields was
obtained. By using the same codes and modifying the approach through the use of the notion
of approximate list-decoding, an optimal reduction, i.e. from an agreement of 1/p + € for a
field of size p, was obtained in [19].
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1.2 Qur Contributions

We provide a new worst-case to average-case approximate reduction over finite fields. Over
the binary field F5, we prove the following.

» Theorem 1. Let n € N be sufficiently large, and let € > 0 be a small constant. Let

ALG be an algorithm that gets as input two matrices A, B € F3*™ and outputs a matriz
ALG(A, B) € F3*" in time T(n) such that

E  [agr(ALG(A,B),A-B)] > 1/2+e.
A,BEF;*"

Then, there exists an algorithm ALG* running in time 200/<) . O(T(n)) that gets as input
two matrices A, B € Fy*™ and outputs a matriz ALG* (A, B) € F3*™ such that for all A, B

P [ALG™(4,B) = 4- B] > 1 - o(1).

» Remark 2. Theorem 1 works for all ¢ > 1/(loglog(n))¢ for some absolute constant ¢ > 0.

The exact limitations on € come from Theorem 15. If we construct a list decodable code that
supports smaller e (say, all € > 1/4/log(n)), then we can allow a smaller € in the reduction
in Theorem 1.

It is an open problem to show a reduction whose running time is poly(1/e) - O(T'(n)).

Note that any trivial algorithm which returns all 0 or all 1 will have an expected agreement
of 1/2. Hence, this result is optimal in terms of agreement, since it allows us to reduce any
non-trivial algorithm doing slightly better than a trivial algorithm. Similarly, over a finite
field of prime order p, a worst-case to average-case reduction for an expected agreement of
1/p + € would be optimal.

» Theorem 3. Let n € N be sufficiently large, and let € > 0 be a small constant. Let

ALG be an algorithm that gets as input two matrices A, B € F*" and outputs a matriz
ALG(A, B) € Fp*™ in time T'(n) such that

E  [agr(ALG(A,B),A-B)] > 1/p+e.
A,BEFF*™

Then, there exists an algorithm ALG* running in time 200/¢") . pOUog®(1/0) . O(T(n)) that
gets as input two matrices A, B € F*"™ and outputs a matriz ALG*(A,B) € Fp~™ such that
for all A, B

AE(E*[ALG (A,B)=A-B]>1-o0(1).

The overhead in our reduction for a finite field of order p is exponential in poly(1/e).

This improves upon the overhead of the reduction given by [18] over small fields, which is
double-exponential in poly(1/e).

We believe that our reduction is conceptually simpler as compared to the reduction of [18].

For example, while both reductions use list decodable codes, in this paper we need the list
decodable codes to have rather standard properties (which we construct in the Appendix),

while [18] requires explicit expansion properties like splittablity of a collection of k-tuples.

Our construction of the list-decodable code relies on simple code concatenation techniques,
and does not require Walk-Amplified codes based on direct sum encodings of a collection of
k-tuples obtained by taking random walks over expander graphs of large girth. In addition,
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the code we construct has a full rank partition (Definition 6), which is a more natural notion
than the (m,d)-partition defined in [18]. Furthermore, we do not require the notions of
left-right encoding and approximate list-decoding for obtaining optimal reductions.

Finally, in the process of obtaining an optimal reduction, we also provide a way to
generalize the one-sided error reduction over the binary field [12] to any finite field of prime
order.

2 Preliminaries

We begin by recalling some basic coding theory terminology. A code C' over the Finite Field
F, is a subset C C F,. If C is a linear subspace of [, it is called a linear code. When the
field is Fo, we call it a binary code. Elements of the code are referred to as codewords. A code
can be equivalently described by an encoding, which is an injective mapping Enc: F) — IFZJ,V ,
whose range gives the code C. For a linear code, the encoding Enc: F) — IFZJ,V can be
expressed as Enc(z) = Gz, where G € Fi,v X" is called a generator matrix. The rate of the
code C' C FY is given by log,(|C|)/N, or equivalently as n/N. The distance of the code C' is
defined as mincA(cl, c2), where A(cy, ) = [{i](c1)i # (ca)i}|/n. t We refer the reader to

€1,C2€

[15] for further details on this subject.
A well-known linear code which we use in this work is the Reed-Solomon code.

» Definition 4 (Reed-Solomon codes). Forn, N € N and a prime p > N, a Reed-Solomon
Encoding over a finite field F), with the message ¢ = (co, ..., cn—1) and the set of evaluation
points a = (ai,...ay), denoted by RSy ann: Fy — FY, is given by RSpann(c) =

P 7
(f(e), ..., flan)), where f(x) = 312 cia'.
We now define the notion of list-decoding.

» Definition 5 (List-decodable codes). A code C C F)Y given by the encoding Enc: Fy — F2Y
is (r,€)-list-decodable if for ally € FY, |{c € C| A(c,y) < r}| < L. A list-decoding algorithm
is an algorithm which takes as input y € IF;V and with high probability, outputs all the vectors
x € Fy such that A(Enc(z),y) <.

Next we define the notion of full-rank partition. This notion is a special case of the notion
of (m, ) full-rank partition used in [16]. Our definition corresponds to m = n and ¢ = 0,
which (in our opinion) is the most natural choice of parameters.

» Definition 6 (Full-rank partition). Let N > n be integers such that N = gn for some
q € N. We say that a matriz G € ]FéVX” admits a full-rank partition if there is a partition
P\, P, ..., P, of [N] such that:

|P;| =n for alli € [q].

For alli € [q], the rows indexed by P; are linearly independent. Equivalently, the submatriz

Glp, € F53*" is full rank.

We proceed to mention the linear list-decodable code which we crucially use in our
reduction.

L Strictly speaking, it is called the relative distance of the code. However, we shall simply refer to it as
distance in this work.
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> Lemma 7. Fiz e > 0 and let n € N be sufficiently large, such that € > (1/loglog(n))°
for some absolute constant ¢ > 0. There exists a randomized algorithm that runs in time
O((loglog(n)/€)?) and with probability at least 2-°Y/<) outputs an advice My, such that
given My we have the following.
There exists a linear code C: FY — FY  where N/n = poly(1/¢) is an integer, and it
satisfies the following properties.
1. C is encodable in time poly(1/e) - O(n).
2. Cis (1/2 — ¢, 0)-list decodable for £ = poly(1/e), and the running time of the decoder is
poly(1/e) - O(n).
3. The generating matriz for C' has a full-rank partition. Furthermore, there exists an
algorithm that outputs the generating matriz and the partition in time poly(1/€) - O(n).
We are certain that such codes are already known (see, e.g., [13]), however we could not find
the exact statement in the literature. In particular, the notion of full-rank partition is a
standard notion studied in the literature. We refer the reader to Section A for the proof of
Lemma 7.
We now state a variant of Markov’s inequality which we use repeatedly in this work.

» Lemma 8 (Markov's Inequality). Let X be a random variable taking values in the interval
[0,1] that has non-zero mean p. Then, for any A € [0, y,

A
PriIX>pu—-A>—-—-.
X = p ]_l—u—l—/\

Proof. Let p = Pr[X > p — A]. Then,
= ZaﬁPr[X = 1]

<(u—=A)-PriX <p—A+1-Pr[X >p—)
=(m=2)-(1=-p+p
This gives us that p > A/(1 — p+ A). <

We now state the verification algorithms we use in the reduction. Firstly, the well-
known Freivald’s Randomized Algorithm for verifying matrix multiplication. Secondly, the
data structure algorithm given by Hirahara and Shimizu [16] for verifying matrix-vector
multiplication.

» Lemma 9 (Freivald's Algorithm [11]). There exists a randomized algorithm R with runtime
O(kn?) which, when given as input three matrices A, B,C € Fp~", outputs either YES or
NO such that:

Pr[R(4,B,C) =YES|A-B=C]=1.

Pr[R(A,B,C) =NO|A-B#C|>1-27 .

» Lemma 10 (Lemma 6.2 from [17]). There exists a data structure algorithm D =
(Dpres Dguery) such that:
Dyre(M) is a randomized algorithm which gets as input M € F7'", and outputs a string
o in O(mnlogm) time.
Dg,ery(x,y) s a deterministic oracle algorithm which, when given oracle access to o

and inputs x,y € F)', verifies whether x = My in O(mlogm) time, and is correct with

probability 1 — 1/poly(m) over the internal coin tosses of Dpye.

Finally, we mention the one-sided error result from [12] which we use in our reduction.
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» Lemma 11 (Theorem 3 from [12]). Let § > 0 be a constant. If there exists an algorithm
ALG running in time T'(n) such that
A,BEF;*™
i,j€ln]
If (AB)ZJ = 0, then ALG(A, B)i,j =0.
Then, there exists an algorithm ALG with runtime T(n) = 20(log® (1/9)) -O(logn)-T(n), such
that for all A, B € F3*",

Pr[ALG(A,B) = A-B] > 1—o(1).
ALG

3 Reduction to the one-sided error case

In this section, we present a reduction of matrix multiplication over the binary field to the
one-sided error case of Lemma 11, using a binary linear code whose generating matrix has a
full-rank partition. Specifically, we prove the following lemma.

» Lemma 12. For some constant € > 0, let BLC: Fy — FY be a binary linear code which
can be encoded in time Ten. and is £-list decodable within radius 1/2 — €/4 in time Tyec.
Furthermore, assume that the generating matrix of BLC' has a full-rank partition, such that
the generating matriz and the partition are computable in time Ty

Suppose there exists an algorithm ALG running in time T'(n) such that for inputs A, B €
]E‘;l)(n

E  [agr(ALG(A,B),A-B)] > 1/2+e.
A,BEFF*™

Then, there exists an algorithm ALG™, such that for inputs A, B € F3*™ it holds that
If (AB)(; jy = 0, then ALG"(A, B)(; ;) =0, and
]
and the running time of ALG* is T'(n) = n-Tepe+Tpar + O(X)-T(n)+ O(Nn)+O(n? logn)+
O(n - (Tgee + £ -nlogn)).

The reduction is outlined in Algorithm 1. We now describe the steps of the reduction.

Let G € FY*™ be the generator matrix representing the binary linear code BLC': F} —
FY. For a matrix M € F3*", define Enc(M) = MGT, i.e. Enc is a function Enc: F§*" —
]FSXN applying the binary linear code BLC' to every row of M.

Since G has a full-rank partition, its rows can be partitioned into sets Py, P, ... P;, such
that for every ¢ between 1 and ¢, |P;| = n and the sub matrix G|p, is full rank.

Now, for A, B € F3*", we construct a matrix C € F3*" such that agr(C,Enc(AB)) >

1/2 + € in expectation. To this end, we note that if B € F3*"™ is chosen uniformly at random,

then the matrix given by BGT|p, € Fy*™ will also be a uniformly random matrix, since
GT|p, is full-rank. Our idea is to apply the encoding given by the sub-matrices G*'|p, and
then constructing C' by concatenating the columns of all the resultant matrices. Formally,
we write C as:

C =ALG(A,B-G"|p)o---0 ALG(A,B-GT|p,) = ALG(A, BGT),
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Algorithm 1 Reduction to the one-sided error case.

Input: A, B € F3*", ALG, The generating matrix G € FY ™ of the code BLC.
Output: An n X n matrix M € F3*"
Find the full-rank partition Pj, Py, ..., P, € [N] of the rows of G.
Initialize the matrix M € F3*" to all zeros.
for i € [t] do
Define C; = ALG(4, B - GT|p,)
Construct C' by concatenating Cq,Cs, ..., Cy column wise.
Run Dy, from Lemma 10 with input BT.
for i € [n] do
For the i*" row vector ¢! of C, run the list-decoding algorithm from Theorem 15
with input ¢;, to get a set of vectors S C F% such that |S| <.
9 For every s € S, run Dgyery(s, A;) from Lemma 10, where AT is the it row
vector of A. If it outputs TRUE, then replace the i*" row vector of M with sT.
10 return M.

® N O A W N =

where o denotes the column concatenation. Now, we observe that

E [agr(ABGT,C)] = E E  [agr(ALG(A, B-G"|p,), ABG"|p,)]
A,BEF;*" i€lt] | A,BeF3*"

>1/2+¢,

where the last inequality follows from the fact that for every 1 < i < t, B-GT|p, is a
uniformly random matrix. In other words, all the columns are generated by taking the
product of two uniformly random matrices, for which ALG has an agreement of 1/2 + €.

Since E4 plagr(C,Enc(AB))] > 1/2 + €, by Markov’s inequality (Lemma 8), there must
exist at least e fraction of rows of C' such that their agreement with the corresponding rows
of Enc(AB) is at least 1/2 + €/2 in expectation. Formally, there is a set R C [n] of rows of
size |R| > en such that E4 glagr(c;, BLC(d;))] > 1/2+¢/2 for all i € R, where ¢! is the row
indexed by i in C and d! is the row indexed by i in AB.

Now, for each row i € R, by another application of Markov’s inequality (Lemma 8) we
can imply that there exists a subset of good inputs GOOD; of density at least ¢/2 such
that if (A, B) € GOOD;, agr(c;, BLC(d;))] > 1/2 + €/4. Therefore, with probability at least
€ - ¢/2, the distance of the row i of C' from the encoding of the row ¢ of the correct product
AB is at most 1/2 — ¢/4.

Hence, for random choices of A and B, we can list decode these rows in nearly linear time

and identify the correct row using an efficient Matrix-Vector product verification algorithm.

Furthermore, the verification algorithm (Lemma 10) also lets us identify these good rows.

The Matrix-Vector product verification algorithm gets each vector s € F4 from the list
obtained by decoding the row i, and checks whether s = BT A;, where A7 is the vector
representing the row indexed by i in A. If the output is YES, it implies that s” is the row i
of the correct matrix product AB.

Finally, fixing all entries in the undecoded rows by 0 takes us to the one-sided error
setting of [12], as stated in Lemma 11. That is,

If (AB)(; ;) = 0, then M; jy = 0, and

For at least €/2 fraction of inputs A, B € F3*", there are en rows R C [n] such that

(AB)( M(i,j) holds for all (Z,]) € Rx [n]

i.3) =

29:7
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This implies the following.

> Claim 13. For random A, B € F3*™ and M obtained by applying Algorithm 1 we have
the following

If (AB)(i)j) = 0, then M(i,j) =0, and
PI" [M(i,j) = 1} > 62/8.
A,BEFp*"
i.j€ln]
Proof. The first item follows directly from the reduction. For the second item, observe that
the reduction guarantees that Pr[M; ;) = (AB) jy] > €2/2, since for € fraction of rows i we
have at least /2 fraction of the inputs (4, B) such that M agree with A - B on the ¢’th row.

For item 2, note that if for each i € R we had the 7’th row of M correct for all A, B, then
we would have Pr[M; ;) = 1] > €2/4 — 27, since (AB); ;) is equally likely to be 0 or 1 for
any 4, j unless the i'th row of A is all zeros, which happens with probability 27™.

However, by the argument above, for each ¢ € R we have only €/2 fraction of the inputs
(A, B) for which the i’th row of M is correct. By the standard concentration inequality, the
fraction of ones in each such row is at least €2/6 for all except for 27" fraction of the
inputs, and thus Pr[M; ;) = 1] > €2/6 — 27U > ¢2/8  as required. <

Time Complexity of Algorithm 1

Encoding the n rows of B can be done in time n - T¢,. and partitioning the rows of G can be
done in time T, Steps 3 and 4 can be performed in O(£ - T'(n)) time. Step 5 takes O(Nn)
time. From Lemma 10, step 6 takes O(n?logn) time and Steps 7 to 9 can be performed in
time O(n - (Tyee + £ - nlogn)). The rest of the steps take O(n?) time.

This completes the proof of Lemma 12.

4 Worst-Case to Average-Case reduction

We now use Lemma 12 and Lemma 11 to obtain a worst case to average case reduction. In
particular, we provide the proof of Theorem 1.

» Theorem 1. Let n € N be sufficiently large, and let € > 0 be a small constant. Let
ALG be an algorithm that gets as input two matrices A, B € F3*™ and outputs a matriz
ALG(A, B) € F3*" in time T(n) such that

E J[agr(ALG(A4,B),A-B)]| >1/2 +e.
A,BeFpx"

Then, there exists an algorithm ALG™ running in time 20(1/€%) . 5(T(n)) that gets as input
two matrices A, B € Fy*™ and outputs a matric ALG* (A, B) € F5*" such that for all A, B

AE&*[ALG (A,B)=A-B]>1-o0(1).

Proof. We start by applying the reduction from Lemma 12 with the list-decodable code
from Lemma 7. Assuming that the code from Lemma 7 satisfies the required properties,
which happens with probability at least 2~/ 62), we get an algorithm ALG” whose running
time is 7”(n) = poly(1/€)O(n?) + poly(1/e) - T(n) and it satisfies the conditions of Lemma 11
with § = €2/8.
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Then, by applying Lemma 11, we get an algorithm ALG whose running time is f(n) =
20(log®(1/0)) . O(logn) - T"(n), and it solves the matrix multiplication problem in worst case
with high probability.

Finally, we can run Xfé, and verify the resulting product using Freivald’s Matrix
Multiplication Algorithm (Lemma 9). Since the code in Lemma 7 satisfies the required
properties with probability at least (0.288)0(1/62), we can repeat the procedure 20(1/€*) times
to get the correct output with high probability. Therefore, the total running time of the
algorithm we get is 20(1/¢*) f(n), and since T'(n) > n?, it implies that the total running
time is 2001/<%) . O(T(n)). <

5 Reduction for a Finite Field of Prime order

In this section, we show that our reduction can be generalized to any finite field I, where p
is a prime.

This can be achieved by extending the one-sided error model of [12] to a zero-error model
over IF,. In the one sided error condition of Lemma 11, the output 1 can be viewed as
corresponding to the correct entry, while 0 can be viewed as corresponding to L or “Don’t
know”.

The proof of Lemma 11 relied on the techniques from Additive Combinatorics. The reduc-
tion given by [12] for the one-sided error model proceeded by defining the good coordinates,
which output 1 with a significant probability on random input matrices. Thereafter, they
expressed the input matrices as the sum of random matrices, and used the Probabilistic
Bogolyubov Lemma to retrieve all the 1 entries in the correct output. Although they proved
the Probabilistic Bogolyobuv lemma for the binary field Fs, their proof can be extended
through similar techniques for Fourier analysis over F},. Hence, the worst-case algorithm
ALG” in Lemma 14 can be obtained in the same way as the reduction for the one-sided error
model, by tweaking the definition of good coordinates to be the coordinates which are not L
with a significant probability.

Hence, the lemma can be generalized as follows.

» Lemma 14. Let § > 0 be a constant and p be a prime. If there exists an algorithm ALG
running in time T'(n) such that for all A, B € Fp*"

Pr [ALG(A, B),j) = (AB)(j] = 0
A,BeFnx"
i.3€[n]
Pr [ALG(A,B)i, ¢ {(AB);;, 1})] = 0.
A,BeFp*"
i.3€(n]
Then, there exists an algorithm ALG running in time T(n) = 200’ (1/9) . p0(0g*(1/8)) .
O(logn) - T'(n) such that for all A, B € F;*™ it holds that

Pr[ALG(A,B) = A-B] > 1—o(1).
ALG

Below we sketch the proof of the lemma, mostly referencing the reduction analyzed in [12].

Proof. The lemma follows by slightly tweaking the reduction for the one-sided error regime,
given in [12]. Similar to [12, Definition 12], we define the set of good coordinates G to be

G={Gd) el x[nl: Pr [ALG(A.B), # 1] > 6/2).

29:9
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Using the algorithm for approximating good coordinates [12, Algorithm 2] and modifying
the if-condition in line 12 to take into account the new definition of good coordinates G,
we get a zero-error algorithm Z such that for (i,j) € G, Pr[Z(A,B);; = (A- B); ;] >
9-0(10g%(1/8)) . ;,=0(10g%(1/9)) [12 Claim 19]. This is the most technical step in the proof,
relying on the Probabilistic Bogolyubov Lemma. Finally, using random permutations and
running Z several times [12, Algorithm 3], we get the desired result. <

For generalizing Theorem 1 to I, we can proceed in the same way as in Algorithm 1 by
initializing all the entries of M to be L rather than zero. This enables us to get a reduction
to the zero-error case of Lemma 14. For this reduction, we need a linear code over I, which
is list-decodable from a radius of 1/p — ¢/2 and admits a full-rank partition. This can be
achieved by generalizing the construction of the binary linear code in Lemma 7 to a linear
code with alphabet size p, which is addressed in Remark 20 in the appendix.

Hence, we get the following generalization for a field of prime order.

» Theorem 3. Let n € N be sufficiently large, and let € > 0 be a small constant. Let
ALG be an algorithm that gets as input two matrices A, B € F*" and outputs a matriz
ALG(A, B) € Fp*™ in time T'(n) such that

E J[agr(ALG(A4,B),A-B)]| >1/p+e.
A,BEF*™

Then, there exists an algorithm ALG* running in time 200/<%) . pOQlog®(1/0) . O(T(n)) that
gets as input two matrices A, B € Fp*™ and outputs a matriz ALG*(A,B) € Fp~™ such that
for all A, B

P [ALG™(4,B) = 4- B] > 1 - o(1).
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» Remark 16. We make two comments about the advice My in Theorem 15.
1. The code C in Theorem 15 depends on Mo, and the running times of the algorithms for
encoding and list-decoding are poly(1/e) - O(n) when given the advice M.

2. Given My we can verify that it satisfies the desired properties in time log(n)°/ <)

. In
particular, by sampling 201/ ) independent advices and verifying them, we can find the

advice My with the desired properties in time log(n)?/ <) with probability 0.99.
Our construction will use the following result on list decoding of Reed-Solomon codes.

» Lemma 17 (List Decoding Reed-Solomon Codes [1]). Let F, be a finite field, and let
a=(ay,...ay) C Fé\’. Consider the Reed-Solomon code RSy o nN: Fy — IE‘(]IV of degree n.
For § > \/n/N the code RSy o nn is (1 —06,0(1/6))-list decodable, and the list-decoding
algorithm runs in time (N/n)®M) . O(N log*(N))

We start the proof of Theorem 15 with the following simple claim.

> Claim 18. Fix 0 < 6 < 1/2, and let K = [3/6%]. For a sufficiently large ¢t € N such that
t > poly(1/9) there exists a linear code Cy: Fy — FX? defined as Cy(z) = Mz for some
generating matrix M € Fé{ £t such that

Co is (1/2 — 6,2/6?%)-list decodable, and

M has a full-rank partition defined as ({1,...,t}, {t+1,...,2t},.. . {(K—=1)t+1,... Kt}).

Ktxt
IF2

A uniformly random matrix M € satisfies the desired properties with probability at

least 0.288% — 27Poly(9)t  Furthermore, given a matrix M, we can verify that it satisfies the

desired properties in time 20K?)

Proof. Let M € FX"™! be a uniformly random matrix. Let Co = {Mz : x € F4} C FX be
the linear code corresponding to the generating matrix M.

By the result of Li and Wootters [23, Theorem 5], with probability 1 —2-P°¥(9)? the code
Cis (1/2 — §,2/6%)-list decodable.

Next we show that with probability at least 0.288% the random matrix M has the
full-rank partition ({1,...,¢},{t+1,...,2t},...{(K —1)t+1,... Kt}). Note that in each
block of ¢t rows are linearly independent with probability

t—1 i

2° 1 3 7 15

_ — ] > - = = — ... . .
||<1 )_2 13 16 > 0.288788095

By independence, between blocks we get that M has a full-rank partition with probability
at least 0.2887% . Since ¢ is sufficiently large, both events happen with probability at least
0.2887K — 27poly(d)t = (). 288%

For the “furthermore” statement of the claim, note that if we are given a matrix M,
then we can check that for all possible strings w € FX? there are at most 2/§2 codewords at
distance (1/2 — §) in total time 25? x 2t x poly(Kt), as required. <

Next we prove Theorem 15 by concatenating Reed-Solomon code as the outer code with
the code from Claim 18 as the inner code. Specifically, we use the following lemma.

» Lemma 19 (Concatenating codes). Suppose Ci, : Fy — FXint is a linear code defined as
Cin(z) = Mz for some matriz M € FX»"™" such that
Cin has an encoding algorithm whose running time is E(t),
Cin is (1/2 — €/2,0)-list decodable, and the running time of the list decoding algorithm is
D(t),

29:13

APPROX/RANDOM 2025



20:14

A Simplified Reduction for Error Correcting Matrix Multiplication Algorithms

Cin has a full-rank partition defined as ({1,...,t}, {t+1,...,2t},.. . {(K-1)t+1,... Kt}).
Let 4(£/€)? < Kour < 8(£/€)? be a power of 2.

Then, there exists a linear code C: FY — FX™ withn =t -2 /Koy and K = Koyt - Kip,
such that
1. There is an encoding algorithm for C with running time O(Kn - E(t)),
2. Cis (1/2 —€,0(f/e))-list decodable,
3. The list decoding algorithm runs in time D(t) - 2t + poly(£/e) - O(21),
4. C has a full-rank partition.

Proof. We define C' as the concatenation of Reed-Solomon code as the outer code and Cj,

as the inner code. Specifically, the encoding of C' works as follows.

Given a message z of length n =t - 2!/ K,,; view it as 2!/ K,,; blocks of length ¢ each.
Treating each block as an element of the finite field F, with ¢ = 2' we first apply the
Reed-Solomon code RS': qzt/wa — qu, onx € th/K"“‘ to get an encoding in ]th. Then, we
apply the code Cy,: F — Fé{t to each symbol of the Reed-Solomon codeword. Therefore,
C is a linear code that takes n =t - 2/ K, bits and outputs Ky, - Koyt - 1 bits.

Next we prove that C' satisfies the properties stated in the lemma.

1. Using the fast multipoint evaluation of polynomials [10, 7], Reed-Solomon codes are
encodable in 6(2t) time. Given the Reed-Solomon encoding, we apply Cjy on each block,
which takes E(t) time for each of the 2¢ blocks. Therefore, the total running time is
dominated by O(2! - E(t)).

2. For the decoding algorithm, suppose we get a word w € F} that is 1/2 — € close to an
encoding of some message ¢* = C(z*). By Markov’s inequality there are at least € fraction
of blocks that are 1/2 — €/2 close to Ciy,.

We run the (1/2 — €/2, ¢)-list decoding algorithm for C;,, on each block of w, and get a

list of size at most £ for each block. By choosing a uniformly random element in each list,

we obtain a word of length 2¢ over the alphabet F, that agrees with the Reed-Solomon
encoding of x in at least €/¢ fraction of symbols in expectation. Furthermore, by Chernoff
bound, with probability 1 — e~ Ae2"/0) the word we obtain agrees with the Reed-Solomon
encoding of x in at least €/2¢ fraction of symbols. Let us assume from now on the event
that at least €/2¢ fraction of symbols are correct. Since €/2¢ > \/1/K,,t, we can apply

Lemma 17 to obtain a list of length at most O(¢/¢) that contains our message x*, as

required.

Therefore, any string « € F5 belongs to the list of outputs with probability at least

1— e~ e2'/0), Therefore, by union bound the output of the decoding algorithm contains

all strings with probability at least 1 — O(¢/e) - e U2/ 5 1 e*Q(E'zt/@, where the

Q(-) notations might hide different constants.

3. For the running time of the list decoder, we first run the decoder for Cj, on each of the
2! blocks, which take total 2¢ - D(¢) time. After that we sample one element from each
list, and run the list decoder for Reed-Solomon, which runs in time poly(Kuu:) - O(2%).

4. Consider first the generating matrix G of the Reed-Solomon code. By the interpolation
properties of polynomials, it is easy to see that any partition of the rows of G is a full-rank
partition. In particular, the restriction of G to any 2!/K,,; blocks is a bijection mapping
of the n bits to n bits, and hence the corresponding submatrix is invertible.

Next, consider only the first n bits of the Reed-Solomon encoding corresponding to n/t

blocks. (All other (Kyyut — 1) x (n/t) blocks are handled similarly.)

Note that applying C;,, on each of the n/t blocks, corresponds to multiplying G by a block-

diagonal matrix M* € FKin 2 %t2" where each block of M* is the matrix M € FXntxt,



I. Shinkar and H. Singh

Consider the partition ({1,...,¢},{t+1,...,2t}, ... {(Kin — 1)t +1,... K;t}) of M, and
denote P; = {(1 — 1)t +1,(i — 1)t +2,...,it}.

We claim that for each 1 < i < Kj,, if we take the union of the rows of M* corresponding
to P;’s in each of the n/t blocks, then we get a full rank submatrix. That is because the
n row are divided into n/t blocks on the diagonal of M*, such that each of consists of
a t x t full-rank submatrix (one for each P;), and the rows are linearly independent of
each other. Multiplying the first n rows of G (which is a submatrix of full-rank) by that
submatrix of M* (which is also full-rank) gives a full-rank submatrix. This defines a
full-rank partition of C.

This completes the proof of Lemma 19. <

Proof of Theorem 15. Consider the code Cy and the matrix My from Claim 18 with ¢t =
O(loglog(n)) and § = ¢/4. By the guarantee of Claim 18, M satisfies the desired properties
with probability at least 2=/ ), Assuming that we have such My, the encoding algorithm
of Cp runs in time Ey(t) = O(t?/€®), and the trivial list-decoding works in time Dy(t) =
2t . poly(t/€?) by simply encoding all possible messages and checking their distance from the
given word.

We construct C' in two steps.
1. First, we apply Lemma 19 with Cj as the inner code, obtaining the code

Cy ]Fgf/poly(l/e) - F?t-poly(l/é)

such that
(i) C1is (1/2 —€/2,poly(1/€))-list decodable,
(i) the running time of the encoding algorithm is )y = O(2! - Eo(t)) = O(2) - poly(1/e),
(iii) the decoding algorithm runs in time Dy = Dy(t) - 2! + poly(1/e) - O(t - 2t) =
O(2") - poly(1/e), and
(iv) C; has a full-rank partition.

2. Next we apply Lemma 19 with C; as the inner code. We obtain the code C: Fy —
FROY /O™ where n = ¢ - 2t /poly(1/e) - 262 /POl (1/€) /poly (1 /) = 22'/polv(1/9) By the
guarantees of Lemma 19, C satisfies the following properties:

(i) it is (1/2 — €, poly(1/€))-list decodable,
(ii) the running time of the encoding algorithm is O(E; - n) = poly(1/e) - O(n),
(iii) the running time of the list decoding algorithm is upper bounded by D; - poly(1/e) -
O(n) = poly(1/e) - O(n), and
(iv) C has a full-rank partition.

This completes the proof of Theorem 15. <

» Remark 20. It is not difficult to generalize Theorem 15 to a finite field I, for any prime p. To
extend Claim 18 to a finite field of order p, apply the result of Guruswami, Hastad, Kopparty
[14, Theorem 2.5] that the random linear code Co: Ff, — FX* is (1 — 1/p — &, poly(1/6))-list
decodable with probability 1 — 2-P°W(0?  Tts generating matrix M will have a full-rank
partition with probability greater than 0.288%. The rest of the construction goes through in
a similar manner.
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