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—— Abstract

This paper is motivated by basic complexity and probability questions about permanents of random
matrices over small finite fields, and in particular, about properties separating the permanent and

the determinant.

Let ¢ be a fixed odd prime, and let & < n both be growing. For a uniformly random n x k& matrix
A over Fy, we study the probability that all k¥ x k submatrices of A have zero permanent; namely
that A does not have full permanental rank.

When k = n, this is simply the probability that a random square matrix over F, has zero
permanent, which we do not understand. We believe that the probability in this case is % + o(1),
which would be in contrast to the case of the determinant, where the answer is é + Qq(1).

Our main result is that when k is O(y/n), the probability that a random n X k matrix does not
have full permanental rank is essentially the same as the probability that the matrix has a 0 column,

namely (1 + o(l))q%. In contrast, for determinantal (standard) rank the analogous probability is
A

: ( qﬂi )
q
At the core of our result are some basic linear algebraic properties of the permanent that

distinguish it from the determinant.

2012 ACM Subject Classification Theory of computation — Randomness, geometry and discrete
structures; Mathematics of computing — Probability and statistics

Keywords and phrases Permanent, random matrices over a finite field
Digital Object Identifier 10.4230/LIPIcs. APPROX/RANDOM.2025.37
Category RANDOM

Funding Research supported by an NSERC discovery grant.

Acknowledgements SK would like to thank Noga Alon, Jeff Kahn, Danny Scheinerman, Srikanth
Srinivasan, and Sergey Yekhanin for valuable discussions about these topics over the past many
years. We thank the anonymous referees for pointers to the literature and for suggestions that

improved the presentation.

1 Introduction

Like the determinant, the permanent of an n x n matrix A = [a;;] € M,,(F) is defined as a
sum over permutations:

per A := Z Haw(i).

oeS, i=1
Despite their apparent similarity, the permanent function and the determinant function
conjecturally lie at vastly different locations in the computational landscape. It is thus of
great interest to prove unconditional separations between their properties.
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Unlike the determinant, which can be computed efficiently (e.g., via Gaussian elimination),
the permanent is notoriously difficult to compute.! This has been vaguely understood for
a long time, starting with Pélya’s question [14] about the impossibility of reducing the
computation of a permanent to that of a determinant. More recently, Valiant [18] defined
the counting complexity class #P, proved that this complexity class is at least as hard as NP,
and that the permanent of a matrix with entries in {0,1} is #P-complete. He also showed
that over fields of odd characteristic p, the permanent is complete for the modular counting
class MOD,,P.

In a separate line of work, Valiant [17] defined algebraic analogues of the P and NP
complexity classes — called VP and VNP — and proved that computing the permanent is VNP-
complete. In contrast, the determinant lies in VP (and is complete for the further subclass
VBP). This makes the permanent one of the main candidates for an explicit polynomial
which may separate VP from VNP and so it has been the subject of intense research in
algebraic complexity. In particular, this has been studied under the title of “permanent
vs. determinant”, seeking to understand the intrinsic differences between the permanent
polynomial and the determinant polynomial.

The permanent has also played an important role in average case complexity. Over fields of
size poly(n), building on the work of Beaver-Feigenbaum [2], Lipton [13] showed the random
self reducibility of permanents under the uniform distribution. This implies that if there is no
algorithm that efficiently computes the permanent of arbitrary n x n matrices (this is widely
believed, since the permanent over I, for p prime is a MOD,,P-hard problem), then there is
no algorithm that can efficiently compute the permanent even if it is allowed to err on some
m fraction of n x n matrices. Using error-correcting properties of low-degree polynomials
over large fields, the size of this fraction was improved by Gemmel-Lipton-Rubinfeld-Sudan-
Wigderson [10] (to ©(1)), Gemmel-Sudan [11] (to 1/2 — o(1)), and Cai-Pavan-Sivakumar [6]
(to 1 — o(1))2. While these results do not hold over smaller fields, Feigenbaum-Fortnow [9]
showed that for fields F, with ¢ fixed prime power, there is a nonuniform distribution under
which this kind of average case hardness holds. Today it is not known whether for a fixed
prime p, computing the permanent for 99% of all n x n matrices over F, is MOD,P-hard.
This gives further motivation for studying the distribution of the permanent of a uniformly
random matrix over F,, which, surprisingly, is not well understood.

If the entries of the matrix A are chosen uniformly at random from a finite field F, of
characteristic p and order ¢, it is well known that the probability of det A being 0 is

n—1 qk 1

1-1] (1 — n) =~ +Q(¢?).
k=0 q q

A simple argument shows that the exact same expression above is also an upper bound for

the probability that per A is 0, and other than a (1 + o(1)) factor improvement [4], is the

best known upper bound. We believe, however, that something much stronger is true; that

the permanent behaves like a random polynomial.

» Conjecture 1.1. Let q be a fized, odd, prime power. Let A be a uniformly random n X n
matriz with entries in F,. Then:

Prlper A=0] = 1 + o(1).
q

! Unless we are in characteristic 2, in which case the permanent equals the determinant.
2 Average case hardness results under stronger assumptions were given by Feige-Lund [8]. The list version
of the question was proved hard by Cai-Hemachandra [5].
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Since the permanent function enjoys a cofactor expansion formula similar to that of
the determinant, one simple way for the permanent to vanish is if each of its cofactors
vanishes. This observation leads naturally to the consideration of the permanental rank. First
introduced by Yu [19] in connection with the Alon-Jaeger-Tarsi conjecture [1], the permanental
rank perrank(A) of an n x k matrix A is the largest r such that A has an r x r submatrix
with nonzero permanent. For k = n we therefore have per A = 0 <= perrank(A) < k, i.e.
if A is of non-full permanental rank.

We have the simple observation, based on cofactor expansion, that if A is a uniformly
random n X n matrix, and B is a uniformly random n X (n — 1) matrix, then:

1 1
PrlperA=0]=-+ (1 — ) - Pr[perrank(B) < n — 1].
q q
This relates the conjecture to the problem of understanding the probability that the rect-
angular matrix B has non-full permanental rank: the above conjecture is equivalent to the
statement that Pr[perrank(B) < n — 1] = o(1).

1.1 Main Result

In this paper we prove bounds on the probability that a random n X k matrix with £k < n
has non-full permanental rank, i.e., the probability that all k& x k submatrices have zero
permanents.

The trivial way in which such an n x k matrix A may fail to have full permanental
rank is if it has a 0-column. Viewing the columns as random vectors in Fy, the probability
of a zero column is easily seen to be kqg~" + O((kq~™)?). Therefore, the probability Z of
perrank(A) < k is at least as large:

Pr(Z] > = +o(g ).

k
qTL
Our main result, Theorem 2.1, proves a matching upper bound for k = O(y/n):

Pr[Z] = qﬁn +o(qg™™).

Thus for k = O(y/n) the only significant obstruction to full permanental rank is the trivial
one of a zero column.

For determinants, we note the probability that a random n x k matrix has non-full
determinantal (standard) rank is about @q(g—i) — it is within a constant factor of the
probability that the last column lies in the span of the first kK — 1 columns. This establishes
a separation in the behaviour of permanental rank and determinantal rank. We hope that
our ideas can lead to a proof of our conjecture above.

1.2 Techniques

Our probabilistic argument relies on novel structural results. We introduce the notion of
a permanull subspace, which is a subspace S < Fy such that any n x n matrix A whose
columns lie in S has vanishing permanent per A = 0. Theorem 4.2 shows that the only
codimension-1 permanull subspaces are the trivial ones {e;}*. Generalizing this notion, we
call a list of n-subspaces Si, ..., S, jointly-permanull if every n X n matrix A such that the
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i-th column of A is an element of S; has per A = 0.3 Our main structural result, Theorem
4.8, generalizes Theorem 4.2 by showing that if n > 3 and each S; has codimension at most 1
then S} =--- =S, = {e;}*.

Both these facts do not hold for the determinant. This is the key source of how our
results distinguish between the permanent and the determinant. Understanding when spaces
S1,...,5y, of codimension 2 or larger are jointly-permanull is very interesting, and seems
highly relevant for relaxing our requirement that k < O(y/n).

1.3 Other related work

For characteristics p > 3, Dolinar et al. [7] have shown that for a sufficiently large order ¢, the
probability Pr[per A = 0] is strictly less than Pr[det A = 0] by recursively computing upper
bounds for the number of matrices with vanishing permanents; Budrevich and Guterman [4]
removed the condition that the order of the field be sufficiently large. Several papers improved
the upper bounds on the number of matrices with vanishing permanents, the most recent
being Budrevich’s paper [3] (see also the references therein). These results present significant
progress in understanding the vanishing behaviour of the permanent, but are not yet sufficient
to prove that for fixed ¢ and growing n, the difference between the probability that the
permanent of a random matrix is zero and the probability that the determinant of a random
matrix is zero is at least a positive constant.

Recently, Scheinerman [15] developed new methods for computing astonishingly large
permanents over the field F3 on present day computers. He used his algorithms to compute
permanents of random 30 x 30 matrices over F3, and found that the probability of zero
permanent does seem to be very close to 1/3.

Over the real numbers, it was only recently shown by Tao and Vu [16] that the permanent
of a random +1 matrix is almost surely nonzero (and they further determined its magnitude).
Recently, Kwan and Sauermann [12] extended these results to symmetric random +1 matrices.
There seem to be some quantitative forms of permanental rank that appear in these works;
it would be interesting to see if there are tools from there that can help resolve our main
conjecture.

2 Results

In this section we state our main theorem, showing that for £ = O(y/n), a random n x k
matrix has non-full permanental rank with probability about k/q™.

» Theorem 2.1. Let k,n € N with k <0.1y/n, .
Let X be a uniformly random n x k matriz with entries in Fy. Let Z be the event that
all k x k submatrices of X have permanent equal to 0. Then:

Pi{Z] = =+ 0l ).

» Remark. For much smaller k, the error term gets smaller. For example, for k = o(y/n), we
have

k + O(q_(2_0(1))n).

q

3 Permuting the columns of A does not affect the vanishing of the permanent, so one could consider
n-multisets of subspaces instead. We opted for lists for ease of readability.
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The precise relationship is given in the proof of Claim 3.1 below.

The main ingredient in our proof is a structural result about the permanent. In order to
state the result we need the following definition.

» Definition 2.2. The list of subspaces S1,...,S, < F" is said to be jointly-permanull if
every n X n. matriz A whose i-th column is a vector in S; (for 1 <1i <mn) has per A = 0.

Our main structural result classifies codimension-1 jointly-permanull lists.

» Theorem 4.8 (Classification of codimension-1 jointly-permanull lists). Let n > 3 and
S1,..., 8, < F™ be subspaces, each of dimension > n — 1. Then Si,...,5, is a jointly-
permanull list if and only if Sy = So = --- = S, = {e;}+ for some 1 <i < n.

Note that the “if” direction of the theorem is obvious, the interesting part is the “only
if” direction. A particularly interesting aspect of this theorem is that it gives a separation
between the permanent and the determinant: n subspaces in F" of codimension at most 1
are jointly “determinull” if an only if they are the same codimension 1 subspace.

The proof of Theorem 4.8 proceeds by induction; the base case n = 3 is Lemma 4.5, and
relies on some direct computations. For n = 2 the statement is false! The inductive step,
remarkably, only uses the multilinearity of the permanent, and would have also gone through
for the determinant — it is the base case that makes all the difference! The inductive step
relies on a simple graph-theoretic observation which is Lemma 4.7. In the next section we
show how Theorem 2.1 follows from 4.8. We defer the proof of Theorem 4.8 to Section 4.

3 Proof of the Main Theorem

In the current section we show how to use Theorem 4.8 to prove Theorem 2.1.

Proof of Theorem 2.1. Let SCO be the event that some column of X is the zero vector O.
We will estimate the probability of Z by showing that it almost coincides with the event SCO
(up to probability O(g=11"))).

Notice that SC0 = Z. To get some sort of reverse implication, we will define a
“well-spreadedness” event WS and show that:

WS occurs with probability 1 — o(¢™™).

WS A Z = SCO.

To deduce SCO in the second step, we will use the classification of codimension-1 jointly-
permanull lists, Theorem 4.8. The event WS will help us meet the hypothesis of Theorem 4.8.
We now work towards defining WS.

Let x1,...,x, € IE"; be the rows of X. We first observe that if Z happens, any partition
of rows of X into k parts will give us a construction of a jointly-permanull list. Indeed,
if Ny,..., Ny is a partition of [n] = {1,2,...,n}, then the linear spaces Si,..., Sk < IF";
defined by:

S; = span{x; : j € N;}

is a jointly-permanull list; this follows immediately from the hypothesis that any k& x k-
submatrix of X has vanishing permanent, by the facts that the permanent is a multilinear
function of the columns and invariant under transposes. To apply Theorem 4.8 to this, we
will need the subspaces S; to have dimension at least k — 1. This motivates the following
definition of the well-spreadedness event WS: it is the event that there exists a partition
N1, ..., Ny of [n] such that for each ¢ we have dim(S;) > k—1. It is immediate from Theorem
4.8 that WS A Z = SCO.

37:5

APPROX/RANDOM 2025



37:6

Permanental Rank vs Determinantal Rank of Random Matrices over Finite Fields

We make the following claim, which we prove immediately after showing how to use it to
complete current proof.

> Claim 3.1.
Pr[WS] > 1 —O(g~*'™).
Assuming the claim, we complete the proof of the theorem. By the claim, we have:
Pr[Z] < Pr[WS A Z] + Pr[-WS] < Pr[SCO0] + O(q*'™).
On the other hand, since SC0 = Z, we have:
Pr[SCO] < Pr[Z].
Finally, since Pr[SCO] = % + O(k% - ¢=2"), we get the desired result. <

Proof of Claim 3.1. We give an algorithm for finding the partition Ni, ..., Ny witnessing the
well-spreadedness event WS, and then show that when k is small enough in terms of n, the
algorithm succeeds with very high probability.
1. Initialize Ny = Ny = --- = N, = 0.
2. Initially all ¢ € [k] are marked ACTIVE.
3. For each i € [k], let S; denote span{x; : j € N;}.
4. For { =1,2,...,n, do the following:
Pick one ACTIVE i € [k] for which x, does not lie in \S;, and:
Add ¢ into the set N;.
If dim(S;) > k — 1, then mark ¢ INACTIVE.
If no such ACTIVE i exists, mark ¢ as INEFFECTIVE, and we add £ into one of the N;.

We now prove that with very high probability by the end of the algorithm each .S; has
dimension > k — 1. This will prove that with very high probability WS occurred.

Observe that in any iteration of the ¢ loop, either Zie[k] dim(.S;) increases by 1, or £ is
INEFFECTIVE. Thus at the end of the algorithm, if some ¢ € [k] has dim(S;) < k — 2 (so that
i is ACTIVE), then at most (k — 1)2 + k — 2 = k(k — 1) — 1 of the £’s were “effective”, and we
must have strictly more than n — k(k — 1) INEFFECTIVE £’s.

Fix some ¢* € [n]. Suppose we are just about to start the £*-th iteration of the loop
£ < ¢*. So far only x1, ...,%g_1 have been revealed. What would it take for £* to be marked
INEFFECTIVE?

This will happen only if x4« lies inside S; for every ACTIVE i, namely if

Xyp+ € ﬂ Sl

% ACTIVE

Observe that for any ACTIVE i, we have dim(S;) < k — 2. Thus, if there is at least one
ACTIVE 1%, the probability that £* is marked INEFFECTIVE is at most:

If there are no ACTIVE 4, then we already have dim(S;) > k — 1 for all 4.
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Suppose we have L > n—k(k—1) INEFFECTIVE {’s, using the union bound, the probability
that some 7 remains ACTIVE at the end of the algorithm is at most

Y -k n . —2L
(2) "= (")
< n .q—2(n—k(k—1))
~—\n—L
n 2k(k—1) ,—2n
<
- (k(kl))q !

n 2 _

Thus for k = 0.1,/n, the probability that some i remains ACTIVE is at most O(g~*1").
If none of the i is ACTIVE at the end of the algorithm, then the partition Ny,..., Ng
produced by the algorithm is a witness for the event WS. Thus

Pr[WS] > 1 — Pr[Some i remains ACTIVE| > 1 — O(q_l'ln). <

4  Structural Results

In this section we prove the structural results we have relied on in the proof of Theorem 2.1.
Our main structural result is

» Theorem 4.8 (Classification of codimension-1 jointly-permanull lists). Let n > 3 and
Sty 8, < F™ be subspaces, each of dimension > n — 1. Then S1,...,5, is a jointly-
permanull list if and only if Sy = S = --- = S, = {e;}+ for some 1 <i < n.

Note that the “if” direction of the theorem is obvious, and below we shall prove the “only
if” direction. The proof proceeds by induction; the base case n = 3 is Lemma 4.5. The
inductive step relies on a simple graph-theoretic observation which is Lemma 4.7. In the
remainder of this section we prove the necessary lemmas and show how Theorem 4.8 follows
from them.

4.1 Codimension-1 permanull subspaces

In this subsection, we focus on the case of a jointly-permanull list when S; = --- = .5, are
all the same subspace. For convenience, we refer to such a subspace as permanull

» Definition 4.1. The subspace S < F™ is said to be permanull if every n x n matriz A
whose columns are elements of S has per A = 0.

Clearly S = F™ cannot be permanull (e.g., consider the identity matrix), which leads
naturally to the question of whether there are any permanull codimension-1 spaces. Since a
matrix with a 0-row has a vanishing permanent, we see that any subspace of the form {e;}+
is permanull. We now show that these are the only codimension-1 permanull spaces.

» Theorem 4.2 (Classification of codimension-1 permanull subspaces). Let S < F" be a
codimension-1 subspace. Then S is permanull if and only if S = {e;}* for some 1 <i < n.

Proof. We prove the “only if” direction by induction on n. To avoid confusion, we use
superscripts to denote the dimension of a vector, e.g., €2 = (1, O)T and e} = (1,0, O)T.

37:7
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The claim is trivial for n = 1. For n = 2, we show that if {v}* is permanull, then v is a
scalar multiple of €2 or e3. Indeed, the only nonzero vectors that are not a scalar multiple of
either e? or e3 are of the form (), ,u)T with A, u # 0. Note that

per (_M/\ _M/\> =-2A\p#0

since A\, # 0 and the characteristic p # 2. Since this matrix has columns in {v}*, we
conclude that if S = {v}* is codimension-1 permanull space, then v = \e?.

Suppose now that n > 2 and we have proved the claim for all values 1,2, ..., n; we shall
prove it for n + 1. Let v = (vy, ... ,vm_l)T be some nonzero vector in F*t! not of the form
Aet | we prove that {v} is not permanull by finding a matrix with columns in {v}+ and
non-zero permanent.

Case 1 v has at least one zero coordinate. Assume without loss of generality v,11 = 0

and denote Vv = (vy,...,v,)" . Note that ¥ is nonzero and not of the form Ae”. By the
induction hypothesis, there exist Ty,...,T, € {V}* such that

per (?1 e ?n) #0.
Letr; = (?i,O)T. Then eZﬁ,rl,rg, oo,y € {v}t and

per (r1 ey, en+1) = per (?1 e ?n) #0.

This proves that {v} is not permanull.
Case 2 v € span{(1,1,..., I)T}. We prove directly that

1 0 O 0 0

-1 1 0 0 0

0 -1 1 0 0
An = .

0 0 0 1 1

0 o o0 -~ -1 -1

(with columns in {v}*) has a nonvanishing permanent. The proof proceeds by induction:

per <_11 _11> =-2#0

and for n > 3 we simply expand A,, by the first row to obtain per A,, = per 4,,_1.

Case 3 None of the coordinates of v is 0 and v & span{(1,1,...,1)" }. In this case, there
are two coordinates (i, j) such that (v;,v;) = (A, p) for some distinct nonzero scalars
A # p, and we assume without loss of generality that (v, vn11) = (A, ).
Case 3a n + 1 = 3 In this case v = (a, A, ,u)T for some nonzero scalar a.

A0 0
per [—a p  p | =—2uN#0
0 —x =

so that {v}* is not permanull.
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Case 3b n + 1 > 4 In this case we denote Vv = (v1,vq,... ,vn,l)T (dropping the last
two coordinates of v) and note that it is a nonzero vector not of the form el !
(because it has at least two nonzero coordinates). By the induction hypothesis there
exist T1,...,Tp_1 € {V}+ such that

per (?1 i‘\g s i'\n—l) 7é 0.

Let r; = (?i,O,O)T and s = (0,0,...,0, A, fu)T. Then s,rq,...,1,_1 € (span{v})*
and

per(r1 rs -+ Irp_1 S s)z

—QMAper(?l Ty - ?n,l);é(). <

4.2 The base case of the induction

In this subsection we prove the base case (n = 3) of the classification of jointly permanull
spaces. We begin with a preparatory lemma.

» Lemma 4.3 (Classification of n x 2 matrices). Let n > 2. An n x 2 matriz A € F"*? has

non-full permanental rank perrank(A) < 2 if and only if exactly one of these three possibilities
holds:

(i) the matriz has a zero column;

(ii) there is a single nonzero row, and that row is a scalar multiple of (1,x) (for some
nonzero x € F);

(i) there are exactly two nonzero rows: one a scalar multiple of (1, x) and the other a scalar
multiple of (1, —x) (for some nonzero v € F).

Proof. Let A be an n x 2 matrix with perrank(A) < 2. Each row of A is a scalar multiple
of one of the |F| + 2 vectors

(0,0) (0,1) (1,2)

where z € F is an arbitrary field element. Which of these vectors may appear together as
rows in A? First, consider vectors of the form (1,z) with x # 0. Since

er b =z+y=0 <= y=—2z
p 1 y) y= Yy =

we see that (1,z) and (1, —x) may appear in A together or individually, each appearing at
most once. Since

per ((1) T) =1

no vector of the form (1,2) may appear with (1,0). <

Our next goal is to prove the base case of the inductive proof of Theorem 4.8.

» Lemma 4.5. Let 5,855,535 < Fg be three subspaces, each of dimension at least 2. Then
S1, S5, S3 is a jointly-permanull list if and only if Sy = Sy = S3 = {e;}* for some 1 <i < 3.

37:9
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The proof of this lemma relies on some basic facts about codimension-1 spaces in Fg. We
shall consider a function Persyo : Fg“ — Fg

ai;p a2
( (a21 a22) (an CL12) (all a12>)
ag1 Qg2 | — | per per per
asy asz asy asz ag1 a22
asy as2
(Note that the order of the subpermanents corresponds to expansion by the first column of a

3 x 3 permanent.) Given some U,V < Fg subspaces of dimension > 2, we are interested in
the dimension of

P(U,V) =span{Pergx2(u v) :uelUveV}.
Lemma 4.3 implies that dim P(U, V') > 0.

» Lemma 4.4. Let U,V < Fg be subspaces, each of dimension > 2. Then dim P(U,V) =1
if and only if U =V = {e;}* for some 1 <i < 3.

Proof. The “if” direction is immediate: if U = V = {e;}*, then it is easy to see that
P(U,V) = span{e; }. For the “only if” direction, we assume that dim P(U, V) = 1 and start
by noting that it is not possible for either U or V' to be full dimensional. Indeed, choosing
any two linearly independent vectors a,b € U we know that (a b) has rank 2, so there
exists some coordinate 1 < i < 3 such that the vectors a’,b’ € F2 obtained from a,b by
deleting the i-th coordinate are linearly independent. For the purpose of illustration, say
that ¢ = 3. Then,

Pergxg (a eg):(ag al O)T PeI‘3><2 (b 63):(b2 bl O)T

so that dim P(U,V) > 2.

Therefore, we may assume that dimU = dimV = 2. Since dim P(U,V) = 1, we have
P(U,V) = span{p} for some nonzero vector p = (pl,pg,pg)T € F3. We distinguish between
the following cases:

(a) There exists some 1 < i < 3 such that e; isin U or V. Without loss of generality, suppose

e; € U, and for concreteness suppose ez € U (the other cases are analogous).

For every v = (v1,va, vg)T € V there exists some scalar A\ € F such that we have

Per (v e3) = (vg U1 O)T = \p.

In particular, ps = 0, and V = span {eg, (pg P1 O) } But then ez € V' and the same
reasoning shows that
U = span {63, (pg P1 O)} = V. Consider now

b2 P2
T
Per | p1 pm1 :(0 0 2p1p2) € span{p} < pip2 =0.
0 0

If p; = 0 we have U = V = {ea}*, whereas if po =0 we have U = V = {e;}*.

(b) Assume for contradiction that for any 1 <14 < 3, e; ¢ U,V. We now prove that it is
possible to choose nonzero vectors u € U and v € V such that Per (u v) =0.
Fix u,u’ a basis for U and v, v’ a basis for V. The map H : F? x F3 — F? taking a pair
of vectors to their Per function (u,v) — Pergyo (u v) is bilinear. We have

H(ua V) = )\uvp H(u/, V) = )\u’vp-
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For some scalars Ay, Ay/o- If one of Ay, Ayro is zero, we are done. Otherwise, bilinearity
gives

HM\Mypu -1’ v) =0,

and we know that A\l \,,u —u’ # 0 since u, u’ are linearly independent. We conclude
that it is possible to find some nonzero vectors u € U and v € V such that Per (u v) =0.
Since e; ¢ U,V for any 1 < i < 3, for such a choice of u,v, Lemma 4.3 implies that

0 0
(u v): a az
b —bx

for some nonzero scalars a, b, z # 0, up to (the same!) permutation of the rows.

In particular, up to a permutation of the rows, we may choose u = (0, 1, c)T € U and
v =(0,1,—¢)" € V for some ¢ # 0. Since U is a 2-dimensional space and e; ¢ U, we
know that there exists a vector of the form (1,0,d)” € U (with d # 0). Similarly, there
exists a vector of the form (1,0,¢)” € V' (with e # 0). (Again, both of these vectors are
up to the same permutation of the rows). We now observe that

0 1 . 10 .
Per (1 0| =(c a 1) Per [0 1 |=( —a 1)
a c b —a

are both elements of span{p}, and so are nonzero scalar multiples of each other. Now,
(c a D) =Ab —a 1)

if and only if A =1, a =0, and b = ¢. In particular, U > (O 1 a)T = ey, contradicting

the assumption that e; ¢ U,V for any 1 < i < 3. |

The proof of the base case of Theorem 4.8 follows easily from Lemma 4.4.

» Lemma 4.5. Let S, 55,55 < Fg be three subspaces, each of dimension at least 2. Then
S1, 82,83 is a jointly-permanull list if and only if S; = S = S3 = {e;}* for some 1 <i < 3.

Proof. If the three subspaces are identical, it is clear they cannot be of full dimension, and so

the claim follows from the classification of codimension-1 permanull subspaces, Theorem 4.2.

Assume for contradiction the three spaces are not identical, and without loss of generality
that S5 is different from both S; and Se (while S; and S; may or may not be the same
subspace).

Since S1, 59, 53 are jointly-permanull, for any choice of x € S, u € S and v € S3, we
have

per (x u V) =0.
In other words, x € {Pergxg (u v)}L7 or more generally S; L P(S3,S3). This is a
contradiction since dim S; > 2 and by Lemma 4.4, dim P(Ss, S5) > 2. |
4.3 A graph-theoretic lemma

The inductive step of the proof of our main structural result relies on deleting a suitable
coordinate in order to invoke the induction hypothesis for the resulting vectors. In order to
guarantee the existence of such a coordinate we need a graph-theoretic lemma. This is what
we prove in this subsection.

37:11
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» Definition 4.6. Let G = (V, E) be a bipartite graph with V.= AU B. We say G is a B-star
if B has a unique vertex of positive degree — called the centre of the star.

See Figure 1.
We now prove that if the original graph G has no isolated vertices, then it is possible to
delete an A-vertex and a B-vertex such that the resulting induced graph is not a star.

» Lemma 4.7 (Star-avoidance lemma). Let G = (V, E) be a bipartite graph with V = AU B
such that

(P1) |A],|B| = 4;

(P2) every a € A has a positive degree;

(P3) every b € B has a positive degree.

Then it is possible to delete two vertices, a € A and b € B, such that:

(R1) b is not the unique neighbour of a in G;

(R2) after deleting a and b, the resulting induced graph G’ is neither empty nor a B-star.

Figure 1 (Left) Example of a B-star, the lighter vertex is the centre. (Middle) A bipartite graph;
the two lighter vertices are the ones marked for removal in the proof below. Note that removing the
top B-vertex and the bottom A-vertex creates the star on the left. (Right) The induced subgraph
resulting from removing the two lighter vertices of the graph in the middle.

Proof. Note that if G is a full bipartite graph, then we may take any vertex in B for b and
any vertex in A for a; so we may assume that G is not full.

We now claim that we may take b to be a minimum degree vertex in B and a a minimum
degree vertex outside the neighbourhood I'(b) of b, i.e., a minimum degree vertex among
{a € A : (a,b) ¢ E}. Clearly, the choice of b and a satisfies condition (R1); it remains to
show that it also satisfies condition (R2).

First note that G’ is not empty: for otherwise it means that every vertex in A other than a
has b as its unique neighbour, and this contradicts the assumption that b is a minimal-degree
vertex in B.

Next, assume for contradiction that G’ is a B-star with centre r. Since |B| > 4, we know
that in addition to b and r there are at least two more vertices s,t € B. Likewise, since
|A| > 4, in addition to a, there are at least three more vertices x,y,z € A.

Since G’ is a B-star with centre r, we have degq, (s) = degq (t) = 0. Since by (P2)
degq(s),degq(t) > 0, we see that (a, s), (a,t) € E, so that degs(a) > 2. By the choice of
a, every vertex a’ € A not connected to b has degs(a’) > 2. In particular, if z,y, z are not
connected to b, then 2 < deg(z) = degq () and similarly for y, z. However, since G’ is a
star, we have degq (z) = dege (y) = dege (z) < 1. This proves that (x,b), (y,b), (z,b) € E.

We conclude that degq(b) > 3. By the choice of b, every vertex b’ € B has degq(b') > 3.
In particular, deg(s) > 3. We now have a contradiction, since 0 = degq(s) > degq(s) —1
2.

A
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4.4 Putting everything together

Having completed the necessary groundwork, we are ready to prove our main structural
result.

» Theorem 4.8 (Classification of codimension-1 jointly-permanull lists). Let n > 3 and
S1y...,8, < F™ be subspaces, each of dimension > n — 1. Then Si,...,S, is a jointly-
permanull list if and only if S; = Sy = --- = S, = {e;}* for some 1 <i < n.

Proof. By induction on n. The base case n = 3 is Lemma 4.5. Suppose we have proved
the theorem for some n > 3 and we wish to prove it for n + 1. Towards that end, let
Si,...,Spi1 < F"! be a jointly-permanull list of subspaces, each of dimension > n and
assume for contradiction that they are not all of the form {e;}* for the same . To derive a
contradiction, we show how to construct an (n + 1) X (n + 1) matrix A whose j-th column is
an element of S; such that per A # 0, contradicting the assumption that Si,...,S,41is a
jointly-permanull list.

We may assume without loss of generality that each S; is of codimension-1 (otherwise,
S; = F"+1 and we replace it with a subspace of codimension-1). In particular, we may
assume that each S; = {v;}* for some nonzero v; € F"*! and we may choose each v; such
that its first nonzero coordinate is 1. By hypothesis, there is no 1 < i < n + 1 such that all
the v; equal e;.

Case Consider first the possibility that all the v; have some common coordinate that is 0;
say the last coordinate. Let V; € F” be the vector v; with the last coordinate removed,
and let §j = {¥,;}+. Then §1, cee S, is a jointly-permanull list.

To see this, suppose A is a matrix with j-th column &; € §j, for 1 <7 <n. We build a
matrix A whose j-th column is in S; and such that per A= per A which vanishes by the
hypothesis that Si,...,S,+1 is a jointly-permanull list. For 1 < j < n, the j-th column
of Ais (aj, 0)", and the (n + 1)-st column of A is e, 41.

This proves that §1, ey §n is a jointly-permanull list, so the induction hypothesis implies
that there exists some 1 <14 < n such that v, =e; € F" for all 1 < j <n.

Repeating the same argument with §2, ceey §n+1 we find that v,,11 = e;. Since the last
coordinate of v; is 0 (for 1 < j <mn+1), we see that v; = e;41 € F7+1, contradicting the
assumption that there is no 1 <1 < n 4 1 such that all the v; equal e;.

Case the v;’s do not have a common coordinate which is 0. In other words, for every
coordinate 1 <7 < n 4+ 1 there is some v; whose i-th coordinate is nonzero.

Consider the bipartite graph G = (V, E) with V = AU B where A = {vy,...,Vyq1} s

the set of vectors and B = {1,2,...,n + 1} the set of coordinates; a vector is connected

by an edge to its support, i.e., (vj,k) € E, if and only if the k-th coordinate of v; is

nonzero. Note that the three premises of the Star-avoidance Lemma (Lemma 4.7) are

satisfied:

(P1) since n+ 1 > 4;

(P2) since the vectors v; are all nonzero;

(P3) since the vectors v; do not have a common coordinate zero.

By the Star-avoidance Lemma it is possible to find a coordinate b € B and a vector v € A

such that

(R1) v # ey;

(R2) letting v, € F™ denote the vector resulting from v; by deleting the b-th coordinate,
there is no 1 <4 < n such that all of the ¥; (not counting V) are in the span of e}
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