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Abstract
Hypergraph 2-colorability is one of the classical NP-hard problems. Person and Schacht [SODA’09]
designed a deterministic algorithm whose expected running time is polynomial over a uniformly
chosen 2-colorable 3-uniform hypergraph. Lee, Molla, and Nagle recently extended this to k-uniform
hypergraphs for all k ≥ 3. Both papers relied heavily on the regularity lemma, hence their analysis
was involved and their running time hid tower-type constants.

Our first result in this paper is a new simple and elementary deterministic 2-coloring algorithm
that reproves the theorems of Person–Schacht and Lee–Molla–Nagle while avoiding the use of the
regularity lemma. We also show how to turn our new algorithm into a randomized one with average
expected running time of only O(n).

Our second and main result gives what we consider to be the ultimate evidence of just how easy
it is to find a 2-coloring of an average 2-colorable hypergraph. We define a coloring oracle to be
an algorithm which, given vertex v, assigns color red/blue to v while inspecting as few edges as
possible, so that the answers to any sequence of queries to the oracle are consistent with a single
legal 2-coloring of the input. Surprisingly, we show that there is a coloring oracle that, on average,
can answer every vertex query in time O(1).
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1 Introduction

Graph partition problems are among the most well-studied topics in algorithmic graph
theory. These problems ask if a graph can be partitioned so that a certain global property
holds. Among these properties, probably the most well-studied one is graph and hypergraph
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colorability. Let us quickly recall the relevant definitions. A k-uniform hypergraph H =
(V (H), E(H)) consists of a vertex set V (H) and edge set E(H) where every edge e ∈ E(H)
is a subset of V (H) of size k. For brevity, we call a k-uniform hypergraph a k-graph, noting
that a 2-graph coincides with the usual notion of a graph. We denote

∣∣V (H)
∣∣ = n. A k-graph

H is d-colorable if V (H) has a d-coloring so that in each edge at least two vertices are
colored differently. When a k-graph is 2-colorable, we will also call it bipartite1. While graph
d-colorability is NP-hard for d ≥ 3, Lovász [29] famously proved that for k ≥ 3 deciding if
a k-graph is 2-colorable is also NP-hard. Hypergraph 2-colorability has been extensively
studied in combinatorics [14, 30, 36], with notable contributions leading to the development
of the renowned Lovász Local Lemma [30]. In computer science, hypergraph coloring has
received significant attention due to its strong connections with fundamental problems in
graph coloring and satisfiability of Boolean formulas [15, 31]. By leveraging approximation
techniques from graph coloring, several works [4, 10, 23, 24] have proposed algorithms for
properly coloring 2-colorable hypergraphs, where the number of colors depends on the size of
the hypergraph.

Given the hardness of deciding graph and hypergraph colorability problems, it is natural
to ask if these problems are easy on average. This question is a natural one in the study of
average-case complexity of NP-hard problems. The first result in this direction was obtained
by Turner [40] who proved that there is an algorithm that can find a d-coloring of almost
all d-colorable graphs. Note that this does not give an algorithm whose average running
time is polynomial over the set of d-colorable graphs. Such a result was obtained in a highly
influential paper of Dyer and Frieze [17]. It is of course natural to design such algorithms
for k-graphs. The first to so were Person and Schacht [34, 35] who gave an average case
polynomial time algorithm for 3-graph 2-colorability. Their result was recently extended to
arbitrary k ≥ 3 by Lee, Molla, and Nagle [26] who gave an average case O(nk) algorithm.
The algorithms of [26, 34, 35] rely on graph/hypergraph regularity lemmas. As a result, they
were difficult to analyze, used algorithmic versions of the regularity lemma [3] as a black box,
and their running times hid tower-type constants.

1.1 New Classical Algorithms
Our main results in this paper improve upon [26, 34, 35] in several ways. In what follows,
a 2-coloring algorithm is one that is guaranteed to find a 2-coloring of every 2-colorable
k-graph. Throughout the rest of the paper we assume that k ≥ 3 is an absolute constant.
Therefore, while in many places the dependence on k can be improved significantly, we chose
not to do so for the sake of simplifying the proofs.

Our first result in this paper is a new deterministic 2-coloring algorithm with polynomial
average case running time. The algorithm is simple and completely elementary. In particular,
it does not use any graph or hypergraph regularity lemma.

▶ Theorem 1. There is a deterministic 2-coloring algorithm whose average case running
time over the set of 2-colorable k-graphs is nO(k).

To be precise, and to set the stage for the introduction of the coloring oracle of Theorem
4 below, we state the above theorem as follows. If A is a deterministic 2-coloring algorithm,
then TA(H) denotes the running time of A on input H, and TA(n) denotes the average of
TA(H) over all 2-colorable k-graphs on n vertices. Theorem 1 thus states that there is a
2-coloring algorithm A satisfying TA(n) = nO(k).

1 In extremal combinatorics, 2-colorability is also called Property B.
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Our second result shows that if we allow the 2-coloring algorithm to use randomization,
then we can significantly improve the average case expected running time.

▶ Theorem 2. There is a randomized 2-coloring algorithm whose average case expected
running time over the set of 2-colorable k-graphs is O(n).

If A is a randomized 2-coloring algorithm, then TA(H) now denotes the expected running
time of A on input H, and TA(n) denotes the average of TA(H) over all 2-colorable k-graphs
on n vertices. Theorem 2 thus states that there is a randomized 2-coloring algorithm A

satisfying TA(n) = O(n). This average case running time is optimal since we need O(n) time
just to output the coloring of H.

1.2 A Fast Coloring Oracle
We now turn to introducing our main result in this paper, which shows that hypergraph
2-colorability is even easier on average than merely being solvable in polynomial time as
in Theorems 1 and 2. (In fact, the algorithms and techniques for this result directly imply
Theorems 1 and 2 as well.) To this end we will introduce a local coloring algorithm in
Definition 3 below. Our main inspiration for this definition are the notion of a Partition
Oracles from the area of sublinear time algorithms and the emerging area of Local Computing
Algorithms (LCA). Let us now describe Partition Oracles, postponing to Subsection 1.2.1
the discussion of LCAs and prior relevant work. The notion of partition oracle was first
introduced in [22] and was further studied in [27, 25]. These are sublinear, in fact O(1), time
algorithms that supply oracle access to a vertex partition of every planar graph2 so that
every component is of size O(1) and there are o(n) edges connecting these components. As
is the case in sublinear time algorithms, we assume that the algorithm can quickly query the
input object. In our case, the algorithm can query whether any k-tuple of vertices is an edge
in H. Given the discussion above, we introduce the following definition.

▶ Definition 3 (Coloring-Oracle). A coloring-oracle is a randomized algorithm A whose input
is a vertex u in a 2-colorable k-graph H. The algorithm A can access H using edge queries
of the form “is (v1, . . . , vk) an edge in H”? The algorithm should always return a color 0/1
for u. Furthermore:

(i) For every sequence of queries u1, u2 . . ., the answers of A are consistent with a single
legal 2-coloring of H.

(ii) The oracle uses only o(n) memory for keeping information between different calls.

Observe that without requirement (i) the definition would be trivial since the oracle
could just answer 0 for every vertex, as every vertex can be colored 0 in some 2-coloring
of H. Requirement (ii) is also necessary, since if the algorithm is allowed to keep n bits of
information, then when it is first called it can find a legal 2-coloring, store it in memory, and
then use it to answer subsequent calls. A moment’s reflection reveals3 that there is in fact a
(not very efficient) algorithm satisfying Definition 3.

Given Theorems 1 and 2 and the success of partition oracles, it is natural to ask if it is
possible to design a coloring oracle that is efficient on average. Let us then introduce the
following definition. If A is a coloring oracle, then we use TA(H, u) to denote the expected

2 The results actually hold for more general “minor closed” families of graphs.
3 Indeed, given u the algorithm asks about all possible edges of H, then looks for the lexicographically

first 2-coloring of H and returns the color it assigns to u.

APPROX/RANDOM 2025
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time it takes A to return a color for u in H. Since we are considering average case behavior,
it might seem natural to define TA(H) as the average of TA(H, u) over all vertices of H, but
we instead make a stronger requirement and define it as the worst case over all vertices,
that is TA(H) = maxu TA(H, u). We finally define TA(n) as the average of TA(H) over all
2-colorable k-graphs on n vertices. Since hypergraph 2-colorability is NP-hard we certainly
do not expect to have a coloring oracle A for which TA(H) is sub-exponential for every H.
Surprisingly, there is a coloring oracle that on average is as efficient as possible.

▶ Theorem 4. There is a coloring oracle A satisfying TA(n) = O(1). Furthermore, the
oracle does not use any memory for keeping information between successive calls.

We find it quite surprising that it is possible to not use any shared memory between
successive calls, and still answer every query consistently in average case O(1) time. Thus
the main conceptual contribution of this work is demonstrating just how much more efficient
can Oracles and LCAs be on average, compared to their worst case behavior.

Comparing coloring oracles and partition oracles, in addition to differing algorithmic
goals4, note that a coloring oracle handles all inputs and solves the 2-coloring problem exactly,
while a partition oracle only handles planar graphs and only solves an approximate problem.
On the other hand, partition oracles always work in O(1) time, while a coloring oracle only
works in O(1) time on average over the set of colorable graphs.

1.2.1 Transforming the Coloring Oracle into an LCA
In recent years, there has been extensive work on a new model of distributed computing
known as Local Computation Algorithms (LCAs) [38, 5, 7]. In this model, the algorithm is
given probe access to the input object (in this case, the k-graph) and a fixed random string,
and must answer queries regarding a particular combinatorial structure defined on it (in this
case, the color of a vertex u in a 2-coloring). The answers must be globally consistent, each
query must be answered with sublinear work, and there is no persistent memory between
queries. We observe that our result implies an average-case LCA for coloring, which we now
discuss.

LCAs for vertex coloring (over worst-case graphs) have been the subject of extensive
study. Much of this has focused on (∆ + 1)-coloring, where ∆ is the maximum degree of the
input graph. First, it is known that r-round algorithms in the distributed LOCAL model
over graphs with maximum degree ∆ can be used to construct LCAs with query processing
time O(∆r) using a reduction of Parnas and Ron [33]. Applying this to the result of [8]
in the distributed LOCAL model yields a ∆O(log∗(∆)) · log(n) time (∆ + 1)-coloring LCA.
Notably, [9] later constructed a ∆O(1) ·O(log(n)) time LCA for (∆ + 1)-coloring, also proving
results in other distributed and sublinear models. For hypergraphs, when a two-coloring is
guaranteed by the Lovász Local Lemma, the work of [16] gives an LCA that answers queries
in polylogarithmic time. Note that the latter result applies when there is a bound on the
degree of the hypergraph, whereas the graphs we consider are usually dense. Recent papers
have also explored LCAs for 3-coloring and 2-coloring graphs and hypergraphs typically with
additional assumptions made, such as access to linear preprocessing probes [13], or answering
only up to polylogarithmic many queries [2].

Graph and hypergraph coloring have been studied in other sublinear access models [6]
and through the lens of property testing [11, 12, 1]. Additionally, substantial effort has gone
into designing (worst-case) LCAs for a variety of other fundamental problems, including
maximal independent set [19, 20, 18, 28], and maximal matching [28, 41, 32].

4 A partition oracle seeks to partition the graph into O(n) sets with as few edges as possible between
them, while a coloring oracle’s goal is to partition the graph into O(1) sets with no edges inside them.
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A recent paper [7] initiated the study of LCAs over average-case inputs. An oracle is an
average-case LCA for a problem Π over a distribution G over objects if, with probability
at least (1− 1

n ) over G← G, the oracle is an LCA for Π on G. For hypergraph 2-coloring,
the key distinction between average-case LCAs and coloring oracles is the allowed failure
probability (the LCA can fail on some inputs, while the coloring oracle must always return a
2-coloring).

We observe that our result implies a very efficient average-case LCA for coloring, which
also holds for 2-colorable 2-graphs due to the different failure criterion.

▶ Theorem 5. For all k ≥ 2, there is an average-case LCA for the uniform distribution
over 2-colorable k-graphs with worst-case probe complexity of O(1) and runtime per query of
O(1)5. Moreover, the average-case LCA does not require shared randomness between queries.

We view this as the most nontrivial example of an average-case LCA so far [7]. We present
the proof in the journal version of the paper.

1.3 Key New Idea and Comparison to Prior Works

The key idea in many average case algorithms is to define a property P which is useful in
the following sense: on one hand almost all objects (graphs, hypergraphs, etc) satisfy P , and
on the other hand every object satisfying P is easy to solve. As we observed earlier, it is not
enough for P to hold for (1− o(1))-fraction or even for (1− 2−n/2)-fraction of the objects
since that could result in an exponential average case running time if the objects without
property P take exponential time. It is interesting to note that a similar challenge of coming
up with a useful property appears also in the design of regularity lemmas for graphs [39] and
hypergraphs [21, 37]. There, the goal is to come up with a property that is strong enough
for the purposes of applying the lemma, and weak enough to be satisfied by every graph. It
is thus no coincidence that the algorithms of Person and Schacht [34, 35] and Lee, Molla,
and Nagle [26] used useful properties involving notions related to graph and hypergraph
regularity. Hence, they also used the graph/hypergraph regularity lemmas and algorithms
[3], leading to huge hidden constants and a complicated analysis. We show there is a very
simple-to-state useful property, which we describe in Section 2. While it takes some work
to show that most hypergraphs satisfy it, designing an efficient algorithm for hypergraphs
satisfying it is almost trivial. Moreover, the property directly leads to the coloring oracle of
Theorem 4. Very roughly, the property states that there is a small substructure that has
a unique coloring (what we call Kℓ,ℓ in Section 2) such that the (unique) coloring of this
structure uniquely determines the color of all vertices of the hypergraph. Most importantly,
the coloring of this small substructure forces the colors of all other vertices via “paths” of
short length (actually length 2) and there are in fact “many” such paths, making it easy
to find one using sampling. We can also take advantage of this property in order to avoid
using any memory between successive calls and still maintain the consistency of the coloring.
The most (actually, only) technically demanding part of the paper is thus not the design
or the analysis of the algorithms, but the proof of Lemma 8 regarding properties of typical
2-colorable k-graphs. See the end of Section 2 for a brief description of the proof of this
lemma, and the journal version of the paper for the full proof.

5 This is in the LCA model where the algorithm is given access to a random string consisting of words i.e.
random entries in [n]. A random word corresponds to getting O(log n) bits of randomness in a step.

APPROX/RANDOM 2025
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1.4 Paper Overview
In Section 2 we formally define the useful hypergraph property that underpins all our
algorithms here and state the key probabilistic fact regarding this property, see Lemma 8. In
Section 3 we prove Theorem 1. To this end, we present a new average case polynomial time
deterministic 2-coloring algorithm which relies on the useful property introduced in Section
2. In Section 4 we prove Theorems 2 and 4. To do so, we make subtle adjustments to the
algorithm presented in Section 3.

2 A Useful Property for Coloring Hypergraphs

Our goal in this section is to define the useful hypergraph property alluded to in the proof
overview above. An independent set I in a k-graph is a set of vertices so that none of the
edges of the hypergraph is fully contained in I. Note that a 2-coloring of a hypergraph
naturally partitions its vertex set into two independent sets, namely those that are colored
red and those that are colored blue. Given a 2-colorable k-graph H, when we refer to the
two independent sets of H, we mean the two independent sets given by some 2-coloring of
H. Note that (unless specified otherwise) we do not assume that H has a unique 2-coloring.
For a vertex u ∈ V (H) and a set of vertices A ⊆ V (H), we use N(u, A) to denote the set
of (k − 1)-tuples of vertices in A which form an edge together with u. So N(u, A) are the
neighbors of vertex v in the set A, but as opposed to 2-graphs, where the neighbors of a
vertex are also vertices, now the neighbors are (k − 1)-tuples of vertices. For an integer
ℓ ≥ k − 1 the k-graph K

(k)
ℓ,ℓ is the one consisting of two vertex sets A, B of size ℓ and of all

the edges that have a single vertex in either A or B and k − 1 vertices in the other set. To
simplify the notation, we will use Kℓ,ℓ instead of K

(k)
ℓ,ℓ . We first observe the following simple

fact.

▷ Claim 6. For every ℓ ≥ 2k − 3, the k-graph Kℓ,ℓ has a unique 2-coloring.

Proof. Let A, B be the color classes in the definition of Kℓ,ℓ, and consider any other 2-coloring.
Assume without loss of generality that two vertices a, a′ ∈ A are assigned different colors.
Since ℓ ≥ 2k − 3 there are k − 1 vertices in A that received the same color.6 Suppose this is
color 1, that a is colored 1, and that a′ is colored 0. It follows from the definition of Kℓ,ℓ that
all vertices in B must be colored 0, since each b ∈ B forms an edge with the k− 1 vertices of
A that are colored 1. But then every edge containing k− 1 vertices in B and vertex a′ is not
colored properly. ◁

Given a copy of Kℓ,ℓ we will use A, B to denote the two colors classes in its unique
2-coloring, namely the two sets used in the definition of Kℓ,ℓ. We are now ready to define
the useful property, which we call good.

▶ Definition 7 (Good k-Graphs). Suppose H is an n-vertex 2-colorable k-graph. Set

ℓ = ℓ(k) = 5k. (1)

Then H is good if it satisfies:
(i) The number of copies of Kℓ,ℓ in H is at least n2ℓ/2210k .

6 Note that the assumption ℓ ≥ 2k−3 is indeed needed since when ℓ = 2k−4 there are different 2-colorings
of Kℓ,ℓ obtained by coloring k − 2 of the vertices in A, B with color 0/1.
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(ii) The following holds for every copy K of Kℓ,ℓ in H. Suppose A, B are the independent sets
of K. Let NA be the vertices v satisfying N(v, A) ̸= ∅ and NB be the vertices v satisfying
N(v, B) ̸= ∅. Then every vertex u in H satisfies either |N(u, NA)| ≥ nk−1/k4k or
|N(u, NB)| ≥ nk−1/k4k.

See Figures 1 and 2 for illustrations of the good property and how the good property
assists the algorithms.

Recall that for a property to be useful for our purposes here we first need all but a
negligible fraction of the 2-colorable k-graphs to satisfy it. This is precisely the statement
of the following lemma, whose (somewhat technical) proof appears in the journal version
of the paper. In what follows T (k)

n is the set of all 2-colorable k-graphs on n vertices, and
H ∼ T (k)

n means that H is uniformly chosen from T (k)
n .

▶ Lemma 8. If H ∼ T (k)
n , then for all large enough n, H is good with probability at least

1− 2−2n.

The main idea of the proof of Lemma 8 is the following. Consider an alternative
probabilistic model for picking a random 2-colorable k-graph on a set V of n vertices, which
we denote T (k)

S,n : in this case we preselect two “planted” independent sets S and V \S (where
we will add no edges) and pick each edge intersecting S and V \ S with probability 1/2.
It is easy to show (see the journal version of the paper), using classical tail bounds, that
a k-graph generated by T (k)

S,n such that n/4 ≤ |S| ≤ 3n/4 is good with probability at least
1− 2−3n. What is also “clear” is that H ∼ T (k)

n is “similar” to H ∼ T (k)
S,n when |S| is close

to n/2. Perhaps surprisingly, there is a very short proof making this intuition precise. The
proof of Lemma 8 will appear in the journal version of the paper.

3 Coloring Bipartite Hypergraphs

Our goal in this section is to prove Theorem 1. Throughout this section we use ℓ = 5k as in
Definition 7. By Lemma 8 only a tiny fraction of the bipartite k-graphs are not good. It
is thus easy to see that in order to prove Theorem 1 it is enough to design a deterministic
algorithm which finds in polynomial time a 2-coloring of every good 2-colorable k-graphs.
For notational reasons we will sometimes use the term “bipartite” instead of “2-colorable”.

Before presenting the concrete algorithm, we give an informal description of it. The
algorithm first uses exhaustive search in order to find a copy of Kℓ,ℓ. If H is good then we
know that it has many copies of Kℓ,ℓ. Letting A, B be the independent sets in the unique
2-coloring the Kℓ,ℓ the algorithm found, it then colors A with 0 and B with 1. The algorithm
now looks for all vertices v which form an edge with k − 1 vertices from A or B. Note that
the color of such a v is uniquely determined by the coloring of A and B and thus we color
them accordingly. The algorithm now looks for all vertices v which form an edge with k − 1
vertices that were colored 0 or 1 in the previous step. Again, the color of such a v is uniquely
determined by the coloring we made in the previous step. If H is good we thus color all of
its vertices. If any step of the algorithm fails, it just uses exhaustive search to find a legal
2-coloring. We remind the reader that N(u, A) denotes the set of (k − 1)-tuples of vertices
in A which form an edge with u.

APPROX/RANDOM 2025
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A B

Kℓ,ℓ

. . .

v1

v2

u

A B

Kℓ,ℓ

. . .

v1

v2

u

= 0
= 1

Figure 1 Illustration of how vertices are colored in good 3-graphs (Definition 7) by Algorithm 1.
Once a copy of Kℓ,ℓ is found and (uniquely) colored, all other vertices will be within a path length
of two of this copy and are colored consistently relative to the Kℓ,ℓ copy.

Algorithm 1 Deterministic Coloring Algorithm for Bipartite k-Graphs.

Input: A bipartite k-graph H.
Output: A proper 2-coloring of H.
Procedure: Color-Bipartite-Hypergraph(H)
1. Search for a copy of Kℓ,ℓ using exhaustive search.
2. If no copy of Kℓ,ℓ was found, proceed to Step 13.
3. Let A, B be the independent sets of the copy of Kℓ,ℓ found in Step 1.
4. Color the vertices in A with color 0 and those in B with color 1.
5. ∀u ∈ V (H) do
6. If N(u, B) ̸= ∅, then color u with color 0.
7. If N(u, A) ̸= ∅, then color u with color 1.
8. Let C0 (resp. C1) be the vertices colored 0 (resp. 1) thus far.
9. ∀u ∈ V (H) \ {C0 ∪ C1} do
10. If N(v, C1) ̸= ∅, then color u with color 0.
11. If N(v, C0) ̸= ∅, then color u with color 1.
12. If all vertices were colored then return this 2-coloring, Else go to Step 13.
13. Exhaustively search for a legal 2-coloring of H. Return the first one found.

We begin by demonstrating that Color-Bipartite-Hypergraph indeed produces a
proper 2-coloring.

▶ Lemma 9. Suppose H is a bipartite k-graph. Then the algorithm Color-Bipartite-
Hypergraph returns a proper 2-coloring of H.

Proof. If a copy of Kℓ,ℓ is not found, then we run Step 13 which finds a legal 2-coloring
(since one exists) so the claim holds in this case. Suppose then that a copy of Kℓ,ℓ was found,
and fix a legal 2-coloring c : V (H) 7→ {0, 1} of the vertices of H. Recall that by Claim 6 Kℓ,ℓ

has unique 2-coloring. Hence, c assigns all vertices of A (resp. B) the same color. Assume
without loss of generality that these are colors 0 and 1 as in our coloring. Clearly, c colors
the vertices colored in Steps 6/7 in the same color as the algorithm does. Similarly, c colors
the vertices colored in Steps 10/11 in the same color as the algorithm does. Hence, if we
colored all of the vertices of H then our coloring agrees with c which is a legal 2-coloring of
H (which means that c is the unique 2-coloring of H). If the algorithm did not color all the
vertices then it again resorts to exhaustively looking for a legal 2-coloring. ◀

For a given 2-coloring algorithm A and input H, let TA(H) denote the running time of A

on input H. Let TA(n) be the average of TA(H) over all n-vertex bipartite k-graphs H, that
is, the average case running time of A over the n-vertex bipartite k-graphs.
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▶ Lemma 10. The algorithm Color-Bipartite-Hypergraph satisfies

TColor-Bipartite-Hypergraph(n) = nO(k) .

Proof. The proof can be found in the journal version of the paper. ◀

Proof of Theorem 1. By Lemma 9 Color-Bipartite-Hypergraph always returns a legal
2-coloring, and by Lemma 10 its average running time is nO(k). It is also clear that the
algorithm does not use any memory to keep information between successive calls to it. ◀

4 A Coloring Oracle for Bipartite Hypergraphs

In this section we prove Theorems 4 and 2. Throughout this section we use ℓ = 5k as in
Definition 7. To this end, we will modify the algorithm Color-Bipartite-Hypergraph
presented in the previous section in order to turn it into a coloring oracle and subsequently
into a randomized algorithm with linear expected running time. Let us describe the key
ideas needed to make the running time O(1) on average and how to avoid using any memory
between successive calls and still maintain a consistent coloring. Observe that in order to get
running time O(1) on average it is enough to obtain this running time for good hypergraphs.
For such inputs, we can in fact find a copy of Kℓ,ℓ in O(1) time since a positive proportion
of all 2ℓ-tuples contain a Kℓ,ℓ (see Step 2 of Algorithm 2 below). It is easy to see that if H is
good then a coloring of a copy of Kℓ,ℓ forces a coloring of every vertex u in H. In fact, there
are many (k− 1)-tuples v1, . . . , vk−1 which witness this fact, so the color of u can be deduced
in O(1) time (as in Steps 4-5). The challenge is that the Oracle should answer consistently
for every input, hence we need a mechanism for solving this issue. This is achieved by Step
2, in which we not only try to find a copy of Kℓ,ℓ but we also demand that this copy forces a
color for vertex 1. We always assume that vertex 1 is colored 0 (see below why), so in this
sense vertex 1 forces the colors of A and B. The colors of A and B then force the colors of
other vertices u (but not necessarily all of them) in Steps 4-5. If we think of a 2-coloring of
H as a 0/1 string of length n, then the color of vertex 1 is the most significant bit, hence the
lexicographically first legal 2-coloring of H must assign vertex 1 the color 0 (since flipping
the colors of a legal coloring is also a legal coloring). This is why it is convenient to also look
for a coloring giving 1 the color 0.

▶ Lemma 11. Algorithm Coloring-Oracle is a 2-coloring oracle. That is, if H is a
bipartite k-graph, then for every sequence of queries u1, u2, . . . the oracle’s answers are
consistent with the same legal 2-coloring of H.

Proof. Let c be the lexicographically first legal 2-coloring of H. Note that such a coloring
must assign vertex 1 the color 0. We claim that for any sequence of queries, the oracle’s
answers are always consistent with c. This is certainly the case if when applied to vertex
u, the algorithm ever resorts to Step 7, so suppose it does not. In this case we know that
the algorithm found a copy of Kℓ,ℓ, a (k − 1)-tuple of vertices satisfying conditions (ii.1) or
(ii.2) and a (k − 1)-tuple satisfying either Step 4 or 5. Suppose wlog that steps (ii.1) and
4 are the ones that were satisfied (the other 3 options are identical). First recall that by
Claim 6 every legal 2-coloring of H gives the vertices of A the same color and to those in B

the other color. If (ii.1) holds then each of the vertices y1, . . . , yk−1 forms an edge with a
(k − 1)-tuple in A implying that in any legal 2-coloring of H the vertices y1, . . . , yk−1 are
colored as B. Since (ii.1) further assumes that (1, y1, . . . , yk−1) ∈ E(H) we conclude that
in any legal 2-coloring of H the set A is assigned the same color as vertex 1. In particular,
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Algorithm 2 Coloring Oracle for Bipartite k-Graphs.

Input: Vertex u in some bipartite k-graph H, and oracle access to E(H).
Output: Color assignment to u.
1. Procedure: Coloring-Oracle(H,u)
2. Uniformly sample (2ℓ + k − 1)-tuples (x1, . . . , x2ℓ, y1, . . . , yk−1) of vertices until (i)

and (ii) hold:
(i) Vertices x1, . . . , x2ℓ span a copy of Kℓ,ℓ. Set A, B to be the independent sets of

this copy.
(ii) Vertices y1, . . . , yk−1 satisfy one of the following:
(ii.1) : (1, y1, . . . , yk−1) ∈ E(H) and N(yi, A) ̸= ∅ for every i ∈ [k − 1].

Set cA = 0, cB = 1
(ii.2) : (1, y1, . . . , yk−1) ∈ E(H) and N(yi, B) ̸= ∅ for every i ∈ [k − 1].

Set cA = 1, cB = 0
If all (2ℓ + k − 1)-tuples were inspected, and none of them satisfies (i), (ii), goto
Step 7.

3. Uniformly sample (k − 1)-tuples of vertices v1, . . . , vk−1:
4. If (u, v1, . . . , vk−1) ∈ E(H) and N(vi, A) ̸= ∅ for every i ∈ [k − 1] then return cA.
5. If (u, v1, . . . , vk−1) ∈ E(H) and N(vi, B) ̸= ∅ for every i ∈ [k − 1] then return cB .
6. If all (k − 1)-tuples have been inspected, and none of them satisfies 4− 5, then

goto Step 7.
7. Exhaustively search for the lexicographically first legal 2-coloring c of H.

Return c(v).

this means that c assigns A the color 0 and B the color 1. Hence we set cA = 0, cB = 1 to
indicate this fact. By an identical argument, if Step 4 holds then in any legal 2-coloring of
E(H), and in particular in c, vertex u receives the same color as A. Hence returning color
cA for u is consistent with c. ◀

Recall that if A is a coloring oracle, H is a bipartite k-graph and u ∈ V (H), then we use
TA(H, u) to denote the expected running time it takes A to return a color for u. We further
set TA(H) = maxu∈V (H) TA(H, u), and TA(n) as the average of TA(H) over all bipartite
n-vertex k-graphs H.

▶ Lemma 12. The algorithm Coloring-Oracle satisfies

TColoring-Oracle(n) = O(1) .

Proof. The proof can be found in the journal version of the paper. ◀

Proof (of Theorem 4). By Lemma 11 the algorithm Coloring-Oracle is indeed a coloring
oracle, and by Lemma 12 it satisfies TColoring-Oracle(n) = O(1). Finally, note that the
random string used on query u is local and does not need to be maintained between queries,
so the algorithm requires no persistent storage (and the responses remain consistent by
Lemma 11). ◀

Proof (of Theorem 2). Suppose we color H by invoking Coloring-Oracle on all vertices
of H. By linearity of expectation, for a given H the expected running time of the algorithm
is at most n · TColoring-Oracle(H). By Theorem 4, this means that the average running time
of the algorithm over H ∼ T (k)

n is at most

n · TColoring-Oracle(n) = n ·O(1) = O(n) . ◀
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A B

Kℓ,ℓ

. . .

v1

v2

u

y1

y2

1

= 0
= 1

Figure 2 Illustration of how vertices are colored in good 3-graphs (Definition 7) by Algorithm 2.
First, once a copy of Kℓ,ℓ is found, we must determine its coloring relative to how vertex 1 is colored.
Therefore, a path of length up to two to vertex 1 is found, and Kℓ,ℓ is colored to be consistent with
vertex 1 being colored 0 (red). All other vertices will be within a path length of two of this copy
and are colored consistently relative to the Kℓ,ℓ copy.

▶ Remark 13. The coloring oracle algorithm immediately yields an (average-case) LCA (as
defined in [7]). In the journal version of the paper, we show how to obtain a slightly simpler
average-case LCA by modifying the coloring oracle.
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