Testing Isomorphism of Boolean Functions over
Finite Abelian Groups

Swarnalipa Datta =
Indian Statistical Institute, Kolkata, India

Arijit Ghosh @&
Indian Statistical Institute, Kolkata, India

Chandrima Kayal =24
Université Paris Cité, CNRS, IRIF, France

Manaswi Paraashar 24
University of Copenhagen, Denmark

Manmatha Roy 24
Indian Statistical Institute, Kolkata, India

—— Abstract

Let f and g be Boolean functions over a finite Abelian group G, where g is fully known and f is
accessible via queries; that is, given any « € G, we can obtain the value f(z). We study the problem
of tolerant isomorphism testing: given parameters ¢ > 0 and 7 > 0, the goal is to determine, using
as few queries as possible, whether there exists an automorphism o of G such that the fractional
Hamming distance between f oo and g is at most €, or whether for every automorphism o, the
distance is at least € + 7.

We design an efficient tolerant property testing algorithm for this problem over finite Abelian
groups with constant exponent. The exponent of a finite group refers to the largest order of any
element in the group. The query complexity of our algorithm is polynomial in s and 1/7, where s
bounds the spectral norm of the function g, and 7 is the tolerance parameter. In addition, we present
an improved algorithm in the case where g is Fourier sparse, meaning that its Fourier expansion
contains only a small number of nonzero coefficients.

Our approach draws on key ideas from Abelian group theory and Fourier analysis, including the
annihilator of a subgroup, Pontryagin duality, and a pseudo inner product defined over finite Abelian

groups. We believe that these techniques will be useful more broadly in the design of property
testing algorithms.
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Testing Isomorphism of Boolean Functions over Finite Abelian Groups

1 Introduction

Let G be a finite Abelian group, and let G be its dual group, consisting of all characters,
that is, homomorphisms from G to C*;= {x € C | |z| = 1}. The Fourier coefficient for a
function f : G — C corresponding to a character y € G is denoted by f(x)l, and the spectral
norm of f is defined as

11l =" 1FOOI-
=

For more details refer to Section 2. The spectral norm is a key parameter in the analysis
of Boolean functions, with wide-ranging applications in property testing, learning theory,
cryptography, pseudorandomness, and quantum computing [43, 38, 46, 28, 44, 39, 13, 42, 27,
41, 45, 4]. Moreover, it plays an important role in understanding the coset complexity of
subsets of Abelian groups [17, 31, 32, 15]. We will show that, for the isomorphism testing of
Boolean functions over finite Abelian groups, the query complexity is essentially controlled
by the spectral norm.

The area of property testing is concerned with determining whether a given object satisfies
a fixed property or is “far” from satisfying it, where “far” is typically defined using a suitable
distance measure. Over nearly three decades of research, symmetry has played a crucial role
in property testing, appearing in various forms.

To illustrate the setup and the role of symmetry, we consider property testing of Boolean
functions, which are functions of the form f: {—1,1}" — {—1,1}. The fractional Hamming
distance between two Boolean functions f and g on n-bit inputs is defined as

6(f,.9)= _ Pr [f(z)#g(x)],
ze{-1,1}"
that is, the fraction of inputs on which they differ.
Let S, be the group of all permutations of [n] := {1,...,n}. For o € S, we define the
permuted function f oo by

(foo) (@1, . azn) = f(Toq)s- -+ To(n))
for all (x1,...,2,) € {—1,1}". A fundamental question in this setting is the following.

» Question 1 (Function Isomorphism Testing over {—1,1}"). Given a known Boolean function
f and query access to an unknown Boolean function g, determine if there exists a permutation
o € G such that foo =g, or for all 0 € G, is the Hamming distance between f oo and g at
least €, under the promise that one of these is the case?

The above question was first investigated by Fischer et al. [26] and was followed by a long
line of work [1, 8, 11, 10, 2, 9].

The domain of Boolean functions discussed so far is the set {—1,1}". It is of great
interest, as we discuss later, to study Boolean functions whose domain D has some algebraic
structure associated with it, like Z%. In these settings, it is natural to study the isomorphism
problem for Boolean functions under the group of symmetry of D that preserves its underlying
algebraic structure.

! Note that Fourier coefficients are complex numbers.
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An extremely important example is that of D = Z%, that is, functions of the form
f 2% — {—1,1} defined over the vector space Z%. These functions arise in numerous
areas of computer science and mathematics, see [40] and the references therein for several
examples. A natural group of symmetry for Z% is the group of all non-singular n x n matrices
over Zs(see [22, Chapter 3]). We now describe the question of Linear Isomorphism Testing
of Boolean Functions over Z3. For A € Zy*", let fo A : Z% — {—1,1} be the function
foA(x) = f(Ax) for all z € Z§. The Linear Isomorphism Distance between two functions
f:Zy - {-1,1} and g : Z% — {—1,1} is defined as

distzz (f, 9) = min 5(fod,g). (1)
A€z} *™: A is non-singular
Assume that f and g satisfy the promise that either distzy (f,g) = 0 or distzy (f,g) > ¢, the
question of Linear Isomorphism Testing is that of deciding which is the case.
In this work, we study Boolean functions over a finite Abelian group G. The natural
symmetries in this setting arise from the automorphism group of G, denoted Aut(G) (see
Definition 31). For functions f,g: G — {0,1}, we define their automorphism distance as

distg(f,9) = Uegluig( o) 6(foo,g),

where foo(z) = f(o(x)) for all z € G. We investigate the following general question.

» Question 2 (Testing Isomorphism of Boolean Functions over Finite Abelian Groups). Let G be
a finite Abelian group, and let f,g: G — {—1,1} be Boolean functions such that f is known
and given query access to g, determine if f and g are isomorphic under the automorphism
group Aut(G) of G (that is, distg(f,g) = 0) or is the automorphism distance between them at
least € (that is, distg(f,g) > €), under the promise that one of these is the case?

We now give an equivalent problem in the setting of finite Abelian groups.

» Definition 3 (Subset Equivalence Problem). Given two subsets A, B C G of a finite Abelian
group G, does there exist an automorphism o € Aut(G) such that A =o(B)?

To formulate a testing version of this problem, we introduce the following definitions. For
subsets A, B C G, the distance between A and B is defined by

A\ B+ B\ A

dist(A, B) := 7

(2)
We define the automorphism distance between A and B as

distg(A4, B) := min dist(A4,o(B)). (3)
oc€Aut(G)
We assume membership query access to a subset of G, meaning that we can query whether
any given element of G belongs to the subset. The testing version of the Subset Equivalence
Problem is formulated below:

» Question 4 (Testing Automorphism Distance Between Subsets of Finite Abelian Groups).

Let ¢ > 0 and G be a finite Abelian group. Let A C G be a known subset, and suppose we
have membership query access to an unknown subset B C G. Under the promise that either
distg(A, B) = 0 or distg(A, B) > ¢, the goal is to determine which of the two cases holds.

66:3
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Question 4 is equivalent to the problem of testing can be viewed as a special case of Boolean
function isomorphism testing as follows. Define the indicator function 14 : G — {—1,1} of
the set A by

-1 ifzeA,
]lA(x) = {

1 otherwise.

Similarly, define 15 for the set B. Then Question 4 reduces to testing whether the Boolean
functions 14 and 1p are isomorphic under the action of Aut(G).

Previous works on property testing of Boolean functions over Z7 critically exploit the
Fourier analysis framework, where the vector space structure of the domain is essential to the
proofs. However, since we are working with arbitrary finite Abelian groups, these established
approaches that rely on the vector space structure do not apply. As a result, we had to
develop new ideas, drawing on key concepts from the theory of finite Abelian groups. We
outline some of these ideas below:

We have used a notion of “orthogonal” subgroup H+ for a subgroup H of a finite Abelian
group G which is not naturally defined in the context of groups. To address this, we used
the concept of annihilator of a subgroup. This concept is described in more detail in
Section 3.

For any group automorphism A : G — G and any function f: G — {—1,+1}, we needed

a natural way to associate the Fourier coefficients {f/o\A()O ‘x€EG } for the function

f o A with the Fourier coefficients {f(x) TX E QA} for f. We use ‘Pontryagin duality’
to deal with such scenario, which is of independent interest. More details can be found in
Lemma 34 and Lemma 38 from Section 2.

The vector space Z5 can be naturally partitioned into cosets of a subspace. This property
is essential in approaches like “coset hashing”, which is used in algorithms for property
testing of Boolean functions over such domains (see [25, 30, 47]). However, for a finite
Abelian group G, this partitioning is not generally possible, as G may not form a vector
space. To address this, we instead use normal subgroups and partition G using the cosets
of these normal subgroups. For details, see Section 2.

We use a new notion of inner product, called pseudo-inner product (see Definition 22)
to analyze our algorithms.

We also introduce a notion of independence for finite Abelian groups, which we call
pseudo-independence (see Definition 32), to analyze our algorithms.

Note that the characters of Z5 are the 2nd roots of unity, meaning they take the values
—1 or +1 at each point in Zj5. This property is fundamental to the analysis of Boolean
functions over Z3, see, for example, Gopalan et al. [30]. Since G is a finite Abelian group,
it can be written as G = Z,m1 X - X Zymn, where p; are primes for all i € [n], which
may not necessarily be dlstmct In the case of G, the characters are complex numbers, as
they correspond to the £-th roots of unity at each point in G, where L is the exponent of
G. Observe that £ = LCM {pT™,...,p"}. Consequently, there is no natural concept of
sign, which we address using a completely different approach. For more details, see [20],
which we believe offers independent interest in the study of Boolean functions on more
general domains.
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1.1 Related work

Fischer et al. [26] were the first to investigate the problem of function isomorphism testing, a
line of research that has since been extended by several subsequent works [1, 8, 11]. The
problem of characterizing the testability? of linearly invariant properties of functions has been
a central focus in property testing. This question has seen significant progress through various
works [33, 37, 7]. Also, Bhattacharyya et al. [6] provided a characterization of linearly invariant
properties that are constant-query testable with one-sided error. Testing linear isomorphism
of Boolean functions over Z5 was studied by Wimmer and Yoshida [47], whose algorithm
has polynomial query complexity in terms of the spectral norm of the functions. Grigorescu,
Wimmer and Xie [35] studied the same problem in the communication setting. Linear
isomorphism of Boolean functions has also been explored in the context of combinatorial
circuit design [16, 5, 48], error-correcting codes [21, 24, 36], and cryptography [18, 14, 23].

1.2 Our results

We study Question 2 in the following setting: the function g : G — {—1,1} is known, while
the function f : G — {—1,1} is unknown. We are promised that either distg(f,g) < € or
distg(f,g) > e+ 7. Additionally, we assume that the exponent of the finite Abelian
group G is a constant. For the remainder of the paper, we denote the exponent
of G by L(G), or simply L. Observe that if G = valm X+ X Lymn, then

L(G) = LCMA{py™,....pp" } .

The goal is to design a randomized algorithm that, with probability at least 2/3 over its
internal randomness, determines which case holds while making as few queries as possible
to the unknown function f. Each query allows the algorithm to obtain the value f(z) for a
chosen x € G.

Our results are developed in the context of tolerant testing, specifically in the (e, 7)-
tolerant testing model. This generalizes the setting of Question 2, which corresponds to the
special case of (0, 7)-tolerant testing.

We give an efficient algorithm for the above problem. The algorithm’s query complexity
is polynomial in (1/7) (independent of €) and the spectral norm (see Definition 20) of the
known function.

» Theorem 5 (Main Result: (e, 7)-Tolerant Isomorphism Testing of Boolean Functions over
Finite Abelian Groups). Let G be a finite Abelian group, with

Q = Zp;m X oo X szln,

where each p; is a prime (not necessarily distinct), and let € > 0 and 7 € (0,1/2]. Suppose
we are given a known function g : G — {—1,1} satisfying ||g]l1 < s, and have query access to
an unknown function f:G — {—1,1}.

Assuming that the exponent L of G is constant, there exists a randomized algorithm that
decides whether

distg(f,g9) <€ or distg(f,g) > e+
with probability at least 2/3, using 9] (i—i) queries to f, where the 5() notation hides factors

that are polynomial in log s and log(1/7).

2 See the definition of testability from Bhattacharyya et al. [6].
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Note that Wimmer and Yoshida [47] proved € (log ||g]|,)® lower bound for the special case of
G = Z%. Recently, Datta et al. [19] have been able to show a lower bound of Q2 <||§||f) for
the above problem when G = Z3.

The proof of the above theorem generalizes the work of Wimmer and Yoshida [47], who
solved the (e/3,2¢/3)-tolerant linear isomorphism problem for Boolean functions over Z%.
Their testing algorithm and analysis crucially rely on the fact that Z% is a vector space over
the field Z5. However, finite Abelian groups do not necessarily have a vector space structure.
Due to this, we had to introduce several new ideas and incorporate key concepts from the
theory of finite Abelian groups. For more details, see Section 1.3 and Section 1.4.

Finite Abelian groups G which are of the form G; x G5 X --- X G, have been used in
various works, namely [34, 3]. We give the following two corollaries, which immediately follow
from Theorem 5.

» Corollary 6. Let G be a finite Abelian group such that G can be expressed as GX G x ---xX G
where the product takes place n-times and G itself is a finite Abelian group of constant size.
Also, let e,7 € (0,1/2]. Given a known function g : G — {—1,1} with ||g|l1 < s, and query
access to a unknown function f : G — {—1,1}, the query complexity of deciding whether
distg(f,g) < € or distg(f,g) > €+ T with probability at least 2/3, is O(poly(s,1/7)), where
O(:) hides multiplicative factors that are polynomial in log s and log(1/7).

More generally we get the following:

» Corollary 7. Let G be a finite Abelian group such that G can be expressed as Gy X Ga X+ -x Gy,
where i € [n] and |G;| = O(1) for all i € [n]. Also let e,7 € (0,1/2]. Given a known function
g:G —{=1,1} with ||g]l1 < s, and query access to a unknown function f: G — {—1,1}, the
query complezity of deciding whether distg(f,g) < € or distg(f,g) > € + T with probability
at least 2/3, is 6(poly(s, 1/7)), where 5() hides factors that are polynomial in logs and
log(1/7).

The main technical result we require is the following algorithm to estimate the values
of the large Fourier coefficients of f: G — {—1,1}, given query access to f, without prior
knowledge of the coefficients themselves. The set of large Fourier coefficients is defined using
a threshold (see Theorem 8). Note that this set is unknown, as the function f is not known.

» Theorem 8 (Generalized Implicit Sieve for Abelian groups). Let G be a finite Abelian

group with constant exponent. Also, let > 0 be a threshold and M = {z;};~, C G be
a set of independently and uniformly chosen m random points from G. There exists an
algorithm, Generalized Implicit Sieve Algorithm (see [20]), that takes 6 and M as input, makes

O(W”Zéalﬁ) +77L1“(9£m) —|—1n0év> queries to the truth table of a Boolean valued function f : G —

{=1,1}, and returns, with probability at least %, a labeled set of m examples, and the value

of the function f at x; for eachi € [m], of the form {Xa, (Zi),-- -\ Xan (Ti), f(x:) | x; € M},
where S = {a1,...,ax} is some set that satisfies the following two properties:
1. Ya € G with ‘f(xa) >0 thena €S, and

~

2. Va €8, ‘f(xa)‘ > 0/2.
The output of this algorithm can be seen as a m X (N + 1) matriz Q with entries in powers
of wr, where wr is a primitive L root of unity with L being the exponent of G.

3 Wimmer and Yoshida claimed an (||/g\\|1) lower bound for the case when ¢ = 0 and 7 > 0. However,

their proof applies only to the special case 7 = ﬁ Even if their argument can be extended to general
gl
values of 7, the lower bound established by Datta et al. [19] is quadratically stronger.
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» Remark 9 (Comments on the query complexity in Theorem 8). Note that the query complexity
of the algorithm in Theorem 5 satisfies the following:

1. Query complexity is independent of |G|, and L is assumed to be constant, and

2. it is polynomial in m, 1/6 and In V.

Wimmer and Yoshida [47] proved a special case of the above theorem, which they referred
to as the Implicit Sieve Algorithm for functions over Z% and they used for testing linear
isomorphism testing. Theorem 8 generalizes the Implicit Sieve algorithm of Wimmer and
Yoshida to finite Abelian groups. Note that the Implicit Sieve Algorithm of Wimmer and
Yoshida [47] is itself a generalization of the celebrated and widely applicable Goldreich-Levin
algorithm [29].

Using Theorem 5 we have the following result for the case of subset isomorphism problem.

» Theorem 10. Let G be a finite Abelian group with constant exponent, and A, B C G. Also
let e,7 € (0,1/2]. Given the known set A C G with ||14]|1 < s, and membership query access
to an unknown set B C G, the query complexity of deciding whether distg(A,B) < € or

distg(A, B) > € + 7 with probability at least 2/3, is O (f_—i), where O(-) hides multiplicative
factors polynomial in log s and log(1/7).

The above result is part of a broader research program exploring the interplay between the
spectral norm of indicator functions and the structure of subsets of finite Abelian groups. In
additive combinatorics and additive number theory, the spectral norm serves as a key tool
for measuring the non-uniformity or pseudorandomness of functions defined on finite Abelian
groups or their vector spaces. Notable breakthroughs in this area include the quantitative
version of Cohen’s Idempotent Theorem due to Green and Sanders [32], as well as Chang’s
Lemma [12] and its various extensions.

We also prove that for Fourier sparse functions, testing can be performed more efficiently.

The proof follows a similar approach to the theorem on tolerant isomorphism testing for
Finite Abelian Groups (Theorem 5), with a key observation: when both functions are Fourier
s-sparse, the number of nonzero Fourier coefficients is at most s, which significantly simplifies
the learning process in the implicit sieve algorithm (Theorem 8). In particular, we do not
need to estimate wty (see [20]), which is required in the general case.

» Theorem 11 ((¢, 7)-Tolerant Isomorphism Testing of Sparse Boolean Functions over Finite
Abelian Groups). Let € > 0 and 7 € (0,1/2], and let G be a finite Abelian group of constant
exponent. Given a known function g : G — {—1,1} with sparsity s and query access to a
unknown s-sparse Boolean valued function f : G — {—1,1}, the query complezity of deciding

whether distg(f, g) < e or distg(f,g) > € + 7 with probability at least 2/3, is 9] (j—i), where

5() notation hides multiplicative factors polynomial in log s and loglog(1/7).

1.3 Proof sketch

We start by giving the ideas behind and a sketch of the proof of our main result, Theorem 5.

Throughout this section G is assumed to be a finite Abelian group.

Proof sketch of Theorem 5 (Isomorphism Testing for finite Abelian groups). Given a
known function g : G — {—1,1} and an unknown function f: G — {—1,1}, where either

distg(f,g) <e or distg(f,g) >e+r.

The goal is to determine which case holds with probability at least 2/3. The algorithm has
query access to f, meaning it can evaluate f(z) for any = € G.

66:7
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Our algorithm (see [20]) uses the Generalized Implicit Sieve Algorithm (see [20] and
Theorem 8) as a subroutine. Given query access to f, m random elements z1,...,2~ € G
and a parameter 6, the Generalized Implicit Sieve Algorithm returns an m x (A + 1) matrix
Q which satisfies the following with high probability (ignoring the last column of @ for
simplicity):
1. For some unknown set S = {ry,...,7x}, the (4, 7)th entry of Q is x,, (2;). Thus the
jth column of @ contains the evaluations of the characters corresponding to r; on m
random points Ain g. R

2. Ifr € S then |f(x,)| > 0/2 and if r satisfies |f(x,)| > 0, then r € S.
Since

o~

Fxr,) = Eoeglf () xr, (2)]

for all r; € S (see Section 2), the output of the Generalized Implicit Sieve Algorithm can be
used to estimate the Fourier coefficients f(xy, ), for i € [A/], with suitably chosen accuracy
and high probability, provided that m is large enough. This follows from an application
of the Hoeffding bound. However, note that the set S remains unknown.

We now describe how we use these estimates to construct a function f: G — R such that
for some unknown group automorphism A, the correlation between fo A and f is large.
In order to do this, we need the idea of pseudo-independence over finite Abelian groups
(see Definition 32).

For any set of elements rq,...,7, € G, if there exists A1,..., Az € NU {0}, such that at
least one A; is invertible in Z ., where £ = LCM{pi™,...,p"}, and Zle Aqri = 0, then
we call 1, ..., rg to be pseudo-dependent (Note that any subset has a pseudo-independent
spanning set, see Definition 32). If there does not exist any such \;’s, then rq,...,ry are
pseudo-independent. The idea is, if there exists such A1,..., Ay € Z; with A; invertible
in Z., then r; can be written as a combination of the other elements. That is,

ri==A0 0 )0 ), (4)

€[kl i#j

where /\j_1 is the inverse of A; in Z,. Observe that the above definition generalized
the notion of linear dependence and independence over vector spaces. Furthermore,
whenever we define a group automorphism on the elements r1,...,7;-1,7j11,...,7%, by
the property of homomorphism it automatically gets defined on r;. That is,

Plr) ==X DD Aa(r).
i€[k],i%]

Recall that A; is invertible in Z, and )\;1 is the inverse of A; in Z.

To construct fwe first identify a R C S (without knowing R) such that the elements in
R are pseudo-independent and S is a subset of the subgroup generated by R (which can
be checked by a brute-force algorithm, see [20]). We prove that such an R can be found
with high probability. This will allow us to relabel the elements in R as e1,...,eg| € Q\
and the elements in S\ R as a combination of ei,...,eg, using Equation (4), for
some automorphism A of G. Relabel the columns of @ by {Si,...,Sy} where S; =
e1,...8~ = e~ such that for all j € {|B| +1,...,N'}, S; can be written as

| B | B
A*( > Aisi),
i€[|B]
where /\,)\1,...,)\@' € NU {0}, and A is invertible in Z,. Note that the columns

S1,...,8,= correspond to those in B.

|Bl
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~

We will create f such that for all j € [N], f(xs,) =7; and f(xs) = 0if S ¢ {S1,...,Sx}
where

_ X f)Ql5)

m

Tj

Thus at this point we have constructed fthat has high correlation with f under some
unknown group automorphism A, with high probability. We show that to decide whether
distg(f,g) < € or distg(f,g) > € + 7, it is sufficient to check the correlation between
fand g under all possible group automorphisms on G (see [20]) and this can be done
without making queries to f.

We refer the reader to [20] for the details. <

As evident, the Generalized Implicit Sieve Algorithm (see [20]) plays an important role in
the proof of our main result.

Proof idea of Theorem 8. (Generalized Implicit Sieve Algorithm). Before we outline the

proof of Theorem 8, let us first explain the goal of the Generalized Implicit Sieve Algorithm

(see [20]).
The algorithm takes a Boolean valued function f : G — {—1,1} as input, where G =
Lijma X« -+ X Lpymn and p;, ¢ € [n] are primes, and not necessarily distinct. It is also given
a threshold 0 and a set M = {z1,...,2~} of uniformly random points from G, where
m is sufficiently large. The algorithm considers a randomly permuted coset structure
(H,C) such that the subgroup H has codimension < ¢ in G (see Definition 28), where
t> logﬁ(log§§”4), where £ = LCM{p",...,p"}. Then wty (see [20]) is estimated for
each bucket with error i% and confidence 1 — Wlﬁt. If the estimated weight 17)\12 is > %,
then the algorithm keeps the bucket. Otherwise, it discards the bucket. For each surviving
bucket C, wty (see [20]) is estimated with error i%futvg(C) and confidence 1 — t5tz. If
the estimated weight wiy is > %, then the algorithm keeps the bucket. Otherwise, it
discards the bucket. Then it randomly picks |M| = m points {y1,...,y~} from G, and

calculates Po f(y;)Pc f(y; — x;) for all i € [m]. Note that P is the projection operator
on functions f : G — R, which is defined as follows (C' C G)

Pof(z) =" F(B)xa(a).
pBeC

In-me o
The Generalized Implicit Sieve Algorithm makes O( n09316 + mln(%m) + lneév> many

queries.

We now outline the proof of Theorem 8.

The first step in the proof of the theorem is to partition G into cosets of a random
subgroup. Since G is Abelian, all its subgroups are normal. Define a random subgroup H
by sampling (i, ..., 8k independently and uniformly from G and using the pseudo-inner
product operator on G to obtain

H={aeG:axp; =0Viec [k}.
By Definition 22 and Definition 24, H forms a subgroup of G. Its cosets have the form
Chy={aeG:axB;=0b;Vielkl}

where b= (by,...,b;) € ZE. We refer to the cosets of H as “buckets”.

66:9
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We show that with high probability, all the big Fourier coefficients, that is, the coeflicients
with weight > % belong to different buckets (see [20]).

Moreover, we show that the weight of a bucket C,, is determined by the big coefficient
Xa(c) contained in C, with high probability, assuming that the big coefficients are in
different buckets with high probability. We use the second moment method to show this.
Let for each v € G,

1, ifyeC,
Via=4 "7
0, otherwise.

And,
Y, = Z Y, o
YES
Also, let

X IFO)I? ify € Ca
¥,Ca — .
0 otherwise.

And,

Xo, = Z Xy.Co
YES

The b = 0 case (see [20]) is problematic, as the Cov[Y,, oY, o] > 0 in this case and hence
finding an upper bound for Pr[|X¢, — E[X¢,_]| > €] becomes difficult using Chebyshev.
We use random shift (see [20]) to avoid this, and study case by case to show that
CovlYs, oYy, o] = 0. This gives us an upper bound on the variance of X¢,, which in
turn helps us to show that the weight of a bucket Cy, is determined by the big coefficient
Xa(c) contained in C,, with high probability. This implies that with high probability, the
Fourier coefficients other than the big coefficient x,(c) does not contribute much to the
bucket C,.

We then show that the algorithm does not discard any bucket C' with |f(x)| > 6, but it
discards any bucket C' with |f(XV)| < 0742, for all v € C. Furthermore, we establish that
|fA(Xa(C))| > ¢ for every bucket C = C, (where a(C) is the dominating element of C,,)
among those that the algorithm has not discarded.

Additionally, we show that the small weight coefficients do not contribute much to the
weight of a bucket. That is, we show that Pr,|| Zreca\{xa(@} Foe)xe(@)] > %] is very
small, where x(c) is the dominating Fourier coefficient of the bucket C,.

Finally, our target is to output a matrix @ (see [20]) with a small error, whose entries are
characters evaluated at the points x;,i € [m], where x; are picked independently and uni-
formly at random. To show that, we pick y; independently and uniformly at random, and
then prove that the distance between Po, f(y:)Pc, f(y; — x;) and |.]?(Xo¢(C’))|2Xo¢(C) (z;)
is < % with high probability. Then we construct a matrix Q' (see [20]), and estimate
the Fourier coefficients for all the large buckets. We then show that, up to some small
error, the algorithm outputs the matrix @ (see [20]) whose entries are given by xa(c,)(z;),
i € [N],j € [m], where N/ denotes the number of survived buckets. <
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1.4 Challenges with finite Abelian Groups

We outline the main challenges encountered in proving our results for finite Abelian groups
G. Recall that G can be written as G = valm X -+« X Zymn, where p;,i € [n] are primes, and
not necessarily distinct.

While estimating wt, and wty, it is required to find H+ for a subgroup H of G. But due
to the lack of vector space structure, H- cannot be defined in terms of “basis”, which is
possible when G = Z%, as Z% is a vector space. This problem had to be taken care of in a
different way. Given a subgroup H of G, we define H+ by

Ht ={zcG:xxy=0Vyc H},

where * is a pseudo inner product defined by

T

THY = <Z %x(i) . y(i)> (mod L),
iz Pi

and £ = LCM{p"*,...,p™}. Tt is to be noted that H~ is also a subgroup of G.

This is extremely useful in proving the fact that, given a bucket C,, witz(Cy) and wt4(Cl,)

can be written as an average of some quantity, which in turn helps to reduce the query

complexity of wty and wity estimation. More precisely, it follows that,

witg (Ca) = ]EJCEQ,zEHL |:f(1')f($ + Z)Xr(z):|
and
Wt4(0a) = H‘I:ac,zl,yleg,z,yEHl l:f(zl)f(-r —c1 = Z)f(yl)f(l‘ ) y)Xr(z - y)

respectively (see [20] for more details). Applying a concentration inequality the query
complexity becomes dependent on 6 and m only, where 6§ and m are as defined in
Theorem 8, and it is not dependent on the order of the group G.

To prove our main theorem, we also need to show that, for any automorphism A : G — G
and any function f : G — {—1,+1}, the Fourier coefficients f/o\A(xT), reGof foA
are same as the Fourier coefficients of f upto some permutation. In case of Z3, it was
quite easy, as Z5 is a vector space. As an Abelian group is not a vector space in general,
we needed to use Pontryagin duality and dual automorphisms. For more details, see
Lemma 34 and Lemma 38 in Section 2.

Due to the lack of vector space structure, we cannot partition G into subspaces. Instead,

we define a normal subgroup Vo ;... . (see Lemma 26), and partition G, and hence G

Tk
into its cosets. For details see Section 2.
While testing isomorphism, the notion of linear independence is required. But when there
is no vector space structure, linear independence does not make any sense. A different
notion of “independence” needed to be defined in order to tackle this problem.

For any set of elements 71, ...,7, € G, if there exists \1,..., \x € NU {0}, with at least
one A; an unit in Z, (that is, A; is invertible in Z,), £ = LCM{pi™,...,p"}, such that
Zle Air; = 0, then we call rq,...,7r; to be dependent. If there does not exist any such
A;i’s, then rq,...,r; are independent. The idea is, if there exists such Ay,..., A\x € Z,

with A; an unit, then r; can be written as a combination of the other elements. That is,

T = 7/\]_1( Z )\17”'1)

i€[k],i#]
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So, whenever we define a group automorphism on the elements 71,...,7j-1,7j41,..., Tk,
by the property of homomorphism it automatically gets defined on r;. This plays an
important role in the Algorithm (see [20] for more details).

We know that the characters of a Boolean function from Z% to {0,1} takes values —1
or +1 at each point of Z5. So, to determine the dominating character in a bucket at a
point x; € M with high probability, determining the sign of Pc_ f(y;)Pc, f(y; + ;) is
sufficient, where x,(c) being the dominating character of the bucket C.

But in our case, the characters of a finite Abelian group G are complex-valued at
each point of G. So sign does not make any sense here. The problem needed to be
tackled differently. We first calculate P, f(y:)Pc., f(y; — x;), and then we show that
Po, f(yi)Pe,, f(y; —x;) — |f(Xa(C))‘2Xa(C) (x;) is small with high probability, which helps
us to understand the dominating character in the bucket C, at the point x; € M. For
details see [20].

2 Background on Finite Abelian Groups

Throughout this paper, G denotes a finite Abelian group Zplnl X ++ o X Zymn, where p; are
primes for all i € [n] and may not be distinct, and w, denotes a primitive £ root of unity,
where £L = LCM{p"*,...,p"}.

Let us define the characters of G first.

» Definition 12 (Character). For G = Zym X+« X Zyyn, where p;,i € [n] are primes, a
character of the group G is a homomorphism x : G — C* of G, that is, x satisfies the
following: for all z,y € G we have x(x +y) = x(x)x(y).

Equivalently, a character of G is of the form

x(@W, 2 = x0 (@W) - xp (2),

where r) € Z,mi and X, is a character of Z,m: and is defined by

; (D) (@
Xpo (20) = whmi®
Thus for any (rV,...,r™) € G we can define a corresponding character of G as Xr (). p(m)
that on input x = (z), ... 2™) is defined as
rD 1) ) (5)

1) (n)y —
XM, r(n))(l‘ yeooy L ) = wp;nl pmn

ZT r@® .21 (mod L)
i=1 p.

=We ’ ) (6)
where L = LCM{p{"*,...,pI"}.
Now let us look at some properties of characters.

» Lemma 13. Let x be a character of G. Then,

1. xolz) =1 forallz €g.

2. x(—z) = x(z)~' = x(x) for allz € G.

3. For any character x of G, where X # Xo, Y _,cg X(z) = 0.
4. |x(x)| =1 for all x € G.

Now let us define the dual group of G.
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» Definition 14 (Dual group). The set of characters of G forms a group under the operation
(x¥)(z) = x(z)(x) and is denoted by G, where x and v are characters of G. G is called the
dual group of G.

The following theorem states that G is isomorphic to its dual group.
» Theorem 15. G = g, that is G and G are isomorphic to each other.
Let us look at the definition of Fourier transform for functions on G.

» Definition 16 (Fourier transform). For any G = Zplnl X+ o X Lpmn , with p;,i € [n] primes,
and any function f : G — C, the Fourier transform f: G—C is

N _p), _p(n) ()
f(XTu) T(T) ‘g| Zf r - ,..wp:;n T ,
z€G
where x = (¢, ..., ™).

» Remark 17. The Fourier transform of a function f : G — C is defined by

Y |g|zf

z€G

where x(z) is the conjugate of x(z). The Definition 16 follows from this, as x = X,
for some r(¥) € Zymiy i €41,...,n}.

The following theorem states that any function from G to C can be written as a linear
combination of characters of G.

» Theorem 18 (Fourier inversion formula). Any function f:G — C can be uniquely written
as a linear combination of characters of G, that is,

f(z) = > FOG )Xo (), (7)

X, (1), ()€Y

where x = (¢, ..., ™).

» Theorem 19 (Parseval). For any two functions f,g:G — C,
EIGQ Z f
xeg
More specifically, if f:G — {—1,1} is a Boolean-valued function then
S IR =
Xe§
Now let us define the Fourier sparsity s; of a function f on G.

» Definition 20 (Fourier Spectral Norm). The Fourier Spectral Norm or the Spectral norm
of f: G — C, denoted by ||f||1 is defined as the sum of the absolute value of its Fourier
coefficients. That is,

I, - i
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» Definition 21 (Sparsity and Fourier Support).
Fourier support supp(fA) of a function f: G — C denotes the set {X \ f(x) #+ O},
The Fourier sparsity sy of a function f: G — C is defined to be the number of non-zero
Fourier coefficients in the Fourier expansion of f (Theorem 18). Alternately, Fourier
sparsity can be defined as the size of the Fourier support. In this paper, by sparsity of a
function, we mean the Fourier sparsity of the function. Moreover, by s-sparse function
we mean functions with Fourier Sparsity s.

We know that since Z75 is also a vector space over the field Zo, it has a linear algebraic
structure. The characters are in one-to-one correspondence with Zs-linear forms. However,
since a general Abelian group is not a vector space, these do not hold here. But one can
define something along similar lines.

An element r of G is of the form (... 7)), where 7 is an element of Zyms

» Definition 22 (Pseudo inner product). For x,r € G we denote by x the following pseudo
inner product.

TR I= (Z £ (@ -x(i)> (mod L),
i=1

m;
1 P

where L = LCM{p{™,...,pom}.
» Observation 23. rxx # 0 = y.(x) # 1.
Now, we partition G with the help of a normal subgroup.

» Definition 24. Let ri,...,7, € G such that r; = (7"](-1)7 . ,rgn')), where ry) € Zy,mi for all

i € [n] and j € [k]. Let b= (by,...,by) € Z, where L = LCM{p",...,pm}. We define
the set Vo ry,..rp DY

Voirayme =12 € G :rjxax=0b; (mod L) Vj € [k]}. (8)
That is,
T ‘
Voo = {x €g: (Z T ~x<’>) =b; (mod £) Vj € [k]}.
i=1 471
If by = by = --- =0 then we use Vo r,,.. r,. to denote Vi ry . 0.

» Remark 25. When k£ = 1, then b € Z, and we have only one element r € G, so this set
becomes V,, = {r*xz =10 (mod £)}.

» Lemma 26. Vj ., .,
is a coset of Vory,...or, OT Vg o, = 0.

is a normal subgroup of G and for any b,r1, ...,y either Vv re

Proof. Clearly, 0 € Vjr,.....r,., where O is the identity element of G. Let =,y € Vo r ... rp-
Then, since 7 * (x —y) = ZiTzl prﬂ"y) L@ ZiTzl p£1 r§i) -y =0 (mod £) for all j € [k],
SO —Y € Vor,..re- 90 Vor.....r,, is a subgroup of G, and hence a normal subgroup of G
since G is Abelian.

Since Vor,....r
B of Vory....ri» let a(B) be a fixed coset representative (we choose a coset representative and
fix it all through the proof). Then, if y € B, then y = a(B) + x, where x € V5. r.. Now,
for each 7,

is a normal subgroup of G we can now consider its cosets. For each coset

rixy=r;*(a(B)+x)=r;*a(B),
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since r; * & = 0 for all rj, j € [k]. So, r; xy is fixed for each coset B. If we assume
rj * a(B) = b; (mod L) for each j € [k], then we have Vj,, ., as a coset of Vo, . .,
where b = (by,...,b).

If for a b= (by,...,by) € Z%, there does not exist any a(B) such that r; xa(B) = b; Vj €
[k]a Wj,rl,...,rk - (Z) <

» Remark 27. Note that since G is an Abelian group, any subgroup of G is a normal subgroup
of G.

» Definition 28 (Codimension). Let Vi .\ .. .»
codimension of Vi r, . r,. 15 given by

be as defined in Definition 24. Then the

k

Codim(Vy,r,,....r1.) = H}gl,n{k 23, .1 € {r1, ..., Tk} such that
Vorgr, = {2 €G- r; xx=>b; (modL)Vje [k]}},

where b= (by,...,by) € Z%, and L = LOM{p",... ,po~}.

» Definition 29 (Random coset structure). Let us consider 51,...,Bx € G, which are chosen
independently and uniformly at random from G. Also let H={a € G:ax*x; =0Vi € [k]}.
So H is a subgroup, hence a normal subgroup of G. Then, we define the sets C(b) by
C)={a€G:axp =b; Vie[k]}, for allb= (by,...,b) € Zk.

» Remark 30. Observe that the nonempty C'(b) are cosets of H. We will often refer to them
as buckets.

» Definition 31. Let G be a group, with group operation ®. A group automorphism on G is
a bijective function v : G — G which satisfies the following.

Y(xoy) =) ©Y(y), Vr,yed.

The set of all automorphisms of G forms a group under the composition of functions and is
denoted by Aut(G).

» Definition 32. Let r1,...,7 be elements in G. We call r1,...,ry to be dependent if
there exists Ai,..., A\ € Zg with at least one \; invertible in Z, such that Zle iy = 0.
If there does not exist any such A1, ..., \p € Zg with at least one A; invertible in Z. such

that Zle Niri =0, then we call r,...,7% to be independent.

For example, consider the group Z4. The element 3 is dependent on the element 1, but it
is independent of the element 2. Whereas, 2 is dependent on 3, as 2 =2-3( mod 4). So the
set {2, 3} is dependent.

» Lemma 33 (Hoeffding's Inequality). Let Xi,---, Xy be real independent random variables,
each taking value in [-1, 1]. Then

€2
Pr >e| <2exp (%>

k k
> -EYX
i=1 i=1
The following structural result about an Abelian group and its dual will play a key role

in our analysis. For a first reading, the proof of this lemma may be skipped without affecting
the readability of the rest of the paper.
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» Lemma 34. Let A be a map from G to G. Let us define a map A:G—>G by g(x,«) = x,0A.
Also, let us define another map A:G—>G by Xi( : = A\(X,«), Then A is an automorphism if

and only Zf;{ is an automorphism if and only ng s an automorphism.

Proof.
Proof of the part [A is an automorphism if and only if Ais an automorphism]
When A is an automorphism. First let us show that A is also a homomorphism. Observe

~ o~

A(Xr X ) () = A(Xry 4,) ()
= Xri+rs © A(2)
= o, (A(2))xr, (A())
= A(xr,)(2) Alxr,) (2),

which shows that A is indeed a homomorphism.
To show injectivity, let A(x,) = 1. Then,

~

A(X'f‘)(x) =1Vzeg= XT(A('I)) =1Vrxeg
= xr(y) =1Vy g, where y = A(z)
= Xr = X0,

where the equality in the second last line holds because A is an automorphism. Since
Xo is the identity element of (A?, so A is injective.
Since the domain and the range of A are same, SO Alis bijective, and hence, it is an
automorphism on G.

When A is an automorphism. To show that A is a homomorphism, we observe that, for

all r € G,
AGe) (@ + ) = A0) (@) A(x) () = X (A@))xe (A(y)) = xr(Alz) + A(y))
= Yo (A(z + 1)) = xr(A(@) + A(y))
= xr(A(z + 1) — A(z) — A(y)) =0

Therefore, A(x +1y) = A(z) + A(y), hence A is a homomorphism.
Now let us show that A is injective. To do that, let A(x) = 0. Then,

-~

A(Xr)(x) = XT(A(x)) = X’I“(O) =1Vreg,

which is only possible if z = 0, since A is an automorphism and maps characters to
characters. So, A is injective.

Since the domain and the range of A are same, so A is bijective, and hence, A is an
automorphism.

Proof of the part [ﬁ is an automorphism if and only if Ais an automorphism]
When A is an automorphism. Then, for each x € G,

Xi\(rﬁ'rz)(m) - A\(XTH”'?)('T) = Xri+r2 (A(-TC)) = Xry (A(-T))sz (A(-TC)) = A\(Xm )(l’)A\(X,Q)(.I)
Xi(rl‘”?)(m) - X/j(m)(x)xj(m)(x)
X{}(T1+r2)_?4\\(rl>_?4\\(r2>}(.’L’) = 07
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which implies that A\(rl +ry) = g(rl) + A\(Tz) for all 71,75 € G. So A is a homo-
morphism.

Now, let A\(r) = 0. Then, for all xz € G,

G, @ =1= Al (@) = 1= xr(A)) = 1.

Since A is an automorphism, so A is an automorphism by the first part of the proof,
therefore x,(y) = 1 for all y € G, where y = A(z). So r = 0, hence A is injective.

Since the domain and the range of A is same, SO Ais bijective, and hence, it is an
automorphism.

When A is an automorphism. Then, for each x € G,

A\ r1+r T) = X=x T)=X= = L) =X~ TIXS, x
(X1 4) () XA(T1+T2)( ) XA(T1)+A(r2)( ) XA(’I‘I)( )XA(TZ)( )

= A Xra) (@) = Alxe)) (@) Alxrs) (@),

which shows that A is a homomorphism.
Now, let A(x,)(z) =1 for all # € G. Then, for all z € G,

o~
~

~ (£)=1=A(r)=0=r=0,
G, @ @

since A is an automorphism. Therefore, A is injective.
Since the domain and the range of A is same, so A is bijective. Hence, A is an
automorphism. <

» Definition 35 (Boolean function isomorphism). Let f,g: G — {—1,+1} be Boolean valued
functions. Then [ is isomorphic to g if there exists an automorphism A on G such that
f=goA.

» Definition 36 (Automorphism distance). Let f,g : G — {—1,+1} be Boolean valued
functions. The automorphism distance between f and g is defined by

distg(f,g) = Aerili?(g) 3(f,goA),

where 0(f,go A) is the fractional Hamming distance between f and go A.

» Definition 37 (e-close and e-far from isomorphic). Let f,g : G — {—1,+1} be two Boolean val-
ued functions. Then f is said to be e-close (e-far) from being isomorphic to g if distg(f,g) < €
(distg(f,g) > €). That is, [ is e-close to being isomorphic to g if there exists an automorph-
ism A on G such that §(f,g 0 A) < €; and f is e-far from being isomorphic to g if for all
automorphism A on G, 6(f,go A) > €.

» Lemma 38. For any automorphism A : G — G, we have

— ~

foAlx:) = flx= ).
A-1(r)
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Proof. Observe

FoA(w) fo A
=1al. Z
- é S FA@) e (2)
zeg
— ﬁ S F (A7) where y = A(x)
yeG
- ﬁ S FA () () by Lemua 34
yeg
1
- — by Lemma 34
1 %ﬂy)xf—\w-)(m y Lemma
= flx=— <

3 The subgroup H+

Throughout this section, G denotes the finite Abelian group Z, m X e X Zymn , where p; are
primes for all i € [n] and not necessarily distinct, (x) denotes the subgroup generated by z,
and w, denotes a primitive £ root of unity and £ = LCM{p*,--- ,p™~}. Let H be a
subgroup of G.

Let us look at the definition of H*.

» Definition 39 (Definition 1). Let H be a subgroup of G. Then H* is the subgroup given by
ti={reG:zxy=0VyeH},

where

Tk Yy _( L (’)) (mod L),
= 1pZ

and L =LCM{p"*---pi'~}.

» Remark 40. Observe that H* is also a subgroup of G.

> Claim 41. For z € H*,

Z wﬁ*z = |H‘7

BeEH

where w, is a primitive £ root of unity of order £, and |H| denotes the order of the
subgroup H.
Also, for z ¢ H*,

Z wpF=0.
peH

Proof.
Case 1: When z € H+. Then z*x = 0 for all z € H. Hence

> Wi =H|.

BeH
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Case 2: When z ¢ H. Let > pem Xs(2) = A. Since z ¢ H*, so, by Definition 39, there
exists v € H such that v % z # 0, that is, x,(2) # 1. (see Observation 23) Then,

Xo(2) X A=x,(2) Y xo(2)

BEH

= Z Xp+~(2)

peH

= > xy(2) v =B+
y'€H

= A7

which implies that
Alx4(2) —1)=0=A=0,

since x~(z) # 1. <
We need the following isomorphism result:

» Lemma 42. H' is isomorphic to the quotient group G/H.

Proof. We will show that I/{I is isomorphic to Q'//?I , which implies that H' is isomorphic
to the quotient group G/H, as G = G for any group G.
The set of characters of H' is given by

Anng(H) ={x € G: x(y) =1Vy € H},

where Anng(H) is known as the annihilator of the subgroup H in G. From Definition 39,

Tk

observe that for x € G, xz(y) =w/ ¥ =1ifandonly if zxy =0z € HE.
Let us define a group homomorphism F : Q//?{ — Anng(H) by F(¢) = ( o ¢, where
q:G — G/H is the quotient is the quotient group homomorphism defined by ¢(r) = r + H.
(F is injective) Let ¢ € g//?f such that ¢ o ¢ = 0, where 0 = (0,...,0)[T times] is the
identity element of G. So, {(r + H) = (oq(r) =1 for all r € G, which implies ( is the
identity element of G/H. Therefore, F is injective.
(F is surjective) Let ¢ € Anng(H). Let ( : G/H — C by ((r + H) = +(r) for all

r € G. Since x,ym(z) = wE*I+H*“", so any character x,+g of G is a character of G/H if
Hxxz =0 for all x € G (as then, the value of wZ*m+H*z will be determined only by the

coset representatives). Since ¢(r + H) = ¢(r)y(H) = ¢(r) and H is the identity element
of G/H, so ( is a character of G/H. Also, v = ( o q. Therefore, F({) = ( o q = 4. Hence,
F is surjective.

Therefore, F is an isomorphism, which implies that H is isomorphic to the quotient
group G/H. |

» Corollary 43. |H| x |[H*| = |G|.

Proof. Follows from the fact that |[H| = %7 since H' is isomorphic to the quotient group
G/H by Lemma 42, and |G/H| = % by Lagrange’s theorem. <
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