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—— Abstract

We give polynomial time logarithmic approximation guarantees for the budget minimization, as well
as for the profit maximization versions of minimum spanning tree interdiction. In this problem, the
goal is to remove some edges of an undirected graph with edge weights and edge costs, so as to
increase the weight of a minimum spanning tree. In the budget minimization version, the goal is to
minimize the total cost of the removed edges, while achieving a desired increase A in the weight of
the minimum spanning tree. An alternative objective within the same framework is to maximize the
profit of interdiction, namely the increase in the weight of the minimum spanning tree, subject to a
budget constraint. There are known polynomial time O(1) approximation guarantees for a similar
objective (maximizing the total cost of the tree, rather than the increase). However, the guarantee
does not seem to apply to the increase in cost. Moreover, the same techniques do not seem to apply
to the budget version.

Our approximation guarantees are motivated by studying the question of minimizing the cost
of increasing the minimum spanning tree by any amount. We show that in contrast to the budget
and profit problems, this version of interdiction is polynomial time-solvable, and we give an efficient
algorithm for solving it. The solution motivates a graph-theoretic relaxation of the NP-hard
interdiction problem. The gain in minimum spanning tree weight, as a function of the set of removed
edges, is super-modular. Thus, the budget problem is an instance of minimizing a linear function
subject to a super-modular covering constraint. We use the graph-theoretic relaxation to design and
analyze a batch greedy-based algorithm.
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1 Introduction

Problem statement and results

This paper deals with spanning tree interdiction. The basic setting is an undirected finite
graph with edge weights and edge costs. By removing some edges, the weight of a minimum
spanning tree can be increased, at a cost equal to the sum of costs of the removed edges. This
setting gives rise to various optimization formulations. We consider primarily the following
case, which we call the budget problem: we are given a target A by which to increase the
weight of a minimum spanning tree, and the optimization objective is to minimize the cost of
doing so. In the alternative profit problem, we are given a budget B, and the optimization
objective is to maximize the damage, namely the increase in the weight of a minimum
spanning tree, subject to the cost not exceeding B.

Both problems are NP-hard (see [17]). Our main result is a polynomial time O(logn)
approximation algorithm for the budget problem. The approximation algorithm is motivated
by considering the following special case: minimize the cost of increasing the weight of
a minimum spanning tree, by any amount. We show that in contrast with the general
budget problem, this objective can be optimized in polynomial time, and we give an efficient
algorithm for computing the optimum. We also give O(log n)-approximation guarantees for
the profit problem. Finally, we investigate the question of defending against interdiction by
adding edges to the input graph. The set of edges to choose from is given, and each edge is
endowed with a cost of constructing it.

Motivation

The primary application of interdiction computations is to examine the sensitivity of combin-
atorial optimization solutions to partial destruction of the underlying structure. This can be
used either to detect vulnerabilities in desirable structures, or to utilize vulnerabilities to
impair undesirable structures. The budget problem is perhaps more suitable in the former
setting, as its solution indicates the cost of inflicting a (dangerous) level of damage. The
profit problem is perhaps more suitable in the latter setting, as it aims to maximize the
damage inflicted using limited resources. Such problems arise in a variety of application
areas, including military planning, infrastructure protection, law enforcement, epidemiology,
etc. (see, for example the references in [24]).

Related work

Previous work on spanning tree interdiction focuses exclusively on a version of the profit
problem. It approximates the total weight of the post-interdiction minimum spanning tree,
rather than the increase A in the weight of the tree as per the above definition of the profit
problem. Notice that if the resulting tree has total weight which is C' times the weight of
the initial tree, then approximating the total weight by any factor at least C' means the
algorithm could end up doing nothing. In contrast, approximation of the profit problem
guarantees actual interdiction even if A is very small compared with the weight of the initial
tree. Note that in the case of the budget problem there is no qualitative difference between
specifying the target total weight and specifying the target increase in weight.

The case of uniform cost was first considered in [8] who gave a poly-time O(log B)
approximation algorithm for the (total tree weight version of the) profit problem, where B
is the budget (i.e., the number of edges the algorithm is allowed to remove). They showed
that the uniform cost problem is NP-hard (previously, it was known that the problem
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with arbitrary costs is NP-hard; see [17] and the references in [8]). The same problem
was also discussed in [4] and the references therein, where algorithms running in time that
is exponential in the budget B were considered. Later, constant factor approximation
algorithms for the problem, without the cost-uniformity constraint, were found [24, 16]. The
latter paper gave a 4-approximation guarantee. The upper bound that was used in both
papers cannot be used to get an approximation better than 3 [16]. In [11] it was shown that
the problem is fixed parameter-tractable (parametrized by the budget B), but the budget
problem is W{1]-hard (parametrized by the weight of the resulting tree).

We briefly review the constant factor approximation guarantees for total minimum
spanning tree weight in [24, 16]. Both papers use the following framework. (i) Let wy <
wy < -+ - < wy be the sorted list of distinct edge weights, and let Gy, Go, ..., G denote the
subgraphs of the input graph G, where the edges of G; are all the edges of G of weight at
most w;. Then, the objective function at a set I’ of removed edges can be expressed as a
function of the number of connected components of G; \ F' and w; — w;_1, for all ¢. This
implies, in particular, that the objective function is super-modular. (i7) Maximizing an
unconstrained super-modular function is a polynomial time-computable problem. Hence,
the Lagrangian relaxation of the linear budget constraint can be computed efficiently for
any fixed setting of the Lagrange multiplier. Binary search can be used to find a good
multiplier. The usual impediment of this approach shows up here as well. The search resolves
the problem only if the solution spends exactly the upper bound on the cost. However, it
may end up producing two solutions for (essentially) the same Lagrange multiplier, one
below budget and one above budget. Those combine to form a bi-point fractional solution.
(7i7) How to extract a good integral solution from this bi-point solution is where the papers
diverge. The tighter approximation of [16] reduces, approximately, the problem of extracting
a good solution to the problem of tree knapsack, then uses a greedy method to approximate
the latter problem. The former result of [24] used a more complicated argument, but also a
greedy approach. We give an example (in Section 6) that these algorithms do not perform
well in terms of approximating the increase A in spanning tree weight.

Super-modularity carries over to the objective function we use here, namely the increase in
the weight of a minimum spanning tree, as the difference between the functions is a constant
(the weight of the spanning tree before interdiction). Thus, as the above discussion hints
to, the profit problem is a special case of the problem of maximizing a monotonically non-
decreasing and non-negative super-modular function subject to a linear packing constraint
(a.k.a. a knapsack constraint). Similarly, the budget problem is a special case of minimizing
a non-negative linear function subject to a super-modular covering constraint (i.e., a lower
bound on a non-decreasing and non-negative super-modular function).

Similar settings are prevalent in combinatorial optimization. A generic problem of this
flavor is set cover, which is a special case of minimizing a non-negative linear function
subject to a monotonically non-decreasing and non-negative sub-modular covering constraint.
The related maximum coverage problem is a special case of maximizing a monotonically
non-decreasing and non-negative sub-modular function, subject to a cardinality constraint
(which is, of course, a special case of a knapsack constraint). More broadly, many problems
that arise in unsupervised machine learning are of this flavor. For example, k-means
and k-median clustering are special cases of minimizing a monotonically non-increasing
and non-negative sub-modular function subject to a cardinality constraint. Several such
formulations received general treatment; see for example [18, 20, 7, 22, 13, 19, 15, 1] and
the references therein. Obviously, an optimization problem has equivalent representations
derived by transformations between super-modularity and sub-modularity, maximization and
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minimization, and/or covering and packing (by defining the function over the complement set,
or negating). These transformations reverse monotonicity, and moreover may not preserve
approximation bounds.

The particular combination of super-modular maximization subject to a knapsack con-
straint is known as the super-modular knapsack problem, introduced in [9]. In general, it is
hard to approximate within any factor (given query access to a monotonically non-decreasing
objective function subject to a cardinality constraint); see the example in [21]. The case
of a symmetric (therefore, non-monotone) super-modular function can be solved exactly in
polynomial time [10]. We are not aware of any relevant work on the problem of approxim-
ating the minimum of a non-negative linear objective, subject to a super-modular covering
constraint. The convex hull of the indicator vectors that satisfy a generic super-modular
covering constraint is investigated in [2].

Finally, we mention that spanning tree interdiction is one problem in a large repertoire
of interdiction problems, including in particular interdiction of shortest path, assignment
and matching problems, network flow problems, linear programs, etc. Some representative
papers include [14, 23, 3, 5, 6, 12] (this list is far from being comprehensive).

Our techniques

Our results rely on the notion of a partial cut, which is the set of edges that cross a cut with
weight below a given threshold weight. An optimal solution minimizing the cost of increasing
the weight of a minimum spanning tree by any amount is a single partial cut. We show that
such a cut can be computed efficiently by enumerating over a polynomial time computable
collection of candidate partial cuts. In order to derive the approximation guarantees for the
general budget problem, we apply a batch greedy approach. We repeatedly compute the
collection of candidate partial cuts and choose a cut with the best gain per cost ratio. The
proof of approximation guarantee relies on an approximate characterization of an optimal
solution by a collection of partial cuts. We further show how to speed up the computation by
using in all iterations the collection computed for the input graph, rather than recomputing
a new collection in each iteration. A similar approach gives the logarithmic approximation
for the profit problem, in a manner parallel to the greedy approximation for knapsack (i.e.
use either the maximum greedy solution that does not exceed the budget, or the best single
partial cut).

Organization

In Section 2 we present some useful definitions and claims, including a self-contained (and
different) proof of super-modularity of the gain in spanning tree weight function. In Section 3
we give a polynomial time algorithm for minimizing the cost of increasing the minimum
spanning tree weight by any amount. This algorithm motivates our approximation algorithm
for the budget problem. In Section 4 we present our graph-theoretic relaxation. In Section 5
we present our main result — an approximation algorithm for the budget problem. In Section 6
we give an approximation algorithm for the profit problem, and discuss the shortcoming of
previous work to achieve this objective. Finally, in Section 7 we remark on defense against
spanning tree interdiction.

2 Preliminaries

In this section we present some general definitions and useful lemmas.



R. Ostrovsky, Y. Rabani, and Y. Siman Tov

Let G = (V, E) be a weighted undirected graph such that every edge e has a non-negative
weight w : E — RT U {0} and a positive removal cost ¢ : E — R*. Let MST(G) denote the
weight of a minimum spanning tree of G. We’ll use the convention that if G is disconnected,
then MST(G) = oo. Also, for a set of edges F' C E, we denote c(F) = > pc(f). Given a
budget B, the spanning tree Interdiction problem is to find a set of edges F' C E satisfying
¢(F) < B and maximizing MST(G \ F'), where G \ F denotes the graph (V,E\ F)). The
profit pc(F) of a solution F to the spanning tree interdiction problem is defined to be the
increase pg(F) = MST(G \ F) — MST(G) in the weight of the minimum spanning tree. The
profit to cost ratio of a set of edges F' C E is defined to be rg(F) = pcc(g). For the empty
set (c(F) = 0), we define rg(0) = 0.

Consider a weighted graph G = (V, E) as above. Given a set of nodes S, § # S C V, The
complete cut C = Cg(S) defined by S is the set of edges

C=Cg(S)={e€E: |enS| =1}

We say that the edges in C cross the cut C = Cg(S). Given S and W € R*, the partial cut
C = Cg(S,W) is the set of edges

C=Cq(S,W)={ecCs(S): wle) <W}.

Consider a connected graph G, let T be a spanning tree of G, and let e € T. We denote
by Cr, the cut in G that satisfies Cr. NT = e.
We show the following lemmas that will be useful later (the proofs are in Appendix A).

» Lemma 1. Consider a minimum spanning tree T of a connected graph G. Let FF C E
such that G' = G\ F is connected. Then, there exists a minimum spanning tree T' for G’
that includes all the edges in T\ F'.

» Lemma 2. Let G = (V, E) be a w-weighted graph and let C = Cq(S,W) C E be a partial
cut in G. Let e = (u,v) € E be an edge that crosses Cq(S). Then,

pa(C) > W —w(e).
The following lemma reproves a claim from [24].

» Lemma 3 (super-modularity of the profit function). Let graph G = (V| E) be a w-weighted
graph, let B C E be set of edges, and let e € E'\ B be an edge. If G\ B is connected, then

pa\B(e) > pale).
» Corollary 4. Let G = (V, E) be a weighted graph, and let A, B C E be disjoint sets of
edges (AN B =1). Then

pa\B(A) > pa(A).

3 An Algorithm for e-Increase

In this section we design and analyze a polynomial time algorithm for computing the minimum
cost interdiction to increase the weight of a minimum spanning tree (by any amount). Le.,
given a graph G = (V, E) with edge weights w and edge costs ¢, we want to find a set of
edges F' C E for which MST(G \ F) > MST(G), minimizing ¢(F"). This algorithm motivates
our approximation algorithm for the budget problem given in Section 5 (and its derivative
for the profit problem in Section 6).

7:5
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The algorithm is defined as follows. Compute a minimum spanning tree 7" of G. Enumerate
over all the edges e € T'. Given an edge e, contract all the edges of weight < w(e). Remove
all edges of length > w(e). Find a minimum (with respect to edge cost) u-v cut in the
resulting graph, where e = {u,v}. The output of the algorithm F,;, is the minimum cost
cut generated, among all choices of e € T.

The following two claims imply that the output of the algorithm is valid and optimal
(the proofs are in Appendix A).

> Claim 5. ¢(Fuin) < ¢(F*), where F* is an optimal solution.
> Claim 6. MST(G\ Fiin) > MST(G).

Let 7(n,m) denote the time to compute a minimum s-¢ cut in a graph with n nodes and
m edges.

» Corollary 7. The algorithm finds an optimal solution in time O(n - T7(|V], |E|)).

Proof. Recall that Fl;, is the solution that the algorithm computes. By Claim 5, ¢(Fpin) <
¢(F*), and by Claim 6 we have MST(G \ Fiin) > MST(G), S0 Fuin is an optimal solution.
The algorithm iterates over the |V| — 1 edges of T', and for each edge calculates a minimum
cut, hence the time complexity. <

4 Relaxed Specification of the Optimum

In this section, we define a relaxation to the optimal solution for the budget minimization
problem, based on a carefully constructed collection of partial cuts. We will then use this
relaxation to analyze our approximation algorithms.

Given a solution F with cost B = ¢(F) and profit A, we construct a sequence of cuts
C1,C5, ..., Cs—1 that satisfy the following properties regarding their cost and profit.

» Theorem 8. Let G = (V, E) be an undirected graph, and let n = |V|. Also, let F C E be
a set of edges of cost B = c¢(F) and profit A. Then, there exists a sequence of partial cuts
C1,Cs,...,Cy_1 such that

t—1

t—1
c(C;) < 2B -logn, and Zpg(Ci) > A.
i=1

i=1

Constructing the sequence of the cuts

Let G = (V, E) be a graph, and let T' be a minimum spanning tree in G. Let F' C E be
a set of edges with cost B and profit A. Denote G \ F by G’. The solution F removes
some edges of GG, including ¢ — 1 edges ey, es,...,e;_1 of T. Notice that t <n — 1, and if all
removal costs are 1, also ¢ < B. Removing those edges splits T" into ¢ connected components
Ay, Ay, ..., A;. We emphasize that A; denotes the node set of the i-th connected component.
Therefore, this is a partition of the nodes of G. Let T’ be a minimum spanning tree of
G’. By Lemma 1, we can choose T” which uses the same edges as T inside the connected
components Ay, As, ..., As, and reconnects these components using ¢t — 1 new edges to replace
the removed edges e1,es,...,e4_1.

In the following construction we consider the connected components graph G., =
(Vees EL.), where Voo = {A1,As,..., A}, and E., includes an edge between A; and A;
for every pair of vertices u € A; and v € A; such that {u,v} € E’ (with the same weight as
the corresponding edge in G’). Notice that G/, may have many parallel edges, and every
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Figure 1 The two options of some edge e} over the MST of the connected components graph.

edge of G, corresponds to an edge of G'. To avoid notational clutter, we will use the same
notation for an edge of G, and for the corresponding edge of G’. Also, we will use the
same notation for a vertex of G, and for the corresponding set of vertices of G’ (which is
the same as the vertices of G), as well as for a set of vertices of G, and for the union of

the corresponding sets of vertices of G’. The interpretation will be clear from the context.

The idea behind defining G, is to hide the edges that 7" and 7" share inside the connected
components, so that the cuts we construct can’t delete them. We use G’ only in order
to construct the sequence of cuts (these are cuts in G). Let T/, be a minimum spanning
tree of G.,.. Note that T/, has ¢ — 1 edges, which we denote by e/, ¢e,...,e;_;. These edges
correspond exactly to the new edges of a minimum spanning tree 7" of G’ that replace the
edges e1,ea,...,e,_1 € TN F. For the construction, a strict total order on the weights of
the edges of T, is needed. We index these edges in non-decreasing order, breaking ties
arbitrarily.

C

Two alternatives

For each edge e/, we first define two alternatives for a partial cut, CF or CF, and later we
choose only one of them. This choice is repeated for every edge in T, to get the desired
collection of t — 1 cuts. Consider €] to be an edge in T}, of weight w(e}). Delete from T, all
the edges e;, j > t. Consider the connected components of the resulting forest. Notice that
the edge e, must connect between two such components L; and R; (recall that these denote
both sets of vertices of G’ and the corresponding unions of sets of vertices of G). Define the
following two partial cuts: CL = Cq(Li, w(e})) and CF = Cq(R;, w(el)). We will denote by
X the choice we make between L; and R;, which we refer to as the small side of the cut in
step 4. Also, we put C; = Cq(X;, w(e})), the cut chosen in step 4.

Choosing X;

The goal is that any A; € V. will not be contained in “too many” X;-s. We count for each
vertex A; € V.. how many times it was chosen to be in the small side. Denote this number
as k(A;), and for a set of vertices S C V.. denote k(S) = maza,es(k(A;)).

77
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Figure 2 Example for cuts created according to MST of connected components graph.

We choose cuts in ascending order of i. If k(L;) < k(R;), we choose X; = L;, and
otherwise we choose X; = R;. After choosing a new X;, we increase by 1 the counter k(A,)
for every vertex A; € X;, then proceed to choosing the next cut.

The following lemma shows that the X; — s form a laminar set system over the vertices.

» Lemma 9. Leti > j. Then, either X; N X; =0, or X; D X;.

Proof. Assume that X; N X, # (. Let A € X; N X, be a common vertex. Consider a vertex
A’ € X,. Clearly, there exists a path P connecting A and A’ in the tree T, such that every
edge in this path precedes e;- in the non-decreasing order; otherwise, A and A’ would not be
in the same connected component of the tree T, after deleting all the edges preceding e}.
Because e; comes after e}, it also holds that both A and A’ are in the same component of
the tree T, after deleting all the edges with index at least ¢. This implies that if A € X;,
then also A’ € X;, and therefore X; C Xj. <

We now show that the first claim of Theorem &8 holds.

» Lemma 10. The sum of the costs of the cuts C1,Co,...,Ci_q is

t—1
c(C;) <2B-logt < 2B -logn.

1

The proof of Lemma 10 relies on the following claims.
> Claim 11. For every i =1,2,...,t,if e € C; then e € F.

Proof. Let’s assume for contradiction that there exists an edge e € C;, but e ¢ F. By
construction, w(e) < w(e}). Recall that C; is the set of edges with exactly one endpoint
in a connected component X; of T, after removing edges of weight > w(e}). In particular,
e ={u,v}, where u € 4; € X; and v € A4; ¢ X;. Consider the path in T, between A; and
Aj. There must be an edge €’ of weight w(e’) > w(e]) along this path, otherwise both u
and v would be on the same side of the cut. We assumed that e ¢ F', hence e € E/_. But if
w(e) < w(el) <w(e) and e € E.,, then replacing €’ with e in T, creates a spanning tree of

G!,. which is lighter than T, a contradiction. <

cer
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Next we show that no edge gets deleted by more than 2 - logt cuts.
> Claim 12. For any edge e € F, e crosses no more than 2 -logt cuts C1,Cs,...,Cy_1.

Proof. Let {A1, As,... A} be the vertex set of the graph G, and consider the final counts
k(A7), k(As), ..., k(A;) for the vertices, respectively, after the construction of the cuts
C1,C5,...Ci_1 as described above. We show that for every 1 < i < ¢, it holds that
k(A;) <log(t). This means that every vertex can’t be in the small side of a cut more than
log(t) times, and therefore an edge can’t cross more than 2 - log(t) cuts.

We first show that for every A € L; U R; it holds that at the end of step i, k(A4) <
log(|Li| + |R;|) (viewing L;, R; as sets of vertices in GZ.). The proof is by induction on i.

Base case: Notice that |L1|,|R1| > 1. Therefore, log(|L;| + |R;|) = 1. As only one step
was executed, for every vertex A, we have that k(A) < 1, as required.

Inductive step: Assume the claim is true for every j < i. Let s = |R;| + |L;|]. It must
hold that either [L;| < § or [R;| < 5. Assume without loss of generality that |R;| < 3.
Consider the largest value of k(A) for any A € R; at the end of step ¢ — 1. For this A, let
X be a small side that contains A, for the largest such j <i. As w(e}) < w(e;), it must be
that R;, L; C R;. This is true because the edges of weight below w(e}) include the edges of
weight at most w(e}), so R;, L; are in the same component R; (as A € R; N X;). Because
R; N L; = it holds that |R;| 4 |L;| < |R;] < 5. By the induction hypothesis, at the end of
step j, we have that k(A) < log(5) = log(s) — 1. Therefore, this is true also at the end of
step ¢ — 1, because k(A) did not change after step j and before step i. If X; = R;, then after
step i, we get that k(A) increases by 1 to log(s), as claimed. If X; = L;, then k(A) does not
change in step 4, so it holds that k(A4) < log(s) — 1 < log(s).

Finally, consider A’ € L;. By the same argument as for R;, at the end of step i — 1 we

have that k(A") <log(|L;|) <log(s —1) < log(s). If X; # L;, then this holds after step i.
Otherwise, by the choice of X; it must hold that before step i, k(A’) < k(A4) < log(s) — 1.

Therefore, after step i, k(A’) < log(s). <

Proof of Lemma 10. By Claim 11, any edge included in at least one of the partial cuts is
included in F.

By Claim 12, no edge crosses more than 2 - log(t) partial cuts. Because the cuts use only
edges from F' and use each edge up to 2 -log(t) times, the sum of their costs is no more than
2B -log(t) < 2B -logn. <

It remains to show the second claim of Theorem 8.
» Lemma 13. For the cuts C1,Cs,...,Ci_1 it holds that Zf;ipg(ci) >A

The first step of the proof is to show a perfect matching between the edges that were
removed from T (a minimum spanning tree of G) and the new edges that replaced them in
T’ (a minimum spanning tree of G \ F). We will use this matching to argue that for every
matched pair there is a cut with a profit of at least the difference of weights between the
edges, and this will be used to lower bound the total profit. To show the existence of a
perfect matching, we employ Hall’s condition. We begin with the following claim.

> Claim 14. Let Cy,C5,...,Ct_1 be the cuts induced by T and F. Then, for every cut C;
there exists a vertex v; € V. such that v; € X;, but v; ¢ X; for all j < i. Moreover, there
exists a vertex u € V. such that u ¢ X, for all j € [t — 1].

We refer to v; as the typical vertex of C;, and to u as the typical vertex of the graph; see
Figure 2; bg is the typical vertex of the cut with the weight of w = 10, and by is the typical
vertex of the graph.

7:9
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Proof of Claim 14. Consider X;. Every edge e € T, with both endpoints in X; has index < i
and every edge e € T that connects between X; and V. \ X; must have index > i. Clearly,
if X; N X; =0, then any choice of v; € X; will satisfy v; ¢ X;. By Lemma 9, all other j <
satisfy X; C X.

It is sufficient to consider all j such that X; C X; and Aj such that X; C X;» C X;. Let
J1 <ja <--- < ji be an enumeration of these indices. Notice that [Xj, Ne’ | = 1. Moreover,
forr > 1, X; N e;& = (). This is because 63'1 and all the edges with two endpoints in X},
are not deleted when constructing X, . Therefore, if X; Ne} # 0, then X; DO Xj,, in
contradiction to the definition of j;. However, X; D Xj for all r, and 691 is not deleted
when constructing X;, hence both endpoints of 63'1 are contained in X;. The endpoint not
contained in X;, can be used as the typical vertex v; of C;.

The same argument, applied with V. replacing X;, proves the existence of the typical

vertex u of G. 4

Next we prove the following claim.

> Claim 15. For every k € {1,2,...,t — 1} and for every A C {C1,Cy,...,Ci_1} of
cardinality |A| = k, there exist at least k distinct edges e1,...ex € F'NT that cross at least
one of the cuts in A.

Proof. The edges in F'NT by definition form a spanning tree on V.. equipped with the edges
of the original graph G.

Given a set A of k cuts, we say that two vertices A;, A; € V. are in the same area if and
only if they are in the same side of any cut in A. Notice that the partition into areas is an
equivalence relation as it is reflexive, symmetric and transitive. We claim that there are at
least k + 1 different areas, because there are at least k + 1 vertices for which every pair of
them is not in the same area (separated with at least one cut). Each of the cuts in A has a
typical vertex. Any pair of two typical vertices v;,vj, ¢ # j cannot be in the same area. If
the two cuts are disjoint (X; N X; = 0) then v; € X; but v; € X;. Otherwise, one contains
the other (X; C X;), but v; € X; whereas v; € X; \ X;. Moreover, the typical vertex of the
graph is not in the same area as any of the other typical vertices (because it not in any X;).
To cap, in total there are at least k + 1 areas, and any edge between two different areas must
cross at least one cut in A. The spanning tree F'N T has to connect, in particular, all the
vertices in the different areas, so it must have at least k edges that connect vertices in two
different areas. <

> Claim 16. There exists a permutation 7w on {1,2,...,t — 1} such that e ;) € C; and

t—1

D (w(e) —wlenw)) = A.

i=1
Proof. By Claim 15 and Hall’s marriage theorem we conclude that there exists a perfect
matching between the ¢t — 1 cuts and the ¢ — 1 edges of T'N F, where an edge and a cut are
matched only if the edge crosses the cut. Every cut C; is constructed using the edge e; and
a weight of w(ej). Let er(;) be the edge matched to Cy, so er(;) crosses C;.

Let {e1,e2,...,e;_1} =TNF, and let €], €),...,e,_; be the edges of T that replace the
edges in T'N F. The profit of F is exactly

A= iw<62> - iww = Z (w(e}) = wenm)) -

concluding the proof. <
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Proof of Lemma 13. This is a corollary of Claim 16. By Lemma 2, pc(C;) > w(ej) —w(ex(;))
foralli € {1,2,...,t —1}. <

5 Budget Approximation

In this section we describe the greedy algorithm which chooses cuts with a good ratio of
profit to cost. Then we show that if there exists a solution of cost B and profit A, then the
greedy algorithm outputs a solution with profit of at least A and cost of O(B -logn).

Algorithm 1 Budget Approximation Algorithm.

Input:G = (V,E), A

budget + mingcg c(e)

weights < J.cp{w(e)}

do
F + greedy(G, budget, A, weights)
budget + 2 - budget

while F' = ()

return F

i = B B N N VI

Algorithm 2 The Greedy Algorithm.
Input: G = (V, E), budget, A, weights

1 F+0,0+0,G=(V,E)+G

2 do

3 R« [, "+ 0,C*« 0

4 for {u,v} € E' do

5 for W € weights do

6 G+ (V,{e€ E': w(e) <W})

7 C' + minimum u-v cut in G, p + W — w({u,v})
8 if 0 < ¢(C) < budget /\% > r* then
9 ‘ 4 C(p—c), Cr+C

10 end
11 end
12 end

13 G+« G\C*"b+—b+c(C*), F+ FucC*

14 while r* > 0A b < (14 2logn) - budget Apa(F) < A
15 if pg(F) > A then

16 ‘ return F

17 else

18 ‘ return ()

19 end

We assume for simplicity that A > 0 (otherwise doing nothing is a trivial solution) and
that the cost of a global minimum cut in G (with respect to ¢) is more than B (otherwise,
removing a global minimum cut guarantees profit = oo > A). The algorithm proceeds as
follows. Start with the lowest possible budget B, the minimum cost of a single edge, and
search for B using spiral search, doubling the guess in each iteration. The test for B is to get
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profit at least A, where the cost of the solution is restricted to be less than (1 + 2logn) - B.
Clearly, if the test gives the correct answer, we will overshoot B by a factor of less than
2, and therefore we will pay for a solution with a profit of at least A a cost of less than
(2+4logn) - B = 0O(Blogn). See the pseudo-code of Algorithm 1.

Now, for a guess of B, we repeatedly find a partial cut of cost < B with maximum
profit-to-cost ratio, and remove it, until we either fail to make progress, or exceed the relaxed
budget, or accumulate a profit of at least A. In the latter case, we’ve reached our target
and can stop searching for B. To find the best partial cut, we enumerate over the edges
of the graph and over the possible weights of edges of the graph. For an edge e and a
weight W, we consider the minimum cost cut that separates the endpoints of e, taking into
account only edges of weight less than . That is, we consider in the current graph G’ (after
previously chosen cuts have been removed) the cheapest cut Cg (S, W) with |SNe| =1, and
we choose among those cuts for all e, W a cut with the maximum profit-to-cost ratio. See
the pseudo-code of Algorithm 2.

» Theorem 17. Suppose that there exists a solution of cost B and profit A. If the input
budget in Algorithm 2 is at least B, then the output F' of the algorithm has pg(F) > A.

We begin with the analysis of a single iteration of Algorithm 2.

» Lemma 18. Consider an iteration of the do-loop in Algorithm 2 (with input budget B
and input target profit A). Suppose that G' has a solution F of cost ¢(F) < B and profit
pa(F) = A —§. Then, this iteration computes a partial cut C = Cq/ (S, W) that satisfies,
for some e € C,

W —w(e) A—-§

c¢(C) ~ 2B-logn’
Proof. By Claim 16 and Lemma 10, there are partial cuts C1,Cs,...,C;_1 in G’, edges
e1 € Cp, e €0y, ..., 651 € Cy_q1, and edge weights W1, Wy, ..., W;_1 defining the cuts,
such that

t—1 t—1
ZWi —w(e;) > A, and Zc(Ci) < 2B -logn.
i=1

i=1

. s o Wi—w(e;) A—§
Hence, there exists a cut C; with a ratio E(en) > SBlogn”

Moreover, by Claim 11, C; C F and hence ¢(C;) < B. The algorithm iterates over all the
edges and over all the weights. Consider the iteration that uses the weight W; and the edge
e;. Let C’ be the cut that the algorithm finds in this iteration.

Notice that C’ is a minimum cost cut separating the endpoints of e; in the subgraph of
G’ consisting of edges of weight < W;. Therefore, ¢(C’) < ¢(C;). As e; crosses C' and the
weight defining C’ is W; > w(e;), we get that

Wi —w(e;) S Wi —w(e;) S A—-§
c(Cy T ¢C) T 2B-logn’

The algorithm’s choice of e, W,C' maximizes the expression Wc_(g)(e), hence the lemma

follows. <

Proof of Theorem 17. Let F* be the promised solution with cost ¢(F*) = B and profit
pe(F*) = A. Let B’ > B denote the budget that Algorithm 2 gets as input. Let Cy =
Cg(Xl, Wl), Cg = CG\Cl ()(27 WQ), coey Cl = CG\(CluCQUmUCZ,l)(Xla VVZ) be the sequence of
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partial cuts that the algorithm chooses. Clearly, c(Ui:1 C;) < (2+2logn) - B’, on account
of the stopping conditions of the do-loop (the last iteration started with total cost below
(14 2logn) - B'). We need to show that pg(Uli:1 C;) > A. This is clearly the case if
the do-loop terminates because pg(F) > A, so we need to exclude the other termination
conditions. Note that by Lemma 18, if pg(F) < A, then r* > 0, hence we only need to show
that b does not reach or exceed (1 + 2logn) - budget before pg(F') reaches or exceeds A.

For every i € {1,2,...,1 — 1}, denote Cf = C; N F* and Cf = C; \ F*. Also put
S; = UJ 1 C;, S = Uj=1 CF, and SH = U§':1 CJT. Let h; be a minimum weight edge in
CH and €! be a minimum Welght edge in C;. Put p; = W; — w(h;). Consider G; = G\ S;_1,
namely the graph just before the algorithm chooses C;. Notice that the criterion for choosing
C; involves the ratio

Wi —w(el) _ w(h;) —w(e}) + pi
c(Ci) c(CF) + c(CfT)

Consider the partial cut C! = {e € C;|w(e) < w(h;)}. As no edge of CH has weight less
than w(h;), it must be that C/ C CF. Therefore, ¢(C!) < ¢(CF), and hence “)—wles) >

c(C7)
i) . However, it must be that (hizg?';(e”) < Wiczgi ()ei), otherwise the algorithm would

choose C! instead of C;. Therefore, we have that

Wi —w(e) _ whi) —w(e) +pi _ w(h) — w(eé).

c(C))  (CEY4c(CHY ~ ¢(CF)

K2

This implies that

Di w(h;) —w(e;) + p; _ Wi —w(e})
o(Cf) o(CF) +e(CF) c(Cy)

(asZTJFsE% = gz%fora,bEOandc,d>O).

Denote F' = F* N S;. We now show that pg(S;) > pa(F')+ Zizl p;i. To estimate pg(S;),
notice that G\ S, = G\ F’\ (Sf). Therefore, we can lower bound the profit by summing
over i =1,2,...,1 the profit of removing CH from G\ F'\ SH . Let G, =G\ F'\ (S ) =
G\ F'\ (Si_1). This graph is G; minus some edges from F*. As h; € CH it must be that
h; ¢ F* so h; is in G. Now, CH includes the edge h; of weight w(h;). Furthermore, none of
the edges of C; are in G, so CcH = Car (X, W), for W > W;. Therefore, by Lemma 2,
pr(C ) > W; —w(h;). We conclude that

l
pc(S1) = pa(F +chf ) > pa(F))+ > i (1)
i=1

Put § = pa(F') = pc(F*NS;). By Corollary 4, as G; = G\ S;—1 and F* N S;_1 C S;_1,
we have

pa, (F*\ Si—1) = pe\(pens,_) (F*\ Si—1). (2)
Write
pa(F*) = pa(F* N Si—1) + pa\(rens,_ ) (F*\ Si—1). (3)

Combining Equations (2) and (3), we get pg, (F*\ Si—1) > pe\(rens,_) (F* \ Si—1)
= pc(F*) —p(F* N Si—1) = pa(F") —pa(F"NS) = A -6

where the last inequality follows from the fact that F* N S;,_1 C F*N.S;.
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By Lemma 18, as there exists in G; a solution F*\S;_; with profit pg, (F*\S;—1) > A—4d
and cost ¢(F*\ S;—1) < B < B’, it holds that there exists a partial cut C' = Cg, (S, W) and
an edge e € C, such that Wc_(gf)(e) >3 BA,;‘;”. In particular, C; must satisfy this inequality,

as it maximizes the left-hand side. Therefore,

Di Wz — w(e;) A—§

> .
c(CHY =  ¢(C;) ~ 2B'logn
So, p; > ¢(CH) - #’O‘én. Plugging this into Equation (1), we get that
! !
A—§ A—9§
> jad > Hy _— - _ Hy _— - 4
pc(S1) = pa(F') + Zpl >0+ ZC(CZ ) 2B’ logn 0+ c(S) 2B'logn @

i=1 i=1

Now, we assumed that the do-loop does not terminate because pg(F) > A, so it must have
terminated because b > (1+2logn)- B’. Therefore, c(SH) = ¢(S)) — c(F') > ¢(S;) — c(F*) >
B’ +2B'logn — B > 2B’ log n, hence the right-hand side of Equation (4) is at least A. <«

Running time

Recall that 7(n,m) denotes the time complexity of computing a minimum s-¢ cut, where n
is the number of nodes of the network and m is the number of edges of the network. Let
d = | weights | denote the number of different edge weights (notice that d < m). The doubling
search for the right budget adds a factor of O (log %) Each iteration of the do-loop in
Algorithm 2 iterates over all the edges and the weights, and executes one minimum s-t cut
computation, so the time complexity of a do-loop iteration is O(7(n,m) - dm). In each such
iteration we remove at least one edge, so there are no more than m iterations of the do-loop.
Therefore, the total running time of the algorithm is

0 (T(n,m) -dm?log B )
Cmin

It is possible to reduce the factor of log % to logm by reducing the range of the search
for B as follows. With a budget of B, we cannot remove edges of cost > B. Therefore,

b* = argmin{b: MST(G\{e€ E: c(e) <b}) > MST(G) + A}

is a lower bound on B. On the other hand, by removing all the edges of cost at most b* we
definitely gain A. There are at most m such edges, so mb* is an upper bound on B.

It is possible to improve the running time to O (7(n,m) - dmlogm).
using a more clever implementation as follows. Firstly, we calculate the cuts for each weight
and edge only in the first iteration. In the following iterations we can use the same set of
cuts, ignoring the cuts that were created using the edges that we already removed. We need
to show that a version of claim 18 holds for this faster algorithm.

> Claim 19. Consider an iteration of the do-loop of Algorithm 2, assuming that the input
budget > B. Let 6 = MST(G’) — MST(G). Consider the cuts computed during the first
do-loop iteration (i.e., partial cuts in G), in an iteration of the nested for-loop with e € E\ F'

and W € weights. Let C be such a cut with the best ratio WC_('C“)(Q) (in G). Then,

W —w(e) A-§
¢(CNEY ~ 2B-logn
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Proof. Let F* denote an optimal solution with a budget B, yielding an increase A in the
weight of a minimum spanning tree. Consider the “intermediate” graph G” = G\ (F N F™*).
Notice that MST(G"”) — MST(G) < 4, so F” = F*\ F is a solution in G” that costs less
than B and gains at least A — §. The same bounds on cost and gain holds also in G’. By
Theorem 8, there exist partial cuts Cy,...C{ ;, in G”, C! = Cgn (S;, W;) for all i, such
that the following inequalities hold. ) .¢(C}) < 2- B -logn, and per(U;C)) > A — 6.
Moreover, by Claim 11, U;C{ C F”, and by Claim 16, there are edges e; € C/, for all i
such that Zf:(Wz —w(e;)) > A — 4. Consider the cuts C; = Cg(S;, W;) in G, for all
i. The latter inequality clearly holds. It is also true that ) . ¢(C;) < 2B -logn, because
Ui(C; \ C!) € F*\ F”, ¢(F*) = B, and by Claim 12, every edge is contained in at most
2logn cuts. Therefore, there exists ¢ for which W"'cng_()ei) >3 ﬁlf) gn. The cut C computed in
the first iteration of the do-loop (for G) for the choice e; and W; has ¢(C) < ¢(C;), hence
Wi;(ggei) > 21?1;271' As e; ¢ F, we consider C in the iteration for G'. As ¢(CNE') < ¢(C),

Wifw(ei) A—§
c¢(CNE’) = 2B-logn’

we have as claimed. <

The rest of the proof is the same, so the faster algorithm keeps the approximation
guarantees. Algorithm 2 uses dm flow calculations in the first iteration of the do-loop.
Subsequence iterations do not require additional flow calculations, only enumeration over at
most dm cuts computed in the first iteration. Therefore, as 7(n, m) = Q(m), we get that the
running time is O((7(n, m) - dm + dm?)logm) = O(7(n,m) - dmlogm).

6 Profit Approximation

In this section we discuss the profit problem.

6.1 Profit approximation algorithm

It is possible to use our methods to achieve O(log n)-approximation to the profit given a strict
budget B, a problem considered previously in [8, 4, 24, 16]. In comparison to previous work,
our results approximate the profit (i.e., the increase in minimum spanning tree weight) of
interdiction, rather than the total weight of the final minimum spanning tree. Clearly, these
results are incomparable to the claims of previous work. We demonstrate in the following
subsection that the algorithm in [16] does not provide any approximation guarantee for the
increase in weight rather than the total weight.

The algorithm in this case is based on Algorithm 1, with the following changes. Firstly,
in each iteration take a cut with the best ratio among the cuts that do not cause the cost to
exceed B. Stop when there are no cuts we can take without exceeding the budget. Secondly,
take the best solution between this option and taking just one cut in G that has maximum
profit subject to the budget constraint. Notice that this algorithm resembles the greedy
approach to approximating the knapsack problem.

» Theorem 20. If there exist a solution F with profit A and cost B, then Algorithm 3
computes a solution that costs at most B and gives a profit of at least

A 1 1 A
4 \logn log’n logn
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Algorithm 3 Profit Approximation Algorithm.

1
2

© o g O oA W

10

11

12

13
14
15
16
17
18
19
20
21
22
23
24
2
26
27
28
29

S

Input:G = (V, E), B, A, weights
R<—[],p0<—0, C()(—(Z);
for {u,v} € E do
for W € weights do
G'"+— (V{e€ E: w(e) < W});
C < minimum w-v cut in G”;
if ¢(C) < B and pg(C) > po then
| po + pa(C), Co + C;
end
end

end
G' = (V,E')+ G, F+0,b+ 0;
do
R+ [, 7"+ 0,C* + {;
for {u,v} € E' do
for W € weights do
G"+— (V,{e € E': w(e) < W});
C <+ minimum u-v cut in G, p W — w({u,v});
if b <b+c(C) < BA gz >r" then
| e O O
end

end
end
G G \C*"b+b+c(C*), F+ FuC
while r* > 0;
if pe(Co) > pe(F') then
‘ return Cy
else
‘ return F
end

Proof. We will refer to the loop that computes py and Cj as the first phase of the algorithm,
and to the other loop at the second phase of the algorithm. Assume that in the second
phase the algorithm already chose to remove the edges H C V and increased the minimum
spanning tree weight by pg(H) = 6. Let G’ = (V, E') = G\ H. We show that if ¢(H) < Z,
then at least one of the following cases is true.

1.

In the next iteration the algorithm enumerates over a cut C’ with a ratio of at least

re(C') > % and cost ¢(C’) < 2.

. In the first phase, the algorithm enumerates over a cut C' in the original graph G with a

profit of p(C) > % and cost ¢(C) < B.

Denote G = G\ (HN F) and ¢(H N F) = b. Consider the set of edges F'\ H. Clearly,

¢(F\H) = c¢(F)—c¢(HNF) = B—b. Moreover, pg(F) = A, whereas pa(HNF) < pg(H) =4,
so pa(F'\ H) > A — 4. Using Claim 16 and the first assertion of Theorem 8, there exists a
partial cut C' = C(S, W) C F\ H in G and an edge e € C, such that ¢(C) < B — b and

W —w(e) A—9§
¢(C) T 2(B-b)-logn’
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Now, consider the same partition in G’, i.e., the partial cut C’ = Cq (S, W). As
G' =G\ (H \ F), we have that ¢(C") < ¢(C) < B —b. Moreover, as e € F'\ H, also e € E'.
Hence, by Lemma 2, pg/(C') > W — w(e). Therefore,

n_ pa(C) W —wle) - W —wle) A—§
rer(C) = c(C) - c(C”) & c(C) = 2(B—10)-logn’

where the first inequality uses Lemma 2.
If ¢(C") < £ then Case 1 holds. Otherwise, ¢(C’) > £ and

W —w() B A—§ >A—6

W —w(e) = ¢(C") co(C") >§'2(B_b)-logn ~ 4logn’

Therefore, using Lemma 2 again, pg(C) > W — w(e) > 4A10;il' Moreover, ¢(C) < ¢(C) +
c¢(HNF) < B, so Case 2 holds.
Consider the second phase of the algorithm, and the first iteration that begins with Case 1

not holding. If the current profit § > %, we are done. Otherwise, if the current total cost
B

b > %, then the following holds. All previous iterations started with b < hence each

2
added to the solution a partial cut with profit to cost ratio of at least A-B/logn g the

B-logn
total profit is at least

B A—-A/logn A 1 1

2 B-logn 2 \logn log’n/’
The remaining case is that § < loén, b < %, and Case 1 does not hold. But then Case 2
must hold. Hence, pg > % . (10;71 - h)g%n) , thus completing the proof. |

Notice that in the uniform removal costs case it holds that ¢ < B, and therefore the same

proof shows a profit of €2 (10@3)'

Running time

The analysis is very similar to that of the budget approximation algorithm. Each of at
most m do-loop iterations iterates over edges and weights O(dm) times, where d denotes the
number of different edge weights. Each internal iteration computes a minimum s-¢ cut, in
time 7(n,m). Thus, the total running time is O(7(n, m) - dm?). With the same modification
of calculating the cuts only in the first iteration, it is possible to achieve the same asymptotic
approximation guarantees while improving the time complexity to O(7(n,m) - dm).

6.2 Bad example for previous algorithms

When the optimal increase is small relative to the weight of the initial minimum spanning
tree, our approximation guarantees are stronger than the constant factor approximations
of the final tree weight. In order to demonstrate that this actually happens with previous
algorithms, we analyze an instance that is motivated by the NP-hardness reduction for
spanning tree interdiction in [8]. The constant approximation convex optimization-based
algorithms, such as [24, 16], fail to give any non-trivial solution for this example.

Let Gg = (Vi, Ex) be an instance of the maximum components problem defined in [8]
for that maximum number of connected components that can be created by removing B
edges from Gy is b. Construct a graph G = (V, E) by adding to Gy four new vertices, as
follows. Set V = Vg U {t1,ta,t3,t4}, E = Eg U {(u,v1)|u € Vg} U Er, where Er are the
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Figure 3 Bad Example for Previous Algorithms.

edges between the new vertices as explained later. Assign weights w = 0 and removal costs

r =1 to all edges in Fy, and w = 1,7 = oo (where oo is some constant above B + 1) to

the edges between G and vi. The edges in Ep are as follows: (v1,v2) with w = 0,7 = o0,

(v1,v3) with w =W, r = 00, (vg,v3) with w =0,r = B+ 1, (v1,v4) with w =W + %77‘ = 00,

and (vg,v4) with w = W,r = 1.
The initial minimum spanning tree of G has weight of W + 1. We consider as instance

of the profit maximization problem on G with a budget of B + % An optimal solution for

G with this budget has spanning tree weight of W + b + %, thus the profit is A = b — %

It is obtained by removing (ve,v4) in addition to the B edges of the optimal maximum

components solution in Gg. Notice that by spending a cost of B + 1 (which exceeds the

budget), it is possible to remove (v2,v3), and obtain a spanning tree with weight of 2W + 1.
To demonstrate our claim, we analyze the performance of the algorithm in [16] on this

example. The conclusion holds also for other similar methods, such as the one in [24]. We

choose a sufficiently large value W > B + 1. With budget B + %, the algorithm finds two

integer solutions Ry, Ry as follows: R is the “empty” solution (w = 0, M ST = W + 1),

and Ry is the over-budget solution (w = B + 1, MST = 2W + 1) obtained by removing

(v2,v3). Notice that the “bang-per-buck” of Ry is BLH > 1. For any other solution R’ so that

(vg,v3) ¢ R/, it is guaranteed that bang-per-buck is not greater than 1 as the profit from

removing any other edge cannot exceed its cost (either for (ve,v4) or any edges set in Gp).

As there is no other solution above the connecting line between Ry, Rs (and no other more

expensive relevant solution), these solutions are two optimal solutions of the Lagrangian

relaxation, for the Lagrange multiplier A = BLH.
The algorithm chooses the best among the three options:

1. Return a spanning tree with weight of at least wp = W + % (the smallest weight so that
the graph without heavier edges is still connected under any removal of edges within the
budget B + 3). In our example this solution is obtained by removing (va, v4) so the MST
weight is W + %

2. Return the empty solution R; (yielding the original minimum spanning tree of weight
W +1).

3. Return R, the trimmed version of Ry. The solution R is created using a reduction to
tree knapsack. It holds that R C Ry, and the cost of R is no more than B + % As
Ry = {(v2,v3)}, the only subset that does not exceed the profit is R = ), which again
produces the trivial empty solution.
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Therefore, in our example the algorithm of [16] chooses the first option, obtaining a
solution with spanning tree weight of W + % As the optimal solution is W 4+ b + % (and
W > B+ 1 > b), the algorithm indeed achieves the promised constant factor guarantee
against the total cost of the tree. However, the algorithm achieves a profit of only % The
optimal profit is b — %, which can be arbitrarily large compared to %, depending on maximum
components solution in Gg.

7 The e-Protection Problem

The analysis in Section 3 implies a good defense against e-increase. Before presenting the
algorithm, we first formalize the problem. The input is a graph G = (V, E), another set of
edges E' over V, edge weights w : EU E’ — R™, edge construction costs b: E/ — R™, and
edge removal costs ¢ : EUE’ — R*. For a graph G, let F*(G) denote an optimal solution to
the e-increase problem discussed above. Our goal in the e-protection problem is to compute
a set of edges S C E’ to add to G so that ¢(F*(GUS)) > ¢(F*(G)), minimizing the building
cost b(S). We assume that adding any edge e € E’ to G does not reduce the weight of a
minimum spanning tree. Also, we allow parallel edges (so, for instance, pairs of nodes may
be connected by an edge in E and also by an edge in F’).

Based on the algorithm for e-increase here is a simple approximation algorithm for this
problem. The first step is to list all the partial cuts that the e-increase algorithm considers,
which have optimal cost. Notice that every cut that the algorithm computes is derived from
a global minimum cut of a subgraph of G. In that subgraph, there are at most (“2/‘) global
minimum cuts, and those cuts can be enumerated efficiently. The number of subgraphs to
consider is n — 1. Thus, the number of listed cuts is less than n3. We want to add at least
one edge from E’ to every listed partial cut. It is possible to approximate an optimal solution
within a factor of O(logn) using the greedy approximation for weighted SET COVER.
Simply, associate with each edge in E’ the set of partial cuts it increases their cost, and then
approximate the minimum b-weight set of edges that covers all listed cuts.
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A Proofs Appendix

Proof of Lemma 1. In this proof, we will use the so-called blue rule, which states the
following: suppose you have a graph G and some of the edges of a minimum spanning tree are
colored blue. If you take any complete cut C' of G that contains no blue edge, and any edge
e € C of minimum weight, then there exists a minimum spanning tree of G that contains all
the blue edges and e. Consider the edges e € T'\ F in arbitrary order. The complete cuts
C. = Cr . are disjoint. Also, such an edge e has minimum weight in C., and therefore also
minimum weight in C, \ F. Thus, we can use the blue rule repeatedly in G’ to color all the
edges in T'\ F blue. <

Proof of Lemma 2. If W < w(e) then the claim is trivial, as the profit of a cut is non-
negative. Thus, we may assume that W > w(e). Moreover, the worst case is when e has
minimum weight in C(.S), because if the claim holds for a minimum weight edge then it
holds also for all edges. Clearly, if e = (u,v) is a minimum weight edge in Cg(S), then there
exists a minimum spanning tree T of G that contains e (apply the blue rule to C(.S) and
e). Let T be a minimum spanning tree of G satisfying e € T, and let 77 be a minimum
spanning tree of G\ C. As e € Cg(S) and W > w(e), it holds that e ¢ T'. By adding e
to the tree T, we create a cycle P. As e € P crosses C(S5), there must be another edge
e’ € P that crosses Cg(S). Clearly, ¢’ € T' because the only edge in P\ T” is e. It holds
that w(e’) > W, because otherwise ¢’ € C' and therefore not in 7. Assume for contradiction
that ¢(T") < ¢(T) + W — w(e). Replacing €’ with e we create a new spanning tree T” of G
of weight ¢(T") < ¢(T") —w(e') + w(e) < c(T") = W + w(e) < ¢(T), a contradiction to the
fact that T is a minimum spanning tree of G. Thus, it holds that ¢(T") > ¢(T) + W — w(e),
and therefore pg(C) > W — w(e). <

Proof of Lemma 3. If G\ B\ {e} is not connected, then as G\ B is connected by assumption,
we have pg\ p(e) = 00 > pg(e), so the lemma holds. Thus, we may assume that G \ B\ {e}
(and therefore also G\ {e}) is connected. Let e = {u,v}. We set W to be the maximum over
all u-v cuts in G \ {e} of the minimum weight edge crossing the cut. More formally,

W = max{min{w(e’) : € € Ce\(3(S)}: STV A[{u,v}NS| =1}

We show that if W > w(e), then pg(e) = W —w(e). By Lemma 2 we have pg(e) > W —w(e),
so it suffices to prove the reverse inequality. Let T be an arbitrary minimum spanning tree of
G. If e ¢ T, then every edge ¢’ on the path in T connecting v and v must have w(e’) < w(e),
hence W < w(e) and the claim holds vacuously if W < w(e) and as pg(e) =0 if W = w(e).
Otherwise, if e € T, then by Lemma 1, there exists a minimum spanning tree 7’ of G \ {e}
so that T/ = T U {e’} \ {e} for an edge ¢’ € E. In particular, ¢’ € Cp . is the minimum
weight edge in this cut, and the partial cut {” € Cr. : w(e”) < w(e’)} is a candidate
cut. Therefore W > w(e’) and pg(e) = w(e') —w(e) < W — w(e). Now, if pg(e) = 0 then
the assertion of the lemma is trivial. Otherwise, if pg(e) > 0, then e must be contained in
every minimum spanning tree of G. By the above characterization of pg(e), we have that
pc(e) = W —w(e), where W is a minimum weight of an edge in some cut Cqfe1(S). As
C" = Ca\B\1e}(5) C Ci\ye3 (S), we have that W' = min{w(e') : e’ € C'} > W. Using the
same characterization of pe\ p(e), we get pa\p(e) > W' —w(e) > W —w(e) = pg(e). <
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Proof of Corollary 4. This is a simple application of Lemma 3, removing the edges of
A = {ey,...ex} one by one. Denote Ag = 0, Ay = {e1}, ..., A; = {e1,ea,..., e}, ...,
A ={e1,e2,...,er}. By Lemma 3, for every i = 1,2,...,k, it holds that pc\p\a,_, (e:) >

PG\A,_, (€i). Therefore, pg\p(A) = Zf=1 PG\B\A,_, (€i) > Zf:l Pe\A,_, (€i) = pa(A), which
completes the proof. <

Proof of Claim 5. We show that the optimal solution F'* is achieved at a partial cut considered
by the algorithm, and therefore the claim follows. If F* disconnects G, then it is a global
MIN CUT with respect to the edge costs c¢. Moreover, all the edges in this cut have the
same weight, otherwise removing just the lightest edges would increase the weight of the
minimum spanning tree, at lower cost. Therefore, if the algorithm deals with one of the
edges e € F*, one of the feasible cuts it minimizes over is F*. Because T is a spanning tree
it must have at least one edge in any complete cut in the graph, and specifically in F*. In
fact, in this case the algorithm will output either F* or another global MIN CUT of the
same cost. If F™* does not disconnect G we argue as follows. Let 7" be a minimum spanning
tree of G\ F*. Recall that for every e € T\ T” there exists ¢ € (I”\ T') N Cp such that
T — e+ €' is a spanning tree. Let’s consider the edges e € T'\ T’ in arbitrary order, and let’s
choose ¢’ = 7(e) that minimizes w(e’) among all edges in (" \ T) N Cr.. Let ey denote the
first edge considered in 7'\ 7”. As T is a minimum spanning tree, w(m(e1)) > w(ey). Denote
To=Tand Ty =T — e1 + m(e1). If w(m(e1)) = w(e1), we can repeat this argument with 73
and T” to get Ts, and so forth. This process must reach an iteration ¢ < |T'\ T”| at which
w(m(e;)) > w(e;), otherwise w(T') = w(T), in contradiction to the definition of F*. Now,
consider the cut Cr,_,
tree of G, because all exchanges prior to step ¢ did not increase the weight of the tree. Thus,
w(e;) is the minimum length of an edge in this cut. Also, 7(e;) is an edge in this cut. By our
choice of m(e;), none of the edges in the set F' ={e’ € Cr, , ¢, : w(e') <w(m(e;))} are in T".
If there exists ¢’ € F'\ F*, then the cycle closed by adding ¢’ to T’ must contain at least one
other edge ¢’ € T" N Cr,_, ;- However, all such edges have w(e”) > w(e’), in contradiction
to the assumption that 77 is a minimum spanning tree of G \ F*. Thus, F' C F™*.

Now, consider I’ C F, putting F' = {e’ € Cr,_, ¢,|w(e’) = w(e;)}. Let T” be a minimum
spanning tree of the graph G \ F’. Clearly, w(T") > w(T) and ¢(F') < ¢(F*). Hence, F’
is an optimal solution which contains all the minimum-weight edges in the cut Cr,_, ;.
Let’s assume in contradiction that the minimum spanning tree T' that the algorithm chooses
and iterates over its edges maintains TN F’ = (). Then there exists an edge e € T, with
w(e) > w(e;) that crosses the cut, and we can replace it and create lighter spanning tree as
w(T —e+e;) <w(T). This contradict T being a minimum spanning tree. We conclude that
there is an edge e € T N F’. Therefore, F’ is one of the cuts that the algorithm optimizes
over when considering e. The algorithm may choose a different cut for e, but the chosen cut

e; in G. Notice that by construction, T;_; is also a minimum spanning

will not have cost greater than ¢(F"). <

Proof of Claim 6. In this proof, we will use repeatedly the blue rule; see the proof of Lemma 1
for details. Consider the best e and the corresponding cut C' that determines the output of
the algorithm. There exists a minimum spanning tree T of G that contains e, because we
can apply the blue rule to C and e. Let S be the forest that remains of T after removing all
the edges of length w(e) in C. Clearly, S has at least two connected components, at least one
on each side of the cut Cr (be aware that this cut may differ from C'). If the new graph
is disconnected, then clearly the claim holds. Otherwise, S can be extended to a minimum
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spanning tree T” of the new graph, as we can use the blue rule to color blue each edge f € S,
using the cut Crp ¢ that does not contain any other edge of 7' (Clearly f has minimum length
in this cut prior to the removal of edges, and therefore also after the removal of edges).
Let’s assume for contradiction that w(7T”) = w(T'). Let P be the cycle created by adding
e to T'. As e crosses C, there must be another edge e € P that crosses C. We must have
that w(e’) > w(e), as we eliminated from C' all the edges of length w(e). By the assumption,
it must be that ¢’ € T, otherwise w(T") > w(T) (exchanging e’ with e reduces the cost of
the tree, but T is a minimum spanning tree of G). Consider now Cr /. As e’ crosses Cr .,
there must be another e¢” € P that crosses Cr .. However, ¢’ ¢ T, because Cr o NT = {e'}
by definition. Thus, by our assumption w(e”) = w(e) < w(e’) (for the same reason that,
otherwise, exchanging e” with e reduces the length of 7", but we assumed that w(T") = w(T)
and T is a minimum spanning tree of G). This is a contradiction to the assumption that T is

a minimum spanning tree, together with the implications that ¢’ € T and e” € Cr . \ {€'}.

<
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