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—— Abstract

A temporal graph is a finite sequence of graphs, called snapshots, over the same vertex set. Many
temporal graph problems turn out to be much more difficult than their static counterparts. One
such problem is TIMELINE VERTEX COVER (also known as MINTIMELINE« ), a temporal analogue to
the classical VERTEX COVER problem. In this problem, one is given a temporal graph G and two
integers k and /¢, and the goal is to cover each edge of each snapshot by selecting for each vertex at
most k activity intervals of length at most ¢ each. Here, an edge wv in the ith snapshot is covered, if
an activity interval of u or v is active at time 4. In this work, we continue the algorithmic study
of TIMELINE VERTEX COVER and introduce the TIMELINE DOMINATING SET problem where we
want to dominate all vertices in each snapshot by the selected activity intervals.

We analyze both problems from a classical and parameterized point of view and also consider
partial problem versions, where the goal is to cover (dominate) at least ¢ edges (vertices) of
the snapshots. With respect to the parameterized complexity, we consider the temporal graph
parameters vertex-interval-membership-width (vimw) and interval-membership-width (imw). We
show that all considered problems admit FPT-algorithms when parameterized by vimw + k + £. This
provides a smaller parameter combination than the ones used for previously known FPT-algorithms
for TIMELINE VERTEX COVER. Surprisingly, for imw + k + ¢, TIMELINE DOMINATING SET turns out
to be easier than TIMELINE VERTEX COVER, by also admitting an FPT-algorithm, whereas the
vertex cover version is NP-hard even if imw + k + £ is constant. We also consider parameterization
by combinations of n, the vertex set size, with k or £ and parameterization by t. Here, we show for
example that both partial problems are fixed-parameter tractable for ¢ which significantly improves
and generalizes a previous result for a special case of PARTIAL TIMELINE VERTEX COVER with k = 1.
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1 Introduction

A crucial task in the management of wireless sensor networks is to monitor the network by
selecting few dedicated sensors that can monitor themselves and other sensors which are
close enough to have a direct wireless connection [27,30]. In graph-theoretic terms, this is
the famous NP-hard DOMINATING SET problem where we say that a vertex dominates itself
and all its neighbors and the task is to select few vertices of the graph such that every vertex
is dominated by some selected vertex. In some applications of sensor networks, the network
may change over time. Then, instead of a static graph G the input would be a temporal
graph G, consisting of a set of snapshots GG;, each reflecting the connections at timestep i.
Moreover, in such a scenario each sensor could carry out the surveillance only for a bounded
duration, for example due to limited battery capacities. Thus, instead of selecting few sensors
to monitor the network, we would like to select, for each sensor, an active time interval of
bounded length ¢, during which it monitors itself and all its current neighbors. To make the
model more general, we may also allow for each sensor to select up to k such active intervals,
for example because each sensor carries k batteries. By calling a collection of active intervals
for all vertices of the graph a k-activity £-timeline, the scenario described above corresponds
to the following problem.

TIMELINE DOMINATING SET (TIMELINE DS)
Input: A temporal graph G and integers k > 1,¢ > 0.
Question: Is there a k-activity ¢-timeline 7 which dominates all temporal vertices of G7

For an example input and solution for TIMELINE DS, refer to Figure 1. As in the static
DOMINATING SET problem, we may further generalize the problem to handle scenarios where
we are not able to monitor the whole network over the full time period but instead we want
to maximize the number of monitored sensors under the resource limitations.

TIMELINE PARTIAL DOMINATING SET (TIMELINE PDS)

Input: A temporal graph G and integers kK > 1,¢ > 0,¢t > 0.

Question: Is there a k-activity /-timeline 7 which dominates at least ¢ temporal vertices
of G7

In this work, we initialize the study of TIMELINE (PARTIAL) DOMINATING SET in par-
ticular from a computational complexity perspective. As we show, TIMELINE (PARTIAL)
DOMINATING SET is NP-hard. To cope with this intractability, we consider mostly the param-
eterized complexity of the problem, with a particular focus on structural parameterizations
of temporal graphs.

The idea to consider timelines in a temporal graph setting is not new: Rozenshtein et
al. [28] introduced it in TIMELINE VERTEX COVER,! the second main problem studied in
this work.

1 Rozenshtein et al. denote this problem as MINTIMELINE .
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Figure 1 The short red boxes represent a 2-activity 0-timeline dominating all temporal vertices
and the long blue boxes represent a l-activity 2-timeline covering all temporal edges. Observe that
the interval length is defined in such a way that an interval starting and ending in the same snapshot
has length 0.

TIMELINE VERTEX COVER (TIMELINE VCO)
Input: A temporal graph G and integers k > 1,¢ > 0.
Question: Is there a k-activity /-timeline 7 which covers all temporal edges of G7

For an example input and solution for TIMELINE VC, refer again to Figure 1. The model
behind TIMELINE VC is that edges in a temporal graph arise only when at least one of their
endpoints is active and the task of the problem is to provide an explanation of all edges such
that the vertices are only active a few times, each time only for a short duration [28]. Dondi
et al. [12] later analyzed the partial variant of the problem.

TIMELINE PARTIAL VERTEX COVER (TIMELINE PVC)

Input: A temporal graph G and integers kK > 1,¢ > 0,t > 0.

Question: Is there a k-activity /-timeline 7 which covers at least t temporal edges
of G7

We continue the study of TIMELINE (PARTIAL) VERTEX COVER with two aims: First,

some of the parameters considered in our study have not yet been studied for this problem.

Second, we seek a comprehensive complexity overview for these two fundamental timeline
problems, highlighting their similarities and differences.

Previous results. Rozenshtein et al. [28] showed that TIMELINE VC is NP-hard in general,
but solvable in polynomial time for k¥ = 1. Froese et al. [18] continued the algorithmic study
of TIMELINE VC. They proved NP-hardness even if the input consists of at most three
snapshots, k = 2 and ¢ = 0 and studied the parameterized complexity with respect to different
parameters. Froese et al. [18] showed fixed-parameter tractability for n+ k& and W[1]-hardness
for n 4+ £. Herein, n is the number of vertices of the underlying graph which in turn is
the static graph obtained by taking the union of all edge sets. Moreover, TIMELINE VC

admits an XP-algorithm for n and is fixed-parameter tractable with respect to n if £ = 0 [18].

Schubert [29] later analyzed the parameterized complexity of TIMELINE VC with respect

to combinations of input parameters with structural parameters of the underlying graph.

Finally, Dondi et al. [12] obtained two results for TIMELINE PVC with k = 1: First, it was
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shown that this case is NP-hard, in contrast to TIMELINE VC. Second, Dondi et al. [12] gave
FPT-algorithms for parameterization by the number of covered edges and by the number of
uncovered edges.

Our results. We start off with a new hardness result for TIMELINE VC: We show that the
problem remains NP-hard even if the total number of snapshots T', k, and ¢ are constant
and additionally the maximum degree in every snapshot is at most one. Then, we show the
NP-hardness of TIMELINE DS, again for the case that T, k, and ¢ are constant and the
maximum snapshot degree is one.

We then study the parameterized complexity of the problems; an overview of the results
is given in Table 1. As noted above, TIMELINE VC is fixed-parameter tractable with respect
to n + k [18]. Since n is a rather large parameter, Froese et al. [18] asked whether there
are FPT-algorithms also for parameters that are smaller than n. We make progress in this
direction by considering the two parameters interval-membership-width (imw) and vertez-
interval-membership-width (vimw) which where introduced by Bumpus and Meeks [3]. The
parameters imw and vimw are interesting in the sense that they are among the relatively few
truly temporal structural graph parameters because they are sensitive to the order of the
snapshots [3]. Informally, vimw can be defined as follows: We say the lifetime of a vertex
is the time interval between its first and last non-isolated appearance in a snapshot. For a
timestep %, the bag of 7 is the set of vertices whose lifetime contains timestep ¢, and vimw is
the size of the largest bag of G.

We first show that TIMELINE PV C is fixed-parameter tractable with respect to vimw +k+/.
To further improve on this, we introduce a hierarchy of parameters with non-increasing
size. The idea, inspired by the h-index of static graphs [16], is that a temporal graph
may have only few large bags. In that case, we would rather parameterize by the size
of the zth largest bag, denoted by vimw][z], for some = > 1. With this definition, we
have vimw = vimw[1] and vimw[z] > vimw[z + 1] for all x € [T]. We show that TIMELINE
PVC is fixed-parameter tractable for vimw[z] + k 4+ £ with z = k- (£ + 1). Informally, this
means that the larger £ and ¢ get, the more large bags can be ignored for the parameter.
We then consider TIMELINE (PARTIAL) DOMINATING SET in the same setting. We first
showing fixed-parameter tractability of TIMELINE PDS for vimw + k + ¢. Then we show
that for TIMELINE DS it can be improved to fixed-parameter tractability for vimw[z] 4+ k + ¢
for £ = £ + 2 while for TIMELINE PDS parameterization by vimw[2] 4+ k + ¢ is not useful.
The latter result is obtained by showing NP-hardness of the extremely restricted special case
when there are two snapshots, one of which is edgeless, £k =1 and ¢ = 0.

Afterwards, we consider the interval-membership-width (imw). Informally, this is the
edge-version of vimw, that is, the bag at timestep i contains the edges which occur at
timestep ¢ and those that occur both before and after i. Note that imw can be considered to
be a smaller parameter than vimw: For all instances, we have vimw € (v/imw) and there
are instances with constant values of imw and unbounded values of vimw. We show that
TIMELINE DS is fixed-parameter tractable for the parameter imw + k& + ¢ while all three
other problems are NP-hard for constant values of imw + k£ + ¢. Given the latter hardness
results, we refrain from analyzing a hierarchy of imw-based parameters. Altogether, the
results show that in our setting, vimw is a much more powerful parameter than imw.

We then conclude by considering the more standard parameters n, k, ¢, and ¢, where ¢
denotes the number of vertices to dominate or edges to cover, respectively. For TIMELINE DS,
we show fixed-parameter tractability for n + k and W[1]-hardness for n+ ¢, thus showing that
the complexity is similar to the one of TIMELINE VC. Finally, we show that TIMELINE PDS
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Table 1 Overview of our results on the classic and parameterized complexity for TIMELINE
(PARTIAL) VERTEX COVER and TIMELINE (PARTIAL) DOMINATING SET. Herein, vimw denotes the
vertex-interval-membership-width, imw denotes the interval-membership-width, and vimw|x] denotes
the size of the x-largest bag in the vertex-interval-membership sequence. Recall that vimw = vimw([1].

Parameter TiMELINE VC  TIMELINE PVC  TiMELINE DS  TIMELINE PDS

. FPT FPT FPT FPT
vimw + k + £

Thm. 4.1 Thm. 4.1 Thm. 4.3 Thm. 4.3

. NP-h NP-h FPT NP-h

imw+k+ £

Thm. 4.7 Thm. 4.7 Thm. 4.6 Thm. 4.8

k+{0+vimw[z] z=k({l+1)+1 z=k({+1)+1 r=10+2 =2

FPT FPT FPT NP-h

Prop. 4.2 Prop. 4.2 Prop. 4.4 Thm. 4.5

n+k FPT ? FPT 2

[18, Thm. 8] Thm. 5.1

— W(1]-h W(1]-h W[1]-h W[1]-h

[18, Thm. 12] [18, Thm. 12] Thm. 5.2 Thm. 5.2

. B FPT B FPT

Thm. 5.4 Thm. 5.4

and TIMELINE PVC can be solved in 201 . (n + 7)™ time. This improves and extends a
previous result of Dondi et al. [12, Thm. 6] who provided an algorithm for TIMELINE PVC
with k = 1 that has running time 2¢1°8() . (n + T)OM) = ¢t . (n 4 T)°0),

Proofs of statements marked with (x) are deferred to the related full version.

Further related work. Akrida et al. [1] introduced the problems TEMPORAL VERTEX
CoOVER (TVC) and SLIDING WINDOW TEMPORAL VERTEX COVER (SW-TVC), where
the goal is to find a minimum number of temporal vertices that cover the edges of the
temporal graph. In TVC each edge needs to be covered in at least one of the snapshots and
in SW-TVC, the input contains an integer A, and the aim is to cover every edge at least
once at every A consecutive time steps. Akrida et al. [1] showed that TVC remains NP-hard
when the underlying graph is a star graph. Moreover, they studied the approximability of
both problems, provided (S)ETH-based running time lower bounds and designed an exact
dynamic programming algorithm with exponential running time. The research on these
problems was then continued by Hamm et al. [20], who showed that TVC is solvable in
polynomial time if the underlying graph is a path or cycle while SW-TVC remains NP-hard
in this case. Besides that, they provided several (exact and approximation) algorithms for
the sliding window variant. The TEMPORAL DOMINATING SET (TDS) problem is defined
analogously, here the task is to dominate every vertex in at least one of the snapshots of
the temporal graph by selecting few temporal vertices. TDS is NP-hard in very restricted
cases, for example when the maximum degree in every snapshot is 2 [22]. There are further
temporal variants of VERTEX COVER and DOMINATING SET which have been discussed and
studied. These include a multistage variant of VERTEX COVER [17], a reachability-based
variant for DOMINATING SET [23] and different conditions on how and when a vertex should
be dominated [4, 31].
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2 Preliminaries

We denote the set of integers {i,i+1,...,5 — 1,7} by [¢, 7], and [1,4] simply by [i]. Given a
set V and an integer k > 0, we write (‘2) for the collection of all size-k subsets of V.

Graph theory. A (static) graph G = (V, E) consists of a set of vertices V and a set of
edges FE C (‘2/) We denote by V(G) and E(G) the vertex and edge set of G, respectively.
Furthermore, we let n := |[V(G)| and m := |E(G)|. For an edge {u, v} we write uv and call u
and v endpoints of the edge. Further, we say that the vertex v € V is incident with e € E
ifvee Ifuv € F, then u and v are adjacent and they are neighbors of each other. The
set Ng(v) := {u € V : uw and v are adjacent} is the (open) neighborhood of v. Moreover,
N¢lv] := Ng(v)U{v} is the closed neighborhood of v. For a set of vertices S, we let Ng[S] :=
Uses Nals] and Ng(S) = Ng[S]\ S. By degg(v) := [Ng(v)| we denote the degree of v.
If deg(v) = 0, we say that v is isolated. The mazimum degree is A(G) := max,cy dege(v).
For vertex sets S and T, we let Eg(S,T) := {uv € E(G) : u € Sandv € T} and we
let E(S) := E(S,S). A graph G is bipartite if V(G) can be partitioned into two sets S and T
such that E(G) = E(S,T). For more details on graph theory, we refer to the book by
Diestel [8].

Temporal graphs. A temporal graph G is a finite sequence of graphs (G1,...,Gr) which
all have the same set of vertices V(G) := V(G1) = --- = V(Gr). The graphs G, are
called snapshots, T is the lifetime of G, and i € [T] is a time step. We may write V
instead of V(G) and E; instead of E(G;). Moreover, for u,v € V and i € [T], (v,3) is a
temporal verter and ({u,v},i) = (uv,i) with uv € E; is a temporal edge in snapshot G;.
We say edge e appears in G; if e € E;. Moreover, we say that a vertex v is incident
with the temporal edge (e, ) if v € e. For a temporal vertex (v,4), we define the (open)
neighborhood by Ng((v,1)) := Ng,(v) and the closed neighborhood by Ng|(v,i)] := Ng,[v].
By G (G) = (V| := V(G),E, = Uz;l E;) we denote the underlying graph of G. We
let A;(G) = A(G;). Furthermore, by Apax(G) := max?_; A;(G) we denote the mazimum
snapshot degree of G. If E; = () we say that G; is empty. We may drop the subscript -g when
it is clear from context.

Parameter definitions. We give the precise definitions of the parameters related to the
(vertex)-interval-membership width: vimw, vimw[z], and imw.

Let G = (G1,...,Gr) be a temporal graph. The vertex-interval-membership sequence
of G is the sequence (F});c|r) of vertex-subsets F; C V(G) (called bags), where each Fj is
defined as

F;:={v e V(G):3p,q € [T] such that p <i < ¢,degg, (v) > 1 and degg (v) > 1}

The vertex-interval-membership-width of G, denoted by vimw(G), is the maximum size of a
bag in the vertex-interval-membership sequence, that is, vimw(G) := max{|F;|: i € [T]}.

For given = € [T] we introduce the parameter vimw[z] as the size of the zth largest
bag of the vertex-interval-membership sequence. Formally, let (F;,,..., F;,.) be an ordering
of (Fy)ierr) such that |Fj, | > --- > |Fj.|. Then we define

vimwl[z](G) = | F}, |.
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Note that vimw[i] can be much smaller than vimw[1] = vimw: for example consider a
temporal graph where every vertex only appears non-isolated for a short period of time. If
all snapshots have only a few edges, then vimw is small. However, a single snapshot with
many edges is enough to make vimw arbitrarily large. If only a few such snapshots exist,
then vimwl[i] is already much smaller then vimw for small i.

The interval-membership sequence of G is the sequence (F;);cir of edge-subsets I; C E|
(again called bags), where each F; is defined as

F,:={e€ E, :3p,q€ [T] such that p<i<gande€ E,NE,}.

The interval-membership-width of G, denoted by imw(G), is the maximum size of a bag in
the interval-membership sequence, that is, imw(G) := max{|F;|: i € [T]}.

We remark that vimw = Q(v/imw) and that there exist temporal graphs with imw = 1
but arbitrary large vimw [3]. Finally, note that the vertex-interval-membership sequence and
the interval-membership sequence can be computed in polynomial time with respect to the
input size.

Timelines. Given a temporal graph G = (Gy,...,Gr), an activity interval of a vertex v
is a triple (v,a,b) € V(G) x [T] x [T] such that a < b. We say a that is the starting time
and b is the end time of an activity interval (v, a,b). The length of the activity interval is
defined by b — a. A k-activity timeline of the temporal graph G is a set of activity intervals
T C {(v,a,b) € V(G) x [T] x [T] : a < b}, which contains at most k activity intervals for
each vertex. A k-activity (-timeline is a k-activity timeline in which each activity interval
has length at most £. Given a k-activity timeline 7T, a vertex v is called active in snapshot
G, if there exists (v,a,b) € T such that a <1i <b. A k-activity timeline 7 dominates the
temporal vertex (v,4) if v € Ng,[{u : u is active in G;}]. A k-activity timeline T covers the
temporal edge (e, i) if at least one of the two endpoints of e is active in snapshot G;.

Parameterized complexity. Let L C 3* be a computational problem specified over some
alphabet ¥ and let p : ¥* — IN be a parameter, that is, p assigns to each instance of L
an integer parameter value (which we simply denote by p if the instance is clear from the
context). We say that L is fized-parameter tractable (FPT) with respect to p if L can be
decided in f(p)-|I|°M) time where |I] is the length of the input. The corresponding hardness
concept related to fixed-parameter tractability is W[t]-hardness, ¢ > 1; if a problem L is
W]t]-hard with respect to p, then L is assumed to not be fixed-parameter tractable. Moreover,
L is slice-wise polynomial (XP) with respect to p if L can be decided in f(p) - |I|9%) time.
Let (I,p) and (I',p') be two instances of L. A reduction to a (problem) kernel for L is a
polynomial-time algorithm that computes an instance (I’,p’) such that

P+ ' < g(p), and

(I,p) is a yes-instance of L if and only if (I’,p’) is a yes-instance of L.
The instance (I',p’) is referred to as the problem kernel and g is the size of the kernel.
Furthermore, if g is a polynomial, we say that the kernel is a polynomial problem kernel. For
more details about parameterized complexity we refer to the standard monographs [7,14].

3 NP-Hardness Results

We show NP-hardness for TIMELINE VC and TIMELINE DS even when they are restricted
to temporal graphs with a maximum snapshot degree of 1 and constant lifetime T, interval
number k, and interval length /. First, we present the reduction for TIMELINE VC.
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» Theorem 3.1. TIMELINE VC is NP-hard even if T =23,k =2, = 4, and the mazimum
snapshot degree is one.

Proof. We reduce from the NP-hard problem 3-COLORING on graphs with maximum degree
four [19]. In 3-COLORING the input is a graph and the question is whether the vertices can
be colored with three colors such that no two adjacent vertices have the same color.

Intuition. The basic idea is to construct a temporal graph with three parts C1, Cy and Cj
(call them color blocks), each consisting of five snapshots and representing one of the three
colors. The part in which a vertex v is not active corresponds to the assigned color of v. As
each of the three parts will contain every edge of G and only vertices of degree at most one,
this ensures that all neighbors are active in the part where v is not active. Hence, they are
assigned a different color. The basic idea for encoding a given graph G into snapshots of
maximum degree one is to find a proper edge coloring with five colors and split the edge set
with respect to this coloring, which can be done in polynomial time via Vizing’s theorem.
Our aim is that no activity interval of any vertex can hit more than one color block. To
ensure this, we add sufficiently many empty snapshots between any two parts.

Construction. Let (G = (V = {v1,...,v,}, E)) be an instance of 3-COLORING on graphs
with maximum degree four. We construct the following temporal graph G where V(G) = V.

The temporal graph G consists of 23 snapshots. It can be seen as a sequence of five
parts, namely Cy, Hy,Cs, Hy,Cs. Parts H; and H, consist of 4 empty snapshots and each
of C1,Cy, C5 consists of 5 snapshots. Thus, snapshots 6 to 9 and 15 to 18 are empty. We
denote H; and Hs as the empty blocks and we call Cy,Cy and C5 color blocks as they
correspond to the three colors. In the following we formally define the snapshots of the
color blocks. All three color blocks C1, Cs and C3 will be identical. Hence, we only formally
define ', that is, snapshots 1 to 5.

Here we exploit the fact that the graph G has maximum degree four, because this implies
that there exists a proper edge coloring with at most five colors due to Vizing’s theorem [32],
which can be computed in polynomial time [25]. Let E(G) = F; U--- U Fj be the partition
of E(G) into five colors of some proper edge coloring. Now, snapshot j contains exactly the
edges of F};. Finally, observe that by construction, the maximum degree in each snapshot is
at most one. By setting k = 2 and ¢ = 4, we obtain the TIMELINE VC instance (G, k, £).

Correctness. We show that G is 3-colorable if and only if G has a 2-activity 4-timeline T
covering all temporal edges of G. In the following we say a vertex v is active during C;
for j € [3] to indicate that an activity interval of v starts at the first time step and ends and
the last time step of the corresponding part.

(=) Let ¢ : V(G) — [3] be a proper 3-coloring of G. We construct an activity timeline
of G which covers all temporal edges. For each i € [n], the vertex v € V(G) is active in the
two color blocks, which do not correspond to the assigned color of v. Clearly, this yields a
2-activity timeline 7. It remains to argue that each temporal edge is covered by 7. Since ¢ is
a proper 3-coloring, both endpoints of each edge uw € E(G) have a different color. Moreover,
since in color block C; all vertices are active which do not have color j, we conclude that all
temporal edges of G are covered by T.

(<) Let T be a 2-activity 4-timeline covering all temporal edges of G. Observe that since
parts Hy; and Hy corresponding to snapshots 6 to 9 and 15 to 18 are empty, no activity
interval of any vertex can hit more than one color block. Consequently, since k = 2, for
each vertex v there exists at least one color j € [3] such that v is not active during any
snapshot of color block C;. Let ¢(v) € [3] be such a color. Note that if ¢(v) is not unique,
we pick any color fulfilling the property. We now argue that ¢ is a proper 3-coloring of G.
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Assume towards a contradiction that this is not the case, that is, there exists at least one
edge uw € F(G) such that both endpoints v and w have the same color j. This implies
that both v and w are not active during C;. But since exactly one of the 5 snapshots
corresponding to color block C; contains the edge uw, timeline 7 is not covering all temporal
edges of G, a contradiction. Thus, ¢ is a proper 3-coloring of G. <

Next, we extend the ideas of this reduction to TIMELINE DS for which the reduction is more
involved since we also need to deal with isolated temporal vertices.

» Theorem 3.2 (x). TIMELINE DS is NP-hard even if T = 35,k = 3,¢ = 6 and the mazimum
snapshot degree is one.

4 The Influence of Membership-Width Based Parameters

Now, we investigate the membership-width based parameters vimw and imw. More precisely,
we study the parameter combinations vimw + k 4+ ¢ and imw + k + ¢. These combinations
are motivated by the fact that TIMELINE VC and TIMELINE DS are W[1]-hard with respect
to n + ¢; for TIMELINE VC this follows from previous work [18] and for TIMELINE DS, we
will show this in Section 5.

4.1 The Parameter Vertex-Interval-Membership-Width

In this section, we provide FPT-algorithms with respect to vimw + k + ¢ for TIMELINE
PVC and TiMELINE PDS. Moreover, we show that vimw can be replaced by smaller
parameters vimw|z] for all problems except TIMELINE PDS (the precise value of x differs for
TIMELINE PVC and TIMELINE DS). Simultaneously, these algorithms also are XP-algorithms
for TIMELINE PVC and TIMELINE PDS parameterized by vimw alone. Initially, we focus
on TIMELINE (PARTIAL) VERTEX COVER and we show that TIMELINE PVC admits an
FPT-algorithm for vimw + &k + .

» Theorem 4.1 (x). TivELINE PVC is solvable in ((k+1)(€+2))*""™ - (n+T)°D) time.

Proof. Let (G = (G4,...,Gr),k, £, t) be an instance of TIMELINE PV C. Further, suppose
that T'> k- (¢4 1) + 1 (otherwise, it is a trivial instance) and that the underlying graph G|
contains no isolated vertex v. Otherwise, since v does not cover any temporal edge, v can
be safely removed and consequently ¢ remains unchanged. Moreover, we assume that each
vertex v is contained in at least k- (¢ + 1) + 1 bags (recall that these are consecutive) because
otherwise we can simply greedily pick k activity intervals of v which contain all snapshots
where v is non-isolated and thus we cover all temporal edges incident with v. Thus, it is safe
to remove v from G and reduce ¢t by the number of temporal edges incident with v over all
snapshots.

The idea is to use dynamic programming over the lifetime of the temporal graph. Each
table entry corresponds to the maximal number of covered temporal edges where a specific
set of vertices in the bag is active. In other words, the dynamic program keeps track of the
activity of the vertices which are contained in the bag F; of the currently considered time
step i € [T']. While iterating over the lifetime of the temporal graph, we need to ensure that
the activities at a time step are compatible with the activities at the neighboring time steps.
Moreover, for a vertex v let ¢ and j be the index of the smallest and largest snapshot where v
is incident to an edge, respectively. By definition, v € F}, for any ¢ < z < j. Furthermore,
since v is isolated in all snapshots G, where x < ¢ or x > j, it is safe to assume that all
k activity intervals of v are used when v is contained in the bags F.
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Recall that the vertex-interval-membership sequence can be computed in polynomial
time. Since we assumed that the underlying graph contains no isolated vertex, it follows that
each vertex is contained in at least one bag of the sequence.

Table Definition. We denote ?l =FU---UF; and F; := ?Z \ F;. In other words, F; is
the set of vertices which are isolated in all snapshots Gj, ..., Gr since we assumed that G
contains no isolated vertices. Moreover, for ¢ € [T] we define functions curr : F; — [0, k], and
pos: F; — [0,£ + 1]. The functions curr and pos indicate for each vertex v € F; whether an
activity interval of v is active during snapshot G;. More precisely, the function value curr(v)
determines the number of the current activity interval of v and the function value pos(v)
determines the position in this activity interval. Here, curr(v) = 0 means that the current
time step is before the first activity interval and pos(v) = 0 means that v is currently not
active, that is, the curr(v)-th activity interval of v is already over and the next one has
not started yet. Now the entry DP[i, curr, pos] contains the maximum number of covered
temporal edges in the first ¢ snapshots G, ..., G;, while i is at the pos(v)-th position of the
curr(v)-th activity interval of v € Fj.
The formal definition of the table now is

DPJi, curr, pos] = max {(e,j) € E| x [i] : (e, j) is covered by T}|,
where the maximum is taken over all k-activity ¢-timelines
T C(Fix[i—1] x[T)U(F; x [i] x [T]),

such that for each v € F;
(i) there are at most curr(v) activity intervals of v in T,
(ii) pos(v) < i, and
(iii) (v,7 —pos(v) + 1,b) € T for b = min(i — pos(v) + 1 + £,T) if pos(v) > 0.

We need Conditions (i)-(iii) for the following reasons: Condition (i) ensures that each
vertex has at most k activity intervals. Moreover, condition (ii) ensures that no activity
interval starts before time step one. Finally, condition (iii) ensures that each activity interval
has length ¢, except if the remaining number of snapshots is too small.

Initialization. For all curr : F; — [0, k] and pos : F; — [0, 1], for which curr(v) = 0 implies
pos(v) = 0, the table is initialized by

DP[1, curr,pos] = |Eg, ({v € F} : pos(v) = 1}, F1)|.

Note that F; = () and therefore only activity timelines 7 C F; x [1] x [T] are con-
sidered in the definition of DP[1,curr, pos|. The initialization is correct, since the table
entry DP[1, curr, pos] contains the number of temporal edges which are covered by the active
vertices from F} in G;. Observe that the other endpoints of the covered edges are also
contained in F; by definition.

Recurrence. The remaining table entries are computed recursively. Intuitively,
DPJi, curr, pos] is computed by trying all activity interval choices for the vertices of F;_q,
such that there is no conflict with curr and pos. Formally, we set
DP[i,curr,pos] = max DP[i — 1,curt’,pos’]| + |Eg,({v € F; : pos(v) > 1}, F;)|
curr’/,pos’

where the maximum is taken over all curr’ : F;_; — [0, k] and pos’ : F;_1 — [0, + 1] which
are compatible with curr and pos. Informally, curr’ and pos’ are compatible with curr and
pos if they provide a correct extension of the activities of F;_; N F; at time step ¢ to time
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step ¢ — 1. Formally, four conditions need to be fulfilled: First, if an interval of v is already
active at time step 4, that is, if pos(v) > 2, then an activity interval of v is already active
during time step ¢ — 1. This can be formalized as follows.

If pos(v) > 2, then curr’(v) < curr(v) and pos’(v) = pos(v) — 1. (1)

Second, if a new activity interval of v starts at time step i either v was inactive at time
step ¢ — 1 or the previous activity interval of v ended at time step ¢ — 1. This can be formalized
as follows.

If curr(v) > 1 and pos(v) = 1, then curr’(v) < curr(v) — 1 and pos’(v) € {min(i —1,£41),0}. (2)

Third, if the first activity interval of v starts at time step 4, then in the previous time step i —1
vertex v cannot be active. This can be formalized as follows.

If curr(v) = 1 and pos(v) = 1, then curr’(v) = 0 and pos’(v) = 0. (3)

Finally, if v is not active during time step i, either v is also not active during time step i — 1
or an activity interval of v ended at time step ¢ — 1. This can be formalized as follows.

If curr(v) > 1 and pos(v) = 0, then curr’(v) < curr(v) and pos’(v) € {min(i — 1,44 1),0}. (4)

The minimum in Conditions 2 and 4 ensures that the activity intervals do not have a
starting point smaller than one.

Correctness. We show the correctness of the computation by proving inequalities in both
directions.

(<) Suppose the maximum in the definition of the table entry DPJi, curr, pos]| is attained
for 7 and assume that no activity intervals from 7T overlap. We define 7' by taking all
activity intervals from 7 which are relevant for a table entry of ¢ — 1. Formally, we define

T ={(v,a,b) € T:a<i—2,v€F; 1}
U{(v,a,b) e T:a<i—1,v€e F;_1},

and, in accordance with 77, functions curr’ : F;_; — [0, k], pos’ : F;_1 — [0, + 1] by

curt’ (v) == [{(v,a,b) € T' 2 a,b € [T]}
, {ia if (v,a,b0) € T' witha <i<b
pos’'(v) :=

0 otherwise.

Note that 7/ C 7. We show that curr’ and pos’ satisfy Conditions (1)—(4). This means that

the table entry DP[i — 1, curt’, pos’] is considered in the maximum on the right side of the

recursive computation. By definition of curr’ and pos’ it is clear that 7 is then considered

in the definition of the table entry DP[i — 1, curr’, pos’]. Now let v € F;_1 N F;.

(1) If pos(v) > 2, then (v,a,b) € T for some a < i —1,b € [T] and by definition of 77,
each such activity interval of v in T is also contained in 7’. Consequently, we have
curr’(v) < curr(v) and pos’(v) = pos(v) — 1.

(2) If curr(v) > 1 and pos(v) = 1, then (v,i,b) € T \ T’ for some b € [T]. So the
activity timeline 7’ contains at most curr(v) — 1 activity intervals of v and therefore
curt’(v) < curr(v) — 1. Now either (v,a,i — 1) € T’ for some a € [i — 1] or v is not
active in G;_; with respect to the activity intervals from 7’. This means that either
pos’(v) = min(i — 1,£ + 1) or pos’(v) = 0.

12:11
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(3) If curr(v) = 1 and pos(v) = 1, then (v,4,b) € T\ T’ for some b € [T]. Consequently,
T’ contains no activity interval of v and therefore curr’(v) = pos’(v) = 0.

(4) If curr(v) > 1 and pos(v) = 0, then either (v,a,i — 1) € T’ for some a € [i — 1] or v
is not active in G;_1 with respect to the activity intervals from 7’. So by definition
curr’(v) < curr(v) and either pos’(v) = min(i — 1,£+ 1) or pos’(v) = 0.

Now consider the set A of temporal edges until time step 4 that are covered by 7 and the

set A’ of temporal edges until time step ¢ — 1 that are covered by 7’. There are two cases

for a temporal edge (vw,j) € A\ A'.

Case 1: j = 4. Since the temporal edge (vw, j) is covered by 7 we can conclude that vw €
Eq,({v € F; : pos(v) > 1}, F}).

Case 2: j < i. We have (vw,j) € (" 5!) x [i — 1]. This implies the existence of an activity
interval (v, a,b) or (w,a,b) in T with @ < i — 1. However, then the activity interval is by
definition contained in 7’ and consequently (vw, j) € A’

Hence, any temporal edge in A\ A’ is contained in Eg, ({v € F; : pos(v) > 1}, F;). We
thus have the desired inequality

DPJi, curr, pos] = |A| < |A'| + |Eg,({v € F; : pos(v) > 1}, F})|
< DP[i — 1, curt’, pos’] + |Eg,({v € F; : pos(v) > 1}, F})|.

(>) Suppose the maximum on the right side of the computation is attained for curr’, pos’
and the maximum in the definition of DP[i — 1, curr’, pos’] is attained for 7’. We define T by
extending 77 in the following way: For v € F;_; N F; the activity interval (v, 4, min(i + ¢, 7))
is added if and only if pos(v) = 1. These new intervals together with the already active ones
(pos(v) > 2) cover all edges of Eg,({v € F; : pos(v) > 1}, F;). Hence, the total number of
edges covered by T is DP[i — 1, curr’, pos’] + |Eg, ({v € F; : pos(v) > 1}, F})|.

Because T is considered in the definition of DP[i, curr, pos], we have

DPJi, curr, pos] > DP[i — 1, curt’, pos’] + |Eg,({v € F; : pos(v) > 1}, F})|.

Hence, the desired inequality holds.

Result. Finally, we return yes if and only if DP[T, curr, pos] > ¢ for curr : Fr — {k} and
some function pos : Fr — {0,¢+ 1}. The restriction to these functions is correct, since we
can assume without loss of generality that a vertex is active in G if and only if its k-th
activity interval ends at time step T' (recall that we assume that each vertex is in at least
k(£+1)+1 bags). Consequently, all k-activity ¢-timelines of G are considered in the definition
of the table entry DP[T, curr, pos] and all covered temporal edges of G are counted in the
respective maximum of the definition.

Running Time. For each time step i € [T], there are ((k+ 1)({ + 2))Vimw choices for the
functions cwrr : F; — [0,k] and pos : F; — [0,£ 4 1]. This upper-bounds the size of our
dynamic programming table by T - ((k + 1)+ 2))Vimw. In each recursive computation of a
table entry, there are also O(((k + 1)(¢ + 2))Vimw) choices for curr’ and pos’. The remaining
summands of the recursive formula can be computed in O(n) time. Hence, the overall running
time can be bounded by ((k + 1)(¢ + 2))2'Vimw S(n+T)°M, <

Now, we show that for TIMELINE PVC the parameter vimw = vimw[1] can be replaced
by an even smaller parameter, vimw[k(¢ + 1) + 1]. The algorithm for this parameter has two
steps: First it applies a preprocessing step that handles the large bags. Then, it invokes the
algorithm of Theorem 4.1 for vimw = vimw][1].
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))4-vimw[x]

» Proposition 4.2. TIMELINE PVC is solvable in ((k+1)(£+2 (n+T)°W time

where x = k(£ + 1) + 1.

Proof. Let (F;);c;r) be the bags of the vertex-interval-membership sequence of G. Similar
to the proof of Theorem 4.1, it is safe to assume that each vertex v is contained in at
least k - (¢ 4+ 1) bags (by definition the bags containing v need to be consecutive) because
otherwise, we can greedily pick the k-activity intervals of v such that v is active during all
these snapshots and thus all temporal edges incident to v are covered and we can reduce ¢
accordingly.

We call the k- (£ 4 1) largest bags of (F;);e[r) large. The idea is to pick the intervals
greedily for all vertices that are only contained in large bags. Intuitively, this works since
the large bags appear consecutively. Afterwards, we remove all these vertices and adapt ¢
accordingly. Finally, we can invoke the algorithm of Theorem 4.1.

Now, let [4, j] C [T] be a sequence of consecutive indices such that each bag Fy, for each z €

[, j] is large. By definition j —i < k- (¢+1) — 1. Now, let A= ¢, ;1 Fo \ (Fim1 U Fjpa).

If i =0orj =T, then F;_; or Fji; is simply the empty set. Suppose A # 0. By
definition, each vertex in A is isolated in G1,...,G;—1 and also in Gj41,...,Gr. By our
assumption that each vertex is contained in at least k - (¢ + 1) bags, we can conclude
that j—i = k- (¢{+1)— 1. Now observe that by picking the k-activity intervals for each vertex
in A greedily, we can cover all temporal edges which are incident to some vertex of A. Hence,
it is safe to remove A from G and to reduce t by the number of temporal edges covered by
the vertices in A. For the remaining instance, we use the algorithm of Theorem 4.1. After
removing A, we have |F,| < |Fi_1| + |Fj+1] < 2vimw[k(¢ + 1) + 1] for every z € [4, j] and
consequently Theorem 4.1 yields the desired running time. Now, suppose A = () and let F,
be a large bag contained in a sequence of large bags with indices [, j]. In this case, we can
conclude |Fy| < |Fj_1| + |Fj41| < 2vimw[k({+ 1) + 1] and again apply Theorem 4.1. <

Now, we focus on TIMELINE (PARTIAL) DOMINATING SET. Initially, we show how to
adapt the algorithm of Theorem 4.1 for TIMELINE PDS to obtain an algorithm with the same
running time for TIMELINE PDS. However, we need to be more careful since isolated vertices
in the snapshots can no longer be ignored as for TIMELINE PVC. This means that vertices
which are not contained in the current bag of the vertex-interval-membership sequence might
have to be active. Hence, the update of the dynamic program additionally needs to consider
the case that activity intervals of vertices appear before or after their first or last occurrence
in a bag.

» Theorem 4.3 (). TIMELINE PDS is solvable in ((k+ 1)(¢ + 2))24Vimw - (n+T17)°M time.

Recall that for TIMELINE PVC we showed that vimw = vimw][1] can be replaced by

the much smaller parameter vimw[k - (¢ + 1) + 1], the size of the k- (¢ + 1) + 1 largest bag.

Hence, one may ask whether vimw can be replaced by vimw][i] with some suitably chosen i
for TIMELINE DS and TIMELINE PDS. We show that both problems behave quite differently:
First, we show we that vimw can be replaced by vimw[¢ + 2] for TIMELINE DS by having
a preprocessing step and then adapting the algorithm behind Theorem 4.3. Second, we
show that replacing vimw = vimw|[1] by vimw[2] is not possible for TIMELINE PDS. More
precisely, we show NP-hardness even if there are only two snapshots one of which is edgeless
(which implies vimw[2] = 0).
We start with our result for TIMELINE DS.

» Proposition 4.4 (x). TIMELINE DS is solvable in ((k+ 1)(£+2))4'Vimw[x] (n+T)°W time
where x = £ 4 2.
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Finally, we show hardness for constant k, ¢, and vimw[2] for TIMELINE PDS.

» Theorem 4.5 (x). TIMELINE PDS is NP-hard even if T =2, k =1, £ =0, the underlying
graph is bipartite, planar, has mazimum degree 3, and one snapshot is edgeless.

4.2 The Parameter Interval-Membership-Width

Now, we study the influence of imw instead of vimw. Initially, we show that the parame-
ter imw + k + ¢ yields a polynomial kernel for TIMELINE DS. This also implies a polynomial
kernel for vimw + k + ¢ and n + k + ¢ for TIMELINE DS. More precisely, we show an even
stronger result: We provide a polynomial kernel for ¢ + k + ¢, where ¢ is the maximal
number of edges in any snapshot. Note that ¢ is never larger than imw, since any bag F;
contains F;. Moreover, in the temporal graph G with a star on n leaves as underlying graph
and lifetime T" = 2n, where the edge towards the i-th leaf is active at snapshots ¢ and i + n,
we have imw =n and g = 1.

» Theorem 4.6. TIMELINE DS has a kernel where both the number of snapshots and vertices
are cubic in q + k + £ which can be computed in linear time with respect to the input size.

Proof. In order to provide the kernel we bound the number of snapshots 7" and the number n

of vertices of the underlying graph based on the following case distinction.

Case 1: ¢ > n/2. By definition each k-activity ¢-timeline has active vertices in at most
n-k-(£+ 1) snapshots. Hence, if T'>2-q-k-({+1) > n-k-(¢+1), then the instance is
a no-instance.

Case 2.1: g <n/2and T > 2-k- (£+ 1) + 1. We show that in this case, we are dealing
with a no-instance. Since each snapshot contains at most ¢ edges, any set of p vertices
can dominate at most p + ¢ vertices in this snapshot. As ¢ < n/2, it follows that
at least m/2 vertices must be active in order to dominate all temporal vertices of the
corresponding snapshot G,. Moreover, note that the total number of active vertices in any
k-activity (-timeline is at most z =n-k-(£+1). Consequently, T’ < z/(n/2) < 2-k-(£+1)
for any yes-instance.

Case2.2: g<n/2and T <2-k-(L+1)+1. fn<4-q-k-(£+1), then we have the
desired bound. Otherwise, if n > 4-¢g-k-(£41)+1, we can solve the instance in polynomial
time as follows. Since each snapshot has at most ¢ edges, at most 2q vertices are non-
isolated in each snapshot. Moreover, since there are at most 2 - k - (¢ + 1) snapshots, in
total at most 4-¢- k- (£+1) vertices are non-isolated in the temporal graph. Consequently,
sincen >4-q-k-(£+1)+1 there exists at least one vertex v which is isolated in every
snapshot. Thus, if T > k- (£41)+1 we deal with a trivial no-instance and if T < k- (£+1)
we deal with a trivial yes-instance.

Thus, in each case we either solve the instance (giving a kernel of constant size) or obtain
a kernel with at most 2-¢-k- (¢+1) snapshots and at most 4 - ¢ - k - (£ 4 1) vertices. Moreover,
the kernel can be computed in linear time as it involves only computing n, ¢, and T |

We show that the remaining problems are NP-hard if imw +k + ¢ € O(1).

» Theorem 4.7 (x). TIMELINE VC is NP-hard even if k =2, £ =0, imw = 4, each edge of
the underlying graph exists in exactly one snapshot, and the underlying graph has a constant
mazimum degree.

» Theorem 4.8 (x). TIMELINE PDS is NP-hard even if k =1, £ =0, imw = 36 and the
underlying graph has a constant maximum degree.
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5 Complexity with respect to Input Parameters

Finally, we study the influence of the input parameters n, k, ¢, and ¢t on the complexity of
TIMELINE (PARTIAL) VERTEX COVER and TIMELINE (PARTIAL) DOMINATING SET. Both
TIMELINE VC and TIMELINE DS are NP-hard for constant values of k£ and ¢. Consequently,
larger parameters need to be considered to obtain FPT-algorithms or XP-algorithms. Froese
et al. [18, Theorem 8| showed that TIMELINE VC admits an FPT-algorithm for n + k.
A similar algorithm also works for TIMELINE DS.

» Theorem 5.1 (x). TIMELINE DS is solvable in time O(n?t"FT).

Froese et al. [18, Theorem 12] showed that TIMELINE VC is W[1]-hard for n even if £ =1
with a reduction from UNARY BIN PACKING and using a multicolored and a nonuniform
variant of TIMELINE VC as intermediate problems in the reduction. In NONUNIFORM
TIMELINE VC we are not given a single number of permitted activity intervals k, but instead
a number k, for each vertex v. In a similar way we introduce NONUNIFORM TIMELINE DS,
which we will use as an intermediate problem to show hardness for n + ¢ for TIMELINE DS.

» Theorem 5.2 (x). TIMELINE DS parameterized by n is W[1]-hard even if £ = 1.

The W[1]-hardness results for both problems do not apply to the case £ = 0. For
TIMELINE VC, this case is fixed-parameter tractable because there exists an ILP formulation
in which the number of variables is bounded by some function of n [18, Lemma 10]. It is
also straightforward to extend this ILP formulation to TIMELINE PVC. To complete the
picture, we extend the ILP formulation also to TIMELINE PDS, thus showing that it is
fixed-parameter tractable for £ = 0 as well.

» Theorem 5.3 (x). TIMELINE PDS is fized-parameter tractable with respect to n if £ = 0.

Finally, we show that both TIMELINE PDS and TIMELINE PVC can be solved in
20(1). (n+T)O(1) time, where ¢ denotes the number of temporal vertices/edges, which need to
be dominated/covered. Recall that Dondi et al. [12, Theorem 6] provided an FPT-algorithm
for TIMELINE PVC with running time t* - (n+T)°() if £ = 1. Hence, our approach improves
upon their running time and is not limited to k¥ = 1. The idea is to use color coding [2], a
very popular technique to obtain FPT-algorithms [7]. To provide deterministic algorithm,
we use (n, k)-perfect hash families which can be computed efficiently [26].

» Theorem 5.4 (x). TIMELINE PDS and TIMELINE PVC are solvable in 2°®) . (n +
T)°M time.

6 Conclusion

We studied the classical and parameterized complexity of TIMELINE (PARTIAL) VERTEX
CoOVER and TIMELINE (PARTIAL) DOMINATING SET. We showed that all problems admit
FPT-algorithms for vimw + k + ¢, where vimw is the vertex-interval-membership width.
Our running time bounds also give XP-algorithms for vimw alone. For TIMELINE VC
this improves upon an XP-algorithm for n [18]. Moreover, we showed that the smaller
parameter imw + k 4 ¢ leads to para-NP-hardness for all problems except TIMELINE DS.
Hence, we discovered a parameter where a dominating set problem is tractable while the
corresponding vertex cover variant is not.
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For future work it is interesting to investigate whether already the parameter vimw + &
yields an FPT-algorithm for any problem in our study. Moreover, it is open whether
TIMELINE PVC and TIMELINE PDS admit an FPT-algorithm with respect to n + k. Even
for k = 1 fixed-parameter tractability with respect to n is still open. Moreover, one could
investigate the complexity with respect to other temporal graph parameters such as the
temporal neighborhood diversity [15] or temporal graph parameters that are sensitive to the
order of the snapshots [5,6].

A further problem related to TIMELINE VC is MINTIMELINE,. In this problem, the
value of ¢ bounds the sum of the lengths of the activity intervals instead of the length of
the longest activity interval. MINTIMELINE was also introduced by Rozhenstein et al. [28]
and studied in several works [9-11, 13,18, 24,29]. To distinguish this problem from the
other problems in our naming convention, TIMELINE VC (MINTIMELINE,) could be called
MINMAX TIMELINE VC and MINTIMELINE, could be called SuM TIMELINE VC, and the
timeline variants of DOMINATING SET could be named analogously. It is open which of our
positive results for vimw and imw can be transferred to the SUM variants of the problems.
Finally, it is interesting to study other classic problems as FEEDBACK VERTEX SET in the
MINMAX TIMELINE and SUM TIMELINE setting.
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