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Abstract
We present an algorithm for a class of n-fold ILPs whose existing algorithms in literature are often
either (1) based on the augmentation framework where one starts with an arbitrary solution and
then iteratively moves towards an optimal solution by solving appropriate programs; or (2) require
solving a linear relaxation of the program; or (3) are based on decomposition/proximity based
arguments. Combinatorial n-fold ILPs is a class of n-fold ILPs introduced and studied by Knop
et al. [MP2020] that captures several other problems in a variety of domains. We present a simple
and direct algorithm that solves combinatorial n-fold ILPs with unbounded non-negative variables
via an application of the Steinitz lemma. Depending on the structure of the input ILP, we also
improve upon the existing algorithms in the literature in terms of the running time, thereby showing
an improvement that mirrors the one shown by Rohwedder [ICALP2025] contemporaneously and
independently.
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1 Introduction

The power of the linear algebra method has a long and storied history in the design and
analysis of algorithms, [3, 32]. The question of reordering vectors so that all partial sums are
bounded was posed by mathematicians Paul Lévy and George Riemann in the early 20th
century. The question was first affirmatively answered by Ernst Steinitz [33, 15] showing
that such a reordering of vectors, that sum to zero and are all in a unit ball with respect
to any arbitrary norm, is indeed possible where all the partial sums can be bounded by a
constant that depends only on d, the dimension of the vectors. This result, now eponymously
known as the Steinitz Lemma, stated in Proposition 2, has become a cornerstone in our
understanding of the geometry of numbers and has led to numerous algorithmic applications
centered around problems that have an integer linear program (ILP) formulation [12]. In
this paper, we study a simple Steinitz Lemma based non-augmenting algorithm for a class of
combinatorial n-fold ILPs.

The usefulness of Steinitz Lemma in modern algorithmic research is perhaps best un-
derscored by its applicability to analyze integer linear programs (ILP), as exhibited by
Eisenbrand and Weismantel [12] who improved upon the longstanding best bound of Pa-
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14:2 A Simple Algorithm for Combinatorial n-Fold ILPs Using the Steinitz Lemma

padimitriou [29]. Papadimitriou’s seminal work gave a simpler proof of ILPs being in NP
and the first pseudo-polynomial algorithm when the number of constraints is constant. This
can be viewed as a pseudo-parameterized algorithm with respect to the number of constraints.
Subsequently, Jansen and Rohwedder [20] further improved the running time by applying
the Steinitz Lemma in an alternative way. In this paper, we are continuing this line of
investigation by employing Steinitz Lemma on a special class of ILPs, namely combinatorial
n-fold ILP, for the purpose of obtaining better bounds.

Notwithstanding these exciting possibilities, the bottom line is that solving an ILP
is known to be NP-complete and that poses a computational challenge when we desire
integral solutions only. While we know of certain classes of ILPs, such as totally unimodular,
bimodular [2], binet [1] that can be solved in polynomial time, the task of mapping the ILP
landscape into families that are tractable under modest restrictions is ongoing. In particular,
in recent times researchers are motivated to design parameterized algorithms because they
behave like polynomial-time algorithms when the parameter is constant-valued. An algorithm
is said to be fixed-parameter tractable (FPT) with respect to parameters k1, . . . , kℓ, if its
running time is of the form f(k1, . . . , kℓ) · |input|O(1) for some computable function f . Steinitz
Lemma has proven to be useful even in this direction of research, as exhibited in its usefulness
in the study of block-structured ILPs.

Block-structured ILP. A class of block structured programs called the n-fold ILP has come
to sharp focus due to their relevance to efficiently solving problems in scheduling [23], fair
division [28], and social choice [26] to name a few. For example, in the high-multiplicity
scheduling setting, the input is succinctly encoded by partitioning the jobs (machines) into
types such that all jobs (machines) within a type are identical. Note that the number of job
(machine) types can be much smaller than the number of jobs (machines). Using n-fold ILP,
Knop and Koutecký [23] obtain algorithms for some scheduling problems that are FPT with
respect to the number of job (machine) types.

More broadly, the n-fold setting has unlocked the door towards parameterized and
approximation algorithms and their rich tool-kit. Formally, we define n-fold ILP as the
following

min
{
c⊺x | Ax = b , ℓ ≤ x ≤ u , x ∈ Znt

}
, (P0)

where vectors c ∈ Znt, b ∈ Zr+ns, ℓ, u ∈ (Z ∪ {−∞,∞})nt and the constraint matrix

A :=


T T · · · T

D 0 · · · 0
0 D · · · 0
...

...
. . .

...
0 0 · · · D

 , such that

the top block T ∈ Zr×t and the diagonal block D ∈ Zs×t. Let ∆X denote an upperbound on
the absolute value of an entry in a matrix X, and let ∆I denote the same for the numbers in the
input. Hemmecke et al. [16] were the first to give an FPT algorithm for (P0) with respect to
the parameters ∆A, r, s, t. This algorithm runs in time O(n3t3 ·∆O(t(rs+st))

A log(∆c)). Hence,
this has better performance than [29] and [12] that work for general ILPs. Subsequently,
Eisenbrand et al. [9], using the Steinitz Lemma in a manner similar to [12], improved
the result of [16], in terms of the dependence on t given that t ≥ r, s. Their algorithm
has running time n2t2 log ∆I log2 nt · (rs∆A)O(r2s+rs2) + LP, where LP denotes the time
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needed to solve the LP relaxation of (P0). This is an FPT algorithm with respect to the
parameters r, s,∆A. We are naturally interested in algorithms with smaller dependence
on t, the number of columns, because t can be as large as ∆r+s

A , a common occurrence
in applications involving configuration IPs, as noted in [9]. Koutecky et al. [27] showed
an algorithm that runs in time (nt)6 log(nt) · (rs∆A)O(r2s+rs2) + LP. This is the first
strongly polynomial time algorithm for fixed values of r, s,∆A. Subsequently, Eisenbrand
et al. [10], Jansen et al. [19], and Cslovjecsek et al. [6] have developed algorithms that run
in time (nt)2 log3(nt)(rs∆A)O(r2s+rs2) + LP, nt logO(1)(nt) · log(∆2

I) · (rs∆A)O(r2s+s2), and
(nt)1+o(1) · 2O(rs2)(rs∆A)O(r2s+s2), respectively.

A special class of n-fold ILP known as the combinatorial n-fold ILP–where the diagonal
blockD = (1, . . . , 1) ∈ Z1×t–was introduced by Knop et al. [25] and it captures many problems
in various domains including computational social choice, stringology, and scheduling. They
showed that such programs can be solved in time tO(r)(∆Ar)O(r2)O(n3 · ⟨I⟩) + LP, where ⟨I⟩
denotes the size of encoding ⟨b, ℓ, u, c⟩. We would like to note that the result of [6] improves
upon this and gives a (r∆A)O(r2)(nt)1+o(1) algorithm for this special class.

In this paper, we solve a variant of combinatorial n-fold ILP where the variables are
non-negative and unbounded from above. However, our constraint matrix is more general
because in our setting the top blocks T need not be identical. We formally define our problem
and result in Section 1.1. We believe our methodology is conceptually simpler than the
earlier approaches, described in the next sub-section, for solving this problem.

1.1 Background and our contribution
In this article we present a simple non-iterative algorithm that leverages the power of the
Steinitz Lemma to solve a class of combinatorial n-fold ILP, (P1). In other words, our
approach solves this problem directly and not via a sequence of augmentation steps involving
the Graver bases as exhibited in earlier papers such as [12, 10], or via non-iterative approaches
that involve proximity-based arguments [6] or decomposition-based arguments [7].

Formally, we define our setting as follows.

Our setting. We study ILPs of the following form

min
{
c⊺x | Ax = b , x ∈ Znt

≥0
}

(P1)

where vectors b ∈ Zr+n and c ∈ Znt×1; and the constraint matrix

A :=


T (1) T (2) · · · T (n)

D 0 · · · 0
0 D · · · 0
...

...
. . .

...
0 0 · · · D

 , such that

the diagonal block D = (1, . . . , 1) ∈ Z1×t and the top blocks T (1), . . . , T (n) ∈ Zr×t.
The main technical contribution of this paper is to prove the following.

▶ Theorem 1. The ILP (P1) can be solved in time O(nt · (n∆A(n+ 1 + 4r))r · q), where q

denotes the sum of the last n entries in b.

While the expression of time complexity in Theorem 1 is not FPT with respect to r,∆A,
we note, however, that it allows us to identify a class of instances where our algorithm will
outperform the existing algorithms for n-fold ILP, including [10, 19, 6], as exhibited for
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14:4 A Simple Algorithm for Combinatorial n-Fold ILPs Using the Steinitz Lemma

the problems Lobbying and Binary Closest String in Section 5. We consider this to
be a conceptual contribution of our approach and note that structure of the b vector, and
parameters such as q, are worthy of further investigation. We also present an application of
our result on the problem Equitable Coloring.

We note that if we apply the pre-n fold ILP framework [25, Corollary 23] to (P1) we
would obtain an algorithm with running time (tn)r(∆Ar)O(r2)O(n3 · ⟨I⟩)) + LP. There is
no linear dependence on q, and there is an (∆Ar)O(r2) term in the running time.

Next, we state the running time of existing algorithms when applied to (P1): Eisenbrand
et al. [9] n2t2 log2 nt log ∆I · (r∆A)O(r2) + LP; Jansen et al. [19] nt logO(1)(nt) · log2 ∆I ·
(r∆A)O(r2); Cslovjecsek et al. [6] (nt)1+o(1)2O(r)(r∆A)O(r2). The algorithms in [16, 27, 7]
require the top row block to contain identical matrices and it is not clear how to obtain a
solution to our problem using them.

Contemporaneous related works. In [30] (recently accepted in ICALP’25), Rohwedder
presented an algorithm for Multi-choice Integer Programming, a problem very closely
related to (P1) (either can be reduced to the other in polynomial time). The running
times are identical (in terms of the dependence on parameters), and the techniques are very
similar. The main technical difference is in the first phase of the algorithm (Lemma 4) where
they present a “time-based” approach instead of the “greedy imbalance-based” approach we
present. The main result of that paper is an algorithm for scheduling on uniform machines,
which uses the solution for the above problem as a subroutine. Our main contribution is
a more detailed presentation of the algorithm, including in Section 4 how we deal with
inequalities in the constraints and apply it on Lobbying and Binary Closest String.
Moreover, our result can be applied to obtain the corollaries and applications indicated by
Rohwedder [30]. We note that dealing with inequalities is an important step in our analysis
because we are using the n-fold ILP framework while Rohwedder is not.

We also note that Jansen et al. [17] present a divide-and-conquer-based algorithm (based
on the approach in [21]) for a problem that is closely related to the feasibility version of
(P1). It is not clear whether similar guarantees as ours could be achieved by their result, we
refer to [30] for a discussion on this. We note that in the updated version [18] of the work
(also accepted in IPEC’25), they present an algorithm for (P1) with running time that has
an identical exponential dependence on n, r,∆A, but has only a logarithmic dependence on q.
These articles are contemporaneous and independent.

Preliminaries

The main technical tool in our result is the Steinitz Lemma, stated below.

▶ Proposition 2 (Steinitz Lemma, [33, 15]). Let ∥·∥ be an arbitrary norm of Rd. Let
x1, . . . , xm ∈ Rd such that

∑
i∈[m] xi = 0 and ∥xi∥ ≤ 1 for each i ∈ [m]. There exists a

permutation π ∈ Sm such that all partial sums satisfy

∥
∑
j∈[k]

xπ(j)∥ ≤ d for each k ∈ [m].

Eisenbrand and Weismantel [12] generalize the above lemma and show the following.

▶ Proposition 3 ([12]). Let x1, . . . , xm ∈ Rd such that
∑

i∈[m] xi = s and ∥xi∥∞ ≤ ∆ for
each i ∈ [m]. There exists a permutation π ∈ Sm such that all partial sums satisfy

∥
∑
j∈[k]

xπ(j) −
k

m
· s∥∞ ≤ 2∆d for each k ∈ [m].
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Note on variations of n-fold ILP. (P1) forms a special case of the n-fold integer programs.
The following are some of the studied variations of such programs:
1. The n diagonal blocks, which are D = (1, . . . , 1) above, can be non-identical s× t matrices,

[9, 24];
2. Moreover, combinatorial n-fold IPs usually refers to problems where the constraint matrix

is a restricted version of (P1), with the top block, denoted by (T (1), . . . , T (n)), being n
identical matrices, [25, 7];

3. The objective function may be more general than linear, such as separable convex, [25].

Notation. For the sake of convenience, from now on we use ∆ to denote ∆A. For any z ∈ Z≥0,
we denote the set {1, . . . , z} by [z]. We subdivide the set of entries in a vector x ∈ Znt into x
bricks x(1), . . . , x(n), where each brick is a vector in Zt and x⊺ = ((x(1))⊺, (x(2))⊺, . . . , (x(n))⊺).
For each i ∈ [n], j ∈ [t], we use x(i)

j to denote the entry corresponding to the jth variable in
the ith brick of x.

For a matrix M , we use M [·, w] and M [w, ·] to denote the wth column and the wth row
of M respectively. For a matrix M , we use psum(M, j) to denote the partial sum up to
column j in M : that is, psum(M, j) =

∑
w∈[j] M [·, w]. For a matrix M and an entry e,

we use occM (e, j) to denote the number of occurrences of e in M up till column j. For
a matrix M and a permutation of its columns σ, we use Mσ to denote the matrix where
Mσ[·, j] = M [·, σ(j)].

With the definition of bricks, we have that any feasible solution x satisfies


T (1) T (2) · · · T (n)

1T 0 · · · 0
0 1T · · · 0
...

...
. . .

...
0 0 · · · 1T




x(1)

x(2)

...

x(n)

 =



b(0)

b(1)

b(2)

...

b(n)


.

Due to the matrix structure, the problem (P1) is equivalent to the following question, which
we will focus on from now. Let q =

∑
i∈[n] b

(i). Does there exist x ∈ Znt
≥0 such that

[all but the top row block]
∑

j∈[t] x
(i)
j = b(i), for each i ∈ [n],

[top row block] there is a sequence of columns, say v1, . . . , vq, such that
∑

k∈[q] vk = b(0),
and column T (i)[·, j] appears x(i)

j times in the sequence,
c⊺x is maximized?

If there is no such x, then we decide that it is infeasible.

2 Technical Overview

Suppose that the given program (P1) admits a solution x. From x, we obtain a sequence of
vectors v1, . . . , vq such that
1. q =

∑
i∈[n] b

(i);
2. each vj is a column of one of the top blocks T (1), . . . , T (n);
3.
∑

j∈[q] vj = b(0);
4. the column T (i)[·, k] appears x(i)

k many times in the sequence.

IPEC 2025



14:6 A Simple Algorithm for Combinatorial n-Fold ILPs Using the Steinitz Lemma

Consider the 1× q matrix M with entries from [n] where M [j] = i if vj = T (i)[·, k] for
some k ∈ [t], and each i ∈ [n] is present exactly b(i) times in M . Informally, through M we
identify the block from which each vector is obtained. The first step of our approach is to
“balance” this one-row matrix M .

Suppose that the symbol (or element) e ∈ [n] appears me times in M . Consider a random
rearrangement of the matrix M . The expected number of occurrences of e in the first j
columns, by the linearity of expectation, is (j/q) ·me. This is because the probability that a
random rearrangement of symbols in M contains e in a particular index is me/q, and the
linearity of expectation is applied over the first j columns. Let occM (e, j) denote the number
of occurrences of symbol e between columns 1 to j in M . The imbalance of a symbol e at a
column j in M is defined as

imbM (e, j) := occM (e, j)− (j/q) ·me. (*)

Thus, the imbalance of a symbol e at a particular column is the difference between the
number of occurrences of e and the expected number of occurrences of e until that column
in a random rearrangement of the entries. We show that we can, in time O(nq), rearrange
the symbols such that the matrix has bounded imbalance1.

▶ Lemma 4 (Balancing a one-row matrix). Let M be a 1×q matrix with entries from [n]. There
is a permutation σ such that for each symbol e ∈ [n] and column j ∈ [q], −n ≤ imbMσ (e, j) ≤ 1.
Moreover, the matrix Mσ can be computed in time O(nq).

For each block i ∈ [n], we do the following. Consider the r× b(i) matrix formed by all the
b(i)-many vectors in the sequence corresponding to the block i, say V (i). By Proposition 3,
there is a permutation of the vectors in V (i), say π(i) ∈ Sb(i) , such that each coordinate of the
jth partial sum is at most 2r∆ away from the (j/b(i))th fraction of the total sum of vectors
in V (i). We construct a new r × q matrix O from Mσ by replacing the entries with vectors
from those blocks. We place these vectors V (i)

π(i) (in the same order) in O based on where i
occurs in Mσ: the wth vector in V

(i)
π(i) is placed in the wth occurrence of i in Mσ. We show

that all partial sums in O are bounded.

▶ Lemma 5 (Bounding the partial sums). For each j ∈ [q] and k ∈ [r], we have −n∆(n+2r) ≤
psum(O, j)[k]− j

q b
(0)[k] ≤ n∆(1 + 2r).

We construct a weighted directed acyclic graph G based on the bounds we obtained in
Lemma 5. The key property of G is that any shortest path between two particular vertices
in G corresponds to an optimal solution of the program and vice versa. If there is no such
path, then we assert that there is no solution. Otherwise, we compute an optimal solution
corresponding to the path. Thus, we have our main result, Theorem 1.

3 Proof of Theorem 1

In this section, we prove Lemma 4 in Section 3.1, followed by Lemma 5 in Section 3.2, and
then present the overall algorithm in Section 3.3 which forms a proof of Theorem 1.

1 We would like to note that a similar result can be obtained by applying the Steinitz Lemma on the
q ∗ n matrix M ′ where for each j ∈ [q], M ′[·, j] is a vector containing 1 in position M [j] and 0 in all
other positions. However, such an application will result in a weaker imbalance upper-bound of n and a
slightly more complicated algorithm.
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3.1 Balancing a one-row matrix: Proof of Lemma 4
We restate Lemma 4 for convenience.

▶ Lemma 4 (Balancing a one-row matrix). Let M be a 1×q matrix with entries from [n]. There
is a permutation σ such that for each symbol e ∈ [n] and column j ∈ [q], −n ≤ imbMσ (e, j) ≤ 1.
Moreover, the matrix Mσ can be computed in time O(nq).

Algorithm 1 An algorithm to balance a one-row matrix.

Input: the number of occurrences of each entry in the 1× q matrix M
1: Mσ ← an empty 1× q matrix
2: for j from 1 to q do
3: Let y ← arg mine∈[n] imbMσ

(e, j)
4: Set Mσ[j]← y

5: end for
6: return Mσ

Consider Mσ, the 1 × q matrix with entries in [n], constructed by Algorithm 1. The
algorithm starts with an empty Mσ; then, it iteratively fills the symbols column-wise by
finding the symbol with minimum imbalance (note that imbalances can be negative).

Maintaining the imbalances of each of the n distinct symbols and finding a symbol
with minimum imbalance (Line 3) can be done in time O(n). This can be done by storing
and updating the imbalances of each of the n symbols. Overall, Algorithm 1 runs in time∑

j∈[q]O(n) = O(nq).
Next, we show the bounds on the symbol imbalances in Mσ. Recall that a symbol e ∈ [n]

appears me times in M . Fix any j ∈ [q]. Consider the stage of the algorithm where the first
j columns of Mσ are filled. Now we show the imbalance upper-bound in the lemma. Observe
that the quantity imbMσ

(e, j), when viewed as a sequence indexed by j, increases only when
symbol e is in the entry Mσ[j]. Assume for the sake of contradiction that imbMσ

(e′, j′) > 1
for some e′ ∈ [n] and j′ ∈ [q]. Consider the first index j such that imbMσ (e′, j) > 1 and
Mσ[j] = e′. Due to the greedy choice in the construction of Mσ, we have that imbMσ

(e, j) > 0
for each e ∈ [n]. We then arrive at a contradiction since

j =
∑

e∈[n]

occMσ
(e, j) =

∑
e∈[n]

(
imbMσ

(e, j) + j

q
me

)
>
∑

e∈[n]

(
j

q
me

)
= j.

Next, we show the imbalance lower-bound in the lemma. A crucial property that we will
use to show the bound is that the sum of imbalances at column j is zero.

▷ Claim 5.1.∑
e∈[n]

imbMσ
(e, j) = 0.

Proof.∑
e∈[n]

imbMσ (e, j) =
∑
e∈[n]

(
occMσ (e, j) − j

q
me

)
=
∑
e∈[n]

occMσ (e, j) −
∑
e∈[n]

j

q
me = j − j

q
q = 0. ◁

Assume for contradiction that imbMσ
(e′, j′) < −n for some e′ ∈ [n] and j′ ∈ [q]. The sum of

symbol imbalances at j′ is∑
e∈[n]

imbMσ
(e, j′) = imbMσ

(e′, j′) +
∑

e∈[n]\{e′}

imbMσ
(e, j′) < −n+

∑
e∈[n]\{e′}

imbMσ
(e, j′).

IPEC 2025
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Combining the above with Claim 5.1, there exists an element e ∈ [n] \ {e′} such that
imbMσ

(e, j′) > 1 and thus we have a contradiction.
Combining the lower and upper-bounds, we infer that −n ≤ imbMσ

(e, j) ≤ 1 for each
e ∈ [n] and j ∈ [q]. What is left to be shown is that the matrix Mσ is a permutation of
the columns of M . For that, it is sufficient to prove that for each e ∈ [n], the number of
occurrences of element e in Mσ is me. Assume for contradiction that Mσ is not a permutation
of columns of M . We observe that since

∑
e∈[n] occMσ

(e, q) = q =
∑

e∈[n] me, there exists a
symbol e′ ∈ [n] such that occMσ

(e′, q) > me′ . Consider the last index j such that the jth

column in Mσ contains e′. We have

imbMσ (e′, j) = occMσ (e′, j)− j

q
me′ = occMσ (e′, q)− j

q
me′ ≥ me′ + 1− j

q
me′ .

If j < q, then imbMσ
(e′, j) > 1 and we have a contradiction to the upper-bound in the

lemma. Otherwise, we have j = q. Observe that imbMσ (e′, q) = 1. By Line 3, we have that
imbMσ

(e, q) ≥ 0 for each e ∈ [n] \ {e′}. However, this implies that
∑

e∈[n] imbMσ
(e, q) ≥ 1, a

contradiction to Claim 5.1. This completes the proof of the lemma.

3.2 Bounding the partial sums: Proof of Lemma 5
We restate Lemma 5 for convenience.

▶ Lemma 5 (Bounding the partial sums). For each j ∈ [q] and k ∈ [r], we have −n∆(n+2r) ≤
psum(O, j)[k]− j

q b
(0)[k] ≤ n∆(1 + 2r).

Before we prove Lemma 5, we recall the construction of O and relevant notation that
were introduced in Section 2. We consider an optimal solution x of (P1) and from it obtain
a sequence of vectors v1, . . . , vq satisfying the conditions given in Section 2. Next, using
Algorithm 1 we compute Mσ, a 1× q matrix such that for each symbol i ∈ [n]
1. i occurs b(i) times in Mσ;
2. for each j ∈ [q], −n ≤ imbMσ

(i, j) ≤ 1. (i.e., −n+(j/q)b(i) ≤ occMσ
(i, j) ≤ 1+(j/q)b(i)).

For each block i∈ [n], we do the following. Consider V (i), the r×b(i) matrix formed by the
set of columns in the sequence corresponding to block i. Applying Proposition 3 on V (i), we
obtain a permutation πi ∈ Sb(i) such that all partial sums of V (i)

πi are bounded. In particular,

∥psum(V (i)
πi
, w)− w

b(i) · tot(V (i))∥∞ ≤ 2r∆ for all w ∈ [b(i)], (1)

where tot(V (i)) is the sum of the columns of V (i) (note that tot(V (i)) = tot(V (i)
πi )).

Algorithm 2 An algorithm to construct the matrix O.

1: O ← an empty r × q matrix
2: w1, . . . , wn ← 0
3: for j from 1 to q do
4: e←Mσ[j]
5: we ← we + 1
6: O[·, j]← V

(i)
πi [·, we]

7: end for
8: return O

Next, we construct O, an r × q matrix as described in Algorithm 2. Essentially, we place
the columns of V (i)

πi on the positions where i appears in Mσ. Now we are ready to show that
this matrix has bounded partial sums.
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For any j ∈ [q] and k ∈ [r], we bound the partial sum of O at index k of column j as

psum(O, j)[k] =
∑
i∈[n]

psum(V (i)
πi
, occMσ (i, j))[k] ≤

∑
i∈[n]

(
occ(i, j)
b(i) tot(V (i)

πi
)[k] + 2r∆

)

≤
∑
i∈[n]

(
1 + j

q b
(i)

b(i) tot(V (i))[k] + 2r∆
)

=
∑
i∈[n]

(
1
b(i) tot(V (i))[k] + j

q
tot(V (i))[k] + 2r∆

)

≤
∑
i∈[n]

(
1
b(i) ∆b(i) + j

q
tot(V (i))[k] + 2r∆

)
= j

q
b(0)[k] +

∑
i∈[n]

(∆ + 2r∆)

= j

q
b(0)[k] + n∆(1 + 2r).

Similarly, we have the following lower bound.

psum(O, j)[k] =
∑
i∈[n]

psum(V (i)
πi
, occMσ

(i, j))[k] ≥
∑
i∈[n]

(
occ(i, j)
b(i) tot(V (i)

πi
)[k]− 2r∆

)

≥
∑
i∈[n]

(
−n+ j

q b
(i)

b(i) tot(V (i))[k]− 2r∆
)

=
∑
i∈[n]

(
−n
b(i) tot(V (i))[k] + j

q
tot(V (i))[k]− 2r∆

)

≥
∑
i∈[n]

(
−n
b(i) ∆b(i) + j

q
tot(V (i))[k]− 2r∆

)
= j

q
b(0)[k]+

∑
i∈[n]

(−n∆− 2r∆)

= j

q
b(0)[k]− n∆(n+ 2r).

3.3 The algorithm

Algorithm 3 An algorithm to solve (P1).

1: Compute Mσ using Algorithm 1.
2: Construct the graph G = (V,A) as given in Construction 1.
3: Compute a shortest path P between h0,0 and hq,b(0) .
4: Return an optimal solution corresponding to P .

We now describe a direct algorithm to solve (P1). From now on, we suppose that the
given program admits an optimal solution x∗. Otherwise, the algorithm asserts that there is
no solution for the program and we are correct. Firstly, using Algorithm 1, we compute Mσ,
a 1× q matrix that satisfies the conditions of Lemma 4. Note that the existence of x∗ alone
is sufficient to compute Mσ since Algorithm 1 only requires the total number of occurrences
of each symbol (which is b(i) for each i ∈ [n]).

The existence of x∗ now implies that there is a matrix O which satisfies the conditions
of Lemma 5. To find such an x∗, we find the existence of a matrix satisfying Lemma 5, by
finding shortest paths in certain graphs - in a way similar to [12]. We construct a weighted
directed acyclic graph G = (V,A) as follows.
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▶ Construction 1.
1. (Vertices) For each j ∈ [n] and each integer vector v ∈ Zr such that

(j/q)b0[k]− n∆(n+ 2r) ≤ v[k] ≤ (j/q)b0[k] + n∆(1 + 2r)

for each k ∈ [r], we add a vertex hj,v to V . Lastly, we add the vertex h0,0 to V .
2. (Edges) For each j ∈ [q], we do the following. Suppose that Mσ[j] = i. We add the arc

(hv1,j−1, hv2,j) to A if v2 − v1 is the column T (i)[·, k] for some k ∈ [t], and the weight of
the arc is set as c(i)

k .

In the following claim, we bound the sizes of |V | and |A|.

▷ Claim 6. |V | ≤ 1 + q · (n∆(n+ 1 + 4r))r and |A| = O(nt|V |). Moreover, we can construct
G in time O(qnt · (n∆(n+ 1 + 4r))r).

Proof. For each j ∈ [q], the number of integer vectors v such that (j/q)b0[k]− n∆(n+ 2r) ≤
v[k] ≤ (j/q)b0[k] + n∆(1 + 2r) for each k ∈ [r] is at most (n∆(n+ 1 + 4r))r. This is because
for a fixed k ∈ [r], the number of possible values that v[k] can take is n∆(n + 1 + 4r).
Summing over all j ∈ [q] and then counting the vertex h0,0, we have the claim. Note that we
can construct V in time proportional to its size.

To construct A, we can iterate over all vertices hj,v, and in time nt compute all arcs
incident on hj,v. Thus, we have |A| = O(nt|V |), and we can construct the graph G in time
O(|V |+ nt|V |) = O(qnt · (n∆(n+ 1 + 4r))r). ◁

By the definition of G and the existence of x∗, we have that there is a path of cost c⊺x∗

in G between vertices h0,0 and hb(0),q with cost c⊺x∗ and this is the shortest such path. We
can compute such a path by using BFS in time O(|A|) = O(qnt · (n∆(n+ 1 + 4r))r). To
compute an optimal solution for (P1) corresponding to P , we simply trace the path and set
the variables according to the vertices that appear on the path.

4 Dealing with inequalities in constraints

In this section, we generalize our main result by showing that programs which contain
“certain” inequalities in the constraints can be solved in the same time that we take for (P1)
where we have Ax = b. This is towards the ease of expressing problems involving inequalities
as n-fold integer programs which we will see later in Section 5.

We call the upper rows (T (1) T (2) · · · T (n))x = b(0) as globally uniform constraints,
and the lower rows 1⊺x(i) = b(i) as locally uniform constraints. Consider the generalization
of (P1)
1. where the globally uniform constraints may contain either of {≤,=,≥};
2. where the locally uniform constraints may contain either of {≤,=}.
Let A = (1, . . . , 1) ∈ Z1×t, T (1), . . . , T (n) ∈ Zr×t, b ∈ Zr+n, and c ∈ Znt×1. Formally, we
consider the following generalization.

min
{
c⊺x | Ax ⋄ b , x ∈ Znt

≥0
}

(P2)

where A :=


T (1) T (2) · · · T (n)

A 0 · · · 0
0 A · · · 0
...

...
. . .

...
0 0 · · · A


and ⋄ is a sequence of inequalities satisfying conditions 1 and 2.
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We emphasize that the generalization does not allow locally uniform constraints to contain
“≥”. We would like to note that our approach at a high level is almost the same as that of [25],
and the main difference lies in the fact that (unlike as in their model,) here the variables
in the programs we consider are non-negative and have no explicit lower or upper bounds.
The proof strategy is to construct an appropriate program of the form (P1) by adding new
(slack) variables. Let ψ := 2 + 2∥c∥∞ ·maxi∈[n]{b(i)}. Observe that ψ/2 is strictly larger
than the maximum value the objective function in (P2) can take.

First, we deal with the locally uniform constraints in (P2). We add n variables: for each
i ∈ [n], we add x

(i)
t+1 and replace T (i) by (T (i) 0) where 0 is the r × 1 matrix (i.e column)

containing zeros. If the ith constraint has a “≤”, then we set c(i)
t+1 = 0. Otherwise it contains

an “=”, and we set c(i)
t+1 = ψ.

Next, we deal with the globally uniform constraints in (P2). Without loss of generality,
we assume that each constraint either contains a “≤” or an “=”. This is a safe assumption
because if there is a constraint containing a “≥”, then we can negate that constraint (which
flips the inequality in that constraint to “≤”) and obtain a program that is still of the form
we consider. We replace each (T (i) 0) by (T (i) 0 Ir), where Ir is the r × r identity matrix.
We also introduce a new (n+ 1)st block (Zr 0 Ir) where Zr is the r × t matrix consisting
of zeros, and 0 is the r × 1 matrix consisting of zeros. The coefficients of the new variables
in the first n blocks are set to ψ. That is, for each i ∈ [n] and j ∈ [t+ 2, t+ r + 1], we set
c

(i)
j = ψ. For the (n+ 1)st block, we set the coefficients as follows. For each j ∈ [t+ r + 1],

we set c(n+1)
j = 0. Then, we set b(n+1) = 2r∆ ·maxi∈[n]{b(i)}, where ∆ is the largest entry

in the constraint matrix A we started with. This concludes the construction of the program
of the form (P1).

Consider any feasible solution y to the initial program (P2). We define a solution x

to the constructed program of the form (P1) of the same cost by setting the newly added
variables appropriately. Firstly, we set x(i)

j = y
(i)
j for each i ∈ [n] and j ∈ [t]. Recall that

we assume w.l.o.g. that each globally uniform constraint contains either a “≤” or an “=”.
For each k ∈ [r], we deal with the kth globally uniform constraint in (P2) as follows. We
set x(n+1)

t+1+k = b(0)[k]−A[k, ·]y. Observe that x(n+1)
t+1+k is precisely the slack in the kth globally

uniform constraint corresponding to solution y, and it is a number that is at most 2∆ · b(k).
For each i ∈ [n], we deal with the ith locally uniform constraint in (P2) as follows. We set
x

(i)
t+1 = b(i)− (1 . . . 1)⊺y(i). Finally, we set x(n+1)

t+1 = b(n+1)−
∑

k∈[r] x
(n+1)
t+1+k. Similar to before,

observe that x(i)
t+1 is precisely the slack in the ith locally uniform constraint corresponding to

solution y, and it is a number that is at most b(i). All other variables whose values have not
yet been set in x, we set them to 0.

We claim that x is a solution to the constructed program (P1) of the same cost. Firstly, it
is a feasible solution by construction. Secondly, the cost is the same because any newly added
variable that is set to a non-zero value corresponds to a “≤” constraint, and its coefficient is
0 in (P1). For the other direction, suppose that we are given a solution x to (P1). If the
cost of x is at least ψ/2 (which is strictly larger than the value of any feasible solution in
(P2)), then we can assert that (P2) does not admit any solution. Otherwise, we obtain a
solution to (P2) of the same cost by discarding the newly added variables.

Now that we have established how to compute the solution of one program given that of
the other, we move on to assess the time to construct (P1) and the change in parameters.
Each locally uniform constraint can be dealt with separately in time O(nt) by adding a
column corresponding to it and updating c appropriately. All globally uniform constraints
can be dealt with together in time O(n · rnt) by adding r columns to each block, adding
a new block, and then updating b appropriately. In total, we can construct (P1) in time
O(n2rt). Thus, given (P2), we can construct (P1) in time O(n2rt).
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Next, we assess the change in parameters: the number of blocks is n+ 1, the number of
columns in a block is t+ r+ 1, the number of globally uniform constraints is r, the parameter
q (which is the sum of the right hand sides of the locally uniform constraints) becomes
q + 2r∆ maxi∈[n]{b(i)}, and the largest entry ∆ remains the same since the newly added
entries to the matrix are either 0 or 1. Applying Theorem 1, we can solve (P1) in time

O((q + 2r∆ max
i∈[n]
{b(i)})(n+ 1)(t+ r + 1) · ((n+ 1)∆(n+ 1 + 1 + 4r))r) (2)

≤ O(qr∆(n+ 1)(t+ r + 1) · ((n+ 1)∆(n+ 2 + 4r))r) (3)
≤ O(qrt · ((n+ 1)∆(n+ 2 + 4r))r+1). (4)

Summing with the time to construct (P1), we obtain the total time to solve (P2).

▶ Corollary 7. The ILP (P2) can be solved in time O(qrt · ((n+ 1)∆(n+ 2 + 4r))r+1).

5 Applications

In this section, we apply our main result on three problems: Lobbying, Binary Closest
String, and Equitable Coloring.

5.1 Lobbying in multiple referenda
Given the binary approvals (equivalently, yes or no answers) of n voters on m issues, the
question of Lobbying is whether the lobby can choose k voters to be “influenced” so that
each issue gets a majority of approvals. By influence a voter, we mean gaining complete
control over the voter, and getting her approval on all issues. Christian et al. [5] introduced
Lobbying and modeled it as the following binary matrix modification problem.

Lobbying
Input: A matrix A ∈ {0, 1}w×m and an integer k ≥ 0
Question: Can one choose k rows and flip all 0s to 1s in these rows so that in the
resulting matrix every column has more 1s than 0s?

First, we recall how Bredereck et al. [4] express Lobbying as an integer program. Let ℓ
denote the number of distinct types of rows in M : two rows are said to be of the same type
if they are identical. Observe that ℓ ≤ 2m. Let c(r1), . . . , c(rℓ) denote the number of rows
of each type. For each i ∈ [ℓ] and j ∈ [m], let Bj(ri) = 1 if the jth column of row type ri

has value 0, and let Bj(ri) = 0 otherwise. For each i ∈ [ℓ], let bi be an integer variable that
indicates the number of times one has to modify a row of type ri. For each j ∈ [m], let gj

denote the number of missing 1s to make column j have more 1s than 0s. Thus, we have
the following two constraints: (1) 0 ≤ bi ≤ c(ri) for each i ∈ [ℓ]; (2) gj ≤

∑
i∈[ℓ] bi · Bj(ri)

for each j ∈ [m]. Overall, we have the following program which is of the form (P2). The
objective is to minimize

∑
i∈[ℓ] bi subject to



−B1(r1) −B1(r2) · · · −B1(rℓ)
−B2(r1) −B2(r2) · · · −B2(rℓ)

...
...

. . .
...

−Bm(r1) −Bm(r2) · · · −Bm(rℓ)
1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1




b1
b2
...

bℓ

 ≤



−g1
−g2

...
−gm

c(r1)
c(r2)

...

c(rℓ)


.
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Observe that the optimal solution is at most k if and only if there are k rows that can
be chosen to satisfy the objective in question. The parameters corresponding to the above
program are r = m, t = 1, n = ℓ ≤ 2m, ∆ = 1, and q =

∑
k∈[m] gk +

∑
i∈[ℓ] c(rℓ) ≤ wm+w =

(m+ 1)w. Given the input, we can construct the above program in time O(2mw). Applying
Corollary 7, we have the following.

▶ Theorem 8. Lobbying can be solved in time 2O(m2) · wO(1).

The best known dependency on m prior to this work, established by Knop et al. [25], is
mO(m2). Next, we discuss the consequence of existing algorithms on the above program.
Using the algorithms for standard ILPs, including [22, 21], results in algorithms that are
double exponential with respect to m. Using the algorithms for n-fold ILP, including [19, 6],
results in algorithms that run in time mO(m2) logw +O(2m · w) (the O(2m · w) term is for
the construction of the program). Thus, we establish an improvement in running time in
terms of the dependence on m.

5.2 Stringology
We consider δ-Multi Strings, a general problem defined by Knop et al. in [25] that captures
many previously studied string problems including Closest String, Farthest String,
d-Mismatch, Distinguishing String Selection, Optimal Consensus, and Closest
to Most Strings. See [25] for a clear description of how it captures the other problems.

δ-Multi Strings
Input: k strings s1, . . . , sk, each of length L from an alphabet Σ∪ {⋆} (where ⋆ denotes
a wildcard: a special character that matches with all characters in Σ), distance lower-
bounds d1, . . . , dk ∈ N, and distance upper-bounds D1, . . . , Dk ∈ N, distance function
δ : Σ∗ × Σ∗ → N, and a binary parameter β ∈ {0, 1}.
Question: Find a string y ∈ ΣL such that

y minimizes β ·
(∑k

h=1 δ(y, sh)
)

;
for each sh, the distance (based on δ) between y and sh, denoted by δ(y, sh), is at
least dh and at most Dh.

A restriction of δ that makes the problem expressible by n-fold integer programs is
when δ is a character-wise wildcard-compatible: for any two strings x, y ∈ (Σ ∪ {⋆})L,
δ(x, y) =

∑L
j=1 δ(x[j], y[j]) and δ(c, ⋆) = 0 for all c ∈ Σ. From now on, we consider only this

restriction.
We begin by viewing the input as a k × L character matrix S where the ith row contains

the string si. We say that two columns in S are of the same type if they are identical (i.e.,
both in terms of the number of occurrences of each symbol and the order of the occurrences).
Since A is a k × L matrix with entries from Σ ∪ {⋆}, there are at most w = (|Σ| + 1)k

column-types in S. W.l.o.g., we assume that each column-type is denoted by an element
in [w]. A solution z ∈ ΣL can be mapped to a (k + 1)× L matrix where the first k rows are
the k input strings and the (k + 1)st row is z. We construct an integer program that detects
the existence of such a matrix.

For each i ∈ [w] and c ∈ Σ, the variable x(i)
c indicates the number of columns in the

solution matrix which contain i followed by c. For each i ∈ [w], let ei denote the k× 1 string
corresponding to column-type i. The globally uniform constraints are the following. For each
j ∈ [k], we have∑

c∈Σ

∑
i∈[w]

x(i)
c δ(c, ei[j]) ≥ dj ;

∑
c∈Σ

∑
i∈[w]

x(i)
c δ(c, ei[j]) ≤ Dj .
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For each i ∈ [w], let oi denote the number of columns of type i; the ith locally uniform
constraint constraint is∑

c∈Σ
x(i)

c = oi.

The objective function is β ·
(∑k

h=1 δ(y, sh)
)

= β ·
(∑

h∈[k]
∑

i∈[w]
∑

c∈Σ x
(i)
c δ(ei[h], c)

)
.

Note that it is a linear function on the variables since β ∈ {0, 1}, and thus we can set c
appropriately. The parameters corresponding to the program are n = (|Σ| + 1)k, r = 2k,
t = |Σ|, q =

∑
i∈[w] oi = L, and ∆ = maxc1,c2 δ(c1, c2). Given the input, we can construct

the above program in time O((|Σ|+ 1)kkL). Applying Corollary 7, we have the following.

▶ Theorem 9. δ-Multi Strings can be solved in time (∆k)O(k)(|Σ|)O(k2) · LO(1), where
∆ = maxc1,c2 δ(c1, c2), and δ is a character-wise wildcard-compatible function.

Knop et al. [25] showed that δ-Multi Strings can be solved in time ((|Σ| +
1)O(k2)(∆k)O(k2) log(L) +O((|Σ|+ 1)kkL). Subsequent algorithms for n-fold ILP applied
on the program they consider, including [19, 6], result in algorithms that run in time
(k∆)O(k2)(|Σ| + 1)O(k) + O((|Σ| + 1)kkL). Next, we discuss the application of existing
algorithms in the above program. Using the algorithms for standard ILPs, including [22, 21],
results in algorithms that are double exponential in k. Using the algorithm by Cslovjecsek et
al. [6] results in an algorithm that runs in time (k∆)O(k2)(|Σ|+ 1)O(k) +O((|Σ|+ 1)kkL).

The problem Closest String is the special case of δ-Multi Strings where β = 0, the
distance function δ is the Hamming distance, and di = 0 and Di = d for each i ∈ [k]. Applying
Theorem 9, we obtain an algorithm for Closest String that runs in time (k)O(k2) · L2. In
terms of the dependence on k, this matches the current best algorithms [11, 25].

When Σ = {0, 1} in the Closest String problem, Theorem 9 gives an algorithm that
runs in time 2O(k2) · L2. We note that this is an improvement over applying the existing
algorithms for n-fold ILP, including [19, 6] which have a kO(k2) term in the running time. To
the best of our knowledge, we are the first to exhibit an algorithm with 2O(k2) dependence on k.
We note that this matches the lower bound hypothesized by Rohwedder and Wegrzycki [31]
for the problem. Thus, we have the following.

▶ Corollary 10. Closest String can be solved in time (k)O(k2) · LO(1). Moreover, Binary
Closest String can be solved in time 2O(k2) · LO(1).

5.3 Equitable coloring parameterized by vertex cover
We consider the Equitable Coloring problem parameterized by the vertex cover number k.
We note that Gomes et al. [14] show that the problem can be solved in time 2O(k log k) ·
|V (G)|O(1) using a flow-based approach. Though we don’t match their running time, we still
present an ILP to exhibit the applicability of our algorithm.

Given a graph G = (V,E), a vertex coloring of G is a function c : V (G) 7→ N if for any
(u, v) ∈ E(G) we have c(u) ̸= c(v). A vertex v is said to be colored i if c(v) = i. For each i,
the set of vertices colored i form the ith color class Vi. We study the following problem.

Equitable Coloring
Input: A graph G = (V,E) and a positive integer h
Question: Is there a vertex coloring c of G using at most h colors such that the sizes of
any two color classes differ by at most 1.
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A vertex cover in G is a subset of vertices whose deletion results in an edgeless graph
(also called an independent set). The vertex cover number of G is the size of a smallest vertex
cover in G. Fiala et al. [13] show that Equitable Coloring is FPT when with respect to
the vertex cover number k. They study the two cases of h ≤ k and h ≥ k separately. For the
sake of presentation, we only cover the first case, and we note that the second case is dealt
with in an almost identical manner and the claimed running time holds.

We assume that we are given a vertex cover W of size k: note that such a W can be
computed in time 2O(k) [8]. Let {I1, . . . , Is} denote the partition of the independent set
V (G) \W according to their neighborhoods. Observe that s ≤ 2k.

Let w = ⌊ |V (G)|
h ⌋, a = |V (G)| − hw, and b = h− a. For each proper coloring (V1, . . . , Vh)

of W , they construct a system of linear inequalities with sh variables x(i)
j , i ∈ [s] and j ∈ [h],

where x(i)
j indicates the number of vertices of color j in the set Ii:

1. x(i)
j ≥ 0;

2. x(i)
j = 0, if color j is used in N(Ii). Note that the non-negativity of the variables implies

that this can equivalently be expressed as a single constraint
∑

i,j x
(i)
j = 0 where the

summation is over i ∈ [s], j ∈ [h] such that color j is used in N(Ii);
3. x(1)

j + · · ·+ x
(s)
j = t+ 1− |W ∩ Vj | if j ∈ {1. . . . , a};

4. x(1)
j + · · ·+ x

(s)
j = t− |W ∩ Vj | if j ∈ {a, . . . , h};

5. x(i)
1 + · · ·+ x

(i)
h = |Ii| for each i ∈ [s].

We claim that the above integer program is of the form (P2). The sh variables are partitioned
into s blocks of size h. The constraints written in Items 2–4 form the h+ 1 global constraints.
The constraints written in Item 5 form the local constraints. The parameters corresponding
to the above program are r = k+1, t = h ≤ |V (G)|, n = s ≤ 2k, ∆ = 1, and q =

∑
i∈[s] |Ii| =

|V (G)| − k. Recall that for each k-coloring of W an integer program of the above kind is
created. This can be done in time 2O(k) · |V (G)|O(1). Thus, the overall running time is given
by summing over all kk colorings the time to create and solve the corresponding program.
Applying Corollary 7, we have the following.

▶ Theorem 11. Equitable Coloring can be solved in time 2O(k2) · |V (G)|O(1).

We note that using existing algorithms for n-fold ILP, including [19, 6], results in a kO(k2)

dependence on k while we only have a 2O(k2) dependence.
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