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—— Abstract

Block-structured integer linear programs (ILPs) play an important role in various application fields.
We address n-fold ILPs where the matrix A has a specific structure, i.e., where the blocks in the
lower part of A consist only of the row vectors (1,...,1). In this paper, we propose an approach
tailored to exactly these combinatorial n-folds. We utilize a divide and conquer approach to separate
the original problem such that the right-hand side iteratively decreases in size. We show that this
decrease in size can be calculated such that we only need to consider a bounded amount of possible
right-hand sides. This, in turn, lets us efficiently combine solutions of the smaller right-hand sides to
solve the original problem. We can decide the feasibility of, and also optimally solve, such problems
in time (nrA)°" log(||b||e), where n is the number of blocks, 7 the number of rows in the upper
blocks and A = || Al|c-

We complement the algorithm by discussing applications of the n-fold ILPs with the specific struc-
ture we require. We consider the problems of (i) scheduling on uniform machines, (ii) closest string
and (iii) (graph) imbalance. Regarding (i), our algorithm results in running times of PolD |11°M),
matching a lower bound derived via ETH. For (ii) we achieve running times matching the current
state-of-the-art in the general case. In contrast to the state-of-the-art, our result can leverage a
bounded number of column-types to yield an improved running time. For (iii), we improve the
parameter dependency on the size of the vertex cover.
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1 Introduction

At an abstract level, computer science is about solving hard problems. In a seminal work,
Karp formulated a list of twenty-one NP-hard problems [24]. Among these is the problem of
integer linear programming. An integer linear program (ILP) in standard form is defined by

max{c’'z | Az = b,z € Z>o},
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with constraint matrix A € Z™*", right-hand side (RHS) b € Z™ and objective function
vector ¢ € Z". The constraints Az = b and the objective function ¢z are required to be
linear functions. Such integer programs have been the subject of vast amounts of research,
such as [35, 22, 36, 21], with the latter two results representing the current state of the art
of running times regarding n and m respectively. However, with integer programming being
an NP-hard problem, research has flourished into different structures of integer programs,

which utilize a more specific structure to yield improved running times. One such structure
is the n-fold ILP.

n-fold ILP

Let 7, s,t,n € Z>¢. An n-fold ILP is an integer linear program with RHS vector b € Z"*"*
and with a constraint matrix of the form

A Ay ... A,
By 0 ... O
0 Bs o
: .0
0 ... 0 B,
where Ay,..., A, € Z™" and By, ..., B, € Z**! are matrices, and x = (x1,...,2,) is the

desired solution. In other words, if we delete the first r constraints, which are called the
global constraints, the problem decomposes into independent programs, which are called local.
If A is the largest absolute value in A; and B;, n-fold integer programs can be solved in time
(nt)(1Fe() . 20(rs*) (25 A)O(*s+5%) [g] This algorithm comes as the latest development in a
series of improvements spanning almost twenty years [1, 8, 9, 32, 10, 16, 20, 30]. n-fold integer
programs have already found applications in countless problems, often yielding improved
running times over other techniques. As the total number of applications is too large, we
refer the reader to [7, 32, 14, 19, 25, 26, 28] for some examples.

In the following, we focus on combinatorial n-fold ILPs where we allow blocks of different
width, i.e., t € ZZ, is a vector and therefore, the block ¢ € [n] has ¢; columns. Also, we have
B;=(1,...,1)T =14, for all i € [n] which implies s = 1. Thus, we have the following ILP

A Ay ... A,
I, 0 ... 0
Ar =1 0 1y, C =0, x € Zgo (W)
: 0
o ... 0 1,

n

with A; € Z™% for all i € [n], b € Z"t™ and where h := 2 ie[n i is the total number of
columns in A. The currently best known algorithms for such combinatorial n-fold ILPs have
parameter dependency (TA)O(TZ) [8, 28]. In our work, we often consider the upper part of
the vector b differently from its lower part. Therefore, we introduce the following notation:
b= (b",b")T with b € Z" and b* € Z". Also, define b],,, := max;c[, b}, bl ax 1= MaXpey] bt
and bgef := min(b] bk ).

max? “max

Our contribution

In this paper, we provide a novel approach to solving such combinatorial n-fold ILPs. While
the idea of the algorithm we provide is inspired by Jansen and Rohwedder [21], we note that
we utilize the structure of n-fold ILPs to generate different techniques to split solutions apart
into smaller sub-solutions. Using these techniques, we achieve the following result.
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» Theorem 1. Combinatorial n-fold ILPs (#) with respect to the objective of mazimiz-
ing cfx,c € Zgo and where A is the largest absolute value in A can be solved in time
(nrA)°T) log(bey).

Comparatively, the algorithm in [21] yields a running time of O(y/r + nA)20+™) £ O(h-(r+n))
when applied to our setting, while the state-of-the-art algorithm [8] achieves a running time
of (n|t]|oo) o) . 20() (» A)O(?)

To complement the general techniques we provide to solve combinatorial n-fold ILPs, we
show how our result can be applied to common problems. First, we consider scheduling on
uniform machines with the objective of makespan minimization (Q||Cmax) and Santa Claus
(Q||Crain)- After publication of a preliminary version of our results, Rohwedder [37] recently
bounded A by pﬁéﬁ? for Q|Cmax, where pray is the largest processing time. They also provide
an (almost) tight algorithm for Q||Cpax with running time (dpmax)C @ (h + M)OW 1|0
where d is the number of job-types, h is the total number of columns in the configuration
ILP and M is the total number of machines. Replacing a subroutine in [37] by our algorithm
improves their result to (dpmax)® @ log(maer)|I|°M), where mger := min(Numax, Mmax) i.e., we
achieve a better result with respect to parameter h and M. This answers the open question
by Koutecky and Zink in [31]. They pose the question whether Q||Cimax can be solved in
time poe 171°M. Tn more detail, the calculation of the Multi-Choice IP in [37] has a running
time of (nrA)°)(h + ||b*||1), while our n-fold algorithm runs in (nrA)°") log(bgef), i.e.,
solves these Multi-Choice IPs more quickly.

We also manage to extend these techniques to Q||Ciin. This yields running times that
are (almost) tight by an ETH-lower bound.

» Theorem 2. Q||Ciax and Q||Cimin can be solved in time pﬁ(ai)|l|0<1>.

We also apply our algorithm to the CLOSEST STRING problem and the IMBALANCE prob-
lem (see Section 4 for formal definitions). The current best running times [28] for both prob-
lems have a quadratic dependency of k in the exponent, where k is the number of considered
strings (CLOSEST STRING), respectively the size of the vertex cover (IMBALANCE). When
the number of column-types (CLOSEST STRING), respectively vertex-types (IMBALANCE) is
bounded by T, our algorithm achieves the following results.

» Corollary 3. The CLOSEST STRING problem can be solved in time ((T + 1)k)°*) log(L).

» Corollary 4. The IMBALANCE problem with n vertices can be solved in time ((T +
2)k)°®) log(kn), where k is the size of a vertex cover and T is the number of vertex-types.

Generally, T is bounded by k¥ for CLOSEST STRING. In this case, we meet the state-of-
the-art parameter dependency. For IMBALANCE, T may take any integer value up to 2F.
The resulting parameter dependency of ok’ improves on the state-of-the-art k** which is
the application of [28] to the problem. Additionally, when T is bounded by KM we are
able to reduce the dependency in the exponent to linear for both problems. When applying
Rohwedder’s algorithm for the Multi-Choice IP [37, Theorem 2] to those problems, the
resulting running times are (T + 1)k)°*)O(T + dk), where d is the upper bound on string
distance (CLOSEST STRING) and ((T + 2)k)°®O(Tk + nk) (IMBALANCE).

We expect that our techniques can be extended to several other problems that can be
formulated as a combinatorial n-fold ILP as well, such as the string problems given in [28].

Related Work

Integer linear programming is one of the twenty-one problems originally proven to be NP-
hard by Karp in his seminal work [24]. Since then, ILPs have been used to solve countless
NP-hard problems, for examples see e.g. [14]. The currently best known running times can
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be separated by their parameterization. When considering a small number of constraints
m, the best known running time is given by Jansen and Rohwedder [21], and runs in time
O(y/mA)+e)m 1 O(nm). For a small number of variables n, the current best known
algorithm is given by Reis and Rothvoss [36], with a running time of (logn)®™) - |A|OM).

With the general ILP being a hard problem, research into certain substructures that
are more easily solvable began. For an overview of this process, see e.g., [11, 14]. Of
particular interest to this paper is the n-fold ILP, whose current best known algorithm is
given by Cslovjecsek, Eisenbrand, Hunkenschréder, Rohwedder and Weismantel [8]. Their
algorithm runs in time (nt)(ToM) . 20(s) (g AYO(*s+5%) and is the latest result in a series
of improvements that spans close to twenty years, see [9, 32, 10, 16, 20, 30] for works
complementing this line of research.

Scheduling is one of the most well-known operations research problems. We now specifically
turn towards uniform machines. By formulating the problem as an n-fold ILP, Knop and
Koutecky [29] showed that Q|Cpax can be solved in time pr?lgf;““") |7|°() if the number of
machines is encoded in unary. By solving a relaxation to schedule many of the jobs in advance
and then applying a dynamic program, Koutecky and Zink [31] improved this to pr?lgf) |7]°0),
still with the number of machines M encoded in unary. Leveraging the huge-n-fold machinery,
Knop et al. [27] get rid of the assumption on M and obtain a pg;‘f) |7|°M-time algorithm.

Koutecky and Zink [31] pose the open question whether the dependency px?lgff) for the
objective Q||Cax can be improved, as it has been for identical machines. In a recent result,
Rohwedder [37] gives an algorithm for @Q||Cyax running in time pr?lgi)H |9, We note that
our work has been compiled independently and prior to Rohwedders result, but we can
leverage his novel ideas to reduce the value of A to guarantee a similar result. Chen, Jansen
and Zhang show that, for a given makespan T, there is no algorithm solving P||Cyax in time
2T ™" |7|°() [6]. Jansen, Kahler and Zwanger extended these results to derive a lower bound
of pggilié)|l|0(1) [18]. As Q||Cmax is a generalization of P||Ciax, these results extend to it.

Regarding the CLOSEST STRING problem with k input strings of length L, Gramm et
al. [15] formulated the problem as an ILP of dimension k°*). This led to an algorithm

20 (klog(k))

with running time 2 O(log(L)). Knop et al. [28] improved this double-exponential
dependency to the currently best known algorithm with running time k°**)O(log(L)).
Rohwedder and Wegrzycki [38] showed that the CLOSEST STRING problem (with binary
alphabet) cannot be solved in time 20(k276)poly(L) with € > 0 unless the ILP Hypothesis
fails. The ILP Hypothesis states that for every € > 0, there is no 2O(m275)poly(L)-time
algorithm for ILPs with A = O(1).

Imbalance is known to be NP-complete for various special graph classes [4, 23]. Fellows,
Lokshtanov, Misra, Rosamond and Saurabh [13] showed that the problem is fixed-parameter
tractable (FPT) parameterized by the size k of the vertex cover. Their algorithm has a double
exponential running time. There also exist FPT algorithms for this problem parameterized by
other parameters, for instance imbalance [33], neighborhood diversity [2] and the combined
parameter of treewidth and maximum degree [33]. Misra and Mittal [34] showed that
IMBALANCE is in XP when parameterized by twin cover, and FPT when parameterized by
the twin cover and the size of the largest clique outside the twin cover.

2 Overview

In this section, we give an overview of the paper and the techniques within. We begin by
giving some concepts essential to the functionality of our algorithm. Then, we prove the
feasibility version of Theorem 1 under the assumption that A contains only non-negative
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entries. At its core, we use a divide and conquer approach to separate the entire problem
into smaller sub-problems, which we can then solve more quickly via dynamic programming.
Then, we combine these small solutions such that they solve iteratively larger sub-problems,
again requiring a novel structural result to show that such combinations are feasible. A core
strength of this dynamic programming formulation and approach is that we only need to
solve the dynamic program once for each recombination step. This procedure can be iterated
until we have solved the entire n-fold ILP. After that, we show how we can reduce the general
problem which also allows negative coefficients to the special case where A is non-negative.
After that, we prove Theorem 1.

The algorithm we provide is complemented by a discussion on its applications to relevant
problems. We begin this by elaborating on the problem of scheduling on uniform machines
in Section 4. Here, we can adapt some novel concepts to our techniques such that we achieve
a running time that is (almost) tight according to a lower bound derived via the exponential
time hypothesis. This yields Theorem 2. Finally, in the full version [17] we provide a
brief outlook onto other relevant problems, the CLOSEST STRING problem which results in
Corollary 3 and the IMBALANCE problem which results in Corollary 4.

The full proofs as well as omitted statements can be found in the full version [17].

Preliminaries

Before we define concepts essential to the algorithm and its functionality, we first specify
some notation. We denote [k] := {i € Z>¢ | 1 <i < k} and use base 2 logarithms, i.e., we
assume log(2) = 1. A vector that contains a certain value in all entries is stylized, e.g. the
zero vector Oy is written as O4. We omit the dimension d if it is apparent from the context.
For vector v, we refer to its maximum value ||v||oo With vpmax. The support of a d-dimensional
vector v is the set of its indices with a non-zero entry. It is denoted by supp(v) = {i € [d] | v;
# 0}. We define a brick (Y € Z% as the i-th block of the solution vector of (#), i.e., we

have z = (z(Wz® . m(”))T , with () € Z% for all i € [n].

Support of a Solution

By applying the result by Eisenbrand and Shmonin [12, Theorem 1 (ii)] to the n-fold ILP,
one can show the following support bound:

» Lemma 5. Consider the ILP (#) and let A be the largest absolute value of any entry in
the coefficient matriz A. Then there exists a solution x = (x1,...,2,)T to (#) with

|supp(zk)| < 2(r + 1) log(4(r + 1)A), VEk € [n].

Proof. Let y = (y1,...,9n)T be a solution to (#). Then for each k € [n], the ILP

A A
<]1rlli> T = <bkf:> Tk € ZCZO

is feasible and we can apply the support bound by Eisenbrand and Shmonin [12, The-
orem 1 (ii)]. Hence, there exists a solution xy with |supp(ag)| < 2(r 4+ 1) log(4(r + 1)A).
Combining these solutions for all k € [n] yields a solution x with the desired property. <«

Note that this bound only holds for the feasibility problem. Using the support bound by
Eisenbrand and Shmonin [12, Corollary 5 (ii)], the same technique achieves the following
result [supp(zx)| < 2(r + 2)(log(r + 2) + A + 2). Other bounds, for instance [3], can also be
applied in our approach and may achieve better results in specific application settings.
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Figure 1 Example of the procedure with four iterations. The continuous (blue) arrows indicate a
feasible upper RHS of the sub-problem in the current iteration. The dashed (red) arrows double the
intermediate solution of the previous iteration.

3 Combinatorial n-fold Algorithm

On a high level, our algorithm implements an elegant idea. Instead of solving the — often
times large — entire n-fold ILP in one fell swoop, we manage to reduce it to a set of smaller
problems, which we then use to solve the large problem. More specifically, we show that there
exists a feasible solution to (#) that can be constructed by doubling a solution near b'/2 and
adding the solution of a small sub-problem. This concept can be repeated iteratively, i.e., a
solution near b"/2 can be computed by doubling a solution near b"/4 and adding the solution
of another small sub-problem, and so on. We repeat this until the remaining problem only
contains a small upper RHS b". For an illustration of this process, see Figure 1. A core
strength of this approach is that we only need to compute this dynamic program once for
every iteration, independent of the amount of candidate solutions.

Taking a closer look, we use insights generated from the structure of our repeatedly
doubled intermediary solutions to uniquely determine the lower RHS b* at every step of
the algorithm. As we double solutions in each step, we can calculate the total number of
iterations our algorithm needs. We denote this number by Z € Zx;. Later in this section, we
give the exact value of Z and provide a proof that our algorithm needs exactly Z iterations.

For any iteration i € [Z], we denote the lower RHS by b*(). In the first iteration, and
every time we solve a small sub-problem, we know by Lemma 5 that the support of the
individual bricks is bounded by

K:=1[2-(r+1)-log(4-(r+1)-A)], (1)

which also limits the upper RHS, which we refer to as D, of these sub-problems. Later, we
show how this bound D is determined. The more detailed process is illustrated in Figure 2.
Here, the continuous (blue) arrow contains the solution to the small sub-problem, while the
dashed (red) arrow represents the doubling of an earlier solution.

We begin the description of our algorithm by showing that the lower RHS in each of
these iterations is uniquely determinable. We further show that we can indeed find solutions
close to each b'/2Z=# that can be doubled to produce a feasible solution. Finally, we show
how to utilize these insights to construct a feasible schedule while only needing to iteratively
solve small sub-problems.
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I;T/217, }D
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b /T/-\
D{ Z',A/‘)I G //,/bT(,L) b1y
° ///// < D
pT=1)

Figure 2 Zoom in on a single iteration ¢ including an illustration of the designation of the upper
RHS 570D 5T 570 and 57 and the upper bound D of the box sizes and [|b" || .

3.1 Structure of Intermediary Solutions

In this section, we show that if (#) is feasible, there exists a feasible upper RHS near b' /277,
for all ¢ € [Z], which then can be extended to solve main n-fold. We say that a RHS b or
upper RHS b' is feasible if and only if there exists a solution x to Az = (bT,b+)T. We bound
the size of the RHS in the small sub-problems needed to be solved in order to extend these
intermediary solutions in each step.

Within this section, we view the problem top-down, i.e., in each iteration ¢ € [Z], we divide
the problem into two sub-problems. The first sub-problem, which we call parity constrained,
contains only even entries in its lower RHS bt. Because of this, that sub-problem can then
be divided in two equal parts which we solve inductively. We call the second sub-problem,
with lower RHS b%, small. The small sub-problem fulfills ||b*||o, < K and can therefore be
solved efficiently using dynamic programming.

For a given iteration 4, we denote the RHS of the considered problem by b(®). Note that
we have b@) = b. The division into the two sub-problems implies b(*) = b 4+ 5. As we
divide parity constrained problem into two equal problems and then repeat the procedure,

we have b(i=1) = % /2. We ensure, that the upper RHS b7 also contains only even entries.

With this notation in mind, we begin by determining the lower RHS values for each
iteration and their sub-problems. To determine the value of the k-th entry in the lower
RHS of the small sub-problems 5*(), we consider the corresponding entry bt(i). If that
entry is small, that is if bt(i) < K, we set Bt(i) = bt(i). This implies b = bt(i) - l;t(i) =0
and bt(i_l) = Eﬁ(i)/Q = 0. Therefore, for all following iterations this entry remains 0, i.e,
bt(i/) = Bt(i/) =0 and Bt(i,) = 0 for all ¢/ < . However, if bt(i) is large, that is if bt(i) > K,
we set Et(i) to K or K — 1 such that Et(i) = bt(i) — [}t(i) is even. Thus, the parity constrained
(i=1) _

entry is larger than 0 and can be divided by 2. Now, set bi /2 and repeat the

procedure for the next smaller iteration.

(i+1)

More formally, for known value of bt > K we can derive bt(i) as follows:

L(i+1 i+1
b — b — (K 4+ 5
2

(i+1) {0, if (Y mod 2) = (K mod 2)
Zk =

with

1, otherwise.

The following lemmas derive that, despite of the uncertainty due to the parity-constraint,
the lower RHS in each iteration can be uniquely determined from the input (A,b) to ().

» Lemma 6 (><). Let bt € Z%, and k € [n]. Then bt(i) is integer for all i € [I], where values
are determined by the procedure iteratively applying (2).

15:7
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Using this property and (2), we achieve the desired result by elegantly formulating the
term as a continued fraction and using a property of the geometric sum.

» Lemma 7 (). Let bi € Z%, and k € [n]. Then bt(i),z’ € [Z] is determinable as

y L(i+1)
0, if i # T and by, <K

pHO)
k {bt/zzﬂ' - K- Zf:_il (1/21*’5)J, otherwise.

3)

Proof ldea. We determine the interval in which bt(i) lies. The interval size is less than one.
With Lemma 6, this implies the lemma. |

We now focus on the case, when bt(iﬂ) is large. Since we reduce the lower RHS in each
entry by at most K such that the remaining entries are even, the remaining lower RHS can
be divided by two. However, this does not directly imply that we can split the complete ILP
into two equal sub-ILPs, as the upper RHS might have odd entries. To provide this, we give
a procedure on how to reduce the solution of the n-fold within the iterations. We show that
after the reduction, there exists a feasible solution for the remaining problem, which contains
only even entries, which then implies that the complete RHS is even. Again, we make use of
the support theorem (Lemma 5) of Eisenbrand and Shmonin [12, Theorem 1 (ii)]. Define

(2) . (4)
_(3) Ty’ if ||z ||, < K
BT (a0, a0 ()
(jhp cee jk,tk) , otherwise.
(4) @ \7©
In the latter case, determine (jk Lo Ty, tk) as follows (for details we refer to the full

version [17], where we present a pseudocode description of this procedure).

1. Set &) = Oy,.

2. For all odd entries ¢ € [tg] in xgé)e, add 1 to i"fj)é This ensures the correct parity.

3. Until Hi;,(;) |l1 equals the desired value K or K — 1, add 2 to an arbitrary component igj}b

with xfj)[ — :Eg)e > 0. Note that there always exists such entry as otherwise, we would

have bt(i) < K and the RHS of the remaining problem would be O.

This procedure ensures that z(*) — z(* =: 2(9) only consists of even components. Therefore,
the RHS b of such ILP A%® = b does not have any odd entries. Therefore, the complete
problem can be split into two equal sub-problems.

Using the previously described reduction strategies, we now deduce how the upper RHS
b)) changes during an iteration. As we do not know the solution z of (#), the intermediate
solutions (V) are also unknown. Note that the described algorithm only gives a procedure to
derive the current intermediate solution, assuming the prior one is known. Therefore, we
cannot uniquely determine the upper RHS of the sub-problems. In the following, we often
refer to a feasible RHS b as a feasible upper RHS or point b" when b* is apparent from the
context. Recall that it is enough to determine the feasible points near v'/27-% for all i € [Z].
Now, we determine the size of the boxes in which a feasible point must lie if (#) is feasible.
For this purpose set D :=n - K - A. The next lemma states that for given small lower RHS
b+ the size of the upper RHS 57" is bounded by D in each dimension (Figure 2).

> Lemma 8 (:<). Let b = (b1, Bi(i))T with i € [Z], |0*D || < K and assume Az = b9
is feasible. Then it holds that ||bT(i)||C>o <D.
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With this property, we can derive the boxes with all relevant feasible upper RHS of the
sub-problems. The center of the box in iteration 4 is ¢'/2Z= and the side length in each
dimension is 2D (Figure 2).

» Lemma 9 (<). Let b= (b7,bY)T and assume Az = b is feasible. Then the following two
properties hold:
(i) For all i € {2,...,I}, there exists b’ € 75 with [|o" /27— — bT(i)HOO < D and
Az = (b7 pHNT s feasible.
(i) There ezists bV € 7%, with o'W o < D and Az = (bW p+HINHT,

This means that if there exists a feasible point b™(¥) near v'/27-i, there also exists another
feasible point bT¢~1) near b'/27-G-1 for all iterations i € {3,...,Z}. We also find a feasible
point bT") near O if there is a feasible point b7(?) near v'/27-2. Altogether, this gives us a
path from O to n, with at least one feasible point near each b'/27~% for all i € {2,...,T}.

Now, we determine the total number of needed iterations by showing how to determine
the number of iterations until the lower RHS equals O. Let Z; be the number of non-zero
iterations of machine-type k. An iteration i of machine-type k is non-zero when bt(i) # 0.

» Lemma 10 (s<). Let k € [n], bt € Z>o. Then the number of non-zero iterations Iy, can be
determined by

) log ((bt+K)/(2K+1)) + 2, if log ((bt+K)/(2K+1)) is integer
[log ((bﬁ+K)/(2K+1))-| + 1, otherwise.

Proof Idea. We use (3) in Lemma 7 to determine the iteration ¢ with bt(i) > 0 and bt(i_l) =0.

As calculating bt(i) is deterministic, this can be calculated uniquely. |

Having determined the number of non-zero iterations of each machine-type, we can
directly derive the total number of iterations Z, as 7 = maxj¢n) Z-

» Lemma 11 (:<). For the total number of iterations T it holds that

~ Jlog ((bfnax-*-K)/(zKH)) + 2, if log ((bﬁ,ax+K)/(2K+1)) is integer
B [log (PhaxtK)/(2k+1)) | + 1, otherwise.

With this in mind, we are now able to derive an algorithm where we start with a small
n-fold ILP in the first iteration and build up the overall solution of (#) step by step.

3.2 Solving the n-fold ILP

In this section, we introduce an algorithm that determines the feasibility of the n-fold ILP
(#) with only non-negative entries in \A. Combined with the reduction in Section 3.3, this
results in the following:

» Lemma 12. The feasibility of combinatorial n-fold ILPs (#) where A contains only
non-negative coefficients and A is the largest coefficient in A can be determined in time

(TLTA)O(T) log(bdef) .

Proof Idea. In the preceding section we derived the property that we only have to solve
small sub-problems (Lemma 8) and that we can combine their solutions in an efficient way to
solve (#). We split the algorithm into two parts. In the preprocessing we generate solutions
for all required small sub-problems. Then, we generate the final solution by combining the
intermediate solutions. A detailed proof of both the dynamic program and the combining
step can be found in the full version [17].

15:9

IPEC 2025



15:10

Combinatorial n-Folds and Applications

Preprocessing. First, determine the number of non-zero iterations Zj, for all k € [n] and
the total number of iterations Z with Lemma 10 and Lemma 11. Then determine all required
lower RHS b+, b)) and b+ for all i € [Z] as described in Section 3.1. For each vector b+?)
define the set of required upper RHS in iteration 7 :

NG — {l;w) € 7L, | Az = (510 FUNT 50 e gh | B0 < D},

The elements in N can be calculated via dynamic programming (Algorithm 1). Instead
of determining the feasibility of the complete n-fold Az = (BT(i), BW))T, we split it into its
bricks. For each brick k € [n] and upper RHS v € {0,..., KA}", we determine the feasibility
of ApZ = v with ||Zg]1 = l;t(i). These feasible points are then combined into the set N,

Algorithm 1 dynamicProgram. The base table (BT) contains the feasibility of all possible points
for each individual block. The dynamic table DT combines the feasibility of the sub-problems. The
set of required points is returned.

Input: Lower RHS b+
Output: Set N® of required points (upper RHS)
1: for all k € [n] and v € {0,..., KA}" do > Base Case

true, if ApZp = v with ||Z]; = Et(i),fck S ZQO is feasible

B

false, otherwise

BT (v, k) + {

3t DT (v,1) « BT (v,1)

4: forallk=2,...,nand v € {0,...,D}" do > Inductive Step
. DT (v, k) \/ (DT(V',k — 1) A BT(V", k))
. V’+l/”:l/,

’ s
v',v"" integral vectors

return {v € {0,...,D}" | DT(v,n) = true}

The feasibility of the small sub-problems (base case) can be determined using a standard
ILP algorithm. Applying the Jansen-Rohwedder algorithm [21] yields a running time of

O(Vr +1A)AH+ M) L Oty (r + 1)). (5)

Combining the Solutions. Having solved all small sub-problems, we are now able to
iteratively derive the feasibility of (#). In the first iteration, set N(V) := N as the
set of feasible points after this iteration. Note that for all '™ e N it holds that
Az = (b7 pHNT g feasible.

In every other iteration ¢ = 2,...,Z, we first double the solutions of the previous iteration
and obtain the feasible ILP A2(®) = (70 pHNT with #() = 22(-1) ph) = 2pti=1) and
b1 = 2pT(=V Let N := {70 € 72, | 51D = 2101 pT=1) ¢ NG=D1 be the set of
feasible points after that step. We now construct the set N of the feasible points after this
iteration by combining all vectors in N with all vectors in N and only keep the ones
close enough to b'/27=¢ (Lemma 9), i.e.,

NGO = {510 € 22 | 1O = 510 4§10 51O ¢ FO 10 ¢ NO HEL —o'®|_ <D}
> ’ ) " loT—i oo = :
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Note again that for all 57 € N it holds that Az = (b7 pH))T is feasible.

Repeating these steps results in a set NZ) of feasible points with Az = (bT(I)7 bi(I))T
and bHP) = b+ pTD) € N Therefore, if bT € NP the n-fold ILP (&) is feasible.

Running Time. The running time of the preprocessing is dominated by the dynamic program.
In the worst case, it is called O(n) times. Creating the base table (BT) of the DP, we have
to solve n(KA + 1)" small sub-problems, each having a running time of (5). The dynamic
program then constructs a dynamic table (DT) with n(D+1)" entries. Each can be calculated
by doing a boolean convolution using FFT which takes time O(n(D + 1)" - log(n(D + 1)"))
(see e.g. [5]). With ¢, < h for all k& € [n], the total running time for the preprocessing
amounts to

n(KA +1)"-O(/r + 1A) 3D L O(h(r + 1)) +n?(D + 1)°) - log(n(D +1)")

Base Case Inductive Step

= (D+1)°M

The number of iterations, we need to combine the solutions is generally bounded by
log (b}, ). However, if the upper RHS is relatively small in all entries, it becomes O before
b* does. In order to be feasible in that case, we only need to check whether a O in each A;
where the corresponding entry in the lower RHS is not 0, exists. Thus, these sub-problems
are trivial to solve and therefore, we may say that we need log(bget) iterations, where
baet := min(bl,,., bk ). Each set N® N@ and N® contains at most (D + 1)" vectors.

Therefore, determining each set is possible in time D). With h < (A +1)" this yields a
total running time of (nrA)°) log(bget)- <

3.3 Allowing Negative Coefficients

In this section, we provide a linear-time reduction from a general combinatorial n-fold ILP
(#) to an ILP of the same form which only allows non-negative entries in 4. More concretely,
we prove:

» Lemma 13. Let X C Z%, be the set of feasible solutions of the n-fold ILP (#) with
sub-matrices A; € Z7*%Vi € [n] and RHS vector b € Z"™" and let A be the largest absolute
value in A;, i.e., A = max;c(y) ||Aillo. Then there are matrices A; € ZU3"Vi € [n] and a
vector b/ € ZZ" such that X is the set of feasible solutions to A’z = b’ of the form (&) with
sub-matrices A; and the entries in A} are bounded by A’ = 2A.

Proof. Let i € [n]. We construct A, as by adding A to each entry in A;, i.e., Ai[k, (] :=
Ailk, €] + A, where A;[k, /] is the entry in A; that is in the k-th row and ¢-th column
(analogous notation for Aj[k,£]). Since the absolute entries in A; are smaller than or equal
to A, all entries in A} are non-negative and upper bounded by 2A =: A’.

Now we show how the RHS is adapted. Note that the local constraints of (#) define
the 1-norm of the solution vectors, i.e., for all # € X it holds that ||z, = ||b%||;. Viewing
the matrix-multiplication as summing up vectors (columns of the matrix), we are summing
up exactly ||z||; vectors. Therefore, by changing the constraint matrix as described above,
we know that exactly ||b*||; - A are added to each entry of the upper RHS. Thus, we define
b!" as follows: For each j € [r] set b;l := bl + ||b*]]1 - A. Since the local constraints do not

change, the lower RHS stays the same that is b% := bt. <
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3.4 Solving the Optimization Problem

While we focused our discussions on the problem of deciding whether a feasible solution
to a given combinatorial n-fold exists, we note that some modifications further extend our
results to finding an optimal solution according to some objective function, for instance
max c’'z,c € Z". We need to adapt the upper bound on the support (Lemma 5) and the
dynamic program (Algorithm 1) according to this new objective function. For maxc’x,c €
7", the running time of the dynamic program changes as follows: Instead of determining
the feasibility of the small sub-problems in the base case, we need the optimal solution of
those. The currently best algorithm by Jansen and Rohwedder [21] achieves a running time
of O(v/r +1A)2+1) £ O(h(r+1)). In the inductive step, we replace the boolean convolution
with (max, +)-convolution, which has generally has quadratic running time. This and the
change of the support bound to 2(r + 2)(log(r 4+ 2) + A + 2) does not affect the asymptotic
running time which yields:

» Theorem 1. Combinatorial n-fold ILPs (#) with respect to the objective of mazimiz-
ing cfx,c € Zgo and where A is the largest absolute value in A can be solved in time
(nrA)O) log(baey)-

4 Applying the Algorithm

To complete the discussion of our algorithm, we present exemplary applications of the
algorithm to different contexts. Here, we introduce the considered problems, while we refer
to the full version [17] for the detailed applications and resulting running times.

Scheduling on Uniform Machines

A scheduling instance is defined by the number of jobs n € Zio with processing times
p € Z2, and the number of machines m € ZT, with speed values s € Z%,. This means
that N := ||n||; jobs of d different sizes have to be scheduled on M := |m/|; machines with
7y different speeds. Since the processing times are integer, the total number of different
job-types d is bounded by d < pnax. Each job has to be executed on a single machine.

Let M be the set of all machines. A schedule o: Z‘io — M is a mapping that assigns
all jobs to the available machines. The load L(m®*))(®) of machine m®*) € M is the sum of
the sizes of all jobs assigned to that machine by the schedule o. Assume m®*) has speed sy.
Then we define the completion time of machine m(® by C(m®)(@) .= L(m") @/, “je. the
time when machine m(?) has finished processing all jobs that were assigned to it by o.

The objective functions that we consider in this work are:

Makespan Minimization (Cmax): min, (maxmmeM C’(m(i))(”))

Santa Claus (Cpin): max, (minm<7~,>eM C(m(i))(g))

Closest String Problem

When considering the CLOSEST STRING problem, we are given a set of k strings S =
{s1,..., sk} of length L € Z>; from alphabet [k] and an integer d € Z>¢. The task is to find
a string ¢ € [k]L of length L (called the “closest string”) such that the Hamming distance
dg(c, s;) between ¢ and any string s; € S is at most d. The Hamming distance for two
equal-length strings is the number of positions at which they differ.
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Imbalance Problem

The input to the IMBALANCE problem is an undirected graph G = (V, E) with n vertices.
An ordering of the vertices in G is a bijective function # =V — [n]. For v € V, we define
neighborhood of v by N(v) := {u € V| (u,v) € E}, the set of left neighbors L(v) := {u €
N() | m(u) < w(v)} and the set of right neighbors R(v) := {u € N(v) | m(v) < w(u)}. Note
that R(v) = N(v) \ L(v). The imbalance of at v € V' is defined as ¢, (v) = ||R(v)| — | L(v)]|
and the total imbalance of the ordering 7 is +(7) = > .y tx(v). The aim is now to find an
ordering 7 that minimizes the total imbalance.

5 Conclusion

We have shown that we can solve combinatorial n-fold ILPs in time (nrA)°() log(bges). Our
algorithm builds on insights regarding the partition of the entire problem into smaller and
smaller sub-problems, which we solve and use to reconstruct the entire problem in a novel
manner. Complementing our algorithmic results, we present applications of our algorithm
to the world of scheduling on uniform machines, the closest string problem and imbalance.
In the case of scheduling on uniform machines, we can apply techniques to bound A and
achieve an algorithm with a running time matching a lower bound provided by the ETH for
both makespan minimization and Santa Claus. For closest string our algorithm matches the
current state of the art, but can, in contrast to existing algorithms, leverage bounded number
of column-types to achieve improved running times. Finally, when applied to imbalance, our
algorithm results in an improved running time over the state-of-the-art. For both closest
string and imbalance our algorithm matches the current state of the art, but can, in contrast
to existing algorithms, leverage bounded number of column/vertex types to achieve improved
running times.
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