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Abstract
The standard formalization of preprocessing in parameterized complexity is given by kernelization.
In this work, we depart from this paradigm and study a different type of preprocessing for problems
without polynomial kernels, still aiming at producing instances that are easily solvable in practice.
Specifically, we ask for which parameterized problems an instance (I, k) can be reduced in polynomial
time to an integer linear program (ILP) with poly(k) constraints.

We show that this property coincides with the parameterized complexity class WK[1], previously
studied in the context of Turing kernelization lower bounds. In turn, the class WK[1] enjoys
an elegant characterization in terms of witness verification protocols: a yes-instance should admit a
witness of size poly(k) that can be verified in time poly(k). By combining known data structures with
new ideas, we design such protocols for several problems, such as r-Way Cut, Vertex Multiway
Cut, Steiner Tree, and Minimum Common String Partition, thus showing that they can be
modeled by compact ILPs. We also present explicit ILP and MILP formulations for Weighted
Vertex Cover on graphs with small (unweighted) vertex cover number. We believe that these
results will provide a background for a systematic study of ILP-oriented preprocessing procedures
for parameterized problems.
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1 Introduction

Kernelization [38] provides a rigorous theory for data preprocessing in the following sense:
given an instance I with parameter k we would like to transform it in polynomial time
into an equivalent instance (I ′, k′) so that |I ′| + k′ ≤ f(k) for a slowly growing function f .
Historically, kernelization was meant as just another tool for establishing fixed-parameterized
tractability [25] but later it grew into a mature theory on its own, especially after a hardness
framework has been established [6]. The main question in this paradigm is: which paramet-
erized problems admit polynomial kernels, that is, when can the function f be estimated
as polynomial? From the practical point of view, once the instance size is reduced, it may
become amenable to brute-force or heuristic methods.

In recent years, empirical observations have provided evidence that analyzing preprocessing
through the lens of kernelization might be too restrictive. In the annual PACE challenge [29,
43, 53, 54], co-organized with the IPEC conference, competitors solve a collection of instances
of a certain NP-hard problem related to parameterized complexity. It turned out that
the many successful submissions [3, 4, 9, 23, 24] do not follow the algorithms from FPT
handbooks but instead reduce the problem to (mixed) integer linear programming (ILP)
and then employ a specialized solver. Even though the contestants are not allowed to use
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16:2 Designing Compact ILPs via Fast Witness Verification

the state-of-the-art industrial solvers, already the open source solvers often outperform
sophisticated FPT algorithms with provable worst-case guarantees. However, it is usually
challenging to model the problem in question as a concise ILP.

In our opinion, parameterized complexity should seek an explanation of this phenomenon
and understand which problems can be handled with ILP-driven preprocessing. In this work,
we make a first step in this direction and investigate one of the possible ways of formalizing
such a notion of preprocessing. Even though modeling NP-hard problems as succinct (mixed)
ILPs has been a subject of operation research since the 1950s [14, 22, 37, 42, 65, 66, 71],
no systematical study has addressed this question from the perspective of parameterized
complexity so far.

What kind of preprocessing? Following the design of kernelization theory, we consider
polynomial-time procedures that output an equivalent instance (of a possibly different decision
problem) that should be well-structured as long as the initial parameter is not too large. While
there are many ways to measure the difficulty of an ILP [1, 11, 17, 18, 28, 30, 40, 48, 36, 50],
the most natural are the number of constraints and the number of variables. In this work,
we focus on the first one.

Specifically, we are interested in processing an instance (I, k) in polynomial time to
rewrite it as an ILP of the form (Ax ≤ b, x ∈ Zn

≥0), where A ∈ Zm×n, b ∈ Zm, and m is
polynomially bounded in k. In other words, we would like to reduce solving the problem in
question to feasibility check of an ILP with only poly(k) constraints. This strategy matches
the assumption guiding the kernelization paradigm: when the parameter k is small, then
heuristic algorithms should work fast in practice when the search space has “dimension”1

poly(k). Naturally, it would be desirable to obtain ILP formulations with m = O(k) or
m = O(k2) but we believe that a new framework should first focus on establishing general
bounds and more fine-grained results will follow. For comparison, the first work on polynomial
kernelization for Feedback Vertex Set only guaranteed a kernel of size O(k11) [13] but it
was soon improved to O(k2) [69].

What kind of problems? Before we delve further into technicalities, let us reflect on
for which parameterized problems the question above makes sense. First of all, we are
interested in problems without (known) polynomial kernels. Secondly, any problem that can
be reduced as described above must (1) belong to NP and (2) admit an FPT algorithm with
running time of the form 2poly(k) · nO(1) [51]. Restricting to only such problems allows us to
assume log n ≤ poly(k) because otherwise the FPT running time above can be estimated as
polynomial in n. Later we will also see another property that must be satisfied: an instance
(I, k) should admit an NP-witness of size poly(k, log |I|). Therefore, we should not hope to
handle structural parameterizations like treewidth due to known barriers [27].

Fast witness verification. The question outlined above can be formalized in the following
way: we ask which parameterized problems admit a polynomial parameter transformation
(PPT) to ILP feasibility checking parameterized by the number of constraints. It is easy to
see that Set Cover parameterized by the universe size admits such a reduction and we will
present a reduction in the opposite direction as well. In turn, the class of problems reducible

1 Usually the “dimension” of an ILP refers to the number of variables but the known FPT algorithms [32, 51]
for solving ILP parameterized by the number of constraints m perform computations in a lattice of
dimension m.
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by PPT to Set Cover is known as WK[1]. The WK-hierarchy has been introduced by
Hermelin, Kratsch, Sołtys, Wahlström, and Wu [45] in the context of Turing kernelization.
What is interesting for us, the class WK[1] comprises those parameterized problems that
admit an NP-witness of size poly(k) whose correctness can be verified in time poly(k). This
elegant characterization has remained merely a curiosity because the main focus of the
work [45] was to prove problem hardness with respect to the WK-hierarchy2. We shall exploit
this characterization in a different context.

Related work. A more expressive variant of ILP allows one to write lower and upper
bounds ℓi ≤ xi ≤ ui that do not count to the constraint limit (see Section 2). Rohwedder
and Węgrzycki [68] considered such ILP parameterized by the number of constraints and
studied fine-grained equivalences with problems such as Closest String, Discrepancy
Minimization, and Set Multi-Cover. Kernelization of ILP Feasibility has been
considered in [56, 59]. For more applications of ILP in parameterized complexity, see,
e.g., [15, 41, 44, 55].

Apart from witness verification protocols studied here, there are other models of non-
deterministic computation considered in parameterized complexity, mainly in the context of
space limitations [7, 33, 67, 72].

Our contribution

We show that the class WK[1] provides an exact characterization of parameterized problems
that can be reduced to ILP with few constraints as long as the entries in the corresponding
matrix cannot be too large. The latter restriction is necessary because unbounded entries
allow one to express Unbounded Subset Sum (which is NP-hard [62]) with just one equality
constraint. More formally, we consider the feasibility problem of the form (Ax ≤ b, x ∈ Zn

≥0),
where A ∈ Zm×n, b ∈ Zm, and define ∆(A) to be the maximal absolute value of an entry in
the matrix A.

▶ Theorem 1. Integer Linear Programming Feasibility is WK[1]-complete when:
parameterized by m + log(∆(A)),
parameterized by m only, under the assumption that ∆(A) = 1 and the vector b is given
in unary.

Consequently, a parameterized problem admits a polynomial parameter transformation
to ILP Feasibility (under the considered parameterizations) if and only if it belongs to
the class WK[1]. Notably, it follows that allowing for polynomially large numbers in an ILP
does not lead to any qualitative advantage. A similar equivalence is known for the variant
with bounded variables [68] but therein the reduction involves exponentially many variables.
That variant is easily seen to be WK[1]-hard (Observation 13).

Hermelin et al. [45] already showed that WK[1] includes problems of local nature, such
as k-Path, Connected Vertex Cover, Min Ones d-SAT, or Steiner Tree, all
parameterized by the solution size. Motivated by Theorem 1, we show that this class captures
many more problems, also those of seemingly non-local nature. To this end, we employ
various data structures to design fast witness verification protocols. The definitions of the
listed problems and the related results are discussed in the corresponding sections.

2 This characterization is implicit in [45] so for completeness we provide a proof in the full version of the
article.
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▶ Theorem 2. The following parameterized problems belong to the class WK[1]:
r-Way Cut / solution size,
Vertex Multiway Cut / solution size,
Minimum Common String Partition / partition size,
Long Path / feedback vertex set number,
Steiner Tree / number of terminals,
Optimal Discretization / solution size.

Theorems 1 and 2 imply that all the listed problems can be reduced to ILP with poly(k)
constraints. In fact, we provide parameterized reductions to Binary NDTM Halting,
which then reduces to Set Cover, which in turn can be readily modeled by a compact ILP.
We remark that the proofs of containment in WK[1] are not technically involved but they
exploit dynamic data structures in a novel context. In our opinion, their value lies in creating
a new link between the fields of integer programming, proof protocols, and data structures.

The results above only provide implicit reductions to ILP where the number constraints is
an unspecified polynomial in the parameter. We complement those with an explicit reduction
for Weighted Vertex Cover / VC, where the parameter is the vertex cover number of
the input graph. We attain only linearly many constraints, however with a caveat that we
require all the variables to be binary. In addition, we present a mixed integer linear program
where the number of integral variables is also linear in the parameter.

▶ Theorem 3. Weighted Vertex Cover / VC admits a linear parameter transformation
to Binary ILP Feasibility parameterized by m + log(∆(A)). Furthermore, the problem
admits a linear parameter transformation to MILP Feasibility parametrized by the number
of integral variables.

Organization of the paper. In Section 2 we provide background on ILPs and MILPs,
together with a discussion on the class WK[1]. Section 3 is devoted to proving Theorem 1
while the proof of Theorem 2 is given in Section 4. In Section 5 we give a closer look at
Weighted Vertex Cover.

2 Preliminaries

On default, we measure the running time of algorithms in the standard RAM model with
logarithmic word length. All the summoned algorithmic results are deterministic. Throughout
the paper, we use the variable n to denote the input size during the reductions or the number
of variables when analyzing integer programs. The number of constraints is denoted by m.

Integer linear programming. For A ∈ Zm×n and b ∈ Zm, we consider ILP in the standard
form without upper bounds: (Ax ≤ b, x ∈ Zn

≥0). Note that it is allowed to write inequalities
“≥” as well since one can multiply coefficients by -1. The problem Integer Linear
Programming (ILP) Feasibility asks, given A, b, whether there exists a vector x satisfying
the system above. One can also consider ILP in the equality form: (Ax = b, x ∈ Zn

≥0) where
A ∈ Zm×n and b ∈ Zm. It is easy to transform a system of inequalities (Ax ≤ b, x ∈ Zn

≥0) into
the equality form by introducing m new non-negative variables and turning each inequality∑

aixi ≤ b into equality
∑

aixi + z = b where z is a fresh variable. This transformation does
not affect the number of constraints and results in matrix A′ obtained from A by inserting m

columns with only 0 and 1 entries. We make note of this observation in the following terms.
Recall that ∆(A) is the maximal absolute value of an entry in the matrix A.
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▶ Observation 4. A system of inequalities (Ax ≤ b, x ∈ Zn
≥0), A ∈ Zm×n, b ∈ Zm, can be

transformed in polynomial time into an equivalent system of equalities (A′y = b, y ∈ Zn+m
≥0 )

where A′ ∈ Zm×(n+m) and ∆(A′) = max(1, ∆(A)).

Another common variant of ILP is the standard form with upper bounds: (Ax ≤ b, x ≤
u, x ∈ Zn

≥0) where u ∈ Zn
≥0. This form effectively expresses n additional inequalities which

are not counted as constraints. When u is the all-1s-vector, we call the corresponding decision
problem Binary ILP Feasibility. All variants admit FPT algorithms parameterized by
the number of constraints m and ∆(A). On the other hand, parameterization by m alone is
unlikely to be FPT even when the input is given in unary [39, Theorem 2].

▶ Proposition 5 ([51, Theorem 5]). Feasibility of an ILP in the standard form without
upper bounds can be decided in time O(m · ∆(A))2m · log(||b||∞).

▶ Proposition 6 ([32, Theorem 4.1]). Feasibility of an ILP in the standard form with upper
bounds can be decided in time (m · ∆(A))O(m2) · n + sO(1) where s is the input encoding size.

In mixed integer linear programming (MILP) we have two groups of variables: n integral
ones and ℓ fractional ones. Let x[a, b] denote the truncation of the vector x to coordinates
[a, b]. In a variant with upper bounds we look for a vector x satisfying the system (Ax ≤
b, x ≤ u, x[1, n] ∈ Zn

≥0, x[n + 1, n + ℓ] ∈ Rℓ
≥0) where A ∈ Zm×(n+ℓ), u ∈ Zn+ℓ, and b ∈ Zm.

When the number n of integral variables is small, one can solve a MILP using an extension
of Lenstra’s algorithm. Note that in contrast to parameterization by m, now ∆(A) can be
unbounded.

▶ Proposition 7 ([52]). Feasibility of a MILP with n integral variables can be determined in
time nO(n) · sO(1), where s is the input encoding size.

Class WK[1]. A polynomial parameter transformation (PPT) is a reduction between para-
meterized problems P, Q that runs in polynomial time and maps instance (I, k) of P to
an equivalent instance (I ′, k′) of Q satisfying k′ ≤ poly(k). The WK-hierarchy has been
introduced as a hardness hierarchy for problems unlikely to admit a polynomial Turing
kernel [45]. For each t ≥ 1 the class WK[t] comprises problems that are PPT-reducible to
Weighted SAT over a certain class of formulas, parameterized by the number of 1s in an
assignment times log n. Since we are only interested in the class WK[1], it is more convenient
to rely on its equivalent characterization as the PPT-closure of the following WK[1]-complete
problem [45].

Binary NDTM Halting Parameter: k

Input: nondeterministic Turing machine M over a binary alphabet, integer k

Question: can M halt on the empty string in k steps?

Another canonical WK[1]-complete problem is Set Cover.

Set Cover Parameter: |U |
Input: set U , family of sets F ⊆ 2U , integer ℓ

Question: is there a subfamily F ′ ⊆ F of size ℓ such that the union of F ′ is U?

WK[1]-completeness of Binary NDTM Halting gives rise to a particularly elegant
characterization of WK[1] in terms of witness verification protocols.

IPEC 2025
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▶ Definition 8. A witness verification protocol for a parameterized problem L is a pair of
algorithms (A, B) with the following specification.

Given an instance (I, k) the algorithm A runs in polynomial time and outputs a string
s(I, k) ∈ {0, 1}∗ and integer ℓ(I, k). The algorithm B is given the concatenation of s(I, k)
and a string w ∈ {0, 1}ℓ(I,k) and outputs a yes/no answer. We require that (I, k) ∈ L if and
only if there exists w for which B answers “yes”.

For a function f : N2 → N we say that the protocol has complexity f if (a) ℓ(I, k) ≤ f(|I|, k)
and (b) the running time of B on s(I, k) + w is bounded by f(|I|, k).

The following characterization was stated implicitly in [45, §1]. We provide a proof in
the full version of the article for completeness.

▶ Theorem 9. A parameterized problem L belongs to the class WK[1] if and only if:
1. (I, k) ∈ L can be decided in time 2poly(k) · |I|O(1), and
2. L admits a witness verification protocol of complexity poly(k, log |I|).

3 WK[1]-completeness of ILP

We summon several facts about the structure of solutions to ILP in the equality form. First
we bound the support of a solution using the integral Carathéodory’s Theorem.

▶ Proposition 10 ([31, Corollary 5]). Consider an optimization ILP of the form
min{cT x : Ax = b, x ∈ Zn

≥0} where A ∈ Zm×n, b ∈ Zm, c ∈ Zn. If this program has a
finite optimum, then it has an optimal solution x∗ in which the number of non-zero entries
is O(m(log m + log(∆)) where ∆ is the maximum absolute value of an entry in A and c.

Next, we bound the ℓ1-norm of a solution.

▶ Proposition 11 ([51, Lemma 3]). If the system (Ax = b, x ∈ Zn
≥0) is feasible, it has a

solution x∗ satisfying ||x∗||1 ≤ O(m · ∆(A))m · (||b||∞ + 1).

At the expense of solving an LP relaxation, we can assume that the entries in the
vector b are bounded. The following proposition is a corollary from the proximity bound by
Eisenbrand and Weismantel [32].

▶ Proposition 12 ([51, §4.2]). There is a polynomial-time algorithm that, given A ∈ Zm×n

and b ∈ Zm, returns a vector b′ ∈ Zm such that:
1. ||b′||∞ = O(m · ∆(A))m+1,
2. (Ax = b, x ∈ Zn

≥0) is feasible if and only if (Ax = b′, x ∈ Zn
≥0) is feasible.

We are ready to pin down the complexity status of ILP Feasibility.

▶ Theorem 1. Integer Linear Programming Feasibility is WK[1]-complete when:
parameterized by m + log(∆(A)),
parameterized by m only, under the assumption that ∆(A) = 1 and the vector b is given
in unary.

Proof. We first show that the latter variant is WK[1]-hard. It admits a trivial PPT to the
first variant, so then it remains to show that the first one belongs to WK[1].

We prove WK[1]-hardness by reducing from Set Cover parameterized by the universe
size. This problem is known to be WK[1]-complete [45]. For each set F ∈ F we create a
variable xF ∈ Z≥0. For each u ∈ U we write a constraint

∑
F ∋u xF ≥ 1, enforcing that u
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must be covered. Then we add a constraint
∑

F ∈F xF ≤ ℓ. It is easy to see that any integral
solution corresponds to a vertex cover of size at most ℓ. This yields a polynomial parameter
transformation: the number of constraints is |U | + 1, ∆(A) = 1, and ||b||∞ ≤ |U |.

Now we show that the first problem belongs to WK[1]. First we rewrite an ILP into the
equality form (Observation 4). By Theorem 9 we have to check that the problem is solvable
in time 2poly(k) · sO(1) and that it admits a witness verification protocol with complexity
poly(k, log s), where s stands for the encoding size of the instance. The running time from
Proposition 5 can be estimated as 2O(k log k) · sO(1) where k = m + ∆(A) so it suffices to
design a witness verification protocol (A, B). The algorithm A preprocesses the ILP using
Proposition 12 to ensure that ||b||∞ = O(m · ∆(A))m+1.

We apply Proposition 10 for the objective vector c = 0 so ∆ equals ∆(A). We infer that
if the ILP is feasible, then it admits a solution x∗ with at most O(k2) non-zero variables. By
applying Proposition 12 to the ILP restricted to only these variables we can further assume
that ||x∗||1 ≤ O(m · ∆(A))2m+1 = 2O(k2 log k). Hence x∗ can be encoded using O(k2 log s)
bits for the choice of the non-zero variables and O(k4 log k) bits for their values. This gives
an encoding of the witness supplied to the algorithm B. Checking each constraint can be
done in time polynomial with respect to the number of non-zero variables and the number of
relevant bits, which is poly(k, log s). This concludes the description of the witness verification
protocol. ◀

By inspecting the reduction from Set Cover to ILP Feasibility, one can easily see
that it also works with additional constraints xu ∈ {0, 1} for every u ∈ U . It follows that the
variant with bounded variables is also WK[1]-hard, however its containment in WK[1] is not
known and we find it unlikely (see Section 6).

▶ Observation 13. Binary ILP Feasibility is WK[1]-hard when parameterized by m,
under the assumption that ∆(A) = 1 and the vector b is given in unary.

4 Fast Witness Verification

We show containment in WK[1] for the problems listed in Theorem 2 using the criterion
from Theorem 9. The first condition will be always satisfied by summoning a known FPT
algorithm and we will focus on designing witness verification protocols.

4.1 Cut problems
In this section we treat r-Way Cut and Vertex Multiway Cut. We will employ
connectivity oracles to quickly verify that a solution candidate forms a cut.

▶ Definition 14. A vertex (resp. edge) failure connectivity oracle for a graph G and integer d

supports two types of operations. An update operation is performed only once and it processes
a set D of vertices (resp. edges) from G of size at most d. In a query operation, for given
vertices u, v ∈ G the oracle determines whether u, v are connected in G − D.

▶ Proposition 15 ([61]). There is a deterministic vertex (resp. edge) failure connectivity oracle
for undirected graphs with polynomial preprocessing time, update time O(d2 · log4 n · log4 d),
and worst-case query time O(d).

The statement in [61] concerns vertex failure connectivity only but this setting generalizes
edge failure connectivity. To see this, subdivide each edge in G and mimic removal of an
edge by removing the corresponding vertex (see also [46]).

IPEC 2025
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r-Way Cut Parameter: k

Input: undirected graph G, integers r and k

Question: is there a set X ⊆ E(G) such that G−X has at least r connected components
and |X| ≤ k?

The vertex-deletion variant of the problem is W[1]-hard already under the parameterization
by k + r [63]. Edge deletion is easier and the above stated variant is FPT [19]. However, it
does not admit a polynomial kernel unless NP ⊆ coNP/poly [20]. We will show that r-Way
Cut belongs to WK[1] which, in the light of Theorem 1, makes the problem amenable to
ILP-based preprocessing.

▶ Lemma 16. r-Way Cut ∈ WK[1].

Proof. By Theorem 9 we need to check that the problem is solvable in time 2poly(k)nO(1)

and that it admits a witness verification protocol with complexity poly(k, log n). The first
condition is satisfied due to known kO(k) · nO(1)-time algorithm [19].

Observe that removal of one edge can increase the number of connected component by at
most one. Let C(G) denote the set of connected components of G and ℓ = |C(G)|. If ℓ+k < r

then clearly there can be no solution, so let us assume r − ℓ ≤ k. Suppose that X ⊆ E(G) is
a solution. For every C ∈ C(G) that is being split into rC > 1 parts, there exists vertices
v1, v2, . . . , vrC

∈ V (C) that are pairwise disconnected in G − X. The number of connected
component of G − X equals

∑
C∈C(G) rC . Since it suffices to split r − ℓ ≤ k components,

we may assume that there at most k components C ∈ C(G) for which rC > 1. Therefore,
when X is a solution, there must exist ≤ 2k vertices that can be divided into t ≤ k groups
V1, V2, . . . , Vt so that (i) each group Vi is pairwise connected in G, (ii) v ∈ Vi and u ∈ Vj are
not connected in G whenever i ̸= j, (iii) distinct u, v ∈ Vi are not connected in G − X, and
(iv)

∑t
i=1(|Vi| − 1) = r − ℓ. This constitutes a certificate that X is a solution.

We now design the witness verification protocol (A, B). The algorithm A computes
the connected components of G, assigns vertices in each component a unique label, and
initializes the data structure from Proposition 15. The algorithm B inherits the state of
the data structure together with labels marking the connected components and is provided
the following witness: a set X of at most k edges and t ≤ k vertex sets V1, V2, . . . , Vt with
≤ 2k vertices in total. First we check that all the given vertices are pairwise distinct, in time
O(k2). Then we check the conditions (i)-(iv). The conditions (i)-(ii) can be verified using
labels in time O(k2). To handle condition (iii), we first perform the update operation on the
edge failure connectivity oracle for set X in time O(k3 · log4 n). Then we query the oracle
for each pair u, v ∈ Vi for each i ∈ [1, t] to check that they are disconnected in G − X. This
takes total time O(k3). Finally, condition (iv) boils down to number additions, which are
performed in time O(k). This concludes the description of the protocol. ◀

We move on to another cut-based problem.

Vertex Multiway Cut Parameter: k

Input: undirected graph G, set T ⊆ V (G), integer k

Question: is there a set X ⊆ V (G) \ T such that each connected component of G − X

has at most one vertex from T and |X| ≤ k?

The existence of a polynomial kernel for Vertex Multiway Cut remains a major open
problem [60]. Positive results include special cases where |T | = O(1) [60] or where the input
graph is planar [49], and a quasi-polynomial kernel for the edge-deletion variant [70]. In
addition, there exist reduction rules that compress the terminal set.
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▶ Proposition 17 ([21, Lemma 2.7]). There is a polynomial-time algorithm that, given an
instance (G, T, k) of Vertex Multiway Cut, outputs an equivalent instance (G′, T ′, k′)
with k′ ≤ k and |T ′| ≤ 2k′.

Our witness verification protocol combines this procedure with the vertex failure con-
nectivity oracle.

▶ Lemma 18. Vertex Multiway Cut ∈ WK[1].

Proof. Vertex Multiway Cut can be solved in time 2k · nO(1) [21] and it remains to
construct a witness verification protocol. The algorithm A executes the reduction from
Proposition 17 and so we can assume |T | ≤ 2k. Then it initializes the vertex failure
connectivity oracle from Proposition 15. The algorithm B is given the reduced instance, the
state of the oracle, and the witness as simply a solution candidate X ⊆ V (G), |X| ≤ k. First
it checks if X ∩ T = ∅ in time O(k2). Then it performs the update operation on the oracle
for set X, in time O(k3 · log4 n). Finally, it asks oracle for each pair u, v ∈ T whether u, v

are disconnected in G − X, in total time O(k3). Hence the complexity of the protocol is
poly(k, log n). ◀

4.2 Minimum Common String Partition
For two strings x, y of equal length, their common string partition of size k is given by
partitions x = x1x2 . . . xk, y = y1y2 . . . yk, such that there exists a permutation f : [k] → [k]
satisfying xi = yf(i) for each i ∈ [1, k].

Minimum Common String Partition Parameter: k

Input: strings x, y of equal length, integer k

Question: is there a common string partition of x, y of size at most k?

The study of this problem is motivated by applications in comparative genomics [12]. To
the best of our knowledge, nothing is known about its kernelization status. In order to design
a witness verification protocol, we will employ the following data structure for maintaining a
dynamic collection of strings.

▶ Proposition 19 ([64]). There is a deterministic data structure that supports the following
operations in worst-case time O(log2 m · log∗ m) where m is the total number of operations.
1. Create a singleton string with symbol z.
2. Create a new string by concatenating two strings from the collection.
3. Create two new strings by splitting a string from the collection at the given index.
4. Check if two strings in the collection are equal.
Moreover, operations (2, 3) keep the host strings in the collection.

▶ Lemma 20. Minimum Common String Partition ∈ WK[1].

Proof. The problem can be solved in time 2O(k2 log k) · nO(1) [12] and so it suffices to give a
witness verification protocol of complexity poly(k, log n). The algorithm A builds strings x, y

using operations (1, 3) of data structure from Proposition 19, then it outputs the computed
data structure.

A witness is a partition x = x1x2 . . . xk, specified by k indices from the range [1, n],
together with a permutation f : [k] → [k]. The algorithm B inherits the state of the
data structure from A and creates strings x1, x2, . . . , xk using the split operation. Then it
concatenates them in the order given by f and checks if the resulting string is equal to y.

The witness can be encoded using k log n + k log k bits. The verification process requires
2k + 1 operations on the data structure, each taking time O(log2 n · log∗ n). ◀
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4.3 Long Path
A feedback vertex set (FVS) in a graph G is a set X ⊆ V (G) for which G − X is acyclic. The
FVS number of G is the size of its smallest feedback vertex set.

Long Path / FVS Parameter: k = FVS number of G

Input: undirected graph G, integer ℓ

Question: is there a path on ℓ vertices in G?

It is known that Long Path admits a polynomial kernel when parameterized by the
vertex cover number [8] and in the same paper it was asked whether the same holds for the
FVS number parameterization. To the best of our knowledge, this question remains open
since 2013. An FPT algorithm for Long Path / FVS is implied by the following result
because treewidth is never larger that the FVS number.

▶ Proposition 21 ([5, Theorem 3.20]). Long Path can be solved in time 2O(tw) · nO(1) where
tw denotes the treewidth of the input graph.

We remark that this result has been stated under the assumption that a tree decomposition
of width tw is provided in the input but this assumption can be dropped due to known
approximation algorithms for treewidth [5, §5].

For a tree T and u, v ∈ V (T ) let PT (u, v) denote the unique (u, v)-path in T . The length
of a path P is defined as |V (P )|.

▶ Lemma 22. The problem Long Path / FVS belongs to WK[1].

Proof. The FPT algorithm follows from Proposition 21 since tw(G) ≤ fvs(G). We construct
a witness verification protocol (A, B). The algorithm A first runs 2-approximation for
Feedback Vertex Set [2] so we can assume that a feedback vertex set X of size at
most 2k is known. Next, it computes the connected components of G − X by assigning
vertices in each component a unique label. Then, on each tree T we compute the following
information. For each v1, v2 ∈ V (T ) we store the length of the path PT (v1, v2). For each
v1, v2, u1, u2 ∈ V (T ) we store a bit indicating whether V (PT (v1, v2)) ∩ V (PT (u1, u2)) = ∅.
The algorithm A outputs all these structures, together with the adjacency matrix of G.

Observe that when P is a path in G, then it has at most 2k + 1 maximal subpaths
P1, P2, . . . , Pt in G − X. The witness is a description of a path P as a sequence of vertices
from X and pairs of vertices from G − X that form the endpoints of subpaths Pi. To verify
the witness we need to check (i) that the total length of path is ℓ, (ii) that the consecutive
vertices in the description are adjacent in G, and (iii) that the given subpaths are pairwise
disjoint. To check condition (i) we read the length of each path Pi specified by endpoints
v1, v2. This quantity can be retrieved from the precomputed table and the total length is
then computed using O(k) addition. Condition (ii) is tested with the adjacency matrix. To
check condition (iii), we consider all pairs i, j ∈ [1, t] and if the endpoints of Pi, Pj belong
to the same tree, we determine disjointedness of Pi, Pj using the precomputed table. Then
we also compare the listed vertices from X to ensure that they are pairwise distinct. The
witness can be encoded with O(k log n) bits while the verification takes time O(k2). This
yields a witness verification protocol of complexity poly(k, log n). ◀

4.4 Steiner Tree
Steiner Tree / T Parameter: k = |T |
Input: graph G, set T ⊆ V (G), integer ℓ

Question: is there a tree X ⊆ E(G) that spans T and |X| ≤ ℓ?



M. Włodarczyk 16:11

Hermelin et al. [45] showed that Steiner Tree is WK[1]-complete when parameterized
by ℓ. Since k ≤ ℓ in any non-trivial instance, this implies that the problem is WK[1]-hard
when parameterized by k and, furthermore, that it does not admit a polynomial kernel unless
NP ⊆ coNP/poly.

▶ Lemma 23. The problem Steiner Tree / T belongs to WK[1].

Proof. Steiner Tree can be solved in time 3k · nO(1) [26] and we present a witness
verification protocol. The algorithm A computes all the pairwise distances in G and outputs
them together with the set T . The witness supplied to algorithm B is given by a set
Y ⊆ V (G) \ T of at most k − 1 vertices and a tree F on the vertex set T ∪ Y . The verification
protocol reads the distances in G between each pair u, v ∈ T ∪ Y where uv ∈ E(F ) and
checks if their sum is at most ℓ.

If the verification succeeds then clearly G contains a connected subgraph spanning T on
≤ ℓ edges, so it also contains a tree with this property. In the other direction, suppose that
there exists a solution tree X. This tree has at most k leaves so the number of vertices of
degree greater than 2 is at most k − 1. The witness guesses such vertices that are not in
T and the tree F obtained from X by contracting each vertex V (X) \ T of degree two to
one of its neighbors. The total number of edges lying on paths corresponding to E(F ) is
clearly |X| which bounds the sum of distances read by the algorithm B. This concludes the
correctness proof of the protocol. The witness can be encoded using O(k log n) bits while
verification requires O(k) additions of numbers from [1, n]. ◀

4.5 Optimal Discretization
Consider sets W1, W2 ⊆ Q2. A pair (X, Y ) of sets X, Y ⊆ Q is called a separation of (W1, W2)
if for every (x1, y1) ∈ W1 and (x2, y2) ∈ W2 there exists an element of X strictly between x1
and x2 or an element of Y strictly between y1 and y2. A geometric interpretation of (X, Y )
is a family of axis-parallel lines (vertical line ℓx for each x ∈ X and horizontal line ℓy for
each y ∈ Y ) so that for every component C of R2 \

⋃
z∈X∪Y ℓz the closure of C contains

either only points from W1 or only points from W2.

Optimal Discretization Parameter: k
Input: sets W1, W2 ⊆ Q2, integer k

Question: is there a separation (X, Y ) of (W1, W2) with |X| + |Y | ≤ k?

The geometric interpretation makes the problem attractive from the perspective of learning
theory. This motivated the study of parameterized algorithms for Optimal Discretization:
it turns out to be FPT [58] but only when we consider axis-parallel separating lines [10]. To
the best of our knowledge, nothing is known about its kernelization status.

For F ⊆ Q we define h(W ) = { x1+x2
2 : x1, x2 ∈ F}. For W ⊆ Q2 we define sets

hX(W ), hY (W ) ⊆ Q as respectively h(WX), g(WY ), where WX , WY are projections of W

into X/Y -coordinates. It is easy to modify any separation (X, Y ) of (W1, W2) to only use
coordinates that lie exactly in between two coordinates from the input, without affecting the
set of pairs that are separated.

▶ Observation 24. There exists a minimum-size separation (X, Y ) of (W1, W2) satisfying
X ⊆ hX(W1 ∪ W2), Y ⊆ hY (W1 ∪ W2).

▶ Lemma 25. Optimal Discretization ∈ WK[1].
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Proof. First we check that Optimal Discretization can be solved in time
2O(k2 log k)nO(1) [58]. The algorithm A of the witness verification protocol considers all tuples
(x1, x2, y1, y2) where x1, x2 ∈ hX(W1 ∪ W2) ∪ {−∞, ∞}, y1, y2 ∈ hY (W1 ∪ W2) ∪ {−∞, ∞},
x1 < x2, and y1 < y2. Their number is polynomial in |W1| + |W2|. For a tuple (x1, x2, y1, y2)
it checks whether [x1, x2] × [y1, y2] contains at least one point from W1 and from W2. If it
contains both, then such tuple is marked as bad. The algorithm A outputs the set of bad
tuples, sorted lexicographically.

The witness supplied to the algorithm B is a pair (X, Y ) where X ⊆ hX(W1 ∪ W2),
Y ⊆ hY (W1 ∪ W2), and |X| + |Y | ≤ k. By Observation 24 we can assume that there exists
an optimal solution of this form. Moreover, we require the sets X, Y to be listed in the
increasing order of elements. The verification mechanism considers all tuples (x1, x2, y1, y2)
where x1, x2 are consecutive elements in X ∪ {−∞, ∞} and likewise for y1, y2. There are
O(k2) such tuples, each corresponding to a connected component of R2 \

⋃
z∈X∪Y ℓz. Then

(X, Y ) forms a separation for (W1, W2) if and only if none of these tuples has been marked as
bad. One can check if (x1, x2, y1, y2) is bad by performing binary search in the data structure
provided by the algorithm A. In summary, the witness can be encoded with O(k · log n) bits
whereas verification takes time O(k2 · log n). ◀

5 Weighted Vertex Cover

The vertex cover number (VC number) of G is the size of the smallest vertex cover in G.

Weighted Vertex Cover / VC Parameter: VC number of G

Input: graph G, weight function w : V (G) → Z≥0 given in unary, integer ℓ

Question: is there a vertex cover in G of total weight at most ℓ?

The unweighted variant of Vertex Cover is probably the most heavily studied problem
in kernelization [16, 35, 38, 57]. The weighted variant has a polynomial kernel when
parameterized by the number of vertices in the sought solution [34] but it is unlikely to
admit a polynomial kernel when parameterized by the VC number, even when the weights
are given in unary [47]. We remark that if the weights were provided in binary, the theorem
below would also hold but only when treating the logarithm of the maximal weight as an
additional parameter.

▶ Theorem 3. Weighted Vertex Cover / VC admits a linear parameter transformation
to Binary ILP Feasibility parameterized by m + log(∆(A)). Furthermore, the problem
admits a linear parameter transformation to MILP Feasibility parametrized by the number
of integral variables.

Proof. We can assume that a vertex cover Y of G of size at most 2k is known, due to the
classic 2-approximation algorithm. The problem can be readily solved in time 2|Y | · |V (G)|
so by the standard argument we can assume that log n ≤ k, where n is the total input size.
Consider the following mixed integer linear program.

min
∑

v∈V (G)

w(v) · xv

∀u∈Y

∑
v∈NG(u)

xv + degG(u) · xu ≥ degG(u)

∀v∈V (G) 0 ≤ xv ≤ 1
∀u∈Y xu ∈ Z
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The number of integral variables, as well as the number of constrains, is |Y | ≤ 2k. Recall
that the bounds 0 ≤ xv ≤ 1 are not counted as constraints in our setup.

We claim that the optimum of this program equals the minimum weight vertex cover in G.
First, suppose that S ⊆ V (G) is a vertex cover. We claim that the binary characteristic vector
x of S satisfies all the constraints. Consider u ∈ Y . If u ∈ S then clearly

∑
v∈NG(u) xv +

degG(u) · xu ≥ degG(u). If u ̸∈ S then NG(u) ⊆ S and again the inequality holds.
In the other direction, consider a feasible solution x. We claim that set S = {v ∈

V (G) : xv = 1} forms a vertex cover. We need to show that every edge uw ∈ E(G) is covered
by S. Since Y is also a vertex cover, we can assume w.l.o.g. that u ∈ Y . Suppose that
xu < 1. Because xu is an integral variable, this implies xu = 0, and so it must hold that∑

v∈NG(u) xv ≥ degG(u). All the variables are upper bounded by 1, which enforces that
xv = 1 for every v ∈ NG(u), in particular for v = w. Hence the presented MILP indeed
models minimum weight vertex cover.

In order to obtain a feasibility problem we replace the objective function with a constraint∑
v∈V (G) w(v) · xv ≤ ℓ. This proves the second part of the theorem. Observe that the entries

in the obtained ILP matrix are vertex degrees and vertex weights, which are at most 2k

because we assumed log n ≤ k. This gives the bound on ∆(A) and proves the first part of
the theorem, by simply treating all the variables as integral. ◀

It is tempting to try to get rid of the upper bounds xv ≤ 1 and attain an ILP in the
form considered in Theorem 1. If we allow for not O(k) but poly(k) constraints, this is
equivalent to proving that Weighted Vertex Cover / VC is in WK[1]. A potential
witness verification protocol could guess the intersection of a solution S with the vertex
cover Y but it is unclear how to verify quickly that the remaining part of the solution has
bounded weight.

6 Conclusion

We have presented a characterization of parameterized problems reducible to ILP with few
constraints and classified several new problems into this category through witness verification
protocols. We find this connection surprising and inspiring for exploring new directions
in parameterized complexity. Can we further extend this classification? In particular,
we ask whether the following problems belong to WK[1]: Weighted Vertex Cover /
VC, Connected FVS, Directed FVS, and Vertex Planarization (the last three
parameterized by the solution size).

Our classification concerns ILPs in the standard form without upper bounds. Allowing for
upper bounds on variables gives a greater expressive power when the number of constraints
is a parameter (see Observation 13 and also [68]). It would be interesting to also characterize
parameterized problems reducible to upper-bounded ILP with few constraints. However, the
location of such a feasibility problem in the parameterized complexity landscape remains
unclear because we do not know whether it admits short NP-witnesses [72]. Yet another
direction is to describe problems that are reducible to ILP with few variables.

Containment in WK[1] only ensures that a problem can be modeled by ILP with poly(k)
constraints. Even though the degree of this polynomial can be retraced from the chain of
reductions, it is unlikely to be optimal. As the natural next step towards bridging the gap
between theory and practice, we would like to optimize the polynomial degree, by designing
explicit ILP formulation with O(kc) constraints, where c is as small as possible, ideally one.
A good starting point would be to consider problems with simple proofs of containment in
WK[1], such as k-Path or Connected Vertex Cover [45].
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