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—— Abstract

Enumerative kernelization is a recent and promising area sitting at the intersection of parameterized
complexity and enumeration algorithms. Its study began with the paper of Creignou et al. [Theory
Comput. Syst., 2017], and development in the area has started to accelerate with the work of Golovach
et al. [J. Comput. Syst. Sci., 2022]. The latter introduced polynomial-delay enumeration kernels and
applied them in the study of structural parameterizations of the MATCHING CUT problem and some
variants. Few other results, mostly on LONGEST PATH and some generalizations of MATCHING CUT,
have also been developed. However, little success has been seen in enumeration versions of VERTEX
CoVER and FEEDBACK VERTEX SET, some of the most studied problems in kernelization. In this
paper, we address this shortcoming. Our first result is a polynomial-delay enumeration kernel with
2k vertices for ENUM VERTEX COVER, where we wish to list all solutions with at most k vertices.
This is obtained by developing a non-trivial lifting algorithm for the classical crown decomposition
reduction rule, and directly improves upon the kernel with O(k2) vertices derived from the work of
Creignou et al. Our other result is a polynomial-delay enumeration kernel with O(ks) vertices and
edges for ENUM FEEDBACK VERTEX SET; the proof is inspired by some ideas of Thomassé [TALG,
2010], but with a weaker bound on the kernel size due to difficulties in applying the g-expansion
technique.
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1 Introduction

Enumeration problems are central objects in both practical and theoretical computer science,
with the main example of the former being the branch-and-bound method [35] (and its
relatives), universally used in integer programming solvers. Instead of answering a question
in either the positive or the negative, in this class of problems the goal is to generate
all witnesses, or solutions, that satisfy the given problem’s constraints, or decide that no
solution exists; we denote by Sol(z) the solution set of an instance z of some fixed problem of
interest. Typically, the number of solutions will be exponential in the input size n, and thus
input-sensitive algorithms, whose running-times are only analyzed with respect to n, are not
powerful enough tools to capture all nuances intrinsic to enumeration problems. In particular,
input-polynomial algorithms, whose running times are of the form n@Y | are inadequate
models of efficient enumeration. Consequently, enumeration algorithms are usually analyzed
in the output-sensitive context, i.e., their running times depend on both n and the size of
the output. In this setting, a popular class of efficiently solvable enumeration problems are
those that admit polynomial-delay [3,23,31] algorithms, where the running time between
consecutive outputs must be bounded by poly(n). These algorithms are unfeasible goals in
many interesting cases, as enumeration problems for which the existence of a single solution
is an NP-hard problem trivially do not admit such algorithms unless P = NP.

Orthogonally to enumeration, the theory of parameterized complexity [18,22,28] gained
significant traction as a means of coping with NP-hardness. In this framework, an instance x
is equipped with a parameter of interest k = k() and the efficient algorithms, known as
fized-parameter tractable (FPT), are those of running time f(k) - n®Y, for some computable
function f. An equivalent definition of tractability in this framework, and central to our work,
is that of decision kernelization: a polynomial-time algorithm, or kernel, that compresses an
instance (z, k) into an equivalent instance (y, ) such that |y|,¢ < g(k) for some computable
function g, known as the size of the kernel. Beyond their theoretical interest, kernels are also
models for theoretically guaranteed pre-processing algorithms, a key feature in real-world
applications, such as in integer optimization. Polynomial kernels, i.e., when g(k) = poly(k),
are of particular interest, as they typically result in significant reductions in input size.
Kernelization theory counts with several robust results and tools [1,4,6,8,11,21,25,28,39],
including meta-theorems [7,27,29,32], for both upper and lower bounds.

A very successful case study in kernelization is that of VERTEX COVER, arguably the
most fundamental problem in parameterized complexity. Abu-Khzam et al. [1] presented
the first kernel with O(k) vertices for the problem when parameterized by the solution
size k, using the then-novel concept of crown decompositions to improve on the previously
best known kernel with O(kz) vertices, implied by a result of Buss and Goldsmith [13].
Currently, the best known kernels for VERTEX COVER have size 2k [15], and are based on
the half-integral relaxation of Nemhauser and Trotter [38]. Alongside VERTEX COVER, the
FEEDBACK VERTEX SET problem has been quite influential in kernelization theory [9,12,39].
When parameterized by the solution size k, it was first shown to admit a kernel with O(ku)
vertices by Burrage et al. [12]; this was later improved to a cubic kernel by Bodlaender and
van Dijk [9]. Shortly afterwards, Thomassé [39] presented a kernel with O(k?) vertices and
edges by introducing a generalization of crown decompositions known as g-expansions, which
have since been used in other examples in the literature [25,26,33,34]. Thomassé’s kernel
size has also been shown to be asymptotically optimal by Dell and Marx [21].
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Over the last years, there have been mounting efforts to extend parameterized complexity
to the enumeration setting [5,14,17,19, 20,24, 30, 33, 36, 37], with input-FPT and FPT-delay
having their expected definitions; the work of Creignou et al. [17] has been particularly
influential in this endeavor, and we refer to it for a broader discussion on parameterized
enumeration. We will also not further discuss input-sensitive enumeration, focusing on
delay-based algorithms. While parameterized enumeration algorithms have been developed
for some decades, it took much longer, however, for the area of enumerative kernelization to
emerge, even though kernelization itself did play a significant role in several works [17,19,24].

Only very recently Golovach et al. [30] defined polynomial-delay enumeration (PDE)
kernels, which are equivalent to the existence of FPT-delay algorithms, much like FPT
algorithms and kernels are equivalent in the decision world; previous models, such as full
kernels [19] and enum-kernels [17], had issues that made them unsatisfactory definitions
for enumerative kernelization. Intuitively, a PDE kernel has two parts: the first, Ay, is the
compression algorithm and has the same constraints as a decision kernel, while the second
A, known as the lifting algorithm, receives the input (x, k), the output (y,¢) of Ay, and
a solution Y € Sol(y), and must output, with poly(jz| + |y| + k + ¢)-delay, a non-empty
subset Sy C Sol(x); additionally, the Sy’s must partition Sol(z). PDE kernels have been
applied to some problems [14, 30, 33, 36], mainly restricted to variants of the MATCHING
CurT problem; [33] is the unique exception, as it investigates an enumeration variant of the
LONGEST PATH problem; we remark that they apply the g-expansion technique to obtain
their results. Despite being stated as an enum-kernel, Creignou et al’s [17] O(kz) kernel
for ENUM VERTEX COVER is a PDE kernel. Despite these positive results, the most basic
techniques of decision kernelization theory seem quite difficult to adapt to the enumeration
setting. Motivated by this phenomenon, we examine the best known kernels for VERTEX
COVER and FEEDBACK VERTEX SET and seek to adapt their ideas and techniques to their
respective enumeration variants.

Our contributions. Our first result is a PDE kernel for ENUM VERTEX COVER with 2k
vertices, and directly improves upon the (’)(k:Q) kernel of Creignou et al. [17]; the problem is
formally defined as follows.

ENnuM VERTEX COVER
Instance: A graph G and an integer k.
Enumerate: All vertex covers of G of size at most k.

Our proof is a direct generalization of the kernel with 2k vertices for VERTEX COVER;
this, in turn, is based on the celebrated crown decomposition technique. Specifically, we
obtain the following theorem.

» Theorem 1. ENUM VERTEX COVER admits a PDE kernel with at most 2k vertices when
parameterized by the mazximum desired size of a solution k.

Intuitively, our kernel works by applying the classic crown reduction that deletes the

head H and crown C of the decomposition, reduces k by |H|, and returns only the body B.

The 2k bound is consequence of the Nemhauser-Trotter decomposition theorem [38] and
the fact that it either yields a crown decomposition or gives a bound on the size of the
input graph. The complicated part is showing how to design a lifting algorithm; we do
so by proving that ENUM VERTEX COVER restricted to crowned graphs, i.e., graphs that
can be partitioned into H U C where C' is an independent set and there is an H-saturating
matching between H and C, admits a polynomial-delay algorithm. Given a solution S of
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the reduced instance, our lifting algorithm has three phases: (i) brute force how the slack
kE—(|S|+ |IN(B\ S)N H|) is distributed in C, (ii) compute sets of vertices forced to be
added to and forbidden in the solution given the output of (i), and (iii) solve the instance
(G',|V(G")]/2) induced by the remaining vertices. The key observations are that: (a) every
configuration tested in (i) leads to a solution of the input, and (b) G’ is a crowned graph
with a perfect matching.

We then proceed to show a cubic PDE kernel for the ENUM FEEDBACK VERTEX SET
problem, formally defined as below.

ENUM FEEDBACK VERTEX SET
Instance: A multigraph G and an integer k.
Enumerate: Every feedback vertex set of G of size at most k.

We follow a similar direction to Thomassé’s quadratic kernel [39]: we first design reduction
rules to lower bound the minimum degree of the instance; then, we show that upper bounding
the maximum degree is enough to lead to a kernel; and finally, we present reduction rules
that yield said upper bound. The core ingredient of Thomassé’s proof — the computation
of a 2-expansion in an auxiliary graph — seems to fail in the enumeration setting, and we
are unable to generalize it. Nevertheless, we obtain Theorem 2. Our set of reduction rules
is mostly different, which leads to a quadratic instead of a linear bound on the maximum
degree. As our lower bound on the minimum degree is also different, we must prove a slight
generalization on the bound used in Thomassé’s proof.

» Theorem 2. There is a PDE kernel for ENUM FEEDBACK VERTEX SET parameterized by
the size of the solution k with O(kj) vertices.

Organization. In Section 2 we present some basic preliminaries about graphs, parameterized
complexity, and enumeration problems. In Section 3, we present our linear PDE kernel for
ENuM VERTEX COVER. In Section 4, we present our cubic PDE kernel for ENUM FEEDBACK
VERTEX SET and discuss some challenges in using rules based on g-expansions. We present
concluding remarks and possible research directions in Section 5. Due to space limitations,
the proofs of the statements marked with “(%)” have been omitted and can be found in the
full version available online (https://arxiv.org/abs/2509.08475).

2 Preliminaries

We denote the set {1,2,...,n} by [n]. We use standard graph-theoretic notation, and we
consider simple undirected graphs without loops or multiple edges; see [10] for any undefined
terminology. When the graph is clear from the context, the degree (that is, the number of
neighbors) of a vertex v is denoted by deg(v), and the number of neighbors of a vertex v in
a set A C V(G) and its neighborhood in it are, respectively, denoted by deg 4 (v) and Na(v);
we also define N(S) = (J,cg N(v) \ S. A matching M of a graph G is a subset of edges
of G such that no vertex of GG is incident to more than one edge in M; for simplicity, we
define V(M) = U,,ecariu, v} and refer to it as the set of M-saturated vertices. The subgraph
of G induced by X is defined as G[X] = (X,{uv € E(G) | u,v € X}). A feedback vertex
set X C V(G) is such that G\ X = G[V(G) \ X] is a forest; the feedback vertex number
of G is the size of a feedback vertex set of minimum size. Given adjacent u,v € V(G),
a contraction of u into v is an operation that outputs the graph G \ {u} with the added
edges {vw | w € Ng(u) \ {v}}. An algorithm is said to run with polynomial delay [16] if the
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times before the first output (called the precalculation period), after the last output (the
postcalculation period), and in between two consecutive outputs are bounded by a polynomial
in the input size only.

We refer the reader to [18,22] for basic background on parameterized complexity and
present here only definitions pertaining to parameterized enumeration.

» Definition 3 (Parameterized enumeration problem (Creignou et al. [17], Golovach et al. [30])).
A parameterized enumeration problem over a finite alphabet ¥ is a tuple I = (L, Sol, k),
shorthanded by I, such that:

i. L CX* is a decidable language;

ii. Sol: ¥* — 2% is a computable function such that, for every instance x € ¥*, Sol(z) is

finite and we have Sol(x) # O if and only if x € L;

iii. x:X* — N is the parameterization.

An instance x of I, is a no-instance if Sol(z) = 0, and is a yes-instance otherwise.

» Definition 4 (Polynomial-delay enumeration kernel). Let IT,; be a parameterized enumeration
problem. A polynomial-delay enumeration kernel, PDE kernel for short, is a pair of algorithms
Ay, As such that, given an instance x of Il and k(x):
The compression algorithm A; runs in poly(|z| 4+ k(x))-time and outputs an instance y of
1, satisfying k(y), |y| < f(k(x)), with f being a computable function, and with Sol(y) # 0
if and only if Sol(z) # 0;
The lifting algorithm Ay receives z, y = Ai(x,k(z)), k(x), k(y), some Y € Sol(y),
and outputs, with polynomial delay on its input, a non-empty Sy C Sol(x). Moreover,
{Sy | Y € Sol(y)} is a partition of Sol(z).

A graph subset problem is a problem with a graph as input and a solution being a subset
of its vertices. We say that a PDE kernel for a graph subset problem is extension-only if,
given a solution Y € Sol(y), the lifting algorithm works by only adding some vertices in x \ y
to Y. Intuitively, this constraint implies that a solution of the input instance x cannot be
generated by two different solutions of the compressed instance y, so it only remains to prove
that every solution of z is generated from some solution of y and every solution of y leads to
some solution of x. Both kernels developed in this work are extension-only. We remark that
the kernels for ENUM MATCHING CUT and its variants developed by Golovach et al. [30]
are not extension only, as their lifting algorithms remove some vertices of the compressed
instance’s solutions.

3 A kernel with 2k vertices for ENUM VERTEX COVER

In this section we prove Theorem 1. Our main tools for this result are crowned graphs and
crown decompositions, given in Definition 5.

» Definition 5. A graph is a crowned graph if its vertex set can be partitioned into H U C,
such that C is an independent set, and such that there is a matching M between H and C
where |M| = |H|. The set C is called the crown, and H is called the head. Given a graph G,
a crown decomposition [18] of width ¢ is a partition (C,H, B) of V(G) such that G[H U C]
is a crowned graph (with head H), No(C) = H, and |H| =1t. Set B is called the body.

To that end, we first reduce the task of finding a PDE kernel to an enumeration problem
Enxum CROWN, and then reduce ENUM CROWN to an even more structured enumeration
problem ENUM SMALL CROWN for which we provide a polynomial-delay enumeration
algorithm. Let us first define our problem.
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Enum CROWN
Instance: A crowned graph G = (H UC, E) and an integer z in [0, |C]].
Enumerate: All vertex covers of G of size exactly |H| + .

The problem ENUM SMALL CROWN corresponds to the special case of ENUM CROWN
where |C| = |H| and x = 0. Given an input (G, z) of ENUM CROWN, we denote by Sol(G, x)
the set of solutions. In the same way, we define Sol(G) for ENUM SMALL CROWN.

» Remark 6. Every instance of ENUM CROWN has a solution that takes the head and any
x vertices in the crown. If M is an H-saturating matching between H and C, then every
solution S of ENUM SMALL CROWN and every e € M satisfy |S NV (e)| = 1, where V(e)
denotes the endpoints of e.

Our kernelization algorithm consists in the exhaustive application of Rules VC.1 and VC.2,
the latter of which can be applied in polynomial time due to Lemma 7.

» Reduction Rule VC.1. Let (G, k) be the input instance of ENUM VERTEX COVER. If v is
an isolated vertex of G, remove v from G and set k < k.

Proof of safeness and lifting algorithm of Rule VC.1. Let G’ = G \ {v}. The forward
direction is immediate; S € Sol(G, k) if and only if S\ {v} € Sol(G’, k). For the converse
direction, it is also immediate that S’ € Sol(G’, k) if and only if S’ € Sol(G, k); however,
observe that (S" U {v}) € Sol(G, k) if and only if |S’| < k as v is isolated, and we must also
output (5" U {v}) if possible. <

As pointed out by Chlebik and Chlebikova [15], the Nemhauser-Trotter [38] decomposition
based on the half-integral relaxation of VERTEX COVER is a crown decomposition.

» Lemma 7 ([38] and [15]). Let G be a graph without isolated vertices and with at least
2k + 1 vertices. Then, there is a polynomial-time algorithm that either:

decides that no half-integral vertex cover of weight at most k exists; or

finds a crown decomposition of G of width at most k.

» Reduction Rule VC.2 (Crown reduction). Let (G, k) be an instance of ENUM VERTEX
CovER with (C, H, B) a crown decomposition of G of width at most k. Set G' < G\ (HUC),
k' + k—|H|, and return (G', k).

» Lemma 8. If ENUM CROWN has a polynomial-delay enumeration algorithm A, then
Rule VC.2 is a reduction rule with an extension-only lifting algorithm.

Proof. Let us show how to construct the lifting algorithm R; using A. Given a solution S’
of the reduced instance (G, k'), let x = k' —|S’| (where x > 0) be the slack of the solution S’,
and F' = N(B\ S') N H be the set of forced vertices in H, i.e. vertices that are adjacent
to some vertex of B not picked in S’. Let H' = H \ F. For any ¢ € [0, min(|C|, x)], define
x¢ = |H'| + ¢, and observe that (G[H' U C],x¢) is a valid instance of ENUM CROWN as
x¢ < |C|. For any ¢ € [0, min(|C/|, z)], Ry outputs all solutions of the form S’ U F U S, where
Se € Sol(G[H' U C], z4) are enumerated by A. This completes the description of R, so let
us now prove that it adheres to the requirements of Definition 4. The first item is satisfied as
it is well known that the crown reduction is safe for the decision version of the problem, in
the sense that (G, k) is a yes-instance if and only if (G, k) is. Let us now check the second
item, more precisely:

For every S’ € Sol(G', k'), the set Ry(G,G’, k, k', S") is non-empty, and can be enumerated

with polynomial-delay; and

{Ro(G, G, k,K',S") | S" € Sol(G', k') } is a partition of Sol(G, k).
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Let us start with the first property. Notice that there exists at least one ¢ € [0, min(|C|, z)],
and as for any such ¢, tuple ((H’,C), zy) is an instance of ENUM CROWN (which always has
a solution by Remark 6), we get that Ry(G, G, k, k', S") # 0. Moreover, Ry(G, G’ k. k', S")
runs with polynomial-delay, as for each ¢, A enumerates Sol(G[H’ U C|, z¢) with polynomial-
delay, and there is no additional verification required in R} to avoid duplicate solutions of
the form S’ U F'U S, generated by different values of £, as for any £ these solutions have size
exactly |S'| + |F| + x.

Let us now consider the second property. Observe first that for any S’ € Sol(G', k'),
any S € Ry(G,G, k, k', S") is indeed a solution of (G, k) as V(G) can be partitioned into
Vi=V(G')UF and V5 = H'UC, and S = S’"UF US,; where S"UF is a vertex cover of G[V],
Sy is a vertex cover of G[V5], and there is no edge between V; \ S and V5. Let us now prove
that Sol(G, k) € Ugcsoiar ) Ro(G. G, k, k', S"). Let S € Sol(G, k) and " = S\ (HUC).
As there is a matching of size |H| between the head and the crown, |SN(H UC)| > |H| and
thus S’ € Sol(G’, k’). Now, let us prove that S € Ry(G, G, k, k', S"). Observe first that as S
necessarily contains F, S is partitioned into S = S"UFU(SN(H'UC)), where SN(H'UC) is a
vertex cover of G[H'UC]. Let £y be such that |SN(H'UC)| = |H'|+{y. It remains to prove that
4y € [0, min(|C|, z)], as this implies that (SN (H UC)) € Sol(G[H' U C], x4,), and thus that
S € Ry(G, G kK, S"). First, we have £y > 0 as (C, H',]) remains a crown decomposition,
and thus there is a matching saturating H' in G[H' U C]. Let x = k' — |S’| where = > 0.
Moreover, |S| = |S'|+ |F|+ (SN (H' UC))| =k —x+ |F|+ |H'|+ b=k —x+ { <k,
implying that ¢y < . As ¢y < |C] by definition, we get the claimed inequality. Finally,
observe that SNV (G’') = 5, so it follows that R, is an extension-only lifting algorithm, which
implies that, for any two different solutions S, S% of Sol(G’, k'), the sets Ry (G, G, k, k', S7),
and Ry(G, G, k, k', S}) are disjoint. <

With this conditional result, we are now able to state a conditional kernelization lemma.

» Lemma 9 (x). If ENUM CROWN has a polynomial-delay enumeration algorithm, then
ENUM VERTEX COVER admits a PDE kernel (with extension-only lifting algorithm) with at
most 2k vertices.

The remainder of this section is dedicated to proving that ENUM CROWN admits a
polynomial-delay enumeration algorithm. In what follows, given a matching M, and a subset
T C V(M) such that for any e € M, |[V(e) NT| < 1, we define My (T) = {v' | v’ €
M and v € T} and call it the image of T by M. We need the following procedure and its
associated technical lemma to obtain our lifting algorithm. Intuitively, in a small crowned
graph G, exactly one endpoint of each edge of an H-saturating matching M can be in a
vertex cover; propagatey;, (G, M, Xo) decides which vertices must be included and which must
be excluded from a solution if we fix Xg to be part of the it.

» Definition 10 (propagatey;, (G, M, Xy)). Given a small crowned graph G = (H U C, E)
(meaning with |H| = |C|) and Xo C H, the procedure propagatey;, (G, M, Xo) outputs two
sets (F, F) as follows (see Figure 1). Let G = (AU B, E) be an oriented bipartite graph with
A=H, B=C, where:

for any edge e between A and B with e € M, we add its oriented version from A to B.

for any edge e between A and B with e ¢ M, we add its oriented version from B to A.
Let Z C AU B be the vertices that can be reached from Xg in é, including X itself. Then,
propagatey;, (G, M, Xo) outputs (F, F) where F = ZNA and F = ZN B.

23:7
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Figure 1 Example of an application of propagate,, (G, M, Xo) that stopped at distance three from
Xo, with the graph depicted corresponding to G. Edges of M correspond to the vertical arcs, while
sloped arcs correspond to all other arcs of G. The light-blue-shaded vertices correspond to Xo, the
red-shaded to D; (the vertices at distance one from Xj), the teal-shaded to D2, the purple-shaded
to D3, and the yellow-shaded vertices correspond to the graph G’ = G[(H \ F) U (C'\ F)].

» Lemma 11. Let G be a small crowned graph, M a perfect matching of G between H and C,

Xo C H, and (F, F) = propagatey;, (G, M, Xq). Then:

1. F = My(F) (where F C H and F C C) and for any solution S € Sol(G) such that
X0 C S, S contains F and avoids F.

2. For any solution S € Sol(G) such that Xg C S, if we define H = H\ F and C' =
C\ F),then G' = G[H' U C"] is a small crowned graph and SN (C' U H') € Sol(G").

3. For any solution S’ € Sol(G"), FU S’ is a solution of G (that contains X).

Proof. Let G = (AU B, E) be the oriented bipartite graph defined in Definition 10.

Proof of Item 1. Let S € Sol(G) such that Xy C S. For any ¢ > 0, let D; be the vertices
of (A, B) at distance i from Xg in G (e.g. Dy = Xo, D1 = My (Xy), see Figure 1). Let
us show by induction that for any 4, if ¢ is even, then D; C AN S, and if 7 is odd then
D; C B\ S, and D; = My (D;_1). Observe that the statement holds for ¢ = 0. Let us now
assume that it holds for ¢ — 1 and consider 7. If 7 is odd, observe first that D; = My (D;_1)
by the definition of G, and, by Remark 6, for any edge v,v’ € M with v € D;_; and v’ € D;,
v' ¢ S. Ifiis even, as D;_1 NS = and S is a vertex cover of G, then D; C S, and, as G is
bipartite, we also get that D; C A. Now, as F' = J,—y noq 2 Pi and F= Ui=1 mod 2 Di» we
get ' = My (F), and Ttem 1 follows.

Proof of Item 2. Observe first that G’ is indeed a crowned graph as F = My (F). Now,
as S € Sol(G) we get |S| = |H|; by Remark 6 we get |S N (F UF)| = |F|, leading to
|[SNn(C’"UH")| = |H.

Proof of Item 3. Let S’ € Sol(G’), and let us consider S = F U S’. Observe that H U C is
partitioned into F U F and H' U C’, that F is a vertex cover of G[F U F] (as F = My (F)),
and S’ is a vertex cover of G[H' U C"]. By definition of F' and F, there is no edge between F
and H' U C’, implying that S is a vertex cover of G[H U C]. Since |S| = |H|, we get that S

is a solution of G (that contains X, by definition of F'). <

» Lemma 12. [f ENUM SMALL CROWN admits a polynomial-delay algorithm, then ENUM
CROWN also admits such an algorithm.
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Proof. Let us define a polynomial-delay enumeration algorithm A for ENUM CROWN. Let

(G, z) be an instance of ENUM CROWN with V(G) = H U C, and let M be a matching from

H to C that saturates H. Given T C V(G), we define M(T) = {e € M | V(e) C T}, i.e.,

the set of edges of M entirely in T. For any S € Sol(G, x), the signature of S is composed of

two sets, C1(S) = V(M(S))NC and C3(S) = (C\ V(M)) N S). Observe that

= |C1(S)] = [M(S)], where |C1(S)] < = (as |C1(S)] + [H| < |S] = [H]| + z);

=z —(|C] = [M]) <[C(S)| (as if z — (|C] = |[M]) > |C1(S)] then as C5(S) € (C'\ V(M)),
we would have |S| = |H| + |C1(S)| + |C2(S)| < |H| + z), and |C2(S)| = = — |C1(S)];

= By defining X1(S) = (C\ V(M))\ C2(S), we have SN X(S) = 0.

Figure 2 Example of the structures involved in the algorithm propagate,,,., used in the proof
of Lemma 12. The five light-blue-shaded vertices correspond to the inputs C1, C2 of propagate,,,;
the two olive-shaded vertices are forced to be in the solution by our choice of C;. X1, i.e., the set
of vertices of C'\ V(M) that should be forbidden in a solution to G, is represented by the three
red-shaded vertices; the dark-green shaded vertices are forced to be in every solution that avoids X7,
and, together with G' = G[H UC], composes the input to the call to propagate; used in propagate, .;
the four teal-shaded and four purple-shaded vertices are the outputs F, F' of propagate,, and,
together with X, make up the output of propagate,,,.. Finally, the four yellow-shaded vertices
represent G’, the instance of ENUM SMALL CROWN to which A will be applied.

Our next step is guessing which edges of the H-saturating matching M will have both
endpoints in the solution S; in the next propagation procedure, this is represented by set Cf,
i.e. which vertices of CNV (M) must be accompanied by their image in S. We also guess which
vertices of C' that are not matched to H will be included in a solution; this is represented
by C,. Finally, the choice of C; and Cy implies that the vertices X C C\ (V(M) U Cy)
are incident to yet uncovered edges. Formally, for any d € [max(0,z — (|C| — |V(M))]), =],
any set C; C V(M) NC of size d, and any set Co C C'\ V(M) of size x — d, we define (see
Figure 2) propagatey, g (C1, C2) that computes (F, F’,NX'l) where Xl = (C\V(M))\ Cz, and
(F, F') = propagatey;, (G, Xo) with Xo = N(X1), and G = G[HUC], where H = H\ My (C4),
and C' = My (H).

> Claim 13. For any S € Sol(G, z) of signature (Cy,C3),

1. S contains F and avoids F U Xi;

2. By defining H' = H\ F and C' = C \ F, G’ = G[H' U ("] is a small crowned graph and
(SN (C"U H")) € Sol(G").
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Proof. Let S € Sol(G,z) have signature (C1,C3). By definition of C5(S), we get that
SN X, =, implying also that Xy C S. Moreover, by definition of C;(S), no edge e € M
with V(e) € H U C has both its endpoints in S. Thus, if we define S = SN (HUC), we get
that S € Sol(G) and that Xy C S. By Lemma 11, we obtain the two claimed properties. <

We are now ready to define A. To this end, let A5 be the polynomial-delay algorithm for
ENUM SMALL CROWN. For any d € [max(0,z — (|C|— |[V(M)|)), x], any set C; CV(M)NC
of size d, and any set Co C C'\ V(M) of size x — d, A runs propagate,,,.(C1,C2) that
computes (F, F, X1), and defines G’, H', and C" as in Item 2 of Claim 13. Note that G’ may
be the empty graph. Then, A outputs all solutions of the form C; UM (C;)UCy U FU S,
where S’ € Sol(G’) are enumerated by A,. Observe that we can indeed call As on G’ as
according to Item 2, G’ is a small crowned graph.

Let us first prove that there is no repetition. Observe that for each d, C7, Cs considered
by A, all enumerated solutions of the form Cy U M(C;) UCy U F U S (where S’ € Sol(G"))
have a signature (Cy,Cs). Now, it is sufficient to observe that two solutions of (G, x) with
different signatures are necessarily different, which implies that there is no repetition.

Let us now prove that all enumerated elements are in Sol(G, z). Let S = C; U M (Cy) U
CyUFUS’, where S’ € Sol(G’) exists (as 8" = SNV(G') and G’ is an induced subgraph
of G) and is enumerated by A. By Item 3 of Lemma 11, (S’ U F) € Sol(G) and contains X.
Now, observe that H U C' is partitioned into V; = C; U M(C;) U Cy U X1, and V, = HUC.
Notice that SNV is a vertex cover of G[V;] for i € {1,2}. Moreover, as V; \ S = X1, the only
edges between V7 and V5 not covered by S NV are edges between X, and N (X' 1) = Xo, but
as SNVy D Xy, S is indeed a vertex cover of G. Finally, |S| = 2|C1| + |Ca| + |F| + |H'| =
2|C1| + |Co| 4 |H| = |H| 4 |C1| + |Ca| = |H| + x, and so we have S € Sol(G, z).

Towards proving that all elements of Sol(G, z) are enumerated, let S € Sol(G,z), and
(C1(8),C2(S)) be its signature. By definition of A, there exists C; and Cy considered by
A such that C; = C;(S) for i € {1,2}. Let (F,F,X,) = propagate,,.(C1,C2). By Item 1,
S D F,and SN (FUX;) =0, which implies that S = C; UM(C1)UC2 UF US". As
SN(C'"UH") =5 Ttem 2 implies that S” € Sol(G’), and so S’ is enumerated by As.

It remains to prove that there is only polynomial-time between two consecutive outputs
of A. Notice first that propagate,,, runs in polynomial time. Then, for each fixed C1,Cs
considered by A, as A, runs in polynomial-delay, there is at most polynomial-time between
two consecutive solutions having the same signature (Cq,C3). Moreover, and as for any
choice of C1, Cy considered by A, we know that Sol(G’) # () (by Remark 6), there is also a
polynomial-delay between two consecutive solutions with different signatures. |

The proof of Lemma 16 requires a more involved variant of the propagation algorithm,
where the goal is to avoid a prescribed vertex v.

» Definition 14 (propagate,,(G,v)). Given a small crowned graph G = (HU C, E) (i.e.,
|H| = |C]), and v € H, the procedure propagate,,(G,v) either fails, or outputs two sets
(F, F) that, intuitively, are forced to be included or avoided in a solution that avoids v and,
upon removal, will yield a small crowned graph. We recursively define them as follows. Let
Fy = {v}. Observe that N(Fy) intersects C (because of the perfect matching M between H
and C, and may intersect H). Now, for any i > 1 (see Figure 3):
to compute Fy: if there exists e € M such that V(e) C N(Fj_1), we fail, and otherwise
we define F; = N(F;_1).
to compute Fy: if M(F;) is not an independent set, we fail, and otherwise we define
Fz’ = M(Fl)7 note that Fi—l - Fl
We continue this process until it fails or until F; = F;_y and F; = F;_,. If there is no failure,
propagate,, (G, v) returns (F, F) = (F;, F}).
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(c) Computing F> (cyan) from Fy (purple).

(e) Failing to compute Fy (cyan) from Fy (purple). (f) Failing to compute Fy (red) from F (teal).

Figure 3 Examples of executions of algorithm propagate,,. Vertical edges correspond to M. We
reduce the width of the edges of G not involved in the corresponding operation for clarity. An
arc (z,y) indicates that vertex y was included in the set currently being built by virtue of the
membership of z in the root set. The edges that cause the failures in the computation of F; or F;
are thickened and colored differently.

» Lemma 15. Let G = (H UC, E) be a small crowned graph, and v € H.

1. If propagate,, (G, v) fails, then there is no S € Sol(H,C') such that v ¢ S.

2. Otherwise, if propagate,(G,v) returns (F,F) (where F' = My (F)), then for any S €
Sol(G) such thatv ¢ S, F C S and SN F = 0; moreover, if we define H' = H\ (F UF)
and C' = C'\ (FUF), then G' = G[H' UC"] is a crowned graph with |C’'| = |H'|, and
SN (C"UH") € Sol(G").

3. For any S" € Sol(G’), F U S’ is a solution of G that avoids v.

Proof. Suppose that there is some S € Sol(G) where v ¢ S. Let us prove by induction
that for any ¢ > 1, if there is a failure when computing F; or Fj, then S cannot exist, and
otherwise F; C S and SN F; = (.

Assume there was no failure, and consider the step where we try to compute F;. By

induction, SN F;_; = ), so we have that N(F;_;) C S and, by construction, F; = N(F;_1).

By Remark 6, if there is an edge e € M where V (e) C F;, then no such solution exists. Let
us now consider the case where we try to compute F;. Again by induction, we have F;_; C S,
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and by Remark 6 we know that no edge of M can have both endpoints in S, implying that
we must have S N My (F;) = (. Thus, if G[My (F;)] is not an independent set, then no such
solution exists.

The correctness of Item 1 now directly follows from the induction. The proof of Item 2
is also immediate: if propagate,,(G,v) returns (F, F), then F = My (F) follows from the
definition, and for S € Sol(G) such that v ¢ S, F C S and SN F = () follows from the
induction, and the fact that (SN (C’ U H')) € Sol(G’) is true by Remark 6.

To prove Item 3, let S’ € Sol(G’), and let S = F' U S’. Notice that H U C' is partitioned
into FUF and H' U (', that F is a vertex cover of G[F'U F] (as F' = My (F)), and that S’
is a vertex cover of G[H' U C']. Now, let iy be the index where propagate,, stops, meaning
that F;, = Fj,_1. This implies that N(F;,) C F;,_1, and thus that there is no edge between
F;, = F and H' U (', implying that S is a vertex cover of G[H U C]. As |S| = |H|, we get
that S is a solution of G that avoids v by definition of F. <

With the propagation algorithm in hand, Lemma 16 can be proved by constructing a
branching algorithm where we either add a vertex v of H or do not add it to the solution.
The key properties we use are that: (i) there is always one solution that uses v (e.g. taking
the entirety of H), and (ii) we can decide in polynomial time if it is possible to avoid v in a
solution. Consequently, we recursively call our branching algorithm only if we know that
there is some solution to be found in this branch.

» Lemma 16. There is a polynomial-delay algorithm for ENUM SMALL CROWN.

Proof. Let G = (HUC, E) be a small crowned graph and let us define an algorithm A, that
enumerates all vertex covers of G of size |H|. If V(G) = 0, then A, returns ), so now let
v € H be an arbitrary vertex. Let (F,, F,) = propagatey, (G, {v}), H! = H\ F,, C! = C\ F,,
and G, = G[H] UC!]. Algorithm A outputs first all solutions of the form F, US’, where S’
are enumerated by a recursive call A (G!). Then, A, calls propagate,,(G,v). If it fails then
A stops, otherwise let (Fy, ;) be the output of propagate,, (G, ), H, = H\ Fy, CL = C\ Fj,
and G5 = G[Hj U Cf]. Algorithm A, outputs then all solutions of the form Fz U S’, where
S" are enumerated by a recursive call Ag(G%). This concludes the definition of As.

First, observe that the recursive calls are made on small crowned graphs, as they were
obtained by removing sets (F, F) from V(G) where F' = My (F). The fact that there is
no repetition is immediate by induction, as in particular all solutions of F, U .S’, where
S’ € Sol(G.,)), contain v, and all solutions of the form F; U S”, where S” € Sol(G%), do not
contain v.

Let us prove by induction that all enumerated elements are in Sol(G). We first consider
enumerated sets of the form F, U S’, where S’ are enumerated by As(G,). By induction, we
get that S’ € Sol(G)), and by Item 3 of Lemma 11, we get that F, U S’ € Sol(G). Now, for
enumerated sets of the form F; U S”, where S” are enumerated by As(G%), the induction
hypothesis implies that S’ € Sol(G%), and again by Item 3 of Lemma 15, we have that
F; US” € Sol(G).

Let us now prove by induction that all elements of Sol(G) are enumerated. Let S € Sol(G).
If v € S, then by Lemma 11, S = F, U S’, where S’ € Sol(G?), and by induction S’ will be
enumerated by As(G). If v ¢ S, then by Lemma 15, as propagate,;(G,v) cannot fail (as
S exists), S = F; US’, where S’ € Sol(H,, C%), and by induction S’ will be enumerated by
A(HL,CY).

Finally, there is at most polynomial time between any two solutions, as both propagatey;,
and propagate,; run in polynomial time, and because for any recursive call made on an input
G’ € {G],G}}, we know according to Remark 6 that Sol(G') # 0. Moreover, the branching
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tree has height bounded by |V (G)| and every node either: is a leaf, and so falls in the base case
where V(G) = {J; has exactly one child, corresponding to A;(G%), for which a solution always
exists; or has two children where A4(G),) has the same guarantee as in the previous case,
and A;(G%) is called if and only if we know that Sol(G%) # 0 by Lemma 15. Consequently,
every leaf of the branching tree corresponds to a solution of G and the time taken between
visiting two of them is bounded by a polynomial in |V (G)|+|E(G)|, guaranteeing the desired
polynomial delay. <

The following theorem is now a direct consequence of Lemmas 9, 12, and 16.

» Theorem 1. ENUM VERTEX COVER admits a PDE kernel with at most 2k vertices when
parameterized by the maximum desired size of a solution k.

4  Feedback Vertex Set

Throughout this section, we take (G, k) to be our input instance to ENUM FEEDBACK VERTEX
SET, let X C V(G) be a 2-approximation using the algorithm given in [2], fvs(G) denote
the size of a minimum feedback vertex set, and A(G) its maximum degree. Thomassé’s [39]
strategy can be split into four phases: (i) apply reduction rules to bound the maximum
and minimum degrees of the instance; (ii) prove that |V (G)| € O(A(G) - fvs(G)) in graphs
of minimum degree three; (iii) identify if there is a vertex v in X that belong to too many
vertex-disjoint cycles in (G\ X) U {v}; and (iv) once no such v exists, pick a high-degree
vertex u, compute a 2-expansion (i.e. a crown decomposition where each head vertex is
matched to two unique crown vertices) in an auxiliary graph, and remove all edges from u to
the vertices identified by the expansion. As exhaustively applying (iv) implies a bound on the
maximum degree, (i) and (ii) will yield the desired kernel. We follow a similar kernelization
strategy, but use a substantially different set of rules beyond the basic ones; our presentation
is closer to that of Fomin et al. [28, Chapter 5]. We present a generalization of point (i) in

Lemma 20: |V(G)| € O(A(G) - fvs(G)) holds even in some of graphs of minimum degree two.

Due to space limitations, all proofs of safeness and associated lifting algorithms of the
reductions rules presented in this section have been omitted, and can be found in the full
version available online.

We begin by bounding the minimum degree of G; like other works dealing with multigraphs,
we define degq(v) as the number of edges incident to a vertex v in G, and omit the subscript
when G is clear from the context. We say that uwv € E(G) is a double-edge if the multiplicity
of wv in E(G), denoted by mul(uv), is two. Note that a double-edge is equivalent to a cycle
of length two in G or, equivalently, that at least one of its endpoints must be present in every
solution of the instance. Our first rule is only used to simplify the graph.

» Reduction Rule FVS.1 (%). Perform the following modifications:
i. If there is an edge wv of G of multiplicity at least three, set its multiplicity to two.
ii. If there is some v € V(G) of degree at most one, remove v.
iii. If u,v € V(G) have k 4+ 2 common neighbors, add edges uv until mul(uv) = 2.
iv. If there is some vertex v incident to a loop or to k + 1 distinct double-edges, remove v
and set k < k — 1.

Let us briefly discuss double-edges and their implications to a FEEDBACK VERTEX SET
instance. Typically, double-edges can be divided into two groups: real edges, where we detect
that one of the endpoints in fact belongs to every solution, and wirtual edges, that are used
to simplify the instance by showing that at least one solution (if any exists) contains one
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of the endpoints. The key reduction rule of Thomassé [39], which yields the required linear
degree bound, makes heavy usage of virtual edges; unfortunately, we do not know how to
manage the (potentially exponentially) many solutions that are forbidden in the reduced
instance by the introduction of these virtual edges, or an alternative rule to linearly bound
the maximum degree. More generally, virtual edges seem to make the lifting process much
more complicated. As such we make a special effort to avoid them. In particular, this implies
that the naive reduction rule that replaces a degree-two vertex in a triangle with a parallel
edge between its neighbors is out of the question. We remark that, while this rule does have
an associated lifting procedure, we hope that maintaining only real edges can be leveraged in
the future to develop a smaller PDE kernel for ENUM FEEDBACK VERTEX SET.

In the following rules, we always assume that we are also given an arbitrary but fixed
total ordering o of the vertices of G. This is needed to avoid repeatedly outputting a solution
during lifting.

» Reduction Rule FVS.2 (x). If three vertices a,x,b € V(G) form an induced path with
N(z) = {a,b} and o(a) < o(b), then contract x into a.

We note that the following rule does introduce a virtual double-edge, but we remark that,
if applied, it will inevitably trigger Rule FVS.4, and so we do not violate our own constraints.

» Reduction Rule FVS.3 (x). Ifu,z,y € V(G) form a triangle with N|x] = N[y] = {u, z, y},
and o(z) < o(y), then contract y into x, i.e., make mul(uz) = 2.

» Reduction Rule FVS.4 (x). If u € V(G) shares double-edges with t > 1 different vertices
ey = {v1,..., 0t} with deg(v;) =2 for every i € [t], remove u, every v;, and set k < k — 1.

» Reduction Rule FVS.5 (). If there is a pair of vertices a,b € V(G) and a set of degree-two
vertices eqp = {21, ..., o} with N(z;) = {a,b} for every i € [t] and N(b) = {a} Ueyp, then
remove N[b] and set k + k — 1.

» Lemma 17 (x). Let G be a graph and A its mazimum degree. If none of the Rules FVS.1-
FVS.5 are applicable, then fvs(G) > |V(G)|/(3A — 3).

With Lemma 17 at hand, we are tasked with bounding the maximum degree of G.
Formally, a v-flower of order t is a family of ¢ cycles that pairwise intersect only at vertex v.
Rule FVS.6 and Lemma 18 are taken straight from [39]; we omit the proof of the latter for
brevity, while we give a proof for the former as we must discuss how to lift the solutions of
the reduced instance back to the input instance.

» Reduction Rule FVS.6 (x). If there is a vertex v € V(G) and an v-flower of order at least
k+1, remove v and set k < k — 1.

» Lemma 18 ([39]). Let G a multigraph, X a feedback vertex set of G of size at most 2k,
and x € V(G). In polynomial time, it is possible to accomplish exactly one of the following:
1. Decide if (G, k) has Sol(G, k) = 0, i.e., the corresponding decision problem is a no-instance;
2. Find a v-flower of order k + 1; or

3. Find a set feedback vertex set H, such that X \{z} C H, C V(G)\{x} of size at most 3k.

What is left now is to show how to leverage the third property of Lemma 18. To do so,
suppose that Rule FVS.6 is not applicable, take v € V(G) with deg(v) > 3k(k + 1) + 5k, let
H, be as in Lemma 18, and let C denote the set of connected components of G \ (H, U {v}).
Note that, as X C H, U {v}, each C; € C is a tree.
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» Observation 19 (x). There exists D, C C with |D,| > 3k(k + 1) such that, for every
D; € D,: v is adjacent to one vertex of D; with a non-double-edge, and D; has at least one
vertex adjacent to a vertex of H,.

At this point, we essentially have the same setup as Thomassé [39]. Instead of leveraging
g-expansions, however, we take a simpler approach, which does not yield a linear bound but
allows us to obtain a polynomial PDE kernel; we remark that it is still interesting to explore
if these generalizations of crown decompositions can be leveraged to reduce the quadratic
bound on the maximum degree that we obtain. We are first going to slightly increase the
degree of v, before decreasing it, as follows.

» Reduction Rule FVS.7 (%). Let D,, H, be as above, and G, be the bipartite graph with
bipartition ({d; | D; € Dy}, {hu | u € Hy}), and d;h,, € E(G,) if and only if Ng(u)ND; # 0.
For every h, € V(G,) of degree at least k + 2, add a double-edge uv to G.

We remark that the double-edges introduced by Rule FVS.7 are not virtual: there are
k + 2 cycles with pairwise intersection equal to {u,v}.

» Reduction Rule FVS.8 (x). Let H? be the vertices of H, with a double-edge to v. If there
exists D; € D, with Ng(D;) \ {v} C H2, remove vw from G, where w € D; N Ng(v).

Figure 4 Example of repeated applications of Rule FVS.8; where each D; € D, is contracted
into a single vertex for ease of presentation. The two cyan-shaded vertices correspond to HZ. The
double-edges incident to v are real double-edges, the seven light-gray edges are incident to vertices
of D, not affected by the rule, the four red dashed edges are the ones removed by the reduction rule,
and the five solid edges are incident to vertices of D, affected by the rule.

Rule FVS.8 is our key rule to reduce the maximum degree of the graph; we present an
example of repeated applications of it in Figure 4. We are now ready to bound the maximum
degree of G by a function of k; along with Lemma 17, this will imply a bound on the overall
size of G.

» Lemma 20. If Rules FVS.7 and FVS.8 are not applicable, then G has maximum degree at
most 3k(k + 1) + 5k.

Proof. Suppose that there is some v € V(G) incident to more than 3k(k + 1) + 5k edges. By
Observation 19 and Rule FVS.6, the set D, of connected components of G \ (H, U {v}) that
v has a neighbor in, but no double-edges to, has size greater than 3k(k + 1); moreover, every
D; € D, has a neighbor in H,. Now, take some u € H, for which mul(uv) < 2; as Rule FVS.7
is not applicable, we know that N¢(u) hits at most k£ + 1 components of D,,. As such, taking
H? as in Rule FVS.8, we know that Ng(H, \ H2) hits at most |H, \ H2|-(k+ 1) components
of D,. Note that, if H2 = () and |D,| > |H,| - (k + 1), then there is some h € H, adjacent to
vertices in at least k 4+ 2 components of D,, and Rule FVS.7 is applicable, so it must be the
case that H2 # (). As such, since at most (|H,| — 1)(k + 1) components of D,, have a vertex
adjacent to a vertex in H, \ HZ, it follows that there is at least one component of D,, whose
neighborhood is contained in H2? U {v}, which is enough to trigger Rule FVS.8. <
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» Lemma 21. There is a polynomial-time algorithm that, given an instance (G, k) of ENUM
FEEDBACK VERTEX SET, either answers that Sol(G, k) = 0 or outputs an equivalent instance
(G, k") where |V (G)| < 3k® + 8k2.

Proof. The algorithm simply consists of the exhaustive application of Rules FVS.1-FVS.8,
which also guarantee that (G, k) and (G', k') are equivalent. By Lemma 20, we have that
the maximum degree A of G’ is at most 3k(k + 1) + 5k. By Lemma 17, we have that
fvs(G') > |[V(G")|/(BA — 3). As such, if k'(3K' (K’ + 1) + 5k") < |V(G")|, then we know that
no feedback vertex set of size k' exists in G’, and so Sol(G’, k') = Sol(G, k) = 0. Otherwise,
[V(G")| < 3k + 3Kk"? + 5k'? = 3k"® + 8k’ and we are done. <

» Lemma 22 (). There is a polynomial-delay algorithm that, given (G,k), (G', k'), and
S’ € Sol(G', k"), returns a non-empty set Lift(S") C Sol(G, k). Moreover, Lift(G', k) =
{Lift(S") | 8" € Sol(G',k")} is a partition of Sol(G, k).

Finally, the proof of Theorem 2 follows immediately from Lemmas 21 and 22.

» Theorem 2. There is a PDE kernel for ENUM FEEDBACK VERTEX SET parameterized by
the size of the solution k with O(ks) vertices.

5 Final remarks

In this paper, we have developed polynomial-sized PDE kernels for the natural paramet-
erizations of enumeration variants of some key parameterized problems, namely ENUM
VERTEX COVER and ENUM FEEDBACK VERTEX SET. In this process, we showed how
to leverage crown decompositions, an important technique initially developed for decision
kernelization, to the enumeration setting. We hope that these results can further motivate
the study of this new domain of parameterized complexity. Among concrete open problems,
we are interested in the enumeration of minimal vertex covers and feedback vertex sets; we
believe our techniques are applicable to these variants of the studied problems. A more
challenging question is the existence of a quadratic kernel for ENUM FEEDBACK VERTEX
SET, which we do not see how to obtain using our approach; it seems like tools describing
global structures of the graph, like g-expansions, are needed. Finally, we remark that lower
bound theories for enumerative kernelization and enumerative parameterized complexity
would be of extreme benefit to the area. Currently, lower bounds are derived almost solely
via the related parameterized decision problems. It is unlikely, however, that this strategy is
enough to (conditionally) classify parameterized enumeration problems into tractable and
intractable and which admit polynomial PDE kernels and those that do not.
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