
PACE Solver Description:
Bad Dominating Set Maker
Alexander Dobler #

Algorithms and Complexity Group, TU Wien, Austria

Simon Dominik Fink #

Algorithms and Complexity Group, TU Wien, Austria

Mathis Rocton #

Algorithms and Complexity Group, TU Wien, Austria

Abstract
Dominating Set and Hitting Set are two well-known NP-hard problems on graphs and hyper-
graphs, respectively. For Dominating Set, we seek a subset S of vertices of minimum size, such
that every vertex has a neighbor in S. For Hitting Set, we require that this minimum size subset S

intersects each hyperedge. We present Bad Dominating Set Maker , our solver for both problems
posed in the exact tracks of the 2025 PACE Challenge. It uses reduction rules, dynamic programming
on tree decompositions, and external Vertex Cover and SAT solvers.
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1 Introduction

Our algorithm can be broken down in five main steps. It first reads the input and constructs
the corresponding instance of Directed Constrained Domination, which we define
further down in this section. Note that only this step makes a difference between dominating
set instances and hitting set instances. Once we have constructed the instance, we exhaustively
apply a set of reduction rules described in Section 2. Some of these reduction rules split the
instance into several smaller instances, in which case we solve these instances independently.
After applying exhaustively the reduction rules, our algorithm uses several approaches, see
Section 3. We use the library htd [1] to look for a tree decomposition of the undirected
underlying graph with width smaller than 13. If we find such a decomposition we solve the
problem using dynamic programming along the tree decomposition. Otherwise, if the instance
corresponds to a Vertex Cover instance and has, informally, not too many candidates for
the solution set, we run the dedicated solver Peaty [6] with a 5-minute time limit. If none
of these specialized approaches succeed, we finally create a Max SAT instance equivalent
to our current Directed Constrained Domination instance and use the EvalMaxSAT
solver [2], with some improvements regarding the core computation.
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Directed Constrained Domination. We reduce both Dominating Set and Hitting Set
to the following problem:

Problem Directed Constrained Domination
Input: A directed graph G = (V, A), a subsumed set S ⊆ V and a dominated set D ⊆ V .
Want: A set DS(G) ⊆ V \ S of minimum size, such that ∀v ∈ V \ D, ∃u ∈ DS(G), uv ∈ A.

Note that A can contain arcs in both directions between two vertices, as well as self-loops.
The transformation from Dominating Set to Directed Constrained Domination is
trivial: the vertex set is the same, every edge is replaced by arcs in both directions, and no
vertex is flagged as subsumed or dominated. Moreover, each vertex gets a self-loop.

For Hitting Set, create a dominated vertex for each element of the universe (i.e., the
vertices of the hypergraph), and then a subsumed vertex for each set (i.e., each hyperedge).
Add arcs from each dominated vertex to the subsumed vertices representing the sets it
belongs to in the Hitting Set instance. Thus, any set will be hit if and only if the solution
for Directed Constrained Domination contains a vertex belonging to this set. We have
been made aware that a similar generalization of dominating set and some of our reduction
rules have been presented in a recent IJCAI paper [10].

In the following, we assume any directed graph G to be implicitly accompanied by its
labeling of subsumed and dominated vertices, and denote a solution to the corresponding
Directed Constrained Domination problem as DS(G). We use [k] to denote {1, . . . , k}
for k ∈ N. For a vertex v or set of vertices X, we define Nout(v) and Nout(X) as its
out-neighborhood and Nin(v) and Nin(X) as its in-neighborhood (including self-loops).

2 Reduction Rules

Our algorithm first preprocesses the instance with a set of reduction rules to simplify the
instance and make it smaller, thus making it easier to handle for the exact solvers called later
on. The reduction rules we use are adapted to our Directed Constrained Domination
problem and in parts generalized from the rules available for Dominating Set in the work
of Van Rooij and Bodlaender [7] and Volkmann [9].

The following rule always has to be applied first to ensure the safeness of all other rules.

▶ Reduction Rule 1 (Arc removal). If a vertex is dominated, remove all its in-arcs. If a
vertex is subsumed, remove all its out-arcs.

We adapt classical reduction rules on vertices with extreme degrees and connected
components to the directed setting. For the rules 3 and above, mind that due to Reduction
Rule 1, the existence of an uv arc implies that u is not subsumed and v is not dominated.

▶ Reduction Rule 2 (Out-degree 0). If there is a dominated vertex v with out-degree 0,
remove v from the instance.

▶ Reduction Rule 3 (In-degree 1). Let v be a vertex with a single incoming arc uv, and no
outgoing arcs except for (possibly) vu. Add u to the dominating set and remove v.

▶ Reduction Rule 4 (Out-degree 1). Let v be a dominated vertex with a single outgoing
arc vu. If u ̸∈ S or has at least in-degree 2, remove v. Otherwise, add v to the dominating set.

▶ Reduction Rule 5 (Conn. components). Connected components can be solved independently.

▶ Reduction Rule 6 (Subsumption). Let u, v be two vertices. If Nout(u) ⊇ Nout(v), mark v

as subsumed. Independently, if Nin(u) ⊆ Nin(v), mark v as dominated.
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The efficient implementation of Reduction Rule 6 requires an adapted partition refinement
algorithm [5] to compute the set-inclusion of neighborhoods. Essentially, we implemented
this algorithm with directed arcs between the different partitions which are based on the
in/out-neighborhoods of the vertices.

▶ Reduction Rule 7 (Contraction). Let u, v be two vertices. If u is dominated but not
subsumed, v is not dominated but subsumed, and there is an arc from u to v: mark u as not
dominated, add to its in-neighborhood the in-neighborhood of v, and delete v.

Proof. Observe that the corresponding Max Sat instances (see Section 3) before and after
applying the reduction rules are exactly the same. ◀

The following two rules, following principles identified in rules 6 and 7 of [7], require more
care when translating to our setting. Our first special rule is a generalization of rule number 6,
considering that we do not have control over the maximal size of out-neighborhoods, and
thus we need to compute a very local dominating set instead of simply counting elements.
For efficient implementation, we want to apply the second special reduction rule several times
without applying the subsumption reduction rule 6 between uses. Because of this, we need
to make sure that some vertices do not have the same in-neighborhoods before reducing.

▶ Reduction Rule 8 (Special 1 [7]). Let u be a vertex and Q be the out-neighbors of u having
in-degree 2. Let P = Nin(Q). If ∃p ∈ P \ {u} : Nout(P ) = Nout(P \ p), add u to the solution.

▶ Reduction Rule 9 (Special 2 [7]). Let v be a vertex with exactly 2 out-neighbors u1, u2 having
in-degree 2 in G. Denote by w1 and w2 the remaining in-neighbors of u1 and u2, respectively.
We proceed only if w1 ̸= w2. Mark u1 and u2 as dominated, create a new dominated vertex w

with out-neighborhood the union of the out-neighborhoods of w1 and w2, and subsume v, w1,
and w2 to obtain instance G′. If w ∈ DS(G′), we have DS(G) = (DS(G′) \ w) ∪ {w1, w2}
otherwise we have DS(G) = DS(G′) ∪ {v}.

▶ Reduction Rule 10 (Cut-vertices [9]). Let v be an (undirected) cut-vertex separating the
subgraphs B1, . . . , Bk in G, each including v. For i ∈ [k], let B−

i be the instance obtained
from Bi by marking v dominated and let B+

i be Bi with Nout[v] marked dominated. Then
DS(G) is the smallest of

⋃
i DS(B+

i ) ∪ {v} and
⋃

i ̸=j DS(B−
i ) ∪ DS(Bj) for any j ∈ [k].

Note that, instead of applying this last reduction rule in one go, we instead iteratively
apply it to individually remove leaf blocks of the block-cut-tree [4], and restrict this to blocks
containing at most 25% of all vertices. This simplifies the implementation while avoiding
multiple computations of a solution for large blocks, and also allows us to short-cut the
computations in cases where we conclude that an optimal solution has already been found.

3 Exact Solvers and Other Improvements

Solving Low-Treewidth Instances. We use the htd library with the mindegree strategy to
seek a nice tree-decomposition of small width [1]. If we obtain such a decomposition, we use
a dynamic program to solve the instance in time O(3tw). To achieve this running time, our
approach combines two different setups of the approach described in [8].

Namely, for join nodes, we consider tables where the state of the vertices are 1, 0? and 00,
whereas for introduce and forget nodes we consider the states 1, 01 and 00. 1 means the vertex
is selected in the solution, 01 that it is not in the solution but neighbor to a vertex in the
solution, 00 that it is neither in the solution nor has a neighbor in the solution. The additional
0? state (which is introduced to make the table computation at join nodes faster) corresponds
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to a vertex not selected in the solution, without information about its neighborhood. Our
algorithm then translates the tables from one format to another according to the type of
node we encounter in the tree decomposition. Additionally, we need to restrict the possible
states for some vertices to adapt the algorithm to our needs: any subsumed vertex cannot be
given state 1, and any dominated vertex can be given the state 01 (or 0?) for free.

Handling Vertex Cover Instances. We remark that some instances are encoding Vertex
Cover in the following sense: if all the vertices with incoming arcs (i.e., the vertices needing
to be dominated) have in-degree exactly 2, the instance corresponds to an instance of Vertex
Cover where vertices with outgoing arcs are vertices, and vertices with ingoing arcs are
edges between their two neighbors (a vertex can serve as an edge and a vertex simultaneously
in this sense). For such instances with less than 1000 unsubsumed vertices, we run the exact
solver Peaty for a maximum of 5 minutes [6].

EvalMaxSAT and Improvements. As final step we encode a remaining instance as SAT
formula and use EvalMaxSAT to solve it [2]. The encoding is straight-forward, representing
each vertex with a clause ensuring that at least one of its in-neighbors is selected. The
selection of any vertex has a weight of −1, meaning as few vertices as possible are selected.

To improve the performance in our setting, we provide two adjustments. First, we use an
adaptative time-out for the core improvement subroutine of the solver, to spend less time
when we believe the lower bound to be already optimal. The second improvement takes care
of providing an alternative initial lower bound to the solver: we look for a large matching
in the accessory graph where there is an edge between two vertices if this pair is exactly
the in-neighborhood of some vertex in the Directed Constrained Domination instance.
Such a matching always provides an initial core for the Solver.
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