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—— Abstract

This paper investigates the complexity of finding secluded paths in graphs. We focus on the SHORT
SECLUDED PATH problem and a natural new variant we introduce, SHORTEST SECLUDED PATH.
Formally, given an undirected graph G = (V, E), two vertices s,t € V, and two integers k, [, the
SHORT SECLUDED PATH problem asks whether there exists an s-t path of length at most k with
at most ! neighbors. This problem is known to be computationally hard: it is W[1]-hard when
parameterized by the path length k or by cliquewidth, and para-NP-complete when parameterized
by the number [ of neighbors. The fixed-parameter tractability is known for k + [ or treewidth. In
this paper, we expand the parameterized complexity landscape by designing (1) an XP algorithm
parameterized by cliquewidth and (2) fixed-parameter algorithms parameterized by neighborhood
diversity and twin cover number, respectively. As a byproduct, our results also provide parameterized
algorithms for the classic s-t k-PATH problem. Furthermore, we introduce the SHORTEST SECLUDED
PATH problem, which seeks a shortest s-¢ path with the minimum number of neighbors. In contrast
to the hardness of the original problem, we reveal that this variant is solvable in polynomial time
on unweighted graphs. We complete this by showing that for edge-weighted graphs, the problem
becomes W([1]-hard yet remains in XP when parameterized by the shortest path distance between s
and t.
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1 Introduction

Path-finding problems are one of the most fundamental graph problems. These problems
have been well studied due to their high practicality [1,3,7,9]. However, in many real-
world scenarios, simply finding the shortest path is not sufficient. For instance, for secure
communication, one may seek a data transmission path for sensitive information that
minimizes exposure to potential eavesdroppers. Similarly, in a transportation network, a
convoy path that avoids potential attackers could lead to more reliable and secure traveling.
In robotics, a path for a robot might need to avoid areas with high sensor noise or potential
collisions. These scenarios highlight the need for path-finding problems that consider the
seclusion of the path from undesirable elements.

Motivated by these applications, the SHORT SECLUDED PATH problem has been well
studied [2,11,21,28]. A vertex subset U C V is called I-secluded if it has at most [ neighbors.
Formally, SHORT SECLUDED PATH is defined as follows.
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Figure 1 An illustration of a 5-secluded s-t path P of length 5. The s-t path P consists of the
red vertices. The blue vertices are neighbors of P.

SHORT SECLUDED PATH

Instance: An undirected graph G = (V, E) where |V| = n and |E| = m, two vertices
s,t € V, and two integers k, .

Goal: Determine whether G has an [-secluded s-t path of length at most k.

Figure 1 is an illustration of an l-secluded s-t path of length at most k when [ = 5
and k = 5.1 Unfortunately, SHORT SECLUDED PATH is NP-complete in general since it is
equivalent to s-t HAMILTONIAN PATH if we set k = n and [ = 0. Due to the NP-hardness
of s-t HAMILTONIAN PATH on restricted graph classes [6,16], SHORT SECLUDED PATH is
NP-hard even on planar bipartite graphs of maximum degree 3, strongly chordal split graphs,
and chordal bipartite graphs.

Thus, there has been considerable interest in its parameterized complexity. For the
natural parameters k and [, Luckow and Fluschnik [21] show that SHORT SECLUDED PATH
is W[1]-hard when parameterized by k, whereas it is fixed-parameter tractable (FPT) when
parameterized by k + [. Note that the problem is para-NP-complete when parameterized
by I due to the hardness of s-t HAMILTONIAN PATH. In [28], van Bevern et al. study
the fixed-parameter tractability and kernelization complexity of SHORT SECLUDED PATH
for structural parameters related to tree-like structures such as treewidth, vertex cover
number, feedback vertex set number, and feedback edge set number. For treewidth tw, the
authors presented an FPT algorithm for SHORT SECLUDED PATH that runs in 2°0(t%)nO(1)
time. For kernelization, the problem admits a polynomial kernel when parameterized by
the combination of k,l, and feedback vertex set number, and also when parameterized by
feedback edge set number alone. In contrast, it does not admit a polynomial kernel when
parameterized by vertex cover number, by the combination of [ and feedback vertex set
number, or by the combination of &, [, and treewidth.

1.1 OQur contribution

In this paper, we present parameterized algorithms for SHORT SECLUDED PATH with respect
to structural parameters related to dense structures such as clique-width, twin cover number,
and neighborhood diversity. Our results lead to a more comprehensive understanding of the
parameterized complexity of SHORT SECLUDED PATH under structural graph parameters
(see Figure 2).

First, we propose an XP algorithm when parameterized by clique-width. Since s-t
HAMILTONIAN PATH is known to be W[1]-hard when parameterized by clique-width [12,16],
this XP algorithm provides a tight complexity bound for this parameter. Furthermore,

1 In this paper, the length of a path is defined as the number of vertices in the path.
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Figure 2 Parameterized complexity of SHORT SECLUDED PATH with respect to structural graph
parameters. The connection between two parameters indicates that the upper parameter p is
bounded by some computable function f(-) of the lower parameter g; that is, p < f(g). Parameters
marked with an asterisk (*) represent our contributions in this paper. Double-bordered rectangles
indicate that the parameterized problem belongs to XP but is W[1]-hard; rounded rectangles indicate
that the parameterized problem is fixed-parameter tractable (FPT); and dotted rectangles represent
cases that remain open.

we design a nd(G)O(“d(G)Q)no(l)—time algorithm and a 20(te(G)*),0(1)_time algorithm for
SHORT SECLUDED PATH when parameterized by neighborhood diversity nd(G) and twin
cover number tc(G), respectively.

Here, it is worth mentioning that our algorithms are designed for SECLUDED k-PATH,
which asks whether G has an [-secluded s-t path of length ezactly k. Thus, by setting [ = n,
our results provide parameterized algorithms for the classical graph problem s-t k-PATH.
To the best of our knowledge, the parameterized complexity of s-t k-PATH with respect to
clique-width, twin cover number, and neighborhood diversity was unsettled.

Then we consider the SHORTEST SECLUDED PATH problem. Unlike SHORT Secluded
Path, the goal of this problem is to find a minimally secluded s-t path among all shortest s-t
paths. Formally, SHORTEST SECLUDED PATH is defined as follows.

SHORTEST SECLUDED PATH
Instance: An undirected graph G = (V, E) where |V| = n and |E| = m, and two
vertices s,t € V.

Goal: Find a shortest s-t path P that minimizes the size of its open neighborhood
IN(V(P))] in G.

Interestingly, we show that SHORTEST SECLUDED PATH is solvable in polynomial time
on unweighted graphs. This is in contrast to the hardness of SHORT SECLUDED PATH.
However, for positive integer edge-weighted graphs, the problem becomes W[1]-hard when
parameterized by the shortest path distance d between s and t. To complement this, we
finally present an XP algorithm when parameterized by d.

1.2 Related work

There has been extensive literature on secluded subgraph problems. The study of this area
is initiated by Chechik et al. [2], who first introduced the notion of seclusion for connectivity
problems on graphs. Their original formulation, which they term ezposure, is defined as the

size of the closed neighborhood of a vertex subset. In their seminal work, Chechik et al.

consider two problems: SECLUDED PATH and its generalization SECLUDED STEINER TREE,
where the goal is to find a path or a Steiner tree that minimizes its exposure. The authors

4:3

IPEC 2025



4:4

On the Complexity of Secluded Path Problems

show that while SECLUDED PATH is hard to approximate, it is solvable in polynomial time on
graphs with bounded degree. For SECLUDED STEINER TREE, they present a fixed-parameter
algorithm parameterized by treewidth. Subsequently, Fomin et al. show that SECLUDED
STEINER TREE is also FPT when parameterized by the exposure of a solution.

A significant shift in perspective came from van Bevern et al. [27], who decouple the
solution size from the exposure, and introduce the notion of [-secludedness. Within this
framework, they investigate the parameterized complexity for finding secluded versions of
several fundamental substructures on graphs, such as separators, dominating sets, F-free
vertex deletion sets, and independent sets. Building on this work, Golovach et al. [15] show
that CONNECTED SECLUDED JF-FREE SUBGRAPH is FPT when parameterized by [, and
Donkers et al. [8] present a faster FPT algorithm for SECLUDED INDUCED TREE parameterized
by I. Recently, the concept of seclusion has been extended further, with Mallek et al. [22]
studying secluded subgraph problems on directed graphs.

2 Preliminaries

In this paper, we use standard graph-theoretic notations. Let G = (V, E) be an undirected
graph, where V' is the set of vertices and E is the set of edges. We let n = |V| and m = |E]|.
For a positive integer n, let [n] := {1,2,--- ,n}

For a vertex v € V, its neighborhood is Ng(v) = {u € V | {v,u} € E}. For a vertex
subset U C V, Ng(U) = {v € V\U | u € U,{u,v} € E} denotes the set of neighbors
of U. For simplicity, we sometimes use N(v) and N(U) instead of Ng(v) and Ng(U). The
subgraph induced by U is denoted by G[U].

The length of a path is defined by the number of vertices on the path. For two vertices
u,v € V, the shortest path distance between u and v, denoted by dist(u,v), is defined as
the number of edges (resp., the sum of the weights of edges) in a shortest u-v path on
unweighted graphs (resp., edge-weighted graphs). Two distinct vertices u and v are called
twins if N(u) \ {v} = N(v) \ {u}. In particular, twins u and v are called true twins if the
edge {u, v} exists, and otherwise called false twins.

We assume that the readers are familiar with the basic notions of parameterized com-
plexity [5].

2.1 Cliquewidth

In this subsection, we define the cliquewidth of a graph G. The definition relies on the
concept of a k-labeled graph, which we introduce first.

» Definition 1 (k-labeled graph). Let k be a positive integer. A k-labeled graph is a pair
(G,1abg) of a graph G and a function labg : V — {1,--- , k}.

» Definition 2 (Cliquewidth). The cliguewidth of a graph G, denoted by cw(G), is the

minimum integer k such that a k-labeled graph (G,labg) can be constructed by repeatedly

applying the following operations.

(01) Add a new vertex v with label i € [k].

(02) Take the disjoint union (G @& H,labgey) of two k-labeled graphs (G,labg) and
(H,laby), with

labg(v) if v € V(G),

laby(v) otherwise.

labggr(v) = {
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(03) Take distinct labels i,j € [k] for a k-labeled graph G, and add an edge between every
pair of vertices labeled by i and by j.

(04) Take distinct labels i,j € [k] for a k-labeled graph G, and relabel the vertices of label i
to label j.

This construction process for a k-labeled graph can be represented by a rooted binary tree,
called a k-expression tree. Each node in this tree corresponds to one of the four operations:
an introduce node (O1), a union node (02), a join node (03), or a relabel node (04). The
leaves of a k-expression tree are always introduce nodes, and conversely, all introduce nodes
are leaves. The graph associated with any node is the one constructed by the operations in
its subtree, and thus the root of the tree represents the final graph G.

A k-expression tree is irredundant if for each edge {u,v} € E(G), there is exactly one
corresponding join node that adds this edge. Any k-expression tree can be transformed into
an irredundant one with O(n) nodes in linear time [4]. Therefore, we can assume without
loss of generality that any given k-expression tree is irredundant.

While computing the exact cliquewidth and an optimal expression tree is NP-hard, a
polynomial-time approximation algorithm exists. Specifically, a (2°¥(©)+1 — 1)-expression
tree for a graph G with cliquewidth cw(G) can be computed in O(n?) time [17,24, 25].

2.2 Neighborhood diversity and twin cover

A partition M = {M;,..., M.} of V is called a twin partition of G if every M, is a set of
twins. We call M; a module of M. Then the neighborhood diversity of G is defined as
follows.

» Definition 3 (Neighborhood diversity). The neighborhood diversity nd(G) of G is the
minimum number of modules among all twin partitions of G.

We can compute the neighborhood diversity nd(G) of G and its twin partition in linear
time [20,23,26]. By definition, each module forms either a clique (if it contains true twins)
or an independent set (if it contains false twins).

The quotient graph corresponding to a twin partition M = {My, Ms, ..., M,} is the
graph Q = (M, E(M)), where E(M) = {{M;,M,} | H{u,v} € E, ue M;, ve M;}. We
observe that for any two modules M; and Mj, either there are no edges between them, or
every vertex in M; is adjacent to every vertex in M;.

A vertex set X C V is called a twin cover if, for every edge {u,v} € E, at least one of
the following holds: (i) w € X or v € X, or (ii) w and v are true twins (i.e., adjacent and
have identical open neighborhoods). The twin cover number of G, denoted tc(G), is the size
of a minimum twin cover of G.

2.3 Integer linear programming

In this subsection, we introduce Integer Linear Programming (ILP) and its fixed-parameter
tractability.

» Definition 4 (p-VARIABLE INTEGER LINEAR PROGRAMMING FEASIBILITY (p-ILP)). Given
a matriz A € Z™*P and a vector b € Z™, p-VARIABLE INTEGER LINEAR PROGRAMMING
FEASIBILITY asks whether there exists a vector x € ZP satisfying Az < b.

It is known that p-ILP is fixed-parameter tractable with respect to the number p of variables.

» Theorem 5 ([13,18,19]). p-VARIABLE INTEGER LINEAR PROGRAMMING FEASIBILITY
can be solved in O(p2'5p+°(p) - L) time, where L is the number of bits in the input.
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3 XP Algorithm Parameterized by Cliquewidth
27 time algorithm parameterized by cliquewidth for the
problem of determining whether G has an s-t path P of length k with exactly [ neighbors.

By solving this for each k and I, SECLUDED k-PATH and SHORT SECLUDED PATH can also
20 (ew)

In this section, we design an n

be solved in time n

. o
» Theorem 6. There is an n>

determines whether it contains an s-t path of length k with | neighbors.

“ _time algorithm that, for a graph G of cliquewidth cw,

Our algorithm is based on dynamic programming on a cliquewidth expression tree of G.
It is known that for a graph G with cliquewidth cw(G), a (2°V(@)+1 — 1)-expression tree T°
with O(n) nodes can be computed in O(n?) time [17,24,25]. For our algorithm, we must
distinguish the source s and target t. We achieve this by assigning them two new, unique
labels. We can thus assume that we are given an r-expression tree 7 with 7 < 20W(G)+1 4 ]
where s is assigned label » — 1 and ¢ is assigned label 7.

For a given expression tree 7, we execute dynamic programming in a bottom-up manner,
from the leaves to the root. For each node p in 7, let G, = (V,,, E,,) be the labeled subgraph
associated with p. The DP table at each node p stores boolean values for states defined by a
tuple of parameters. A state corresponds to the properties of a set P of vertex-disjoint paths
within G, denoted by P,,. Intuitively, each path in P, represents a sub-path of a potential
solution in G, i.e., an s-t path of length & with [ neighbors. Thus, the DP state needs to
track the number of vertices of the solution, the number of their neighborhoods, the number
of other vertices, and the number of sub-paths with respect to the labels of the endpoints.
The information on endpoint labels of sub-paths is used when merging sub-paths at a join
node. We use the notation V(P,) as a shorthand for (Jpep, V(P), the set of all vertices in
any path in P,. The parameters in our DP state are defined as follows:

For each label ¢ € {1,...,7}:

z!': the number of vertices in V(P,) with label .

yt': the number of vertices in N(V(P,)) NV, with label i.

zt': the number of vertices with label ¢ in V}, that belong to neither V(P,) nor its
neighborhood.

For each pair of labels ¢, j with 1 <i < j <r:

pfj: the number of paths in P, having one endpoint with label ¢ and the other with

label j.
We call (xf,...,z!) the solution count vector, (y{,...,y") the neighborhood count
vector, (z1,...,2") the remaining vertex count vector, and (p/;,...,p".) the path count

vector, respectively. The DP entry DP,[(zf, ... z#), (v}, ..., yt), (Z4, ..., 24), (Phy, - - )]

is a boolean value. It is true if and only if there exists a set of vertex-disjoint paths P, in

G, that satisfies all of the following conditions:

1. For each label ¢, the number of vertices in V(P,,) with label 7 is exactly z!', i.e., [V(P,)| =
i1 T

2. For each label 4, the number of vertices in the neighborhood N(V(P,)) NV, with label 4
is exactly y!', i.e., IN(V(Pu))| = >oi; vt

3. For each label i, the number of vertices with label i in V}, that belong to neither V(P,)
nor its neighborhood is exactly 2!, i.e., |V, \ (V(P,) UN(V(Pu))| = >iq 24"

4. For each pair of labels (i, j), the number of paths in P,, with endpoints labeled ¢ and j is
exactly pf;.
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For convenience, if a set P, of paths is empty, |V (P,)| = 0. In this case, its neighborhood
is also empty, and this corresponds to the state where x} = y;' = p}; = 0 for all 4, j.

From these definitions, 0 < ', 4}, /', pj; < n for all parameters. Thus, the size of the

DP table at each node is bounded by no) . As initialization, we set all entries of the DP
tables to false.

The existence of a solution in the original graph G is determined by checking the DP table
of the root node, v. A key observation is that an s-t path of length k with [ neighbors exists if
and only if there exists a path P whose endpoints are labeled by r — 1 and r in G, satisfying
[V(P)| =k, |IN(V(P))| =1, and [V, \ (V(P)UN(V(P)))| = n—k—1. Note that s and ¢ have
the unique labels r — 1 and r, respectively. Therefore, an s-t path of length k& with [ neighbors
exists if and only if and only if DP. (2], 4], 2]),- -, (), y), 2)), (p{1, - ,p),)] = true at
the root node v such that:

Y — Y —
xrfl_xr_]"

ol — —
Yr—1 = y;"y - O’
Y — Y —
RBp_1 = Zp = 07
T A
21':1 z; =k,

Z::ly;{:lv
Szl =n—k—1,

1=1"1
p?r_l)r =1, and
pi; =0 ford,j(i < j) except i =r —1 and j =r.

In the following, we describe the recursive formulas for updating the DP table at each
node of the expression tree. The updates for introduce, union, and relabel nodes are relatively
straightforward, while the update at a join node is the most challenging part. Intuitively, our
DP state tracks, for each label, the number of vertices in the solution, their neighborhoods,
and the other vertices, as well as the number of vertex-disjoint paths distinguished by their
endpoint labels. For an introduce node, which adds a single labeled vertex, we only need
to generate the initial states corresponding to this new vertex, forming a trivial path of
length one, or being an isolated vertex not part of the solution. For a union node, which
combines two disjoint subgraphs, the new DP table is computed by merging states from its
two children. As no edges are added between the subgraphs, paths from each part remain
separate. Thus, for any pair of valid states (one from each child), we can compute the
resulting state’s parameters by simple addition. The update for a relabel node that changes
label 4 to j is also based on addition: for each state, the counts associated with label i are
consolidated into the counts for label j.

The main challenge lies with the join node, which adds edges between all vertices of
label ¢ and all vertices of label j. These new edges may connect multiple existing paths into
longer ones. Therefore, the core of the update is to iterate through all valid states of the

child node and, for each state, enumerate all feasible ways that the paths can be connected.

Although the number of ways to connect paths can be large, it can be shown that this process
can be handled in time n°*). The running time for a join node is determined by iterating
through all possible resulting states. Since the size of the DP table is no(rz), and we must
process each state from the child’s table, the update at a join node can be performed in time
n®*) As the expression tree has O(n) nodes, the total running time is dominated by the
join operations, yielding nO0*) = n2? " The details of the algorithm are provided in
the appendix.
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By applying Theorem 6 for each k, [, we can also solve SECLUDED k-PATH and SHORT
SECLUDED PATH.

» Corollary 7. SECLUDED k-PATH and SHORT SECLUDED PATH can be solved in time
zo(CW)

4 FPT Algorithm Parameterized by Neighborhood Diversity

In this section, we propose a fixed-parameter algorithm for SHORT SECLUDED PATH para-
2

meterized by neighborhood diversity, which runs in nd®®4) R0 time. To show this, we

first provide a fixed-parameter algorithm for s-t k-PATH by neighborhood diversity.

4.1 FPT algorithm for s-t k-Path

We give an ILP formula with O(nd?) variables for determining whether G' has an s-t path of
length k passing through every module.

Let G be the quotient graph with respect to a twin partition M = {M;, Ms, ..., M,},
where 7 is the number of modules in the partition of G. Suppose that M, = {s} and M; = {t}
for s,t € V(@) are modules in M, and G is connected.

We define the ILP instance (P) with variables x;;, z;; (for {M;, M;} € E(G)), and y; (for
i € [r]) subject to the following constraints.

ILP instance (P)

1' Z::l y’L - k

For every i € [r]:
2.3 D jequmeNs (M)} Tij = DjefuMeNg(yy Tgi (1 My # M, My)
je{l:MyeNg (M)} Tsj = 1
je{l:MieNg (M)} Tjs =0
C. Yjeq:MeNg (M)} Lit =1
je{l:MieNg(My)} Tt = 0
je{l:MieNg(My)} Tij = Yi  (if M; is an independent set)

3. a.
b. 1 <> ictumeng iy Tij Sy (if M; is a clique)

For every partition of V(G) into vertex sets A and B:
4. Zl§i<j§r:{Mi,Mj}EE(Q)/\|{Mi,Mj}ﬁA|:1 Tij + xji > 1
For every variable x;;:

For every variable y;:
6. 1 <y; <|M,

The core idea is to extend the standard flow-conservation principle commonly used in
network flow problems. We imagine one unit of flow originating at a source module Mj,
being consumed at a sink module M;, and being conserved at all intermediate modules.

The variables z;; and x;; model the flow moving in either direction between two modules
M; and M;. They also correspond to the number of arcs from M; to M; on a directed path P
from s to ¢. This approach captures the path’s traversal, potentially back and forth, through
the graph of modules. The integer variables y; track the number of vertices used within each
module M; that the path visits.
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The constraint (1) guarantees that the size of a solution is exactly k. The constraints (2)
are the low conservation constraints. Constraint (2.a) ensures that for any intermediate
module (not a source or sink), the incoming flow equals the outgoing flow, implying that the
number of incoming edges and the number of outgoing edges are equal in the intermediate
modules. Constraints (2.b) and (2.c) define the source and sink, respectively: exactly one unit

of flow leaves the source module My, and exactly one unit of flow enters the sink module M;.

Note that M, = {s} and M, = {t} by assumption.

The constraints (3) govern the relationship between the flow passing through a module
and the number of vertices used within it (y;). The constraint (3.a) implies that every
incoming edge immediately goes out in an independent set module M. Thus, the number of
incoming edges is equal to the number of used vertices in M. The constraint (3.b) implies
that P may pass through several vertices and then go out in a clique module M. Thus, the
number of incoming edges is at most the number of used vertices in M.

The constraint (4) is the connectivity condition, which ensures that a solution forms a
single path. This disallows invalid solutions, such as a subgraph composed of a path and
disjoint cycles.

The constraint (5) is a non-negativity constraint. The constraint (6) ensures that for
each module, a solution contains at least one vertex in the module and no more vertices than
the size of the module.

» Lemma 8. The ILP instance (P) is feasible if and only if there is an s-t path in G with k
vertices that includes at least one vertex from each module M; € M.

From Lemma 8 and Theorem 5, we obtain the following lemma.

» Lemma 9. Given a twin partition with v modules, the problem of determining whether
there is an s-t path of length k passing through every module can be solved in rOr*)po)
time.

4.2 FPT algorithm for Short Secluded Path

Using Lemma 9, we present an FPT algorithm for SECLUDED k-PATH and SHORT SECLUDED
PATH parameterized by neighborhood diversity. A key observation is that if a path visits a
module M, then all vertices from this module not on the path are in the neighborhood of
the path. Also, all the vertices in modules adjacent to M are in the neighborhood of the
path. Therefore, what we only have to do is to solve the problem of determining whether
there is an s-t path of length k passing through every guessed module by using Lemma 9.

» Theorem 10. SECLUDED k-PATH parameterized by neighborhood diversity nd(G) can be
solved in nd(G)P@AD*)R0W) time.

Proof. First, we compute a twin partition for G with nd(G) modules in linear time [20,23,26].

We ensure that s and ¢ are in their own singleton modules by splitting the modules containing
them. If s € M, we replace M with M \ {s} and add a new module M, = {s}. We do the

same for t. This results in a new twin partition M = {My, Ma, ..., M, } with r < nd(G) + 2.

The algorithm proceeds by guessing which modules M’ C M contain the vertices of a
potential [-secluded s-t path of length at most k. We must always include M, and M; in
M. There are O(2"~2) = O(2"4) possible choices for M’.

Let ' = |M’|. For each guess, we check if there exists a valid solution containing at least
one vertex in each module in M’ in the subgraph induced by the vertices of M'. If |r/| > k
or the induced subgraph is not connected, we can discard this guess.

4:9
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Let ' C M\ M’ be the set of modules adjacent to at least one module in M’. For
any s-t path P with V(P) C |J,;e ¢ M, its neighborhood N(V(P)) consists of two parts:
(1) all vertices in the modules of N, and (2) all vertices in modules of M’ that are not
on the path P. Therefore, N(V(P)) = (Uprenr M) U (Uprerr M) \ V(P)). The size of
the neighborhood is [N (V(P))| = [Uprenr M| + |Ursere M| = [V(P)|. Since [V(P)| = k,
IN(V(P))| is given by |Uprenr M| + [Uprenr M| — k for a fixed guess M’ (which fixes NV).
Thus, if |[N(V(P))| > I, we discard such a guess.

Finally, we only have to determine whether there exists a path of length %k in the graph
GlUperr M'] that visits every module in M’. By Lemma 9, this can be determined in

time /0" )01 = nd®®d) R0 We repeat this for all O(279) guesses of M’. The total
runtime is 204 . nd®®4*) 01 — qO®d*) o) <

By applying Theorem 10 to SECLUDED k’-PATH for 2 < k' < k, SHORT SECLUDED PATH
2
can also be solved in nd°®4)pOM) time.

» Corollary 11. For a graph G of neighborhood diversity nd, SHORT SECLUDED PATH can

be solved in nd®@) R0 time.

5 FPT Algorithm Parameterized by Twin Cover Number

In this section, we design a 20(t¢*) nO(1)_time algorithm for SHORT SECLUDED PATH and
SECLUDED k-PATH parameterized by twin cover number.

» Theorem 12. SECLUDED k-PATH can be solved in 2°0¢<(G)*)n00) time.

Proof. For any graph G, a twin cover S of size tc can be computed in O(m +n-tc+ 1.2738)
time [14]. Let X := S U {s,t} and 7 := | X|(= tc + 2).

First, we guess the set of edges from G[X] that are part of the secluded path. The number
of edges in G[X] is at most (;) < 72. Since a path on 7 vertices has at most 7 — 1 edges,
we guess subsets of at most 7 — 1 edges as candidates for partial solutions inside of X. The
number of guessed subsets is bounded by 21:01 (T;) = 7007,

For each guess, we check if the subgraph formed by these edges consists of a collection of
disjoint paths, if s and t are part of the subgraph because they must be endpoints of a path,
and if the sum of the number of vertices in the guessed disjoint paths is at most k. This
clearly can be done in polynomial time. If these conditions are not satisfied, we discard the
current guess.

Let Py, Pa, ..., Py be sub-paths within G[X] of a guessed partial solution, where d < 7.
Let X' = U?Zl V(P;) be the set of vertices in these paths.

Next, we construct a full s-t path by ordering these sub-paths and connecting them with
cliques from G[V \ X]. First, we guess the orderings of the sub-paths. If s and ¢ belong to
the same sub-path P;, then this must be the entire path. In this case, we check if d = 1,
| X'| = |V(P1)| =k, and |[IN(V(Py))| <. If so, Py is indeed an I-secluded s-t path of length
k, and otherwise we safely conclude that the guess is invalid. If s and ¢ are in different
sub-paths, we fix the path containing s at the beginning and the one containing ¢ at the end.
We then guess the ordering of the remaining d — 2 paths. Since d — 2 < 7, the number of
such orderings is (d — 2)! = 79(7),

For a fixed ordering of sub-paths, we need to connect them. Since X is a separator and
G[V \ X] is a union of disjoint cliques, vertices in exactly one clique connect two sub-paths
in G[X].
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Figure 3 An illustration of a partition of V' with respect to a path P in Claim 14.

Here, we categorize cliques in G[V \ X| with respect to neighbors in X, and we define
the sets of vertices Y7,...,Y; where vertices in Y; have the common neighbors in X, that
is, N(u)yN X = N(v) N X for u,v € Y;. Note that ¢ < 27. By the definition of a twin cover,
each connected component of G[V \ X] is a clique and is fully contained in some Y;. We say
that a clique C' in G[V' \ X] is from Y; if V(C) C Y;.

To connect the d — 1 gaps between the ordered sub-paths, we guess which set Y; provides
the connecting clique for each gap. Since there are d — 1 = O(7) gaps and ¢ = O(27) choices
for each, the total number of ways to choose the sequence of Y}’s is g = 20(?),

For each such guess, we verify whether it is valid. If a chosen Y} cannot connect the

corresponding sub-paths, we reject it. We also calculate the minimum possible path length.

Since we must use at least one vertex from a clique in each of the d — 1 gaps, the length p

of an s-t path constructed is at least p > Z?Zl |[V(P)|+d—1. If p > k, we safely reject it.

Furthermore, if the number of times a set Y; is selected is more than |Y;|, then we reject it
because we cannot construct an s-t path even by using all the vertices in Y.

Now, for each gap between two sub-paths, we must select a specific clique from the
chosen Y;. Then by the following claim, we can focus on at most r largest cliques in each Y;.

> Claim 13. Suppose that Y; contains r cliques C1,...,C, ordered by non-increasing size
(|IC1] = ... > |Cy]). Then if there exists an s-t path P that passes through b cliques from Y;,
there exists an s-t path P’ that passes through the b largest cliques from Y;, Cy,...,Cy (or
all r cliques if b > r), such that |[V(P)| = |V(P’)| and |[N(V(P))| = [N(V(P"))|.

Now we need to decide vertices to take from the selected cliques. Here, we observe that
the vertex set V can be partitioned into four parts: (1) the set V(P) N X of vertices on P
inside X, (2) the set of vertices Joccr C in the selected cliques in G[V \ X], (3) the set
N ((V(P)NX)UUgecr C) of neighbors of P except for vertices in Joeer C, and (4) The
set V\ V(P)U N (V(P)) of the other vertices which lie outside both X and N(V (P)) (see
Figure 3). Then the following claim holds.

>> Claim 14. Let P be an s-t path and let C* be the set of cliques in V' \ X that intersect
with V(P). The number of neighbors of the path P is given by:

U c

cecr

IN(V(P))|=‘N ((V(P)ﬁX)U U C) + +IV(P)NX] = [V(P)]. (1)

cecP
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If we have fixed the sub-paths in X and the cliques connecting them, we observe that the
first three terms |N ((V(P) N X)UUgeer C) NV(P)|, |Uceer CJ, and [V(P) N X| in the
right-hand side of Equation (1) are determined. Note that |[V(P)NX| = |X'| = Zle [V (P;)].
Since |V (P)| = k, from Claim 14, |N(V(P))| is also determined.

After fixing the sub-paths in X and the Y;’s for connecting pairs of sub-paths, we can
identify the set C of candidate cliques C (the largest ones, by Claim 13). Since each clique
in Y; have the same neighbors by the definition of a twin cover, if [ Joce O = > cee [C] >
k —|V(P)N X]| is satisfied, we can obtain a path of length k (we just need to arbitrarily
choose k — |V (P) N X| vertices from selected cliques in C such that at least one vertex is
chosen from each selected clique). This is clearly done in polynomial time.

b

Finally, we analyze the running time. Guessing the sub-paths in X, the orderings
of the sub-paths, and the Y;’s for connecting pairs of sub-paths can be done in time
7O(MR0M) . 20(r*)pO0() = 20(r*)O() " After the guesses, we can check whether each guess
is valid by verifying whether » ... [C] > k — [V (P) N X| in polynomial time. Therefore, the
total time is 2007 )pOM) = 20(t¢*) O <

» Corollary 15. SHORT SECLUDED PATH can be solved in 20(tc(A*)pO0M) time.

6 Computational Complexity of Shortest Secluded Path

In this section, we study the computational complexity of SHORTEST SECLUDED PATH.

6.1 Polynomial-time algorithm on unweighted graphs

In this subsection, we present a polynomial-time algorithm for SHORTEST SECLUDED PATH
on unweighted graphs.

Let k = dist(s, ) be the distance between s and ¢. For ¢ € {0,1,...,k}, we define
the layer L; = {v € V | dist(s,v) = i and dist(v,t) = k — i} as the set of vertices whose
distance from s is ¢ and from t is k — i. These layers Lg,..., Ly can be computed in linear
time by performing a breadth-first search from s and from ¢, respectively. By definition,
Lo = {s} and Ly = {t}. Let L =J, L; and R =V \ L. It is easily seen that every vertex
v satisfying dist(s,v) + dist(v,¢) = k is contained in L, and any vertex in R satisfies that
dist(s,v) + dist(v,t) > k. Thus, every shortest s-t path is contained in G[L]. Then, the
following lemmas hold.

» Lemma 16. For any integer i € {0,1,...,k}, the neighbors of any vertex in L; that are
also in L must belong to it’s layer or adjacent layers. Formally:

N(L)NL C Lioy UL
(Here, we define L_1 = Lgy1 =10.)

Proof. For a vertex v; € L;, let v; € L;j(# L;) be a neighbor of v;. By the triangle inequality,
we must have dist(s, v;) < dist(s, v;) + dist(v;, v;), which means ¢ < j + 1. Symmetrically,
j <i+ 1. Together, these imply that j satisfies |i — j| < 1. <

» Lemma 17. For any vertex r € R and any integer i € {0,1,...,k}, if r has a neighbor in
L;, then its set of neighbors in L, denoted by N (r)N L, must satisfy one of the following three
conditions: (1) N(r)NL C L;, (2) Nr)yNL C L;_yUL;, and (8) N(r)yNL C L;UL;;1.
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From Lemmas 16 and 17, the neighbors of vertices in L; are in L; 1 UL; U L;1; UR.
Moreover, the neighbors in R are also adjacent to only L;_; U L; U L;11 U R. This locality is
the key to our dynamic programming approach, as it ensures that when extending a path
to layer L;;1, the change in the neighborhood of the path only depends on the most recent
layers.

Our dynamic programming table, DP, stores values for pairs of adjacent vertices (u;, ui+1)
where u; € L; and w; 1 € Lj11. The entry DP[u;, u;41] is defined as the minimum size of
the neighborhood of a shortest s-u;11 path that uses the edge {u;, u;+1} as its last edge. If
no such path exists, or if {u;, u;+1} ¢ F, then DP[u;, u;41] = co. The solution to the overall
problem is then min,, ,er,_, DPluk—1,1].

For ¢ = 0 (the base case), we consider paths of length 2 from s to a vertex u; € L. Since
dist(s,u1) = 1, the edge {s,u;} must exist. The path consists of edge {s,u;}. The size of its
neighborhood is [(N(s)UN(u1))\ {s,u1}|. Thus, we initialize DP[s, u;] = |[N(s) UN (uq1)|—2.

For 1 < i < k, the recursive formula for DP[u;, u;41] is computed as follows:

o¢] if {ui, ui+1} ¢ E,

DPlui, uit1] = mig {DP[ui—1,ui] + [N (uit1) \ (N(ui—1) U N(u;))|} otherwise.
ui—1€L;—1

Here, |N(uit1) \ (N(u;—1) U N(u;))| represents the number of new neighbors added when

extending the path from u; to u;11. Due to the locality shown by Lemmas 16 and 17, u;41

i—2

never shares neighbors of J._j L;. Thus, these new neighbors are precisely those in N (u;11)

that are not already neighbjors of the path ending in {u;—1,u;}.

Finally, we analyze the running time. The sets L; can be computed in O(m + n) time.
The size of the DP table is O(n?) since the number of layers is at most n. For three vertices
u, v, w, [N(u)N(N(v)UN(w))| can be computed in polynomial time in advance. Thus, each
entry DP[u;, u;4+1] can be computed in O(n) time from DP[u;_1,u;]. Therefore, the total

running time is O(n?3).

» Theorem 18. SHORTEST SECLUDED PATH can be solved in O(n®) time.

6.2 Shortest Secluded Path on weighted graphs

In this subsection, we discuss SHORTEST SECLUDED PATH on edge-weighted graphs. We
assume that each edge weight is a positive integer. We first show SHORTEST SECLUDED
PATH on weighted graphs is W[1]-hard with respect to the shortest path distance between
s and t by a reduction from MULTICOLORED CLIQUE. Here, the shortest path distance
between s and ¢ is defined by the minimum weight of an s-t path.

MULTICOLORED CLIQUE

Instance: A graph G = (V41 U---U Vi, E) with n vertices where each V; forms an
independent set.

Goal: Determine whether G has a clique of size k.

MULTICOLORED CLIQUE is W[1]-hard when parameterized by k even on regular graphs [10].

» Theorem 19. SHORTEST SECLUDED PATH on edge-weighted graphs is W[1]-hard paramet-
erized by the shortest path distance d between s and t in the input graph.

Proof. We show the parameterized reduction from MULTICOLORED CLIQUE to SHORTEST
SECLUDED PATH.

IPEC 2025
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Let an r-regular graph G = (V, E) be an instance of MULTICOLORED CLIQUE, where
V=VUVyU---UV;. Then, we construct an equivalent instance G’ = (V’', E’,s,t) of
SHORTEST SECLUDED PATH on edge-weighted graphs. We first define V! = VU{s, t}UVEUW
where Vg = {v. | e € E} and W = {wy, | h € [k —1]}. Then we connect s to all vertices in V;
and t to all vertices in Vi with edges of weight 1. Moreover, for each h € [k — 1], we connect
wp, to all vertices in Vi, U Vj 41 with edges of weight 1. Finally, for e = {u,v} € E, we connect
v, to w and v with edges of weight k + 1. Figure 4 illustrates the constructed graph G'.

Vi Vo Vi

N
) B
2\
e

~

k+1

VA

o~
|

Ve

Figure 4 The reduction from MULTICOLORED CLIQUE to SHORTEST SECLUDED PATH in The-
orem 19. The weight of each thin edge is 1 and the weight of each bold edge is k + 1.

Clearly, G’ can be constructed in polynomial time. By the construction of G’, the
shortest path distance between s and t is 2k. In the following, we show that there is a
clique of size k in G if and only there is a shortest s-t path P of weight 2k satisfying
IN(V'(P))| <rk— (g) +n —kin G’ where V'(P) is the set of vertices of P on G’.

Let C = {v1,vq,...,v5} be a clique of size k in G, where v; € V;. We define an s-t
path P = (s,v1, w1, v2,wa, ..., W1, Vg, t) of weight 2k. Since all edges in G'[V’ \ Vg] have
weights 1, the weight of P is 2k, and thus P is a shortest s-t path in G’.

We next show P satisfies |[N(V'(P))| < rk — (g) +n — k. We observe that V' \ V/(P) C
N(V'(P)) holds. Since |V'(P)N V| =k, the neighborhood N(V'(P)) of P includes n — k
vertices in V' \ V/(P). Furthermore, since G is an r-regular graph, any vertex in V has r
neighbors in Vi in G’. Since C is a clique in G, for 1 <14 < j < k, any pair v;,v; € C has an
edge {v;,v;}. Thus, v; and v; have a common neighbor V{v;v;} € VE. Therefore, P has only
rk — (§) neighbors in V. Consequently, [N (V'(P))| = rk — (5) + n — k holds.

Conversely, suppose that there is a shortest s-t path P of weight 2k satisfying | N (V' (P))| <
rk— (];) +n—kin G'. If P contains any vertex in Vg, the weight of P is at least 2k +2 > 2k.
Thus, P does not contain any vertex in Vg. Hence, by the construction of G’, P must pass
through w1, - -+ ,wi—1 and exactly one vertex in each Vy,---,Vj, and V' \ V(P) C N(V'(P))
holds. Consequently, |[N(V(P)) \ Vg| =n — k and P has at most rk — (’;) neighbors in Vg.
Since every vertex in V/(P) NV has r neighbors in Vg, they must share (g) vertices in Vg.
Since [V'(P) N V| = k, every pair of u,v € V'(P) NV must share vy, ,} € Vg, which implies
that there exists edge {u,v} in G. This means that V/(P)NV forms a clique of size k, which
completes the proof. <

Finally, we present an XP algorithm for SHORTEST SECLUDED PATH that runs in n®(@)
time where d is the shortest path distance between s and ¢ in the input graph.
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» Theorem 20. SHORTEST SECLUDED PATH on edge-weighted graphs can be solved in n®(®)

time, where d is the shortest path distance between s and t in the input graph.

Proof. Given an input graph G = (V, E), we first compute the shortest path distance
d = dist(s,t) between s and ¢ by Dijkstra’s algorithm [7]. Since the edge weights are
nonnegative integers, any shortest s-t path contains at most d edges. Thus, all shortest s-t
paths can be enumerated in n®@ time. Since the neighborhood of a shortest s-t path can be
computed in polynomial time, SHORTEST SECLUDED PATH can be solved in n®@ time. <«

7 Conclusion

In this paper, we investigated the structural parameterizations of SHORT SECLUDED PATH
and the computational complexity of SHORTEST SECLUDED PATH.

For the structural parameterizations of SHORT SECLUDED PATH, we presented an XP
algorithm parameterized by cliquewidth and FPT algorithms parameterized by neighborhood
diversity and twin cover number, respectively. Regarding SHORTEST SECLUDED PATH, we
first proposed a polynomial-time algorithm for unweighted graphs. For edge-weighted graphs,
however, we proved that the problem is W[1]-hard but is in XP when parameterized by the
shortest path distance between s and t.

A natural future direction is to investigate the parameterized complexity of SHORT
SECLUDED PATH with respect to other structural parameters, such as the cluster vertex
deletion number and modular-width. Furthermore, improving the running times of our
algorithms is an interesting challenge. In particular, given an r-expression tree, our XP
algorithm parameterized by cliquewidth runs in nO*) time. It is worth considering whether
this running time can be improved to n°("). It would also be interesting to design a single-
exponential FPT algorithm parameterized by the twin cover number, since our current
algorithm runs in 20(tc(A)*) O time,
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