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—— Abstract

k-Center clustering is a fundamental classification problem, where the task is to categorize the given

collection of entities into k clusters and come up with a representative for each cluster, so that the
maximum distance between an entity and its representative is minimized. In this work, we focus on
the setting where the entities are represented by binary vectors with missing entries, which model
incomplete categorical data. This version of the problem has wide applications, from predictive
analytics to bioinformatics.

Our main finding is that the problem, which is notoriously hard from the classical complexity
viewpoint, becomes tractable as soon as the known entries are sparse and exhibit a certain structure.
Formally, we show fixed-parameter tractable algorithms for the parameters vertex cover, fracture
number, and treewidth of the row-column graph, which encodes the positions of the known entries
of the matrix. Additionally, we tie the complexity of the 1-cluster variant of the problem, which is
famous under the name Closest String, to the complexity of solving integer linear programs with few
constraints. This implies, in particular, that improving upon the running times of our algorithms
would lead to more efficient algorithms for integer linear programming in general.
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1 Introduction

Clustering is a fundamental problem in computer science with a wide range of applications
[28, 30, 49, 25, 51], and has been thoroughly explored [39, 3, 31, 9, 52, 4]. In its most general
formulation, given n data points, the aim of a clustering algorithm is to partition these points
into groups, called clusters, based on the similarity. The degree of similarity between points
is modeled by a given distance function. Depending on the representation of the data points,
several computationally different variants of the clustering problem arise. Commonly, the
points are embedded in the d-dimensional Euclidean space R? with the standard Euclidean
distance or the distance given by L, norms, or in the space of binary strings equipped with
the Hamming distance, or in a general metric space with an explicit given distance function.

Additionally, there exist different approaches to how the similarity is aggregated. For
the purpose of this work, we focus on the classical center-based clustering objectives. In
k-Center clustering, given a set of data points and the parameter k, the objective is to
partition the points into & clusters and identify for each cluster a point called the center, so
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that the maximum distance between the center and any point within its cluster is minimized.
k-Median clustering is defined in the same way, except that the sum of distances between
the data points and their respective centers is minimized, and k-Means clustering aims to
minimize the sum of squared distances instead.

Unfortunately, virtually all versions of clustering are computationally hard, in the classical
sense. k-Means in R? is NP-hard even on the plane (dimension d = 2) [42], and it is also
NP-hard for k = 2 clusters even when the vectors have binary entries [2, 18]. k-Median
and k-Center are NP-hard in R? as well [44]. Moreover, k-Center on binary strings under
the Hamming distance is NP-hard even for k& = 1 cluster; that is, the problem of finding
the binary string that minimizes the maximum distance to a given collection of strings
is already NP-hard [19, 37]. The latter problem is well-studied in the literature under
the name of CLOSEST STRING, given its important applications in coding theory [35] to
bioinformatics [50].

In order to circumvent the general hardness results and simultaneously increase the
modeling power of the problem, we consider the following variant of clustering with missing
entries. We assume that the data points are represented by vectors, where each entry is either
an element of the original domain (e.g., in R or {0,1}), or the special element “?”, which
corresponds to an unknown entry. For the clustering objective, the distance is computed
normally between the known entries, but the distance to an unknown entry is always zero.
In this way, we can define the problems k-CENTER WITH MISSING ENTRIES and k-MEANS
WITH MISSING ENTRIES. For formal definitions, we refer to Section 2.

These problems have a wide range of applications. For an example in predictive analytics,
consider the setting of the well-known Netflix Prize challenge'. The input is a collection of
user-movie ratings, and the task is to predict unknown ratings. The data can be represented
in the matrix form, where the rows correspond to the users and the columns to the movies,
and naturally most of the entries in this matrix would be unknown [46]. Clustering in this
setting is then an important tool for grouping/labelling similar users or similar movies, based
on the available data.

Clustering with missing entries is also closely related to string problems that arise in
bioinformatics applications. In the fundamental genome phasing problem (known also as
“haplotype assembly”), the input is a collection of reads, i.e., short subsequences of the two
copies of the genome, and the task is to reconstruct both of the original sequences. Finding
the best possible reconstruction in the presence of errors is then naturally modeled as an
instance of k-MEANS WITH MISSING ENTRIES with k£ = 2, where the data points correspond
to the individual reads, using missing entries to mark the unknown parts of each read; the
target centers represent the desired complete genomic sequences; and the clustering objective
represents the total number of errors between the known reads and the desired sequences,
which needs to be minimized. In fact, [47] use exactly this formalization of the phasing
problem (under the name of “Weighted Minimum Error Correction”) as the algorithmic core
of their WhatsHap phasing software. Note that in both examples above, the known entries
lie in a finite, small domain. For the technical results in this work, we focus on vectors where
the vectors have binary values, e.g., in {0, 1}; the results however can be easily extended to
the bounded domain setting.

Generally speaking, k-CENTER WITH MISSING ENTRIES and k-MEANS WITH MISSING
ENTRIES cannot be easier than their fully-defined counterparts. While greatly increasing
the modeling power of the problem, the introduction of missing entries poses also additional

! The problem description and the dataset is available at https://www.kaggle.com/netflix-inc/
netflix-prize-data.
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technical challenges. In particular, most of the methods developed for the standard, full-
information versions of clustering are no longer applicable, since the space formed by vectors
with missing entries is not necessarily metric: the distances may violate triangle inequality.
On the positive side, one can observe that in practical applications the structure of the
missing entries is not completely arbitrary. In particular, the known entries are often sparse —
for example, in the above-mentioned Netflix Prize challenge, only about 1% of the user-movie
pairs have a known rating [46]. Therefore, the “hard” cases coming from the standard fully-
defined versions of k-Center/k-Means are quite far from the instances arising in applications
of clustering with missing entries. This motivates the aim to identify tractable cases of
k-CENTER WITH MISSING ENTRIES based on the structure of the missing entries, since the
general hardness results for k-Center are not applicable in this setting. Formally, we use
the framework of parameterized complexity in order to characterize such cases. We refer to
standard textbooks on parameterized complexity for a more thorough introduction to the
subject [11, 10].

In order to apply the existing machinery and to put the parameters we consider into
perspective, we encode the arrangement of the missing entries into a graph. We say that the
incidence graph of a given instance is the following bipartite graph: the vertices are the data
points and the coordinates, and the edge between a point and a coordinate is present when
the respective entry is known. When interpreting the input as a matrix, where the data
points are the rows, replacing the known entries by “1” and missing entries by “0” results
exactly in the biadjacency matrix of the incidence graph. We call this matrix the mask
matrix of the instance, denoted by M, and denote the incidence graph of the instance by
Gr; see Figure 1 for an illustration.

11011
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Figure 1 Mask matrix M, and its corresponding incidence graph, on the right. Vertices
corresponding to rows of M, denoted by Ras, are illustrated in gray. Vertices corresponding to
columns of M, denoted by Chs, are in black.

We mainly consider the following three fundamental sparsity parameters of the incidence
graph Gpg:
Vertex cover number ve(Gar): the smallest number of vertices that are necessary to cover
all edges of the graph;
Fracture number fr(Gps): the smallest number of vertices one needs to remove so that
the connected components of the remaining graph are small, i.e., their size is bounded by
the same number;
Treewidth tw(Gpg): the classical decomposition parameter measuring how “tree-like” the
graph is.
See Figures 2 and 3 for a visual representation of instances with small vertex cover and
fracture number, respectively. Treewidth is the most general parameter out of the three, and
it encompasses a wide range of instances. For example, the main algorithmic ingredient in the
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WhatsHap genomic phasic software [47] is the FPT algorithm for k-MEANS WITH MISSING
ENTRIES parameterized by the maximum number of known entries per column?, in the
special case where k = 2 and the known entries in each row form a continuous subinterval. In
this setting, the treewidth of the incidence graph is never larger than this parameter. Vertex
cover, on the other hand, is the most restrictive of the three; however, comparatively small
vertex cover may be a feasible model in settings such as the Netflix Prize challenge, where
most users would only have ratings for a relatively small collection of the most popular movies.
The fracture number aims to generalize the setting of small vertex cover, to also allow for an
arbitrary number of small local “information patches”, outside of the few “most popular”
rows and columns. Note that fracture number is a strictly more general parameter than
vertex cover number, since removing any vertex cover from the graph results in connected
components of size one; that is, for any instance, fr(Gasr) < ve(Gaz). On the other hand, it
holds that tw(Gar) < 2fr(Gar), see Section 6 for the details.

Previously, the perspective outlined above has been successfully applied to k-MEANS
WITH MISSING ENTRIES. Ganian et al. [20] show that the problem admits an FPT algorithm
parameterized by treewidth of the incidence graph in case of the bounded domain, as well as
further FPT algorithms for real-valued vectors in more restrictive parametrization. However,
similar questions for k-CENTER WITH MISSING ENTRIES remain widely open.

In this work, we aim to close this gap and investigate parameterized algorithms for the
k-Center objective on classes of instances where the known entries are “sparse”, in the sense
of the structural parameters above. Our motivation stems from the following. First, k-Center
is a well-studied and widely applicable similarity objective, which in certain cases might
be preferable over k-Means; specifically, whenever the cost of clustering is associated with
each individual data point and has to be equally small, as opposed to minimizing the total,
“social”, cost spread out over all data points. Second, k-Center is interesting from a theoretical
perspective, being a natural optimization target that on the technical level behaves very
differently from k-Means. Our findings, as described next, show that the k-Center objective
is in fact more challenging than k-Means in this context, and we prove that k~-CENTER WITH
MissING ENTRIES is as general as a wide class of integer linear programs.

Our contribution. We present several novel parameterized algorithms for k-CENTER WITH
MissING ENTRIES. First, we show that k-CENTER WITH MISSING ENTRIES is FPT when
parameterized by the vertex cover number vc(Gpz) of the incidence graph plus k. Specifically,
we prove the following result. Here and next, n is the number of data points in the instance
and m is their dimension.

» Theorem 1. k-CENTER WITH MISSING ENTRIES admits an algorithm with running time

20(k~vc(GM)+vc(GM)2.1ogvc(GM)) poly(nm).
This result can be compared to the result of [15], who considered the complementary
parametrization of the same problem (under the name of ANY-CLUSTERING-COMPLETION).
That is, they consider the minimum number of rows and columns that are needed to cover
all missing entries. Interestingly, for their FPT algorithm, it was also necessary to include
the target distance d in the parameter — we do not need this restriction in our setting, which
highlights the property that instances of k-CENTER WITH MISSING ENTRIES, where missing
entries are dense, are, in a sense, easier.

2 Called coverage in their work.
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Moving further, we extend the result of Theorem 1 to the more general setting where the
parameter is the fracture number of the incidence graph Gps. We show that one can achieve
the running time of Theorem 1 even for fracture number, which is the most technical result
of this paper.

» Theorem 2. k-CENTER WITH MISSING ENTRIES admits an algorithm with running time

2(9(k~fr(GM)+fr(GM)z-logfr(GM)) poly(nm).

To the best of our knowledge, no previous work on clustering problems considers the
fracture number as the parameter; however it has been successfully applied to other funda-
mental problems such as Integer Linear Programs (ILPs) [24] and Edge Disjoint Paths [22].
Furthermore, a very similar parameter, equivalent to fracture number, has been studied
in the literature under the name vertex integrity, for example in the context of Subgraph
Isomorphism [5] and algorithmic metatheorems [36].

In order to prove Theorem 2, we also need an algorithm with respect to the treewidth of
the incidence graph Gy, stated in the next theorem. We denote by d the target radius of
the cluster, i.e., the maximum distance between a point and its cluster center.

» Theorem 3. k-CENTER WITH MISSING ENTRIES admits an algorithm with running time

dO(tw(GM))2O(k~tw(GM)) poly(nm).

In other words, the problem is FPT when parameterized by tw(G,,) + d + k, or XP when
parameterized by tw(G,,) + k. Note that, as opposed to Theorem 1 and Theorem 2, here we
need the dependence on d in the exponential part of the running time. This is, however, still
sufficient to enable the algorithm claimed by Theorem 2.

While we are not aware of matching hardness results based on standard complexity
assumptions, we can nevertheless argue that improving the running time in Theorems 1 and 2
resolves a fundamental open question. Specifically, we show a parameterized equivalence
between CLOSEST STRING, parameterized by the number of strings, and Integer Linear
Program (ILP) with bounded variables, parameterized by the number of constraints. While
we use the reduction from CLOSEST STRING to ILP as a building block in the algorithm of
Theorem 1, the reduction in the other direction, i.e., from ILP to CLOSEST STRING, is most
relevant here. Formally, it yields the following statement:

» Theorem 4. For any o > 0, assume that CLOSEST STRING admits an algorithm with

running time 20(”1+Q) - poly(nf), where n is the number of strings and £ is their length.
Then the ILP {Ax =b: Vi, {; < xz; <w;}, where A€ Z"™°, b eZ", and {; < u; € Z, can be

solved in time 20(7'1+u+0(1)) -poly(re), assuming that || Al = O(r) and § = 20(7); where

0 = max;e(q (ui — ;).

Note that CLOSEST STRING is a special case of k-CENTER WITH MISSING ENTRIES with
k = 1 and no missing entries, where also the number of strings matches with the vertex
cover of the known entries. Therefore, we immediately get that improving the vc(Gar)?
term in the exponent of Theorem 1 to vc(Gpr)!™® implies the same improvement for this
class of ILP instances, and the same holds for the result of Theorem 2. Notably, the result of
Theorem 4 was independently discovered by Rohwedder and Wegrzycki in a recent paper [48];
they also provide further examples of problems, where such an improvement implies breaking
long-standing barriers in terms of the best-known running time, and conjecture that this
might be impossible.

8:5
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Related work. Clustering problems are also extensively studied from the approximation
perspective. The k-Center problem classically admits 2-approximation in poly-time [26, 17].
On the other hand, approximating k-CENTER in R? within a factor of 1.82 is NP-hard [45, 7].
Katsikarelis et al. [32] study the (k,r)-center problem, where the task is to select at most k
vertices (centers) in an edge-weighted graph, so that all the other vertices are at distance
at most r from a center. They establish tight complexity bounds with respect to standard
structural graph parameters (clique-width, vertex cover, tree-depth), including matching
SETH/ETH lower bounds. Moreover they introduce parameterized approximation schemes
that for any € > 0 efficiently compute a (k, (1 + €)r)-center when parameterized by treewidth
or clique-width of the graph.

CLOSEST STRING is well-studied under various parameters [38, 27, 40, 8] and in the
area of approximation algorithms [23, 38, 41, 43]. Abboud et al. [1] have shown that
CLOSEST STRING on binary strings of length ¢ can not be solved in time (2 — £)* - poly(n¥)
under the SETH, for any € > 0. This can be seen as a tighter analogue of Theorem 4 for the
parametrization of CLOSEST STRING by the lengths of the strings. A version of the CLOSEST
STRING with wildcards was studied from the viewpoint of parameterized complexity [29];
the wildcards behave exactly like missing entries in our definition, therefore this problem is
equivalent to k-CENTER WITH MISSING ENTRIES for £ = 1.

Knop et al. [33] studied combinatorial n-fold integer programming, yielding in particular

no("2) poly(m) algorithms for CLOSEST STRING, CLOSEST STRING with wildcards, and
k-CENTER (with binary entries), where n is the number of strings/rows and m is the length
of the strings/number of coordinates. These results can be seen as special cases of our
Theorem 2.

The versions of k-CENTER WITH MISSING ENTRIES/k-MEANS WITH MISSING ENTRIES
with zero target cost of clustering is considered in the literature under the class of “matrix
completion” problems. There, given a matrix with missing entries, the task is to complete it
to achieve certain structure, such as few distinct rows (resulting in the same objective as
in the clustering problems) or small rank. Parameterized algorithms for matrix completion
problems were also studied in [21]. Moreover, Eiben et al. [14] study the Independent Set
problem on induced subgraphs of powers of the hypercube, which corresponds to analyzing
the “diversity” of a set of vectors, in contrast to minimizing the number of clusters. They also
introduce the Pow-Hyp-IS-Completion variant, where given Boolean vectors with missing
entries and integers k and r, the goal is to complete the vectors so that a subset of k vectors
has pairwise Hamming distance at least r + 1, or determine that no such subset exists.

Finally, k-MEANS WITH MISSING ENTRIES has been studied in R? from a parameterized
approximation perspective. Geometrically, each data point with missing entries can be seen
as an axis-parallel linear subspace of R¢, and the task is to identify k centers as points
in R? that minimize the total squared distance to the assigned subspaces. [13] show that
this problem admits a (1 + ¢) approximation in time 2P°¥(#:52) . poly(nd), where A is the
maximum number of missing entries per row, meaning that the subspaces have dimension at
most A.

Paper organization. We define the necessary preliminaries in Section 2. Then we show the
reduction from ILP to CLOSEST STRING in Section 3. Sections 4-6 are dedicated to the
respective FPT results for the parameters vertex cover, treewidth and fracture number. We
provide a conclusion in Section 7. Due to space constraints, most of the technical proofs are
deferred to the full version.
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2 Preliminaries

In this section, we introduce key definitions and notations used throughout the paper. For
an integer n we write [n] to denote the set {1,...,n}. We use Z; to denote the set of non-
negative integers. For a vector of real numbers v € R? with length /, its i-th entry is denoted
by w[i] and v; interchangeably. By v’ we denote the transpose of the vector. Similarly, for
a binary string s € {0, 1} of length ¢, its i-th bit is denoted by s[i], and s; and we write
s =[s1,..., 54 to denote the complete string. For a set I C [¢], the substring of s restricted
to the indices in I is written as s[I] € {0,1}/l. For two indices i,j € [¢], the substring
from s[i] throughout s[j] (inclusive) is denoted by s[i, j] € {0,1}77**!. The complement of s
is represented by 5. The Hamming distance between two binary strings s, s € {0,1}¢ is
denoted by dg : {0,1} x {0,1} — Z, with dy(s1,s2) = |[{i € [] : s1[i] # s2[i]}|. For a
graph G, the set of vertices and edges are denoted by V(G) and E(G) respectively.
Consider a matrix A with n rows and m coordinates. The sets of rows and coordinates of
A are denoted by Ra = {r1,72,... ,7} and Ca = {c1,¢a,... ,cm } respectively. For i € [n)
and j € [m], the i-th row of A is denoted by A[i] and the j-th entry of A[i] is written as
Ali][j]. We may also use a; and a;; respectively to refer to A[i] and A[i][j], when clear from
context. For matrices A and B, with the same number of rows and columns, their entry-wise
subtraction is written as A — B, meaning (A — B)[i][j] = A[i][j] — Bl[i][j]. Similarly, their
entry-wise product is denoted by A o B, where (A o B)[i][j] = A[i][j] - B[i][j]. For two
binary matrices A and B, we define their row-wise Hamming distance as a column vector
di (A, B) of length n, where, dy (A, B)[i] = dy (A[i], Bli]). For two vectors a and b of
the same length, a < b if for all coordinate i, a[i] < bli].

Moreover, a missing entry is denoted by “?”. We define the Hamming distance between a
known entry (0 or 1) and an unknown entry (?) as zero, i.e., dg(0,?) = dg(1,?7) =0. We
remark here that assuming the distance to a missing entry to be any other constant (e.g., 1
instead of 0) does not introduce additional complexity, as the number of missing entries in
any given row is fixed by the input and their contribution to the cost of clustering does not
depend on the solution. It is easy to observe that all the algorithms and techniques presented
here would still apply in a straightforward manner to the problem with arbitrary cost of a
missing entry, by adjusting the target radius of each row. For clarity of the exposition and
consistency with existing literature on missing entries, we define the cost of a missing entry
to be zero, as above.

For a binary matrix M € {0, 1}"*™, its incidence graph is an undirected bipartite graph
defined as Gar = (Var, Enr), where Vag = (Ryp UChg) and Eng = {(u,v) : u € Rag, v €
Cnm, Mu][v] = 1}. We use row (resp. coordinate) vertices to represent the vertices in Gy
that correspond to the rows (coordinates) of M. For a visual representation of the incidence
graph, refer to Figure 1.

With these definitions, we can now proceed to formalize the main problem in question.
Note that we assume the input matrix A to only contain {0, 1} entries, as the missing entries
are encoded by the matrix M, and when Mi][j] = 0, its product with A[i][;] is always 0.

» Definition 5 (k-CENTER WITH MISSING ENTRIES). Given matrices A € {0,1}"*™, and
M € {0,1}"*™  integers k and d. The task is to determine if there exists a binary matrix
B € {0,1}™*™ with at most k distinct rows such that:

dy((M o A),(M o B)) <d,

where d is the n-dimensional column vector (d,d, ... ,d).

8:7
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Note that in the context of a k-CENTER WITH MISSING ENTRIES instance, we use the term

“point” interchangeably with “row” and “coordinate” interchangeably with “column”, since

the points to be clustered are represented as rows of the matrices A and M. We also say

that an entry of A is a missing entry or “?” whenever the corresponding entry of M is zero.
Next, we define the related problems.

» Definition 6 (CLOSEST STRING). Given a set of n € Z binary strings S = {s1,... ,8n}
each of length ¢ and a non-negative integer d € Z, determine whether there exist a binary
string s* of length ¢ such that for all i € [n]:

dp(s*,s;) <d.

» Definition 7 (NON-UNIFORM CLOSEST STRING). Given a set of n € Z binary strings
S ={s1,...,8,} each of length £ and a distance vector d = (dl, e ,dn) € Z%, determine
whether there exist a binary string s* of length £ such that for all i € [n],

dH(S*, Si) S dl

» Definition 8 (ILP FEASIBILITY). Given a constraint matriz A € Z"*¢, a column vector
b € Z", and integers {; < u; for each i € [c], determine whether there exists a column vector
x € Z° such that

A-x=b
and {; < z; < w; for each i € [c].

Finally, we recall the known algorithms for CLOSEST STRING/ILP FEASIBILITY with
respect to the number of strings/number of constraints. Knop et al. [33] designed a general
approach to solve ILP formulations of various problems, including CLOSEST STRING and
NON-UNIFORM CLOSEST STRING, which is also applicable to versions with missing entries.

» Theorem 9 (Knop et al. [33]). An instance of NON-UNIFORM CLOSEST STRING with n

binary strings of length £ can be solved in time n® ("2) - L. The running time also holds if the
strings have missing entries.

For ILP FEASIBILITY where the coefficients are bounded, Eisenbrand and Weismantel [16]
show a fast dynamic programming algorithm that has a similar running time.

» Theorem 10 (Eisenbrand and Weismantel [16]). An ILP of form max{c’ « : Ax = b, 0 <
x <u,x €L}, where A € Z™" with [|A||, < A, beZ™, uwecZ}, and c € Z", can be

solved in time n - O(m) (m+1)* O(A)m'(mﬂ) log®m - A.

3 Reduction from ILP Feasibility to Closest String

This section is dedicated to the reduction from ILP FEASIBILITY to CLOSEST STRING that
preserves the number of rows up to a factor of O(log||A||,,), where A is the constraint
coefficient matrix in the ILP FEASIBILITY instance. We show the sequence of reductions
that lead to the proof of Theorem 11, which is then used to establish Theorem 4. While
complete proofs of Lemma 12 to Lemma 18 are provided in the full version, we state the
results formally next.
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» Theorem 11. Let {Ax = b : Vi, {; < xz; < u;} be an ILP FEASIBILITY instance,
with A € 2", b € Z", and l;,u; € Z for each i € [c]. In polynomial time, one can
construct an equivalent instance of CLOSEST STRING with n = O(log||A|, - 7), £ =
O(||All ., -log® || Al -7-c-6), and d = O(||A|| -log || Al -c-); here, § = max;e((u;—L;).

We start with a lemma showing that a general ILP FEASIBILITY instance, where the coef-
ficients may be negative, and variables may have negative lower bounds, can be transformed,
in linear time with respect to the number of variables, into an equivalent instance with
non-negative variable domains, i.e., of form 0 < y; < u}, non-negative coeflicient matrix and
non-negative right-hand side, while mostly preserving the number of constraints, variables
and the magnitude of the entries, by a constant factor.

» Lemma 12. Let {Ax = b : Vi,¢; < z; < u;} be an ILP FEASIBILITY instance with
Ac€Z™%¢ and b € Z", an integer column vector. In time O(r~ (r+ c)), we can construct an
equivalent instance of ILP FEASIBILITY {A'y = b’ : Vi,0 < y; < ul}, withb’ € Z%", A’ €
227U such that | A, = || A, |0l = O(c-6-]|A]l.) and max{u}} = O(c-5-]|Al|,),

where 6 = max;e[c)(u; — £3).

By Lemma 12, we observe that a general ILP FEASIBILITY instance is equivalent to
an instance where everything is non-negative, with a bounded blow-up in the number of
constraints, variables and the magnitude of values. Thus, we continue our chain of reductions
from a non-negative ILP. In the next step, we reduce from arbitrary bounds on the variables
to binary variables, as stated in the following lemma.

» Lemma 13. Let {Az = b : Vi, 0 < z; < u;} be an ILP FEASIBILITY instance with
A € 7, a non-negative integer matriz with r rows and c¢ columns and b € 77, a
column vector. In polynomial time, this instance can be reduced to an equivalent instance
{A'y = b :Vi,y; € {0,1}} of ILP FEASIBILITY where A’ € ZQXC/ is a matriz with r
rows, ¢ < ¢-max{u; + 1} columns and ||A’|| = ||A|l, and b € Z7 is a vector with
1] < [l

[ele)

Next, we show that an instance of ILP FEASIBILITY with non-negative coefficients and
binary variables can be reduced to an instance with binary coefficients. The proof is similar
in spirit to the proof of Lemma 8 in [34], however we are interested in ILP FEASIBILITY
instances where variables are only allowed to take values in {0, 1}, which is the main technical
difference.

» Lemma 14. Let {Ax = b : Vi, z; € {0,1}} be an ILP FEASIBILITY instance with
A € 7', a non-negative integer matriz with r rows and c¢ columns and b € 77, a
column vector. In polynomial time, this instance can be reduced to an equivalent instance
{A'y =¥ : Vi, y; € {0,1}} of ILP FEASIBILITY where A’ is a {0,1}-matriz with r' =
O(log||All, - 7) rows and ¢ = O(log||All - (c+ [|blly)) columns, where b’ € Z7 s a
vector with ||b'|| . = O(||b]|.)-

Now we introduce a lemma that allows to reduce a {0, 1}-coefficient matrix to a matrix
with values only in {—1,1}.

» Lemma 15. Let {Ax =b:x; € {0,1}} be an ILP FEASIBILITY instance with A € {0,1}"*¢
and b € Z,. In polynomial time, this instance can be reduced to an equivalent instance
{A'y =V :Vi,y; € {0,1}} of ILP FEASIBILITY where A’ is a {—1,1}-matriz with r' = r+1
rows and ¢ = 2¢ columns and b’ € Z:_/ is a vector with ||b'|| = 2||b]| -
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It will be more convenient to work with ILP instances of form Ax < b, which motivates
the following lemma.

» Lemma 16. Every ILP FEASIBILITY instance {Axz = b : Vi, z; € {0,1}} with A €
{=1,+1}7%¢ and b € Z_ can be reduced to an equivalent ILP instance {A/y <b:Vi,y €
{0,1}} with A € {=1,+1}>"¢ and b’ € Z*", where ||b'|| , = ||b] .-

Before reducing to CLOSEST STRING itself, we first show a reduction to a slightly more
general version of the problem, NON-UNIFORM CLOSEST STRING (Definition 7), where each
string has its own upper bound on the distance to the closest string.

» Lemma 17. Every ILP instance {Ax < b : Vi, z; € {0,1}} with A € {—1,+1}"*¢ and
beZ" can be reduced, in polynomial time, to a NON-UNIFORM CLOSEST STRING instance
with v strings of length ¢, where d; < (c+ ||bl|) for each i € [n].

Finally, we show a reduction from NON-UNIFORM CLOSEST STRING to CLOSEST STRING.

» Lemma 18. Every NON-UNIFORM CLOSEST STRING instance with strings S = {s1,... ,Sn}
of length ¢ € N and distance vector d = (dy, ... ,d,) can be reduced to a CLOSEST STRING
instance with 2n strings S' = {s},... ,s4,} and distance d = max?_, d; in time O(n - (),

where length of the constructed strings is at most £ 4+ 2n - d.

With the reductions above, we can conclude with the proof of Theorem 11 as outlined
below.

Proof of Theorem 11. We start by applying Lemma 12, to obtain an equivalent ILP FEAS-
IBILITY instance where the coefficients, constraints and variable domains are all non-negative
integers. Next, by applying Lemma 13, we get an equivalent instance of ILP FEASIBILITY
with binary variables. Then, with the help of Lemma 14, we get that also the coefficients
in the constraints are binary. After applying Lemma 15, we get that all coefficients are
either —1 or +1, and additionally that the ILP instance is of the form Ax < b by applying
Lemma 16. Finally, we reduce to NON-UNIFORM CLOSEST STRING via Lemma 17, and then
to CLOSEST STRING via Lemma 18.

We now argue about the size of the constructed instance. The number of rows is increased
by a factor of O(log||All,,) by the reduction of Lemma 14, and by at most a constant
factor in all other reductions. Therefore, n = O(log||Al|, - r). The number of columns is
increased by the original number of rows in Lemma 12, by a factor of § in Lemma 13, where
§ = maxu; — {; + 1, and then O(c- 6 - || Al ) additional columns are added in Lemma 14,
along with an additional factor of O(log || A],.). Lemma 15 only increases the number of
columns by at most a constant factor, and Lemmata 16, 17 do not change the number of
columns. Finally, in Lemma 18, d is set to at most O(|| A -log ||A[ ., - ¢- ) and additional
2n - d columns are attached, where n = O(log||Al|, - 7). Therefore, the final length of the
strings £ is at most O(||Al|, -log” [|A| -7 -c-9). <

As mentioned in the previous section, ILP FEASIBILITY admits an algorithm with running
time (rA)"D” . poly(re) [16], where A = |All.- On the other hand, a version of ILP
FEASIBILITY without upper bounds on the variables can be solved in time O(c - (rA)?" -
||bH?) [16], and this is tight under the ETH [34]. This raises a natural question whether the
gap in the running time between the two versions is necessary. As CLOSEST STRING admits
a straightforward reduction to ILP FEASIBILITY, it also makes sense to ask whether running

time better than n® (”2) - poly(nf) can be achieved for CLOSEST STRING. From Theorem 11,
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it follows that an improved CLOSEST STRING algorithm would automatically improve the
best-known running time for ILP FEASIBILITY (with upper bounds). Formally, we prove
Theorem 4, as stated in Section 1.

» Theorem 4. For any a > 0, assume that CLOSEST STRING admits an algorithm with

running time 20(”1+Q) - poly(nf), where n is the number of strings and ¢ is their length.
Then the ILP {Ax =b:Vi, {; <z; <wu;}, where A€ Z"*¢, beZ", and {; < u; € Z, can be

solved in time 2O(T1+a+a(l)) -poly(rc), assuming that | Al = O(T) and 6 = 2o(r) , where

§ = maxeq (ui — £;).

Proof. We construct a CLOSEST STRING instance following Theorem 11, and then by applying
the assumed algorithm for CLOSEST STRING on the obtained instance, we obtain an algorithm
for the original ILP FEASIBILITY with running time:

20("") . poly(ne),

where n = O(log | A| . -7), £ = O(||Al| , -log® || A||, -7 ¢+ ). This can be expressed as

20(n1+“) poly(nf) = 20\ Uog | Allo T)HQ) (Al -r-c 5)0(1)

(
(rere®) o() o) 90
(
(v

_ 90
90 () -poly(re).

o 1+a+o(1))

=2 - poly(rc). <

From Theorem 1 in [34], and the chain of reductions in the proof of Theorem 11, we can
also get the following hardness result for CLOSEST STRING, that at least the running time of

20(” logn) . poly(nf) is necessary, similarly to ILP FEASIBILITY with unbounded variables.

» Corollary 19. Assuming ETH, there is no algorithm that solves CLOSEST STRING in time
20(nlogn) . poly(nf).

4 Vertex Cover

In this section, we describe an FPT algorithm for k-CENTER WITH MISSING ENTRIES
parameterized by the vertex cover number of the incidence graph, Gps, derived from mask
matrix M. More formally, we prove the following:

» Theorem 1. k-CENTER WITH MISSING ENTRIES admits an algorithm with running time

90 (kve(Gar)+ve(Gar)? logve(Gar)) poly(nm).
Proof. Let S be a minimum vertex cover of the incidence graph Gps. Define sets Rg =
(SNRpr) and Cg = (SNChr), to represent rows and coordinates of M that are in the vertex
cover S. Respectively, define Cs = Cs \ Cs, and Rs = Rar \ Rs, as their complements.
Note that, by definition of Gy, for every r € Rg and ¢ € Cg, it follows that M|r][c] = 0.
To see this, assume there exist 7o € Rg, and ¢g € Cs such that M [rg][co] = 1. Then, the
edge (rg, co) exists in Gps that is not covered by S, as neither r¢ nor ¢ belong to S, which
contradicts that S is a vertex cover of Gps. Thus, the cost of clustering only depends on the
rows and coordinates in S, i.e. (RgNCs). We refer Rg, and Rg as long rows, and short rows
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respectively, as the latter has known values only along the coordinates in Cg. See Figure 2
for an illustration of the instance structure; rows and coordinates may need to be reordered
to reflect this structure, but this does not affect the problem’s objective or the algorithm.
We also define the following important mappings:

Cs
—r

M

Figure 2 The mask matrix M. The non-zero entries are distributed only within Rs and Cs. For
every r € Rs and ¢ € Cs it holds that M|[r][c] = 0.

Partial cluster assignment; part : Rg — [k],

Partial center assignment; cent : [k] x Cs — {0,1}

Intuitively, part assigns each long row r € Rg to one of the k clusters, and cent assigns value
to the centers of all clusters, along the coordinates in C's. We call a pair (part, cent), a
partial assignment and say it is valid if, dpr (Ao M)[r][Cs], cent [part[r], Cs]) < d, for every
r € Rg. Let P denote the set of all possible partial assignments. For a valid (part, cent) € P,
and cluster j € [k], define Tpare j = {r € Rg | part[r] = j}, as the set of long rows assigned
to cluster j by part. We denote the cardinality of Tpare ; by pj.

With the necessary definitions set, we now proceed to outline Algorithm 1. Note that, in
order to ensure a correct cluster assignment, we must ensure that each long row lies within
distance d of its cluster center along coordinates Cps, and similarly that each short row lies
within distance d along Cg. Broadly, Algorithm 1 can be divided into the following key steps:
1. First, it establishes a valid partial assignment for the long rows along coordinates in Cg.
2. Then, for the clusters that have been assigned to the long rows, it tries to determine if

there is a valid center assignment along the remaining coordinates, C.

3. Finally, it decides whether a valid cluster assignment is also possible for the short rows.

We start by obtaining the minimum vertex cover of Gps. Then we establish a valid partial
assignment (part, cent) for the long rows along coordinates in Cyg (lines 1-4). Consequently,
the remaining distance that each long row 7; € Tpare ; can have to its respective cluster center
along Cys is bounded by d] = d — dg ((A o M)[r;][Cs], cent[j, Cs]) (lines 5-12).

Next, for clusters that have been assigned to the long rows, we try to determine if there
exists a valid center assignment along the remaining coordinates, C's. To do so, we solve
a binary NON-UNIFORM CLOSEST STRING instance (denoted as NUCS on line 14) for each
non-empty cluster j € [k], with the distance vector d} = (di,... ,d;j), and the strings
r = A[ri][Cs], for i € [p;] (lines 13-16). At this stage, we have a valid cluster assignment
for the long rows, and the final task is to assign the short rows to appropriate clusters.
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Finally, we decide whether a valid cluster assignment is also possible for the short rows. So,
we assign each r € Ryg, to the smallest j € [k] such that dp ((A o M)[r][Cs], cent[j, Cs]) < d
(lines 17-24). If at this step, we can assign all the short rows (Rg) to some cluster center
defined by cent, then the given k-CENTER WITH MISSING ENTRIES instance is feasible
(lines 25-26). Otherwise, we repeat the process for another valid partial assignment.

For correctness: First assume there is a solution, we show that our algorithm correctly finds
it. Let part* : Rps — [k] be the solution cluster assignment and cent* : [k] x Cps — {0,1}
be the solution center assignment. Then for each cluster ¢ € [k] and each long row r € Rg
assigned to it, that is part*[r] = i, it holds that

di((A o M)[r], cent™[i]) = dH((A o M)[r][Cs], cent™[i] [CS])
+ d ((Ao M)[r][Cs], cent*[i][Cs]) < d

Since we consider all the possible valid partial assignments for long rows in our algorithm,
cent*[part*[r]][Cs] is captured by at least one of the partial assignments (part, cent) €
P. In other words, there is at least one partial assignments (part,cent) € P such that
part = part*|g, and cent = cent*|c,, where | denotes restriction to a set. Thus, by
definition, it holds that dz((A o M)[r][Cs], cent*[part*[r]][Cs]) < d... Consequently, the
NON-UNIFORM CLOSEST STRING instance for cluster ¢ and the long rows assigned to it, will
correctly output feasible. As a result, for the long rows, we correctly output that a k-cluster
with radius at most d is feasible. For the short rows, note that they have known entries
only along coordinates Cg, so for each short row r € Rg assigned to cluster i € [k], that is
part*[r] = i, we have:

di((A o M)[r],cent*[i]) = d ((A o M)[r][Cs], cent™[i, Cs])
= du ((Ao M)[r][Cs], cent[i, Cs]) < d.

Hence, r will at least be assigned to cluster i. Therefore if there is a solution to this instance

of k-CENTER WITH MISSING ENTRIES, then our algorithm will successfully output feasible.

The other direction can similarly be showed.
As of the running time, in the first step, we obtain the minimum vertex cover of Gps can

be computed in time O(1.27387(G™) 4 (vc(Gpr)-nm)) by the state-of-the-art algorithm of [6].

For the next steps, note that there are at most ksl = kzo(vc (Gr )) possible mappings for part

and 20C51171) — 90 (ve(Ga0)k) o1 cont. The NON-UNIFORM CLOSEST STRING instances are
solved via Theorem 9 in time m - vc(GM)O(VC(GM)). Note that because the distance of each
short row r € Rg to a cluster center can be checked in time (k- [Cs|) = O(k - ve(Gpr)), the
final step can be computed in time O(m -k - ve(Gar) - 2("°(GM)'k)). In total, the running

2(9 (k~vc(GM)+vc(GM)2~log VC(GM))

time of the algorithm is dominated by poly(nm). <

5 Treewidth

This section is dedicated to a fixed-parameter algorithm for the problem parameterized
by the treewidth of the incidence graph Gps, the number of clusters & and the maximum
permissible radius of the cluster, d. We restate the formal result next for convenience.

» Theorem 3. k-CENTER WITH MISSING ENTRIES admits an algorithm with running time

dO ( tw(GM)) 20 (k't“(GM)) poly(’l’bm) .
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Algorithm 1 k-CENTER WITH MISSING ENTRIES parameterized by ve(Gar).

1 S < Minimum Vertex Cover of Gps
2 P« {(part,cent) € (Rs — [k]) x ([k] x Cs — {0,1})}
3 for (part,cent) € P and isValid(part, cent) do

4 soln < true

5 for j € [k] do

6 T; < {r € Rg| part[r] = j}

7 if T; = () then

8 L continue

9 for r; € T; do

10 L d; =d—dg((Ao M)[r][Cs], cent[], Cs])
11 rl = A[r;][Cs]

12 d'(—('l,...,d;j)

13 r’<—(r’1,...,r;j)

14 soln < soln A NUC’S(k, d, r')
15 if !soln then

16 L break
17 if soln then

18 counter < 0

19 for r € Rg do

20 for j € [k] do

21 if dy ((A o M)[r][Cs], cent[j,Cs]) < d then
22 counter + +

23 break
24 if counter = |Rg| then

25 L return YES

26 return NO

We briefly sketch the intuition of our approach. For a complete proof and discussion, refer to
the full version. Informally, the fact that Gps has treewidth at most ¢ means that the graph
can be constructed in a tree-like fashion, where at each point only a vertex subset of size at
most ¢t is “active”. This small subset is called a bag, and in particular is a separator for the
graph: there are no edges between the “past”, already constructed part of the graph and the
“future”, not encountered yet part of the graph; all connections between these parts are via
the bag itself. In terms of the k-CENTER WITH MISSING ENTRIES instance, this means that
for each “past” row, all its entries that correspond to “future” columns are missing (as the
respective entry of the mask matrix M has to be 0), and the same holds for “past” columns
and “future” rows.

Our algorithm performs dynamic programming over this decomposition, supporting a
collection of records for the current bag. For the rows of the current bag, we store the
partition of the rows into clusters, and additionally for each row the distance to its center
vector among the already encountered columns. For each cluster and for each column of
the bag, we store the value of the cluster center in this column. These three characteristics
(called together a fragment) act as a “trace” of a potential solution on the current bag. In
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our DP table, we store whether there exists a partial solution for each choice of the fragment.
Because of the separation property explained above, only knowing the fragments is sufficient
for computing the records for every possible update on the bag. The claimed running time
follows from upper-bounding the number of possible fragments for a bag of size at most ¢.

6 Fracture number

In this section, we present a fixed-parameter algorithm for the k-CENTER WITH MISSING
ENTRIES, where the parameter is the fracture number of the incidence graph Gps. To provide
context, we first define the key concepts of fracture modulator and fracture number. Following
this, we exploit the relevant results from Theorem 1 and Theorem 3, which lead to the proof
of Theorem 2.

» Theorem 2. k-CENTER WITH MISSING ENTRIES admits an algorithm with running time

2(9(k-fr(GM)+fr(GM)2-logfr(GM)) poly(nm).
For a graph G = (V, E), a fracture modulator is a subset of vertices F' C V such that,
after removing the vertices in F', each remaining connected component contains at most
|F'| vertices; the size of the smallest fracture modulator is denoted by fr(G). Consider the
incidence graph Gps corresponding to the mask matrix M, and let F' represent the fracture
modulator of Gps with the smallest cardinality. We note that F' can be computed in time
O((£x(G) + 1)@ nm) by the algorithm of [12]. Let Rp = (Rpr N F) and Cp = (Cp N F)
represent the row and column vertices of Gy that belong to the fracture modulator F,
respectively. Additionally, define Rr = Rps \ Rp and Cp = Cas \ Cr. We refer to the rows
in Rp as long rows while the rows corresponding to Ry are called short rows. See Figure 3
for an illustration of the structure of the instance. Now, the algorithm considers two cases.

Cr

w

M

Figure 3 The rows Rr and columns Cr of the fracture modulator are in light gray, the “blocks”
induced by the connected components of Gas \ F are in dark gray. All entries of M outside of the
gray areas are 0.

2fr(Gp) < d. In this case, each of the short rows has distance at most d to any fixed
vector. This holds since for each row i € Rp, M[i][j] = 1 only for j € CF or j in the same
connected component of Gpr \ F as ¢; this is at most 2 fr(Gas) < d entries, and all other
entries in the row are missing. Therefore, the short rows are essentially irrelevant for the
solution, as they can be assigned to any cluster with any center vector. We run the algorithm
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of Theorem 1 on the instance restricted to the long rows Rp, and complement the resulting
solution with an arbitrary assignment of the short rows to the k clusters. Since the vertex
cover of the restricted instance is at most |Rp| < fr(Gas), the running time bound holds as
desired.

2fr(Gpr) > d. Here, we use the algorithm of Theorem 3 to solve the given instance. We
observe that a tree decomposition of width at most 2 fr(Gps) can be constructed for Gps in
a straightforward fashion: create a bag for each connected component of Gps \ F' containing
all vertices of this component together with F', and arrange these bags on a path in arbitrary
order. Since d < 2fr(Gps), the running time of Theorem 3 gives the desired bound.

7 Conclusion

We have investigated the algorithmic complexity of k-CENTER WITH MISSING ENTRIES in
the setting where the missing entries are sparse and exhibit certain graph-theoretic structure.
We have shown that the problem is FPT when parameterized by vc +k, fr +k and tw+k +d,
where vc is the vertex cover number, fr is the fracture number, and tw is the treewidth of the
incidence graph. In fact, it is not hard to get rid of k£ in the parameter; for example, in the
enumeration of partial center assignments in the algorithm of Theorem 1 it can be assumed
that k£ < 2Y¢, as multiple centers that have the same partial assignment are redundant.
However, this would increase the running time as a function of the parameter to doubly
exponential, therefore we state the upper bounds with explicit dependence on k. It is, on
the other hand, an interesting open question, whether d in the parameter is necessary for
the algorithm parameterized by tw. As shown by [20], this is not necessary for k-MEANS
WITH MISSING ENTRIES, since the problem admits an FPT algorithm when parameterized
by treewidth alone. Yet, it does not seem that the dynamic programming approaches used

in their work and in our work, can be improved to avoid the factor of d° tw) in the case of
k-CENTER WITH MISSING ENTRIES. Therefore, it is natural to ask whether it can be shown
that k-CENTER WITH MISSING ENTRIES is W[1]-hard in this parameterization.

Another intriguing open question is the tightness of our algorithm in the parameterization
by the vertex cover number (and fracture number). On the one hand, the running time
o - poly(nm) (for values of k in O(vc)), exceeding the “natural” single-
exponential in vc time, and we are not aware of a matching lower bound that is based on

. 2
we show is 2'¢

standard complexity assumptions. On the other hand, we show that improving this running
time improves also the best-known running time for ILP FEASIBILITY when parameterized
by the number of constraints and CLOSEST STRING parameterized by the number of strings.
The latter are major open questions; [48] show also that several other open problems are
equivalent to these. On the positive side, our algorithm in fact reduces k-CENTER WITH
MISSING ENTRIES to just 2'¢ instances of ILP FEASIBILITY. Since practical ILP solvers are
quite efficient, coupling our reduction with an ILP solver is likely to result in the running
time that is much more efficient than prescribed by the upper bound of Theorem 1.
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