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—— Abstract

We study the minimum Monitoring Edge Geodetic Set (MEG-SET) problem introduced in [Foucaud
et al., CALDAM’23]: given a graph G, we say that an edge is monitored by a pair u, v of vertices if
all shortest paths between u and v traverse e; the goal is to find a subset M of vertices of G such
that each edge of G is monitored by at least one pair of vertices in M, and |M| is minimized.

In this paper, we prove that all polynomial-time approximation algorithms for the minimum
MEG-SET problem must have an approximation ratio of Q(logn), unless P = NP. To the best of
our knowledge, this is the first non-constant inapproximability result known for this problem. We
also strengthen the known NP-hardness of the problem on 2-apex graphs by showing that the same
result holds for 1-apex graphs. This leaves open the question of determining whether the problem
remains NP-hard on planar (i.e., 0-apex) graphs.

On the positive side, we design an algorithm that computes good approximate solutions for
hereditary graph classes that admit efficiently computable balanced separators of truly sublinear size.
This immediately yields polynomial-time approximation algorithms achieving an approximation ratio
of O(n% v/logn) on planar graphs, graphs with bounded genus, and k-apex graphs with k = O(n%).
On graphs with bounded treewidth, we obtain an approximation ratio of O(log3/ 2 n). This compares
favorably with the best-known approximation algorithm for general graphs, which achieves an
approximation ratio of O(y/nlogn) via a simple reduction to the SET COVER problem.
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1 Introduction

Consider a communication network that might suffer link failures. Such a network can be
modeled as an undirected and connected graph G, where vertices represent hosts and edges
correspond to links between hosts. In order to quickly detect failure events, the designer
wishes to equip the hosts of the network with additional probes: probes can communicate
with one another and they can monitor the distance between their corresponding nodes in
the network (e.g., via a traceroute mechanism). Whenever the distance between a pair of
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vertices increases, this indicates that some communication link is inoperative, and an alarm
can be raised. Observe that, in the above scenario, it may be possible for two probes to be
connected by two (or more) edge-disjoint shortest paths, in which case they will not be able
to detect an edge failure.

This motivates the following problem: given a network G, find the smallest possible set
M of vertices to equip with probes while ensuring that each edge e of G has at least one pair
of vertices u,v € M for which all shortest paths between v and v in G traverse e. The above
problem is known as the minimum Monitoring Edge Geodetic Set (MEG-SET) problem and
was introduced in [9], where the authors focus on providing upper and lower bounds on the
size of minimum MEG-SETs for both general graphs and special graph classes (trees, cycles,
unicyclic graphs, complete graphs, grids, hypercubes, ... ).

Further bounds on the size of MEG-SETs have been given for the Cartesian and strong
products of two graphs [12], for other graph products including join and direct products [21],
as a function of the graph’s girth and chromatic number [6], for ladder, butterfly, circulant
and Benes networks, for convex polytopes [20], and for radix triangular mesh networks
and Sierpinski graphs [17]. Moreover, the minimum MEG-SET problem was proven to be
NP-hard on general graphs [12], NP-hard on 3-degenerate 2-apex graphs [8], and APX-hard
on 4-degenerate graphs [7]. If the Exponential Time Hypothesis [13] holds, then the problem
cannot be solved in subexponential time on 3-degenerate graphs [7]. In the same paper, the
authors also provide an exact polynomial-time algorithm for interval graphs and two FPT
algorithms: one for general graphs parameterized by the sum of cliquewidth and diameter,
and the other for chordal graphs parameterized by treewidth. Polynomial-time algorithms
for computing optimal MEG-SETs are also known for distance-hereditary graphs, Ps-sparse
graphs, bipartite permutation graphs, and strongly chordal graphs [10].

As far as approximation algorithms are concerned, it has been observed [2, 1, 7] that a
simple reduction to the SET COVER problem yields a polynomial-time algorithm returning
solutions of size O(k?logn), where k is the size of a MEG-SET of minimum cardinality, thus
achieving an approximation ratio of O(min{klogn,n/k}) = O(y/nlogn).!

1.1 Our results

In this paper, we investigate the approximability and inapproximability of the minimum
MEG-SET problem.

We prove that, if P # NP, the problem admits no polynomial-time approximation
algorithm with an approximation factor of o(logn). Moreover, the problem admits no
(alog n)-approximation algorithm for any constant a < 3 unless NP C DTIME(n©Uoslos ).
To the best of our knowledge, these are the first non-constant inapproximability results for
the minimum MEG-SET problem.

We also extend the aforementioned O(v/nlogn)-approximation algorithm for minimum
MEG-SET to a generalized version of the problem in which edges have non-negative lengths,
vertices have binary costs, and a minimum-cost subset of vertices that monitors a given
subset of edges needs to be selected. We use this result as a building block to design a
more involved approximation algorithm for minimum MEG-SET that relies on recursively
computing vertex-separators and provides good approximations for graph families that admit
sparse balanced vertex-separators. More precisely, we achieve an approximation ratio of

1 To the best of our knowledge, this algorithm was first given and analyzed in a Bachelor’s thesis [2], and
the result was subsequently claimed in a short communication based thereon [1]. The same algorithm,
and its analysis, also appear in a later unpublished work [7] by a different group of authors.
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O(n%\/@) on planar graphs, on graphs with bounded genus, and on k-apex graphs when
k = O(n7). We also obtain an approximation ratio of O(log®?n) on graphs with bounded
treewidth.

Finally, we show that the problem remains NP-hard even on l-apex graphs (while the
reduction of [6] uses 2-apex graphs). It is an interesting open problem to settle the complexity
status of the problem for planar graphs.

1.2 Organization of the paper

We start by giving some preliminary definitions and notation in Section 2. Our inapprox-
imability result for general graphs is presented in Section 4, while the NP-Hardness result
for 1-apex graphs is given in Section 3. Finally, Section 5 is devoted to our approximation
algorithms.

2 Preliminaries and notation

Throughout the paper, we consider simple, connected, and undirected graphs unless otherwise
specified. Given a graph G = (V, E), we may use V(G) or E(G) to refer to the vertex-set V'
or the edge-set F, respectively. We denote the open neighborhood of a vertex v € V(G) in a
graph G as Ng(v) = {u € V(G) : {u,v} € E(G)}; in the same way, the closed neighborhood
of a vertex v € V(G) in G is defined as Ng[v] = Ng(v) U {v}. When the graph is clear from
the context, we refer to the open (resp. closed) neighborhood of a vertex v € V(G) as N(v)
(resp. N[v]). We also use n to refer to [V(G)|. For aset C C V, we define N(C) = {J, e N(v)
and N[C] = ,cc N[v].

We say that an edge (u,v) € E(G) is monitored by a pair of distinct vertices z,y € V(G)
if (u,v) lies on all the shortest paths between u and v. Similarly, a set of edges E’ is
monitored by M C V if each edge e € E’ is monitored by at least one pair of vertices in
M. A monitoring edge-geodetic set MEG-SET of G = (V, E) is a subset of vertices that
monitors F.

A walk 7 between two vertices u and v in an edge-weighted graph G with weight
function w is an ordered list of alternating (and not necessarily distinct) vertices and
edges (v, e1,v1,€2,0a, ..., €L, V) With vg = u, vy = v, and such that e; = (v;_1,v;) for all
t=1,...,k. The weight w(x) of 7 is Zle w(e;).

We conclude this section by stating two well-known structural properties of MEG-SETs.

» Lemma 1 ([2, 9]). All vertices of degree 1 in G belong to all MEG-SETs of G.

» Lemma 2 ([2, 6]). Let u be a vertex of degree 1 in G and let v be its sole neighbor. If
[V(G)| >3 and M is a MEG-SET of G, then M \ {v} is a MEG-SET of G.

3 NP-Hardness of minimum MEG-Set on graphs with apex 1

In this section, we show a reduction from the minimum PLANAR DOMINATING SET problem
on graphs with girth at least seven (which is known to be NP-Hard [22]) to the minimum
MEG-SET problem on graphs with apex 1.

Let G = (V, E) be a planar input graph with |[V(G)| > 2 and with girth g(G) > 7. We
construct an instance of MEG-SET, namely H, starting from G and augmenting it as follows:
for each vertex v € V(G), we add 2 vertices v" and v” to G, then connect v to v' and v’
to v”. We denote the set containing all the vertices v’ as L' and the set containing all the
vertices v" as L”. Notice that:

i) Each v” € L” belongs to every MEG-SET of G due to Lemma 1;
ii) Each v' € L' does not belong to any optimal MEG-SET of G due to Lemma 2.

14:3
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Figure 1 An example of the construction of the graph H from the input graph G =
({a,b,c,d}, { {a,b},{b, c},{c,d},{d,a} }), which is shown in black.

The basic idea is to monitor each edge that is incident to a vertex v € V(G) that belongs to
a selected MEG-SET in H. We denote the set of edges (v,v’) as Er, and the set of edges
(v',v") as Er». Note that at this point of the construction, all edges are monitored by at
least one pair of leaves in L. To avoid this, we shortcut all the shortest paths from one
vertex in L to another by inserting two vertices v, and v, and connecting them together.
Then, we connect v, to all vertices v € L'. We denote the set containing edges (v,,v’) with
v’ € L' as F,. The vertex v, is used to create shortcuts between each shortest path from a
vertex in L' U L to a vertex in L' U L. Notice that, since v/, is a leaf, it belongs to every
MEG-SET of G due to Lemma 1. The vertex v, is used to monitor the edges in F,. Formally,
let H=(V(G)UL UL" U{v,,v.}, E(G)UEL UEL UE,U{ {uvs,v.}}), where:

L'={v:veV(G)};

L"={":veV(G}

Ep = {{v,v'}:v e V(QG)};

Epn ={{v",v'} v e V(G)};

E. = {{v.,v'} : v € V(G)}.

We prove the NP-Completeness of minimum MEG-SET on graphs with apex 1 via two
lemmas. The first lemma shows that if there is a MEG-SET of the graph H having size at
most k + |V (G)| + 1, there exists a DOMINATING SET of G having size at most k. Conversely,
the second lemma shows that if there is a DOMINATING SET of the graph G having size at
most k, there exists a MEG-SET of H having size k + |[V(G)| + 1.

» Lemma 3. Let D be a DOMINATING SET of G of size at most k. Then M = DUL" U{v.,}
is a MEG-SET of H and |[M| < k+ |V(G)| + 1.

Proof. We prove that each edge e € E(H) is monitored by M. We distinguish four cases:
Case 1: e € E(G). Let e = (u,v). Since D is a DOMINATING SET of G, there are two
subcases:

At least one of v and v must belong to D, therefore we assume w.l.o.g. that u € D.
Each path from v” to u must either pass through the vertex v or pass through the
vertex v,. The unique shortest path including v is trivially ((v”,v’), (v',v), (v,u)) and
has length 3. Each path passing through v, must contain at least four edges. Therefore,
(u,v) is monitored by {v”,u}, where both v" and u are in M since v"" € L” and u € D.
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Neither u nor v is in D. First, we observe that v and v are dominated by two distinct
vertices in D; otherwise, there would be an induced triangle in G, which is not allowed
due to g(G) > 7. Let these two distinct vertices be {z,y} C D. They have distance
d(z,y) equal to 3 since, if this were not true, the edge (u,v) would not be monitored by
the pair {z,y} due to the existence of a shortest path of length 4 that uses only edges
in E(H) \ E(G). Finally, since g(G) > 7, it can be shown that there is no alternative
shortest path of length 3 from z to y.
Case 2: e € Ep» U E,. In this case, there is ezactly one endpoint u’ of e that belongs to
L', Tt follows that either e = (u” ') with u” € L” or e = (v, u’). Notice that there is
a unique shortest path from v, to «” including the edges (v}, vs), (vi, u’), (v, u”). This
implies that the edge e is monitored by {v},u”}, where both v/, and «’ € L are in M.
Case 3: e € E/. Let e = (u,u’) where u is the unique endpoint of e in V(G). Since D
dominates all the vertices in V(G), either u € D, and we let = u, or u € D and there
exists some vertex © € D N N(u). There is a single shortest path from u” to z, and it
traverses the edge (u,u’).
Case 4: e = (v}, v,). All shortest paths from v/ to any other vertex in H must traverse e,
and hence e is monitored, e.g., by all pairs {v},u} with v € D. Note that there exists at
least one vertex u # v}, in M since |M| > 2.

The cardinality |M| is equal to the sum of the cardinality of M \ V(G) and the cardinality
of M NV (@), with (M \V(G))N(MNV(G)) = 0. Since |M NV (G)]| is equal to the size of
the DOMINATING SET of G, namely k, and M \ V(G) = L" U {v}}, we can conclude that:

IM|=IMNV(G)|+|M\V(G)|=k+ L'+ [{v.}| =k + |V(G)] + 1. <

» Lemma 4. Let M be a MEG-SET of H with size at most k + |V (G)| + 1 (for a suitable
value of k). Then, M NV (G) is a DOMINATING SET of G with size at most k.

Proof. Let M’ = M \ (L' U{v.}) be the set obtained by removing the vertex v, and all
the vertices of L' from M. Due to Lemma 2, M’ is a MEG-SET of G. Moreover, since
(L'U{v.})NV(G) = B, we can observe that M'NV(G) = MNV(G). Let D = M’\ (L"U{v.})
be the set of vertices in the MEG-SET M’ that are in V(G). We prove that if v € V(G), then
either v € D or N(v) N D # (). Towards a contradiction, suppose that v € D and no vertices

in N(v) are in D. Since M’ is a MEG-SET of H, it monitors every edge in E(G) C E(H).

Consider an edge (u,v) with v € N(u). (u,v) must be monitored by a pair of vertices z,y
not in {u} U N(u). It follows that the distance between = and y is at least four, but there is
a path between x and y of length four that only uses edges in E(H) \ E(G); thus, the edge
(u,v) cannot be monitored by the pair {z,y}, which is a contradiction. The above discussion
shows that M’ NV (G) is a DOMINATING SET of G. The size of such a DOMINATING SET is
(M OV(G)| < [MAV(G)| = M| = |M\V(G)| < [M]=(IL"[+1) < [M| = (V(G)[+1) <k,
where we used (L” U {v.}) C M \ V(G), as ensured by Lemma 1. <

» Theorem 5. The MEG-SET decision problem is NP-Complete on graphs with apex 1.

Proof. For each planar graph G with girth at least seven, it is possible to construct in
polynomial time a graph H with apex 1, as discussed in this section. From Lemmas 3 and
4, there exists a DOMINATING SET D of G such that |D| < k if and only if there exists a
MEG-SET M of H such that |M| < k+ |V(G)| + 1. Since the DOMINATING SET problem is
NP-Hard even for planar graphs with girth at least seven, this implies that the MEG-SET
decision problem is NP-Hard on graphs with apex 1. <
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4 Inapproximability of MEG-Set

We reduce from the SET COVER problem. A SET COVER instance Z = (X, S) is described
as a set of n items X = {z1,...,2,} and a collection S = {S1,...,S,} of h > 2 distinct
subsets of X, such that each subset contains at least two items and each item appears in at
least two subsets.? The goal is that of computing a collection S* C S of minimum size such
that Ug,es+S; = X.3 It is known that, unless P = NP, all polynomial-time approximation
algorithms for the SET COVER must have an approximation ratio of (1 —o(1))Inn when h =
O(poly(n)) [18, 4]. Moreover, unless NP C DTIME(n©(1°81°8m)) ' the same inapproximability
result holds even for h <7 [5].

Given an instance Z = (X, S) of SET COVER, we build an associated bipartite graph H
whose vertex set V(H) is X US and such that H contains the edge (z;,5;) if and only if
xz; €5;. We define N =h + 1.

Let k be an integer parameter, whose exact value will be chosen later, that satisfies
2 < k = O(poly(N)). We construct a graph G that contains k copies Hy, ..., Hj, of H as
induced subgraphs. In the following, for any ¢ = 1,...,k, we denote by x; ¢ and S;, the
vertices of H, corresponding to the vertices x; and S; of H, respectively. More precisely, we
build G by starting with a graph that contains exactly the k copies Hy, ..., Hy of H and
augmenting it as follows (see Figure 2):

For each item z; € X, we add two new vertices y;, y} along with the edge (y;, ;) and all

the edges in {(x;¢,v:) | £ =1,...,k};

We add all the edges (y;,yir) for all 1 < i < i’ <7, so that the subgraph induced by

Y1, .., Yn is complete.

For each set S; € S, we add two new vertices z;, 2 along with the edge (z;, z}), and all

the edges in {(Sj ¢, 2;) | £ =1,...,k}.

Observe that the number n of vertices of G satisfies n = 2h+2n+k(n+h) = (k+2)(n+h) =
(k+2)N.

Let Y ={y; |i=1,....n}, Y ={y, |i=1,....n}, Z={z | j =1,...,h}, and
Z"={z;|i=1,...,h}. Moreover, define L as the set of all vertices of degree 1 in G, i.e.,
L=Y'UZ' By Lemma 1, the vertices in L belong to all MEG-SETs of G.

» Lemma 6. L monitors all edges having both endvertices in Y UY' U Z U Z'.

Proof. Observe that all shortest paths from y; € L (resp. zg € L) to any other vertex
v e L\ {y;} (resp. v € L\ {z}}) must traverse the sole edge incident to y; (resp. z};), namely
(Y, yi) (resp. (2},2;)). Since [L| > 2, such a v always exists, and all edges incident to L are
monitored by L.

The only remaining edges are those with both endpoints in Y. Let (y;,y:/) be such an
edge. Since the only shortest path between y} and y., in G is (v}, y:, yir, yi ), the pair {y}, vy}, }
monitors (y;, yis)- <

» Lemma 7. Let Sy,...,Sk be k (not necessarily distinct) set covers of Z. The set M =
LUu{S;e|S; € Sp,1<t<k}isa MEG-SET of G.

This can be guaranteed w.l.o.g. by repeatedly reducing the instance by applying the first applicable of
the following two reduction rules. Rule 1: if there exists an item z; that is contained in a single subset
Sj, then S; belongs to all feasible solutions, and we reduce to the instance in which both S; and x;
have been removed. Rule 2: if there exists a subset S; that contains a single element, then (due to Rule
1) there is an optimal solution that does not contain S;, and we reduce to the instance in which S; has
been removed. Notice that this process can only decrease the values of n and h.

We assume w.l.o.g. that U?:lSi = X, i.e., that a solution exists.
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Z1 z2 z3 Z4

Figure 2 The graph G obtained by applying our reduction with k& = 2 to the SET COVER instance

7= <X, S> with n= 57 h = 4, S1 = {1‘1,LEQ,$3}, Sz = {1‘2,$3}7 Sg = {1‘2,1‘4,$5}, and 54 = {55371‘5}.

To reduce clutter, the edges of the clique induced by the vertices y; (in the gray area) are not shown.

Proof. Since L C M, by Lemma 6, we only need to argue about edges with at least one
endvertex in some Hy, with 1 < ¢ < k. Let S; € Sy, and consider any z; € S;. Edge (S;.¢, 2;)
is monitored by {2}, Sj}. Edges (Sj¢, i) and (2ie,y:) are monitored by {S; ¢, y;}-

The only remaining edges with at least one endvertex in Hy are those incident to vertices
S; ¢ with S; € S\ S,. Consider any such S;, let z; be an item in S;, and let Sir € S; be any
set such that x; € Sis (notice that both z; and Sy exist since sets are non-empty and Sy is
a set cover). Edge (S ¢, ;) is monitored by {Sk ¢, 27}, which also monitors (Sj¢, 2;). <

We say that a MEG-SET M is minimal if, for every v € M, M \ {v} is not a MEG-SET.

Lemma 2 ensures that any minimal MEG-SET M does not contain any of the vertices y;,

fori=1,...,n, or z; for j =1,...,h. Hence, M \ L contains only vertices in Ulgzl V(Hy).

The following lemma characterizes the structure of minimal MEG-SETs of G.

» Lemma 8. Let M be a minimal MEG-SET of G. For every i = 1,...,n and every
0=1,....k, at least one of the following conditions is true: (i) x;s € M; or (i) there exists
an index j such that x; € S; and the set M contains Sj ;.

Proof. Let S(x;¢) be the set of all S}, such that x; € S;. We show that no pair {u,v} with
u,v € M\ ({2} US(x;e)) can monitor the edge (x;¢,y;)-

Notice that, since M is minimal, M does not contain any vertex y;, for ¢/ = 1,...,n, nor
any vertex zj for j'=1,...,h.

Let A€ {1,...,h}\ {¢} (such a A always exists since h > 2), and notice that any path P
in G that has both endvertices in V(G) \ V(H/) can always be transformed into a walk P’
with as many edges as P by replacing any occurrence of a vertex from copy Hy of H with
the occurrence of the corresponding vertex from copy H). Since P’ does not contain z; g,
this implies that no pair {u,v} with u,v € V(G) \ V(H,) can monitor (x; ¢, y;).

The above discussion allows us to restrict ourselves to the situation in which at least one
vertex of {u, v} belongs to V(H,). We sat that a vertex of G is an item-vertez if it is some
xyp withi' =1,...,npand ¢ =1,..., k. Analogously, a vertex of G is a set-vertez if it is
some S; ¢ with j' =1,...,hand ¢ =1,...,k. We consider the following cases and, for each
of them, we exhibit a shortest path P from u to v in G that does not traverse (e, ¥i):

14:7
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Case 1: u is an item-vertex in Hy; and v is a set-vertex. In this case, u = z; o for some
1’ # 4, and we distinguish the following sub-cases:
If v=Sj 0 and z; € Sj/, then P consists of the edge (.0, Sj.0).
If =254, s ¢ Sj, and there exists some S;» such that z; € Sj» and S; NS # 0,
then let x;» € S N Sj». We choose P= (@ir 0, S50 0, Tir g, Sir 0)-
Ifv= Sj/,g, X ¢ Sj/, and there exists no Sj// such t}iat T € Sj// and Sj/ N Sj// 7é @,
then let z;» € S;» (notice that z; € S;/), and choose P = (x; ¢, Yir, Yirr, Tirr 0, S 4)-
If v=2Sj ¢, zy €Sy, and £/ # ¢, then choose P= (@ir 0, S50, 257, Sjrar).
va = Sji o, xy & Sy, and £/ # £, then let z;» € S; (notice that x; € S;) and choose
P = (xir o, yir, yirrs Tirr 00, S 1)
Case 2: u is an item-vertex in H; and v is an item-vertex. In this case, v = z;, for
some 4’ # i, and we distinguish the following sub-cases:
If v = a4 with ¢ # i and there exists some set S; such that z;,z;» € Sj, then
choose P = (@ir 0, Sjr 0, i 1)
I~f v =z ¢ with i # ¢ and there is no set Sj such that x;,xz;» € Sy, then choose
P = (xir 0, yir, yirr, Tir g).-
If v =z o with £ # £, then choose P= (@ir 0, Yir, Tir 07).
Ifv= Ty g with 4" 7é ¢ and ¢’ 7& f, then choose ﬁ = <xi/,g, Yir s Yirt in//,gu>.
Case 3: u is a set-vertex in Hy and v is a set-vertex. In this case, u = S, for some j’
such that x; ¢ & S, and we distinguish the following sub-cases:
If v = Sj», and there exists some x;; such that x;; € Sj N .Sj», then i’ # 1, and we
piCk P = <Sj/,g,xi/,g, Sj//7g>.
If v =S4, Sy NSj» =10, and there exists some S;» such that S; N S~ # () and
S~'ju N Sjn # 0, then choose any z; € S;» N Sj» and any z;» € Sj» N Sjn. We pick
P = <Sj’,£7xi’,£7Sj’/’,bfi”,lysj”,é>~
If v = =Sy S;NSj» =0, and there is no S~ such that S;y N Sj» # O and
Sj// N Sjw 7é [Z), then choose z;; € Sj/ \ {.ﬁz}, XTin € Sj// \ {.’L‘i}, and piCk ﬁ =
(Sjre5mir 0, Yir s Yirrs Tior 0, S o)
If v = Sjr pr with £ # ¢, then we pick P = (Sj/ 4, 2jr, Sjr o1
If v=8;r ¢ with j” # 5/ and ¢’ # ¢, and there exists some item x;; € Sj N S;~, then
we choose 13 = <Sj/7g, 25y Sj@g/, Tt 0ty Sj//7g/>.
If v = Sju e with j” # j" and £' # {, and Sy N Sj» = 0, then let z; € Sy \ {z;},
zyr € Sy \ {xi}. We pick P = (Sj 0, i 0, yir, Yirr, Ty 00, Sjr o).
Case 4: u is an item-vertex in Hy and v € L. In this case, u = x; ¢ for some ¢’ # i, and
we distinguish the following sub-cases:
If v =y}, then P= (@ir 0, Yir s Yho )
If v =y}, with ¢ # 4, then P= (Xir 0, Yirs Yirr s Yinr ).
Ifv= z;-, and z; € Sj, then pick P= (Tir 0, S5 0,251, 25 ).

If v =2}, zy ¢ Sy, and there exists some S;» for vihich Sjr NS # O, then let
Tin € Sj/ n Sj// and choose ]5 = <Ii/7g, Sj//,g,xi//,g, Sj/7g, Zj, Z;,>
Ifv =2, z; ¢ Sy, and there is no S;» for which S; NS;» # 0, then let x;» € Sy \{x;}.
We choose P = (@ir 0, Yir s Yirr s Tivr 0, S 0, 251, z§,>

Case 5: w is a set-vertex in Hy and v € L. In this case, u = Sj/ ; for some j’ such that

xi0 € Sy, and we distinguish the following sub-cases:

If v =y}, with z;; € S/, then i’ # 4, and we choose P= (Sjr .0, xir 0, Yir s Yoo )-
If v =y}, with x;y € Sy, then let z;» € S, and choose pP= (Sjr0sTir 0, Yirr s Yir s Yoo ).
Ifv= Z;-,7 then P = <Sj/,[, Zjt, Z;/>
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Ifv= Z;'” with j” # j' and S; N Sj» # 0, then let zy € Sy N Sy and choose
P = (Sjr 0,00, Sjrr s 271, 2.

If v = 2}, with j" # j', S;yNSj» = ), and there exists some Sj such that Sj:NS;m # 0
and S;» N Sjm # 0, then let z; € Sj N Sjw and x;y € Sj» N Sjm. We choose
P= (Sjr,05 @it 0y Sjonr s Tion 0y Sy gy 21 Zjor)-

If v = 25, with j” # j', Sjy N .Sj» = 0, and there is no S such that Sj N Sy # 0
and Sj» N Sj» # 0, then let z;y € Sj and z;» € S;» \ {x;}, and choose P =

/
(Sjr s Tir 0 Yir s Yirr s Tirr 05 S 0y 21, Z_j”>' <

» Lemma 9. Given a MEG-SET M’ of G, we can compute in polynomial time a MEG-SET
M of G such that |[M| < |M'| and, for every £ =1,...,k, the set Sp ={S; € S| S; ¢ € M}
s a set cover of L.

Proof. Let M" be a minimal MEG-SET of GG that is obtained from M’ by possibly discarding
some of the vertices. Clearly, |[M"| < |M’| and M" can be computed in polynomial time.
Moreover, by Lemma 8, for every ¢ = 1,...,n and every £ =1,...,k, M" contains z; s or
some S; ¢ such that S; covers z;. We compute M from M" by replacing each x; , € M" with
Sje, where S; € S is any set that covers ;. As a consequence, for every £ =1,...,k, the set
Se={5; €S|Sj¢€ M} is a set cover of Z. Moreover, since M" contains all vertices in L
by Lemma 1, so does M. Then, Lemma 7 implies that M is a MEG-SET of G. <

» Lemma 10. Let a, ¢, and € be constants of choice satisfying o >0, c>1, and 0 <e <
m. Any polynomial-time (alnn)-approximation algorithm for the minimum MEG-
SET problem implies the existence of a polynomial-time ((2ac + /€) lnn)-approxzimation
algorithm for SET COVER instances with i items and h < n° sets.

Proof. Consider an instance Z = (X, S) of SET COVER with |X| =17 and |S| = h < n°. Let
h* be the size of an optimal set cover of Z.

In the rest of the proof, we assume w.l.o.g. that N >4, n > 21/¢ and h* > %. Indeed, if
any of the above three conditions do not hold, we can solve Z in polynomial time using a
brute-force search.

We now construct the graph G with n = (k + 2)N < N? vertices by making k = N — 2
copies of H. Next, we run the (alnn)-approximation algorithm to compute a MEG-SET
M’ of G, and we use Lemma 9 to find a MEG-SET M with |M| < |M’| that contains k
set covers Sy, ..., Sk in polynomial time. Among these k set covers, we output one S’ of
minimum size.

To analyze the approximation ratio of the above algorithm, let M* be an optimal
MEG-SET of G. Lemma 7 ensures that |[M*| < |L| + kh* = N 4+ kh*, and hence:

M| < |M'| < (alnn)|M*| < a(N+kh*)Inn = a(N+kh*)In N*> = 2akh* In N+2aN In N.

Therefore, we have:

M 20N In N 4
1S’ < |k—| <20k InN + === < 20h"InN +4aln N = (2a+ h“) h*In N

2a+e)h*InN < 2a+e)h*In(h +1n) < (2a+ €)h" In(2n°)

<
< (2a+e)h*(1+¢)clnn = (2ac+ec(2a+ e+ 1))h* Inn < (2ac + /e)h* Inn,

where we used 2a4e+1 < 2(a+1) < %, which follows from our hypothesis e < m. <

- C
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It is known that, unless P = NP, there exists a constant ¢ > 1 such that all polynomial-
time approximation algorithms for instances of SET COVER having n items and h < 7° sets
must have an approximation factor of (1 —o(1))Inn [18, 4]. Then, Lemma 10 with any
constant o < i and € = (% — ac)? implies that no polynomial-time (« Inn)-approximation
algorithm for MEG-SET can exist, unless P = NP.

Similarly, we can choose ¢ = 1 [5] to rule out any polynomial-time algorithm with an
approximation of alnn for MEG-SET, where « is a constant strictly smaller than %7 unless

NP C DTIME(nOUegloem)),

» Theorem 11. All polynomial-time approzimation algorithms for MEG-SET must
have an approximation factor of Q(logn), unless P = NP. Moreover, unless NP C
DTIME(nCUosloem)) " the approzimation factor must be at least (% —¢)lnn for any con-
stant € > 0.

5 Approximation algorithms

This section is devoted to designing our approximation algorithms. It is convenient to work
on a generalization of the MEG-SET problem, in which each edge e of G has an associated
non-negative weight w(e) and shortest paths are computed w.r.t. these weights. Moreover,
each vertex v of G has a binary cost ¢(v) € {0,1}, and the input additionally specifies a
subset E’ of the edges in E. The goal is to find a set of vertices M that monitors all edges
in £’ and has minimum cost, defined as ¢(M) =} ., c(v). We name this generalization
GMEG-SET.

Notice that the case in which all vertex costs are 1, all edges weights are 1, and E' = E
matches the standard definition of MEG-SET, hence any approximation algorithm for
GMEG-SET (whose approximation ratio is computed w.r.t. the cost of the returned set)
also provides an approximation algorithm for MEG-SET.

One can observe that a GMEG-SET exists if and only if, for every edge (u,v) € E, the
shortest path between u and v is unique and consists of the sole edge (u,v). Indeed, if this
condition is met, the set V is a trivial solution; otherwise, no subset of vertices can monitor
edge (u,v). As a consequence, in the rest of this section, we restrict ourselves to instances of
GMEG-SET that satisfy the above property, which can be checked in polynomial time.

In the rest of this section, we first show a simple generalization of the O(y/nlogn)-
approximation algorithm for MEG-SET [2, 1, 7] to GMEG-SET, and then we use it as a
building block to develop a more involved algorithm that provides good approximate solutions
for GMEG-SET on hereditary graph classes that admit small balanced vertex-separators.

5.1 A simple approximation algorithm for GMEG-Set

We start with the description of an 4/2¢(M*) In n-approximation algorithm for GMEG-SET,
where ¢(M*) denotes the cost of an optimal GMEG-SET, that will be useful in the sequel.
For technical convenience, we assume that all optimal solutions to the GMEG-SET
instance select at least two vertices with non-zero cost.*
Let Z be the set of all vertices of cost 0. Observing that it is possible to check in
polynomial time whether an edge of E’ is monitored by Z, we construct an instance of SET
COVER in which the items are exactly the edges in E’ that are not monitored by Z. The

4 Otherwise, there is at most one vertex with non-zero cost in an optimal solution, and such a vertex can
be guessed in polynomial time.
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instance contains a set S, for each (unordered) pair p = {u,v} of distinct vertices u, v in
V'\ Z. The set S, contains all items e that are monitored by Z Up (notice that an item in
Sy is not necessarily monitored by p).

Next, we compute a (In |E’|)-approximate solution S’ for such an instance in polynomial
time. This can be done by solving instances up to a constant size by brute force, while larger
instances can be handled using the well-known greedy algorithm for SET COVER [15], which
has an approximation ratio of Inn — Inlnn + O(1), where 7 is the number of items [19]. We
return the GMEG-SET M obtained by selecting all vertices in Z together with all vertices
involved in at least one pair p such that S, € &', i.e., M = Z U Uspes’ D.

Observe that, if M* is an optimal GMEG-SET, then the collection containing all sets .S,
for all unordered pairs p of vertices in M* \ Z is a feasible solution §” to the SET COVER
instance. Since ¢(v) € {0, 1} for each v € V(G), if S* is a minimum-cost set cover, we have
|S*| < (‘M;\Z‘) < ‘M;\le = C(]g*)z. Then:

(M) <2181 <2-|S8* - In|E'| < c¢(M*)?In|E'| < 2¢(M*)*Inn.
We have proved the following lemma.

» Lemma 12. There exists a polynomial-time (2¢(M™*)Inn)-approximation algorithm for
GMEG-SET.

By observing that a trivial upper bound on the approximation ratio of M is %, we

have that the overall approximation ratio is upper bounded by min {2c(M Ylnn, cigv‘;) ) } <

v2¢(V) Inn, since the above minimum is maximized when ¢(M*) = V)

2lnn

» Lemma 13. There exists a polynomial-time +/2¢(V') lnn-approximation algorithm for
GMEG-SET.

Lemma 13 implies the existence of a polynomial-time O(y/nlogn)-approximation algorithm
for MEG-SET because ¢(V) = n.

5.2 An approximation algorithm based on balanced graph separators

In this section, we present our main positive result. We start by giving some preliminary
definitions and proving some useful structural properties of GMEG-SETs.

5.2.1 Some structural properties

Fix some instance of GMEG-SET with graph G, vertex costs ¢(-), edge weights w(-), and set
of edges to be monitored E’. We refer to a subset of vertices of G as a cluster and, given a
cluster C, we define the boundary 6C of C as Ng(C)\ C. We say that a path 7 between two
vertices u, v in G is a C-bypass if all the following conditions are satisfied: (i) w,v € 6C, (ii)
7 is a shortest path in G, (iii) 7 consists of at least two edges, and (iv) all internal vertices
of 7 belong to V' \ (C UJC). Notice that the existence of a C-bypass between two vertices
u,v in G implies that (u,v) € E.

Given a cluster C', we define the projection of C as the following instance of GMEG-SET.

The instance’s graph H has a vertex set consisting of all vertices in C' U §C, where vertices
in C retain their original cost in G, while vertices in §C' have a cost of 0. The edge set of
H consists of all edges in G[C' U 6C] with their original weight in G, plus some additional
projection edges. More precisely, for each pair of distinct vertices u,v € 6C with at least
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Figure 3 (a) The graph G of an instance of GMEG-SET and a cluster C. Vertices in the boundary
6C' are shown in bold. Three C-bypasses are highlighted in red, blue, and green, respectively. All
edge weights are unitary and are not shown. (b) The graph of the projection H of C. There are three
projection edges, highlighted in red, blue, and green, corresponding to the C-bypass shown with the
same color in (a). The number next to a projection edge represents its weight, while non-projection
edges have unit weight (not shown). Gray vertices form a GMEG-SET of H. The vertices in the
boundary are shown in bold and have a cost of 0. Notice how the gray vertices also monitor all
non-projection edges in G.

one C-bypass between them, we add a projection edge e = (u,v) of weight dg(u,v), and we
associate e with an arbitrarily selected C-bypass b, between u and v. We refer to H as the
projection graph of C, and we use E¢ to denote the set of all non-projection edges of H. The
edges of H to be monitored are all those in E(H) N E’. See Figure 3 for an example.

We provide different structural properties of walks in G and the projection graph H of
a cluster C. To distinguish between the weights of such walks, we will add the graph as a
subscript to the weight function.

» Lemma 14. Let C be a cluster, and let H be the projection graph of C. The following

claims hold for any u,v € C UC.

(a) For every walk m between w and v in H, there exists a walk ©' between v and v in G
such that wy (7)) = we(n') and E(m) N Ec = E(7’') N Ec;

(b) For every shortest path w between u and v in G, there exists a walk 7' between u and v
in H such that wg(m) = wy(7') and E(m) N Ec = E(7')N Ec.

Proof. We start by proving (a). Given a walk m between v and v in H, we build the walk
7' from u to v in G from 7 by replacing each projection edge e € m with its associated
C-bypass b.. By construction, E(7) N Ec = E(n') N E¢. Moreover, for each edge e € E¢,
wp (e) = wg(e) by construction, while for each projection edge e, wg (€) = weg(be). Therefore,
wp(m) = wg(n').

We now prove (b). Given a shortest path 7 between u and v in G, we decompose 7 into
an alternating sequence of walks 71,71, 72, T2, . . ., T, Where 7; is a maximal subpath of 7
that contains only edges in E¢, and 7; is a maximal subpath of 7 that contains only edges
not in E¢. Let u;,v; be the endvertices of ;. We build a walk 7’ from u; to v; in H from 7
by replacing each 7; with the projection edge e; = (u;,v;) associated with a C-bypass be,
between u; and v;. By construction, E(w) N Ec = E(x’) N Ec. Moreover, for each edge
e € Ec, wy(e) = wg(e) by construction. Now, since 7 is a shortest path from u to v in G, 7;
is indeed a C-bypass in G, which implies wg(e;) = wg(7;). Therefore, wg(r) = wy(n'). <

» Corollary 15. Let C be a cluster, and let H be the projection graph of C. The following

claims hold for any u,v € C'UJC.

(a) For every shortest path w between w and v in H, there exists a shortest path 7' between
u and v in G such that wy (7)) = we(n') and E(r) N Ec = E(n')N Ec;

(b) For every shortest path  between u and v in G, there exists a shortest path @' between u
and v in H such that wg(n) = wy (') and E(n) N Ec = E(n') N E¢.
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Proof. We start by proving (a). Let m be a shortest path between u and v in H. By
Lemma 14 (a), there exists a walk 7’ between u and v in G such that wg(7) = wg(n’)
and E(r) N Ec = E(n') N Ec. We now argue that 7’ is actually a shortest path in
G. Suppose, towards a contradiction, that there exists some path 7" between u and v
in G such that wg(n”) < wg(n’). By Lemma 14 (b), this implies the existence of a

" between v and v in H such that wy(7"") = we(n”), yielding the contradiction

walk 7
wy(m) = wa (') > wa(r"”) = wy (7).

We now prove (b). Let 7 be a shortest path between v and v in G. By Lemma 14 (b), there
exists a walk 7’ between w and v in H such that wg(7w) = wy(n’) and E(m)NEc = E(n")NEc.
We now argue that 7’ is actually a shortest path in H. Suppose, towards a contradiction,
that there exists some path 7 between u and v in H such that wy(7”) < wg(n’). By
Lemma 14 (a), this implies the existence of a walk 7" between v and v in G such that

wa (") = wy (7""), yielding the contradiction wg(m) = wy(7') > wy(7") = wa(x"). <

» Corollary 16. Let C be a cluster, and let H be the projection graph of C'. Let e € E¢ be a
non-projection edge in H, and let u,v be a pair of vertices in H. Edge e is monitored by the
pair u,v in G if and only if it is monitored by u,v in H.

Proof. Assume that e is monitored by the pair u,v in G, and let m be a shortest path
between v and v in G. By Corollary 15 (b), there exists a shortest path 7’ between u and v

in H that traverses e. We now argue that all shortest paths between v and v in H contain e.

Indeed, if H contained a shortest path 7/ between u and v avoiding e, then Corollary 15 (a)
would imply the existence of a shortest path between u and v avoiding e in G, i.e., u, v would
not monitor e in G.

Assume now that e is monitored by the pair u,v in H, and let w be a shortest path
between w and v in H. By Corollary 15 (a), there exists a shortest path 7’ between u and v

in G that traverses e. We now argue that all shortest paths between v and v in G contain e.

Indeed, if G contained a shortest path 7" between u and v avoiding e, then Corollary 15 (b)
would imply the existence of a shortest path between u and v avoiding e in H, i.e., u, v would
not monitor e in H. <

» Lemma 17. Let C be a cluster, and let M be a GMEG-SET of G. Then, (M NC)UdC
is a« GMEG-SET for the projection of C.

Proof. Consider any edge e € E¢ that belongs to E’, let u/,v" be a pair of vertices in M
that monitors e in G, and let 7 be a shortest path from u’ to v’ in G. Let u (resp. v) be the
last vertex in (M N C)UJC encountered during a traversal of the subpath m,, (resp. m,) of ®
from v’ (resp. v') to the closest endvertex of e. Observe that u (resp. v) exists since either
u' € CUC, or my, (resp. m,) has the endvertex u’ (resp. v') that is not in C' U §C and the
other endvertex in C'U dC, hence it must traverse at least one vertex in §C.

Since the subpath of 7 from u to v contains edge e, the pair u, v monitors e in G. Hence,
by Corollary 16, u,v monitors e in the projection graph of C. <

» Lemma 18. Let C be a cluster. Any GMEG-SET for the projection of C monitors all
edges in Ec N E' in G.

Proof. Let M be a GMEG-SET for the projection of C', and let H be the corresponding
graph. We consider a generic edge e € Ec N E’ and we prove that e is also monitored by M
in G. Let u,v € M be a pair of vertices that monitors e in H. By Corollary 16, the pair u, v
monitors e in G. <
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5.2.2 Algorithm description

In this section, we describe our main approximation algorithm that, as we will show, computes
better than the (1/2¢(V) Inn)-approximate solutions for the class of hereditary graphs that
admit small balanced vertex-separators. Before delving into the details of the algorithm, we
provide some basic definitions.

» Definition 19. Given o € (0, 3), an a-balanced vertex-separator of a graph G = (V, E) is
a partition of V into three non-empty sets S, A, B, such that (i) each path from a vertex in
A to a vertex in B traverses at least one vertex in S, and (ii) min{|A|,|B|} > «|V|. The
size of the separator is |S].

We say that a class G of graphs has efficiently computable a-balanced separators of size
O(n?) if (i) G is hereditary, i.e., given a graph G € G, all induced subgraphs of G are in G,
(ii) there are constants ng,a > 0, Sy > 1, and 8 > 0 such that any graph G € G with n > ng
vertices admits an a-balanced vertex-separator of size at most Byn?, and (iii) such a separator
can be found in polynomial time. We say that a graph is a-non-separable if it admits no
a-balanced vertex-separator. Similarly, we say that a cluster C' of G is a-non-separable
if G[C] is a-non-separable. Notice that if a class of graphs G has efficiently computable
a-balanced separators, G € G, and C' is an a-non-separable cluster of G, then |C| = O(1).

We consider a class G with efficiently computable a-balanced separators of size 30|V (G)|?
for some constants By > 1 and 8 > 0, and we restrict our attention (w.l.o.g.) to instances
of GMEG-SET whose input graph G = (V, E) belongs to G and satisfies ¢(V) > 2.5 Our
algorithm works in two phases.

First phase. In the first phase, we compute a hierarchical decomposition of G into clusters
that are pairwise vertex-disjoint. We note that such a decomposition will not result in a
partition of the vertices of G, i.e., some vertices will not be assigned to any of the clusters,
and we refer to the vertices that are left unassigned as crossing vertices. Our decomposition
relies on recursively computing a-balanced vertex-separators of G and guarantees that any
path between vertices of different clusters traverses at least one crossing vertex. It follows
that all the vertices in the boundaries of the returned clusters are crossing vertices.

Let G’ be the induced subgraph of G that contains all (and only) the vertices having
non-zero cost. We build a rooted tree 7' in which each vertex u of T is associated with some
subgraph G, of G’ and with an instance of GMEG-SET H,. The root r of T is associated
with G, = G’ and with the projection H, of V(G,) (w.r.t. the input instance of GMEG-SET).
A generic vertex u of T is a leaf if H,, admits a solution of cost 0, or if G, is a-non-separable.
Otherwise, u has exactly two children a,b in T corresponding to the subgraphs G, = G,[4]
and G, = G,[B] induced by the sets A, B of an a-balanced vertex-separator Sy, A, B of G,.
The instances of GMEG-SET H, and H, are the projections of V(G,) and V(Gp) w.r.t. the
instances H,, respectively. See Figure 4 for an example.

Second phase. In the second phase of our algorithm, we visit the tree in a bottom-up
fashion and, for each examined vertex u, we compute a p(h,,, n, )-approximate solution for
the projection H, of V(G,). Here, p(hy,n,) is a function that depends on the number
n. = |V(Gy)| of vertices in G, and, possibly, on the height h, of u in T.® Observe that all
vertices in G,, have cost 1 w.r.t. the cost function ¢, of Hy, i.e., n, = ¢, (V(Gn)).

5 Otherwise, when ¢(V) < 1, an optimal solution consists either of all vertices of cost 0, or of all vertices
of cost 0 plus the sole vertex of cost 1.

5 The height of vertex w in T is the height of the subtree of T rooted in w, i.e., the maximum number of
edges in the longest path from u to a (not necessarily proper) descendant of u.
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T

O

Figure 4 The tree T representing a possible hierarchical decomposition of the graph shown in

the root vertex for the parameters o =1, 8 = %, a= i. Vertices in a separator are shown in gray

in the corresponding cluster. Black vertices in a leaf cluster u of T' form an optimal solution to
instance H, (not shown) when combined with the vertices of cost 0 resulting from the projection.
Observe that the instance corresponding to the right child of the root admits a solution of cost 0.
Gray and black vertices in an internal cluster u form a feasible GMEG-SET of the corresponding
instance H, (not shown) when combined with the vertices of cost 0.

In detail, if u is a leaf in 7', then either there exists an optimal GMEG-SET of H, with
cost 0, or |V(G,)| = O(1), and we can find an optimal GMEG-SET of H,, in constant time
by brute force (possibly both). Regardless of the case, we have an optimal solution for H,,
i.e., a p(0,n,)-approximation for p(0,n,) = 1.

When the examined vertex u of T is a generic internal vertex at height h having a
and b as children, we compute a GMEG-SET M, for H, by choosing the set of smallest
cost between (i) a GMEG-SET M, obtained as the union of a p(h, — 1, n,)-approximate
GMEG-SET M, for H, with a p(h, — 1, np)-approximate GMEG-SET M, for Hy, and (ii)
a (2¢,(M*)In |V(G,)|)-approximate solution computed using the algorithm of Section 5.1
(see Lemma 12), where M* denotes an optimal solution for H, and ¢, is the cost function of
H,. The next lemma provides an upper bound on the cost of ¢, (M.).

» Lemma 20. Let u be an internal vertex at height h,, with children a and b. If p(h, — 1, )
is monotonically non-decreasing w.r.t. x, My is a p(h, — 1,n,)-approzimate GMEG-SET for
H,, and My is a p(hy — 1, np)-approzimate GMEG-SET for Hy, then M, is a GMEG-SET
for Hy, with ¢, (M]) < |Su| + cu(M)p(hy — 1, (1 — a)ny,), where M is an optimal solution
for H,.

Proof. Let M} = (M*NV(G,)) UV (G,) (resp. M = (M*NV(Gy)) UV (Gy)), where the
boundary is w.r.t. the instance H,. By Lemma 17, My and M; are GMEG-SET for H,
and Hp, respectively. Then, c,(M}F) = co(M* NV (G,)) + co(0V(Ge)) = ca(M* NV (G,)) =
cu(M*NV(G,)), and a similar derivation shows that ¢, (M) = c,(M* NV (Gy)).

Since M, and M, are a p(h, — 1,n,)- and a p(h, — 1,np)-approximation of H, and
H,, respectively, we have ¢, (M,) < c,(M* NV (Gy))p(hy — 1,n4) and cp(Mp) < ¢ (M* N
V(Gy)p(hu — 1,mp).

Let E! be the set of edges to be monitored in H,,. By Lemma 18, M, monitors all edges
of E/, in G,[V(G,) UV (G,)], and M, monitors all edges of E!, in G,[V(Gy) UV (Gy)];
therefore, M, U My, is a GMEG-SET for H,. Since M, U M, C M/, we have that M/, is a
GMEG-SET of H, of cost:
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ca(M') < cy(Mg UMy) < cu(Su) + cu(Ma \ S) + cu(My \ S) < [Su| + ca(Mya) + cp(Mp)
<|Sul + cu (Mg NV (Ga))p(hy — 1,n0) + cu(My N V(G))p(hy — 1,15)
<18ul + (cu(MZ N V(Ga)) + cu(Mg NV(Gy)))p(he — 1, (1 — a)ny,)
< |Sul + cu(M)p(hy — 1, (1 — a)ny). «

The following two lemmas upper bound the approximation ratio achieved by M, for the
instance H,.

» Lemma 21. Let p(h,z) = z%/2. 1_7%. If 8 > 0, then My, is a p(hy,ny)-approzimate
GMEG-SET for H,.

Proof. The proof is by induction on h,. The claim is trivially true for h, = 0 since

p(0,n,) =1 < v2In2 < 17%. Therefore, we assume that the claim holds for
h, —1 >0 and we prove that it holds for h,. Consider a vertex u at height h,, and let a
and b be its two children, and let S, be the corresponding separator of G,,. Let M™* be an

optimal GMEG-SET for H,. By Lemma 20, we have:

vV Qﬁo Inn

o(M) < |Sul + e(M)plhu = 1,1 = @) < fonl + c(M)(1 = ) /0% - T X200

Since the returned solution is the one of minimum cost between M, and a solution with
approximation ratio 2¢(M*) In |V (G,)| < 2¢(M*) Inn, the resulting approximation ratio is:

. Bon g/2,p/2_ V2folnn
1— — —— 2¢(M™*)1
mm{c(M*) + (1 —a)“n, 1-(1—a)f? c(M*)Inn
. [ Bonil . g2, 6/2_ V2Polnn
<m1n{C(M*),26(M)lnn + (1 —a)” ny 1-(1—a)f2

<V2BpInn-nb? 4+ (1~ a)ﬂmngmm
- —

— a)h/2 26,1
-/ Y A=) N s V200lnn
=/206plnn-nj (1—1—1(10[)[3/2 ny, 1= (1—a)i2

]
where, in the second inequality, we use the fact that min { C@\Z:) ,2¢(M*)In n} is maximized

8
for C/z(x;f) = 2¢(M*)1Inn, i.e., when ¢(M*) =4/ g?:i <

» Lemma 22. Let p(h,x) = (h+1)v/2BpInn. If 8 =0, then My, is a p(hy, ny)-approzimate
GMEG-SET for Hy.

Proof. The proof is by induction on h. The claim is trivially true for h = 0 since p(0,n,) =
1 <v2In2 < (hy + 1)v/nyBo Inn. Therefore, we assume that the claim holds for h, —1 >0
and we prove that it holds for h,. Consider a vertex u at height h,, let a and b be its two
children, and let S, be the corresponding separator of G,. Let M* be an optimal solution
for H,. By Lemma 20, we have:

(M) < |Sul + e(M*)p(hy — 1,(1 = a)n) < Boniy + c(M*)hyr/280 Inn.
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Since the returned solution is the one of minimum cost between M/, and a solution with
approximation ratio 2¢(M*)In |V (G,)| < 2¢(M*) Inn, the resulting approximation ratio is:

min{ bo + hu/280 Inn, 2¢(M™) lnn} < min{c(f;*),Qc(M*)lnn} + hy/28p Inn

(M)
< \/250 Inn+ hu\/2ﬁo Inn = (hy + 1)3/260Inn,

2Inn”’

where we used the fact that min {%, 2¢(M™) lnn} is maximized for ¢(M*) = |/ 52 <

We can finally state the main results of this section.

» Theorem 23. There exists a polynomial-time approximation algorithm for GMEG-SET
with an approzimation ratio of O(c(V)?/2\/logn) if f > 0 and an approzimation ratio of
O(logc(V) - V/logn) if 8 =0.

Proof. We start by arguing that M,. achieves the claimed approximation ratios for H,.. When

B > 0, this follows directly from Lemma 21 and from the fact that G, has n, = ¢(V) vertices.

Regarding the case 8 = 0, if u is the parent of v, then n, < (1 — a)n,. Then, the tree
log c(V)

T has height at most [log . nr—‘ = Logjw, and Lemma 22 implies that the achieved
-« 11—«

approximation is at most (1 + [%D /2By Inn.

To obtain the claimed approximations for the input instance of GMEG-SET, let Z be the
set of vertices having cost 0 in such instance, and consider M = M, UZ. Since ¢(M) = ¢(M,.),
(V) =¢(V(G")), and n > n,, the claim on the approximation trivially holds, and we only
need to argue that M is indeed a GMEG-SET.

By Lemma 18, M, monitors, in G, all edges of E’ that belong to V(G') UV (G’). Hence,
if V(G")UdV(G') = V(G), we are done. Otherwise, let A = V(G) \ (V(G') UV (G)),
and let Hy be the projection of A. Since A C Z, the set Z is a GMEG-SET for H4, and
by Lemma 18, Z monitors, in G, all edges of E’ that belong to V(A) U §V(A). Hence,
AU M, C ZU M, monitors all edges in E’, i.e., it is a GMEG-SET. <

The above theorem implies the following approximability results for GMEG-SET (and
for MEG-SET, where ¢(V) = n):

» Corollary 24. GMEG-SET is approximable in polynomial time on:

planar graphs, with an approximation ratio of O(C(V)i\/log n) using the balanced separa-
tors of size O(y/n) shown in [16];

graphs with bounded treewidth, with an approzimation ratio of O(logc(V)y/logn), us-
ing the separator induced by a centroid bag of the corresponding tree decomposition [3,
Sections 12.3 and 12.4];

graphs with constant genus, with an approximation ratio of O(C(V)%\/log n) using the
balanced separators of size O(y/n) shown in [11];

graphs with apex k = O(n'/*), with an approzimation ratio of O(C(V)i\/log n), since it
is possible to find, in polynomial time, a set S of O(k) vertices such that G[V(G) \ S] is
planar [14].
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