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—— Abstract

In this paper, we study the problem of pathfinding on traversal-dependent graphs, i.e., graphs whose
edges change depending on the previously visited vertices. In particular, we study self-deleting
graphs, introduced by Carmesin et al. [5], which consist of a graph G = (V, E) and a function
f:V — 27 where f(v) is the set of edges that will be deleted after visiting the vertex v. In the
(SHORTEST) SELF-DELETING s-t-PATH problem we are given a self-deleting graph and its vertices s
and ¢, and we are asked to find a (shortest) path from s to ¢, such that it does not traverse an edge
in f(v) after visiting v for any vertex v.

We prove that SELF-DELETING s-t-PATH is NP-hard even if the given graph is outerplanar,
bipartite, has maximum degree 3, bandwidth 2 and |f(v)| < 1 for each vertex v. We show that
SHORTEST SELF-DELETING s-t-PATH is W[1]-complete parameterized by the length of the sought
path and that SELF-DELETING s-t-PATH is W[1]-complete parameterized by the vertex cover number,
feedback vertex set number and treedepth. We also show that the problem becomes FPT when
we parameterize by the maximum size of f(v) and several structural parameters. Lastly, we show
that the problem does not admit a polynomial kernel even for parameterization by the vertex cover
number and the maximum size of f(v) combined already on 2-outerplanar graphs.
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1 Introduction

Pathfinding in graphs is a well-studied topic, both from a theoretical and from a practical
perspective. The famous Dijkstra’s algorithm for finding a shortest path between two vertices
runs in time that is quadratic in the number of vertices. However, this algorithm works
under the assumption that the underlying graph is static, i.e., does not change. In many
practical applications, this assumption does not hold.
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One way to reflect the changes in the underlying graph is to model it as a temporal
graph, where each edge is present in the graph only at certain times. In this setting, there
are several ways to define the “best” path between two vertices: shortest path (using the
smallest number of edges), fastest (the path that requires the smallest number of timesteps)
and foremost (the path that requires the smallest number of timesteps starting from time
zero). In all of these cases, the pathfinding problem can be solved in polynomial time [23].

In some applications, however, the way that the underlying graph changes is traversal-
dependent. In other words, the availability of an edge is not time-dependent, but it depends
on the previously visited vertices and edges. One such example is open-pit mining, where
drilling at a vertex creates a pile of rubble which renders some edges impassable. Another
example is autonomous harvesting, in which the vehicle should not return to the previously
visited areas to avoid soil compactification [5].

In this paper, we consider the model introduced by Carmesin et al. [5], called self-deleting
graph. A self-deleting graph is a graph G = (V, E) together with a function f: V — 2F,
which describes which edges will be deleted after visiting a vertex. We stress that the edges
in f(v) are not necessarily incident to v. We consider the (SHORTEST) SELF-DELETING s-¢
PATH problem, where we are given a self-deleting graph and its vertices s and t and we are
asked to find a (shortest) path from s to ¢ that is valid (i.e., in which we are not traversing
an edge in f(v) after visiting the vertex v).

Related work. Several variants of pathfinding with restrictions on vertices and edges have
been studied.

Wojciechowski et al. [21] introduced a problem called OPTIONAL CHOICE REACHABILITY,
where we are given a graph together with a set S of pairs of edges, and we are asked to
find an s-t path that contains at most one edge from each pair in S. They showed that this
problem is NP-complete even on directed acyclic graphs (DAGs) of pathwidth 2 and FPT
parameterized by |S|.

The vertex analogue of this problem, where we are given a set of pairs of vertices and
we are required to use at most one of them from each pair was introduced by Krause et
al. [19]. On the one hand, the problem is NP-hard even for DAGs [13], even if the set of
pairs has a specific structure, such as overlapping [17] or ordered [18]. On the other hand,
it is polynomial time solvable, if the structure is well-parenthesized [17], halving [17], or
nested [9], or in other special cases [24]. Notably, Bodlaender et al. [3] studied the problem
from parameterized perspective on undirected graphs, showing that it is W[1]-hard w.r.t.
vertex cover number of the input graph G, but FPT w.r.t. vertex cover number of graph H
or treewidth of graph G U H, where graph H has an edge for each forbidden pair. Moreover,
it does not admit polynomial kernel w.r.t. vertex cover number of graph G U H, unless
NP C coNP/po1y [3].

Szeider [20] studied the problem of finding a path where for each vertex, only certain
combinations of incoming and outgoing edges are permitted. He provides a dichotomy
between the cases which are NP-hard and cases which are linear time solvable, based on
the structure of permitted combinations. In the variant where the cost of each arc depends
on previously traversed arcs, introduced by Kirby and Potts [16], the shortest walk can
be found in polynomial time [2, 25], but finding the shortest path is NP-hard and hard to
approximate [22]. In the variant with exclusive-disjunction arc pairs conflicts, introduced by
Cerulli et al. [6], we are given pairs of arcs and we have to pay a penalty if the path contains
either none of the arcs or both of them. The goal is to find a path minimizing the sum of
length of edges and the penalties paid. They show that the problem is NP-hard and provide
heuristics.
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Our results. In Section 3, we consider the (classical) complexity of (SHORTEST) SELF-
DELETING s-t-PATH. Our first result is that SELF-DELETING s-t-PATH is NP-hard even on
a very restricted graph class, namely outerplanar bipartite graphs of maximum degree 3.
Moreover, as we show in Corollary 3.4, the result holds even when the self-deleting graph
deletes at most one edge for each vertex (i.e., | f(v)| <1 for all v). Next, we show a separation
between SELF-DELETING s-t-PATH and SHORTEST SELF-DELETING s-t-PATH: namely, on
cactus graphs the former problem can be solved in linear time, whereas the latter is NP-hard
(Theorems 3.10 and 3.11 respectively).

In Section 4, we turn our attention to parameterized complexity. Firstly, we consider
the parameterization of SHORTEST SELF-DELETING s-{-PATH by solution size, and in
Theorem 4.3 we show that it is W[1]-complete. For most structural parameters, SELF-
DELETING s-t-PATH turns out to be para-NP-hard or W[1]-complete. For an overview of our
results on parameterizations by structural parameters, see Figure 1.

dtc ven
Cor. 3.9 Thm. 4.5
6 mim nd cvdn vi dtlf fen
Cor. 3.9 Cor. 3.9 Cor. 3.9 Cor. 3.9 | | Thm. 4.8 | | Thm. 4.5| | Cor. 4.10
T T T
mw dtcog td fvsn
Cor. 3.9 Cor. 3.9 | | Thm. 4.8 | | Thm. 4.5
T /\/
diam sd
Cor. 3.9 Cor. 3.9

Figure 1 Results for SELF-DELETING s-t-PATH parameterized by structural parameters. Red color
stands for para-NP-hard, green is FPT and orange is W[1]-complete. Each parameter is accompanied
by the corresponding statement from which the result follows. An arrow o — (3 indicates a functional
upper bound, i.e., a < g(8) for some (computable) function g. For full names of the parameters
refer to Section 2.

In order to make the problem tractable, we consider the case of bounded deletion set
size (i.e. we parameterize the problem by p = max,cy |f(v)]). Although this parameteriz-
ation alone does not make the problem tractable (in particular, we show that SHORTEST
SELF-DELETING s-t-PATH is para-NP-hard parameterized by p), it turns out that the para-
meterization by p and k (the number of vertices of the sought path) leads to an FPT
algorithm. This result allows us to obtain several FPT algorithms for parameterizations by
1 and structural parameters, such as vertex cover number, vertex integrity and treedepth.
Using the results of Dvordk et al. [12] on the number of edges in traceable graphs with
dense structure, we obtain FPT algorithms for several dense parameters and p, such as
neighborhood diversity, shrub-depth, modular-width, and size of maximum induced matching.
For an overview of our results about parameterizations by structural parameters and u, refer
to Figure 2.

Lastly, in Section 5, we consider kernelizing the problem. We show that, under standard
parameterized complexity assumptions, SELF-DELETING s-t-PATH does not admit a polyno-
mial kernel parameterized by p and vertex cover number even on 2-outerplanar graphs. On
the positive side, we obtain a linear kernel for the parameterization by feedback edge number
and linear kernel for the parameterization by vertex cover number on outerplanar graphs.
Moreover, while SELF-DELETING s-t-PATH does not admit a classical kernel parameterized
by w on cliques, we obtain a linear Turing kernel on cliques parameterized by pu.
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dtc ven
Thm. 4.24 Cor. 4.19
o mim nd cvdn vi dtlf fen
Thm. 4.25 || Thm. 4.24 Thm. 4.24 || Thm. 4.24 || Cor. 4.19 || Thm. 4.20 | | Cor. 4.10
s T T T
mw dtcog td fvsn
Thm. 4.24 Thm. 4.24 . Cor. 4.19 || Thm. 4.20
T ———
diam sd
Thm. 4.25 || Thm. 4.24

Figure 2 Results for SELF-DELETING s-t-PATH parameterized by structural parameters and p
combined. The meaning of colors and arrows is the same as in Figure 1.

2 Preliminaries

For an integer k we let [k] = {1,2,...,k}. For any function f: A — B and X C A, the
restriction of f to X is denoted f|x. We use the notation O(-) to suppress polylogarithmic
factors in time complexity.

Graph Theory. We use standard notations, terminology, and definitions of graph theory,
refer to Diestel [11] for those. Unless explicitly stated, we consider simple undirected graphs.
We denote a v;—vy walk (or path) in a graph by the sequence (v1,e1,vs,...,ex—1,vg) of
vertices v; and edges e;, where e; = {v;,v;41}. For brevity, we may sometimes omit the
edges and write just the sequence of vertices. We denote by cc(G) the number of connected
components of a graph G. A graph is a cactus if every edge lies on at most one cycle. A
graph is a block graph if every vertex-2-connected component is a clique. A 2 x £ grid for
some positive integer £ is a ladder. The class of cographs is the minimal class of graphs
containing the one-vertex graph and closed under complete joins and disjoint unions of two
graphs.

Self-deleting graphs. A self-deleting graph is an ordered pair (G, f), where G = (V, E)
is an undirected graph and f is a function f: V — 2. We write G instead of (G, f) if f
is clear from the context. The function f is called the deletion function. Let (G, f) be a
self-deleting graph. A path or walk (v1,eq,va,€2,...,ex_1,vx) in G is f-conforming if for
every j <i we have e; ¢ f(v;). We denote py = maxyev |[f(v)| and [f| =3 o [f(v)]. If f
is clear from the context, we omit the lower index and write just u. Central to our paper
are the two decision problems SELF-DELETING s-t-PATH and SHORTEST SELF-DELETING
s-t-PATH. In SELF-DELETING s-{-PATH we are given a self-deleting graph (G, f) and two
vertices s,t € V(G) and the task is to decide if there is an f-conforming s-¢ path in G. In
SHORTEST SELF-DELETING s-t-PATH we are in addition given a positive integer k and the
task is to decide if there is an f-conforming s-t path in G on at most k vertices.

We assume that p > 1 as otherwise the problems are trivial. Moreover, if © appears in
the base of an exponential or in a logarithm, p should be replaced by max{u,2} in order to
avoid degenerate cases. We stick to writing p for the sake of readability.

Parameterized complexity. We assume the reader is familiar with parameterized complexity.
For definitions and comprehensive overview, refer to the monograph of Cygan et al. [10].
In our work we consider the following structural parameters: bandwidth (bw), distance to
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clique (dtc), vertex cover number (ven), domination number (), mazimum induced matching
(mim), neighborhood diversity (nd), diameter (diam), cluster vertex deletion number (cvdn),
feedback vertex set number (fvsn), distance to linear forest (dtlf), vertex integrity (vi), feedback
edge number (fen), treedepth (td), distance to cograph (dtcog), modular-width (mw), and
shrub-depth (sd). Formal definitions of all the parameters can be found in the full version of
this paper.

Exponential Time Hypothesis. Exponential Time Hypothesis (ETH), introduced by Im-
pagliazzo, Paturi and Zane [14, 15] asserts, roughly speaking, that there is no algorithm for
3SAT in time 20(”/), where n/ is the number of variables of the input formula. In fact, even
20(n"+m’) algorithm is ruled out by using the Sparsification Lemma [15], where m/ is the
number of clauses of the input formula. We also utilize the result of Chen, Huang, Kanj,
and Xia [7, 8] that there is no g(k)n°*) algorithm for (MULTICOLORED) CLIQUE for any
computable function g unless ETH fails.

Statements where proofs or details are omitted due to space constraints are marked
with x. The omitted material is available in the full version of this paper.

3 Classical Complexity

As observed by Carmesin et al. [5, Lemma 3], if every vertex deletes only its incident edges,
SELF-DELETING s-t-PATH reduces to pathfinding in a directed graph: deleting {u,v} at v
orients the edge from w to v, and if both endpoints delete it, the edge is removed entirely.
Thus, SELF-DELETING s-t-PATH is solvable in linear time when all f(v) contain only edges
incident to v. Another scenario when the problem is tractable is that the graph has only a
constant number of s-t paths, e.g., in trees or graphs of maximum degree 2. The problem
becomes hard already on graphs of maximum degree 3. We show a polynomial-time reduction
from 3SAT to SELF-DELETING s-t-PATH which we also utilize later with slight modifications.

ocy 0C, t=o0c,

Figure 3 Example of Construction 3.1 for the input formula ¢ = (zV -y V =2) A (-mz Vy V —z) A
(mx VyV z). The deletion sets are indicated by the colors.

» Construction 3.1. Let ¢ be a given CNF-formula over variables X = {x1,...,z, } with

clauses C = {C4,...Cpy}. Our construction of an instance of SELF-DELETING s-t-PATH

consist of variable and clause gadgets that we now introduce. See Figure 3 for an example.

Variable gadget The variable gadget for a variable x € X is a 4-cycle with vertices
Toyte, Foyoy.

Clause gadget The clause gadget for a clause C € C is the 2 x |C| grid. The top left corner
vertex is denoted (o (input) and the bottom right corner vertex is denoted oc (output).
Each of the |C] vertical edges correspond to a literal of C. For a literal £ € C we denote
its corresponding edge by e§.

28:5
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Create one variable gadget for each variable and one clause gadget for each clause. Add
edges of the form {0y, ,te,,,} for every k € [n' — 1], add edge {o.,,,tc,} and finally the
edges {oc,,tc,,,} for every i € [m' —1]. Welet s = 1, and t = o¢, ,. It remains to
specify the deletion function f. For all vertices v except T}, F, inside the variable gadgets,
we set f(v) = (. For a variable z € X we set f(T,) = {e%, | C € C,—x € C} and
f(F,) ={el | C € C,z € C}. In other words, T}, deletes the literal edges in clause gadgets
corresponding to literals —x and F, deletes the literal edges corresponding to literals z. The
resulting SELF-DELETING s-t-PATH instance is (G, f, s, t).

» Lemma 3.2 (). Let ¢ be the formula and (G, f,s,t) the SELF-DELETING $-t-PATH
instance obtained by Construction 3.1 from . Then @ is satisfiable if and only if there is an
f-conforming s-t path in G.

By using Construction 3.1 together with Lemma 3.2 we immediately obtain the following
theorem.

» Theorem 3.3. SELF-DELETING s-t-PATH is NP-hard.

» Corollary 3.4. SELF-DELETING s-t-PATH is NP-hard even if the deletion function f satisfies
YoeV:|f(v)]| <1, e, p<l1.

Proof. Use Construction 3.1 with the following modification. Replace the vertex T, (resp.
F,) by a path on |f(T,)| (resp. |f(Fy)|) vertices and delete one edge of the original set f(v)
on each vertex of the path to obtain |f(v)| < 1. <

» Remark 3.5. Note that Construction 3.1 produces a graph with O(n’ +m’) vertices and
edges, where n’ and m’ are the number of variables and clauses in the original 3SAT formula.

» Lemma 3.6 (). 2 x £ grid has bandwidth 2, treedepth at most O(log¥) and vertex integrity
at most O(\/1).

Since the resulting graph of Construction 3.1 is a subgraph of a ladder of size O(n' +m/),
it is straightforward to obtain the following corollary:

» Corollary 3.7. SELF-DELETING s-t-PATH is NP-hard even when restricted to outerplanar
bipartite graphs of mazximum degree 3 and bandwidth 2 even with p < 1.

» Corollary 3.8 (). SELF-DELETING s-t-PATH remains NP-hard even when restricted to the
classes of unit interval graphs, ladder graphs, or block graphs even when p < 1.

We can also easily obtain hardness on cliques by adding all non-existent incident edges to
the deletion set of every vertex. However, as we will see later, we cannot hope to upper bound g
by a constant in cliques and preserve NP-hardness (Observation 4.21 and Corollary 5.3).

» Corollary 3.9 (x). SELF-DELETING s-t-PATH is NP-hard even when restricted to cliques.

Cactus graphs. Corollaries 3.7 and 3.8 show that even if we allow a slight generalization
of trees, the problem becomes NP-hard. One particular non-trivial case that allows for a
polynomial-time algorithm is the class of cactus graphs. We show that when restricted to
cactus graphs, SELF-DELETING s-t-PATH becomes polynomial-time solvable (Theorem 3.10).
Interestingly, deciding an existence of an f-conforming path is easy, however SHORTEST
SELF-DELETING s-t-PATH remains NP-hard even in cactus graphs (Theorem 3.11). Note
that in cactus graphs each edge lies on at most 1 cycle, whereas the graph resulting from
Construction 3.1 has each edge on at most 2 cycles so the problem becomes NP-hard in this
case.
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» Theorem 3.10 (*). SELF-DELETING s-t-PATH can be solved in linear time if the underlying
graph is a cactus.

Proof Sketch. Consider the block-cut tree of G and note that we can only restrict ourselves
to the part of G that contains the s-t path in the block-cut tree of G. This part consists of
cycles and bridges. In each cycle we have two options to choose from. Each choice possibly
forbids some choices in the future. This can be encoded as an implication of the type if we
choose this path, then we cannot choose some other path in the future. We can thus reduce
the problem to 2SAT. Details can be found in the full version of this paper. <

» Theorem 3.11 (%). SHORTEST SELF-DELETING s-t-PATH is NP-hard even when restricted
to cactus graphs, and p < 1.

Proof Sketch. We provide a polynomial reduction from INDEPENDENT SET. For each vertex
we introduce one cycle on the designated s-t-path (in the block-cut tree). One of the paths
corresponds to taking the vertex and the other to not taking it. Inclusion of a vertex forbids
inclusion of any of its neighbors by deleting an edge of the appropriate path. Crucially, the
inclusion path is shorter, so the desired length of the path forces an appropriate number of
vertices to be included in the independent set. <

4 Parameterized complexity

In this section we focus on parameterized complexity of (SHORTEST) SELF-DELETING
s-t-PATH. Note that the problem is para-NP-hard parameterized by bandwidth or maximum
degree (hence also parameterized by treewidth) due to Corollary 3.7. Moreover, it is also
para-NP-hard parameterized by any parameter that is constant on cliques (Corollary 3.9).

We show that SHORTEST SELF-DELETING s-t-PATH is W[1]-complete parameterized by k
(the number of vertices of the sought path) (Theorem 4.3) and that SELF-DELETING $-{-PATH
is W[1]-hard parameterized by the vertex cover number. We then show that SELF-DELETING
s-t-PATH is in fact W[1]-complete for parameters vertex cover number, vertex integrity,
treedepth, distance to linear forest, and feedback vertex set number (Theorems 4.5 and 4.8).

The last hope for positive algorithmic results lies in the parameter feedback edge number
(fen). Here, we observe that SELF-DELETING s-t-PATH parameterized by fen can be solved in
O(2*"(n+m++|f|)) time (Corollary 4.10). Later, in Section 5 we show that SELF-DELETING
s-t-PATH even admits kernel with O(fen) vertices and edges (however, this does not yield
as fast algorithm). Refer to Figure 1 for a graphical overview of the results for structural
parameters alone.

Then, in order to obtain algorithmic results, we combine structural parameters with
the parameter y = max,ey |f(v)]. While SHORTEST SELF-DELETING s-{-PATH is para-
NP-hard parameterized by p alone (Corollary 3.4), and W[1]-complete parameterized by k
(Theorem 4.3), the problem becomes FPT parameterized by k and p combined (Theorem 4.17).
This also yields many FPT results for SELF-DELETING s-t-PATH parameterized by structural
parameters and g combined (Theorem 4.24). Refer to Figure 2 for an overview of such
results.

4.1 W]J1]-completeness for length of the path

We begin with a reduction from MULTICOLORED CLIQUE to SELF-DELETING s-t-PATH. We
developed this construction independently, although later we discovered that it is similar to
the one of Bodlaender et al. [3, Theorem 9] for a related problem.
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» Construction 4.1. Let G = (V, E) be the input graph for MULTICOLORED CLIQUE and let
V =ViU---UVj be the partition of V into k color classes. We build an instance (G, f, s, t)
of SELF-DELETING s-t-PATH as follows. Create k + 1 guard vertices go, g1, - - -, gr. For every
i € [k] and v € V; add a vertex y, and connect it to g;—1 and g; by edges e = {gi—1, y» } and
ey = {yv, gi}. We denote by P! the path (g;_1,€%, v, €3, g:). This completes the description
of the graph G’. We let s = gy and t = g,. It remains to specify the deletion sets. The
only vertices with nonempty deletion sets will be the vertices y, on the paths P:. We let

flyo) = Ufets e |w e Vy, j # i, {w, v} ¢ E(G)}.

» Lemma 4.2 (x). Let (G,V1,..., Vi) be an instance of MULTICOLORED CLIQUE and
(G', f,s,t) be the instance of SELF-DELETING s-t-PATH obtained from it by Construction 4.1.
There is a multicolored clique in G if and only if there is an f-conforming s-t path in G’.

Note that in the instance (G’, f, s,t) from Construction 4.1, any f-conforming s-t path has
at most 2k + 1 vertices. We immediately obtain W[1]-hardness of SHORTEST SELF-DELETING
$-t-PATH w.r.t. k.

» Theorem 4.3 (x). SHORTEST SELF-DELETING s-t-PATH is W[1]-complete w.r.t. k.

4.2 Parameterization by structural parameters alone

Observe that the resulting graph G’ from Construction 4.1 has vertex cover number at
most k + 1, because G’ \ {go, - .., gk} is edgeless. We immediately obtain W[1]-hardness of
SELF-DELETING s-t-PATH for the parameter vertex cover number.

We establish membership in W[1] of SELF-DELETING s-t-PATH parameterized by the
feedback vertex set number (Theorem 4.4) and treedepth (Observation 4.7). These results
together with W[1]-hardness for vertex cover number establish W[1]-completeness for the
following parameters: vertex cover, distance to linear forest, feedback vertex set, vertex
integrity, and treedepth (Theorems 4.5 and 4.8).

» Theorem 4.4 (x). SELF-DELETING s-1-PATH parameterized by the feedback vertex set
number is in W[1].

Proof Sketch. If G has a feedback vertex set S, then any path in G is split by S into at
most |S| 4+ 1 segments where the segments are uniquely determined by their endpoints, as
G\ S is a forest. We can thus equivalently look for a path of length O(fvsn) in a graph where
we represent long paths in G \ S by paths of length two and reflect the deletions along these
unique u-v paths in G\ S. Full proof can be found in the full version of this paper. |

» Theorem 4.5 (x). SELF-DELETING s-t-PATH parameterized by feedback vertex set, distance
to linear forest, or vertex cover is W[1]-complete, solvable in nP@ time and unless ETH
fails, there is no g(a)n"(a) algorithm for any of the above parameters and any computable
function g.

» Lemma 4.6 (x). Let G be a graph with treedepth td and vertex integrity vi. Then G
contains no path on more than 29 or vi® +2vi vertices.

» Observation 4.7. SELF-DELETING s-t-PATH parameterized by treedepth is in W[1].

Proof. We provide a parameterized reduction from SELF-DELETING s-t-PATH parameterized
by treedepth to SELF-DELETING s-t-PATH parameterized by k, which is in W[1] by The-
orem 4.3. Let (G, f,s,t) be an instance of SELF-DELETING s-t-PATH, we return the instance
(G, f,s,t,k) where k = 24(%) Correctness follows from Lemma 4.6. <
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» Theorem 4.8 (x). SELF-DELETING s-t-PATH is W[1]-complete parameterized by treedepth
or vertex integrity. More precisely, SELF-DELETING s-t-PATH can be solved in n°C" and
nOti*) time. For any € > 0, algorithms for SELF-DELETING s-t-PATH with running times
nOGi* ™) poly(n) or n2"" poly(n) violate ETH.

We complement the hardness results by a positive result for the parameter feedback edge
number. Note that given a path P in a self-deleting graph, it is easy to check whether P is
f-conforming in time O(n 4+ m + |f]).

> Lemma 4.9 (). Let G be a graph and s,t € V(G) two fized vertices in G. Then the

number of s-t-paths in G is at most 2fn(G),

» Corollary 4.10 (). SELF-DELETING s-t-PATH can be solved in O(2%™( ) (n 4+ m + |f]))
time. Moreover, 2°™) poly(n)-time algorithm for SELF-DELETING s-t-PATH violates ETH.

4.3 FPT algorithm for k and p combined

We demonstrate that SHORTEST SELF-DELETING s-t-PATH parameterized by k and p
combined is in FPT. We utilize color-coding, introduced by Alon et al. [1]. We consider
a colorful variant of the problem, where we consider coloring of the edges and we only
distinguish edges based on their colors. The sought solution — an f-conforming path
P =(v,e1,...,e,_1,v,) on r < k vertices interacts with the edges e; in the path and with
the edges in the deletion sets f(v1),..., f(v,). By assumption there are at most uk + k — 1
such edges in total. Hence if we can ensure that the coloring will behave nicely on the set
{e1,...,e,—1}UU;_, f(v;), we will find the path even in the colorful variant. We now formally
define the colorful variant of our problem, which we refer to as SHORTEST x-COMPLIANT
Ss-t-PATH.

» Definition 4.11. Let (G, f) be a self-deleting graph and let x: E(G) — [q] be a coloring of
its edges. Let P = (v1,e1,...,e,—1,v,) be a path in G. We say that

1. P is x-compliant if x(e;) ¢ x(f(v;)) for any j <1,

2. P is half-x-rainbow if x(U;_; f(vi) \ E(P)) N x(E(P)) =0 and x|gp) is injective.

3. P is x-rainbow if for F = E(P)U._, f(vi) the restriction x|p is injective.

In the SHORTEST Xx-COMPLIANT s-t-PATH problem we are given a self-deleting graph
(G, f), positive integer k, coloring x: E(G) — [g], vertices s,t € V(G) and the task is to
decide whether there is a y-compliant s-¢ path on at most k vertices in G.

» Lemma 4.12 (x). The following holds for any path P:

1. P is x-rainbow = P is half-x-rainbow.

2. P is half-x-rainbow and f-conforming = P is x-compliant.
3. P is x-compliant = P is f-conforming.

» Lemma 4.13 (x). Given an instance of SHORTEST x-COMPLIANT s-t-PATH and a set of
colors Q C [q], we can in O(219(n+m 4+ |f|)) time decide whether there exists a x-compliant
path on at most k vertices using only colors from Q.

» Lemma 4.14. SHORTEST x-COMPLIANT s-t-PATH can be solved in O(2¢(n+m + |f])) or
in O((7)2%(n 4+ m + |f])) time.
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Proof. We can either plug @ = [¢] into the algorithm of Lemma 4.13 and obtain the running
time O(2%4(n +m + |f|)) or we can try all possible sets @ of k — 1 colors and obtain the
running time O(({)2*(n+ m+ |f])). Note that we seek a path on (at most) k vertices, hence
(at most) k — 1 edges. <

» Theorem 4.15 (x). There is a randomized algorithm solving SHORTEST SELF-DELETING
s-t-PATH with the following guarantees. Given e € (0,1), it runs in 20F1°81) (n 4+ m)In L
time. Moreover, if the input is a no-instance, the algorithm outputs no. If the input is a
yes-instance, the algorithm outputs yes with probability at least 1 — €.

Proof sketch. Asume that p > 1 as otherwise the problem is trivial. We use the algorithm
from Lemma 4.14 with running time O((})2"(n +m + |f])). We try a random edge coloring
x using g = 4k colors. For a fixed coloring using ¢ colors, we lower bound the probability
that a path P is y-compliant, given that P is f-conforming. Thus, we are equivalently
lower bounding the probability that the algorithm succeeds in finding the f-conforming path.
Let P = (v1,€1,...,6r—1,v,). We lower bound the probability that P is half-x-rainbow.
Suppose that the edges in (J;_, f(v;) are colored by w < |[U._; f(vi) \ E(P)| < ru < kpu
colors from the set [¢]. For P to become half-x-rainbow, we need to ensure that the edges
in E(P) are colored by one of the remaining ¢ — w > 4ku — ku = 3ku colors and that the
coloring is injective on E(P). The probability of that happening for the r — 1 edges is

% . q_q“;_l ceeen q_wq_H'Q. Note that the last term lower bounds every other term and the

last term is lower bounded by % because qfw;Hz > 311‘,2;’“ > % given that p > 1. Hence the
probability that P is half-y-rainbow is at least 2771 > 27F,
We repeat the above for 2% ln% random choices of y and the proof on the probability

of error and running time follow. The full proof can be found in the full version of this

paper. <

There are two ways to derandomize the algorithm given in Theorem 4.15. Neither of the
two algorithms is Pareto optimal with respect to p and k. Hence, each of them turns out to
be more suitable in different scenarios.

» Theorem 4.16 (x). SHORTEST SELF-DELETING s-t-PATH is solvable in 20" (n4-m)logn
time.

» Theorem 4.17 (%). SHORTEST SELF-DELETING s-t-PATH is solvable in 20 F108(k1) (n 4
m)logn time.

4.4 Parameterization by structural parameters and @ combined

We utilize the FPT algorithms w.r.t. k£ and g combined to obtain several FPT algorithms
for various structural parameters combined with p. In the results that follow, we apply
whichever of Theorem 4.17 or Theorem 4.16 yields the better asymptotic running time for
the given parameters.

We start with the vertex cover number for which we prove similar bound as in Lemma 4.6.

» Observation 4.18 (x). Let G be a graph with vertex cover number ven. Then G contains
no path on more than 2ven +1 wvertices.
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» Corollary 4.19 (x). SELF-DELETING s-t-PATH can be solved in 200V (n + m)logn time,
in 20(“'V12)(n + m)logn time, or in 20(“‘2td)(n +m)logn time. Moreover, algorithms with
running times 2°CV°™) poly(n), 90(vi®) poly(n), or 927 poly(n) for SELF-DELETING s-t-PATH
even for u =1 violate ETH.

Unless FPT = W(1], the FPT algorithm for vertex cover cannot be extended already to the
parameter distance to linear forest.

» Theorem 4.20 (x). SELF-DELETING s-t-PATH is W[1]-complete parameterized by the
distance to linear forest, even if p < 1.
Dense parameters and 1 combined

In the remainder of this section we focus on parameters whose bounded values together
with the existence of a long path imply dense structure of the graph in some sense. As a

warmup example, recall that SELF-DELETING s-t-PATH is NP-hard on cliques (Corollary 3.9).

Observe that there is always an f-conforming path on at most p + 2 vertices when the
underlying graph is a clique, if there is any f-conforming path at all. This is because the
vertex s cannot delete more than u edges, so if the path is longer, then there is a shortcut
that we can take. By plugging this upper bound into Theorem 4.17, we obtain the following:

» Observation 4.21. SELF-DELETING s-t-PATH is solvable in 20198 1) (n, + m)logn time
on cliques.

We build upon this idea. In general, vertices of a k-vertex path can delete at most ku edges.

On the other hand, if we consider only shortest (f-conforming) paths, any shortcut edge on
the vertices of the path must be deleted as otherwise the path can be shortened, contradicting
that it is the shortest path. We thus obtain the following:

» Observation 4.22. Let (G = (V,E), f) be a self-deleting graph and let P = (v1,va,...,vx)
be a shortest f-conforming vi-vi path in (G, f). Let Gp = G[V(P)] be the subgraph of G
induced by the vertices of P. Then |E(Gp)| <kp+k—1<k(p+1).

We now utilize the results of Dvordk et al. [12]. They provide a lower bound on the
number of edges in the input graph, given that it contains long (Hamiltonian) path. Recall
that graphs containing a Hamiltonian path are also called traceable. By combining these
bounds together with Observation 4.22, we obtain an upper bound on the length of a shortest
f-conforming s-t path in the underlying graph in terms of x and some structural parameter
a, see Table 1 for an overview. Recall that 9] supresses polylogarithmic factors.

» Lemma 4.23. Let o be a graph parameter monotone under taking induced subgraphs.

Suppose there are global constants C, D such that any traceable graph G with n > C - «(Q)
2

vertices contains at least D% edges. Then SELF-DELETING s-t-PATH can be solved in

25(“”) (n+m)logn time. In particular it is FPT parameterized by o and p combined.

Proof. Let (G, f,s,t) be the input instance of SELF-DELETING s-t-PATH and let P be a
shortest f-conforming s-t path in G. Let k = |[V(P)| and let Gp = G[V(P)] be the graph
induced by vertices of P. By assumption on «, either k < C'- a(Gp) < C - a(G) (because o

is monotone), or |E(Gp)| > D—E—. By Observation 4.22 we also have |E(Gp)| < k(u + 1).

a(Gp)

By combining these two bounds we obtain the bound k < £a(Gp)(p+ 1) < £a(G)(u+ 1).

By plugging k = max{C - a(G), 5a(G) - (1 + 1)} into Theorem 4.17 we obtain the promised
algorithm with running time 20(@#108(@) (1, 4+ m) log n. <

28:11

ISAAC 2025



28:12

Pathfinding in Self-Deleting Graphs

Table 1 Overview of the framework for parameterization by structural parameters a and p
combined. The lower bound column is the asymptotic lower bound on the number of edges for
traceable graph with given parameter bounded by « proven by Dvordk et al. [12]. The third
column indicates what is the implied upper bound on the length of any shortest f-conforming path
in such graphs. The fourth column is the final running time of the algorithm using the better
from Theorems 4.16 and 4.17. Note that o should be replaced by max{a, 1}. We write just « for
readability purposes.

parameter « lower bound | length of path running time
distance to cograph nlog 20 922t (n+m)logn
cluster vertex deletion number ’;—2 O(ap) 20 () (n+m)logn
neighborhood diversity ’;—2 O(ap) 20(‘“‘) (n+m)logn
modular-width nlog, n W a0t (n+m)logn
maximum induced matching % O(ap) 20(an) (n+m)logn

o O(a)

shrub-depth n't I ,u2o( ! o’ (n+m)logn

We could prove an analogous version of Lemma 4.23 also with the functions n +— D-nlog -,

n+— D -nlog,n, orn— D - n'* 777 with different running time of the algorithm (see
Table 1).

» Theorem 4.24. SELF-DELETING s-t-PATH is FPT w.r.t. o and p combined where « is one
of the following parameters: cluster vertex deletion number, neighborhood diversity, distance
to cograph, modular-width, maximum induced matching, shrub-depth.

Proof. We prove the theorem for cluster vertex deletion number, the rest is proved similarly
by using suitable lower bound from Table 1. If cvdn(G) = 0, the graph is a cluster and we
can restrict ourselves to the clique where s and ¢ lies and use Observation 4.21. Otherwise,
if cvdn(G) > 1, by the result of Dvorék et al. [12] any traceable graph G on n > 4 cvdn(QG)
vertices contains at least 16(cvd?1(c;)+1) > 33 C‘an(c
and C' = 4 to obtain the desired algorithm.

) edges. Invoke Lemma 4.23 for D =

A 8-

Domination Number. FPT algorithms for distance to cograph, modular-width, or maximum
induced matching cannot be extended to an FPT algorithm for the diameter of the graph
(and p combined). We show that SELF-DELETING s-t-PATH is para-NP-hard already for
domination number and p combined.

» Theorem 4.25 (x). SELF-DELETING s-t-PATH remains NP-hard even when the self-deleting
graph (G, f) satisfies v(G) = py = 1.

5 Kernels

In this section, we show that while SELF-DELETING s-t-PATH admits FPT algorithms for
broad number of structural parameters with p combined, it does not admit a polynomial
kernel w.r.t. the vertex cover number and p combined already in the class of 2-outerplanar
graphs unless the polynomial hierarchy collapses. Moreover, there is no polynomial kernel in
the class of cliques w.r.t. u, but there is a linear Turing kernel w.r.t. p in the class of cliques.
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» Theorem 5.1 (x). Unless NP C coNP /o1y, SELF-DELETING s-t-PATH does not admit a
polynomial kernel with respect to

a) ven and p combined, even on 2-outerplanar graphs;

b) vi even with u =1 and on 2-outerplanar graphs;

c) u on cliques.

Proof Sketch for a). We provide an OR-cross-composition of 3SAT into SELF-DELETING
s-t-PATH parameterized by ven and p. The idea is to use Construction 3.1 for a formula
with all O(n?) clauses with auxiliary skip edges that allow to pass a clause for free. Before s
we prepend selector vertices for 7 instances that will delete appropriate skip edges and thus
modify the rest of the graph to look like the reduction for the given formula. Details can be
found in the full version of this paper. <

» Theorem 5.2 (x). SELF-DELETING s-t-PATH admits
a) an O(fen) kernel;

b) an O(ven) kernel on outerplanar graphs;

c) a Turing kernel with O(u) vertices on cliques.

» Corollary 5.3 (x). SELF-DELETING s-t-PATH can be solved in 2°")n? time if the underlying
graph is a clique and 2°() poly(n)-time algorithm on cliques violates ETH.

6 Conclusion and open problems

We initiated a systematic study of complexity of finding a simple path in a self-deleting
graph, which we call SELF-DELETING s-t-PATH. While the problem is hard on very restricted
graph classes, we were able to design FPT algorithm(s) parameterized by the solution size
and structure of the deletion function. This further allowed us to design FPT algorithms for
various structural parameters combined with the structure of the deletion function.

Our derandomization of the color-coding algorithm yields running time of
20(klog(k1) poly(n) (Theorem 4.17) or 291 poly(n) (Theorem 4.16). We were unable
to derandomize it in a way to match the randomized running time of 2018 %) poly(n) from
Theorem 4.15. We conjecture that with a suitable pseudorandom object, there is a way to
derandomize the algorithm into a deterministic 2°(¥1°8#) poly(n) time.

Our framework for FPT algorithms parameterized by k and p together with lower
bounds on the number of edges in traceable graphs with dense structure does not give
optimal running times under ETH. For example, already for cliques, the framework gives

running time 2°#1°81) (5, 4 m) (Observation 4.21) which is not optimal (Corollary 5.3).

Assuming ETH, we cannot obtain an algorithm for SHORTEST SELF-DELETING s-t-PATH
with running time 2°(*)1°2# poly(n) (see Remark 3.5). Similarly, an algorithm with running
time 252092 1) poly(n) would imply that SHORTEST SELF-DELETING s-t-PATH parameterized
by k is in FPT (this is due to [4, Lemma 1]), which would then imply that FPT = W[1]. Note
that SHORTEST SELF-DELETING s-t-PATH becomes FPT w.r.t. k if u € O(logn) by plugging
into the algorithm from Theorem 4.17 and using the fact that (log n)g(k) is fpt-time.

Can the algorithms for structural parameters and p be improved to match the above ETH
lower bounds? For example, is it possible to solve SELF-DELETING s-t-PATH in deterministic
20(venlog 1) oly(n) time (note that we can achieve such a running time by a randomized
algorithm)?
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