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—— Abstract

Palindromes are non-empty strings that read the same forward and backward. We study the problem

of recognizing so-called k-palindromic strings, which can be represented as the concatenation of
exactly k palindromes. [Rubinchik and Shur, MFCS 2020] showed that the problem is solvable in
linear space and time. We present a read-only algorithm that recognizes all k-palindromic prefixes
of a string T" of length n in O(n - 6+ . log® n) time and (9(6k2 -log® n) space. As a corollary, we also
obtain a read-only algorithm for computing the palindromic length of T, i.e., the smallest k& such
that T is k-palindromic, in O(n - 6+ -log/?1 n) time and (’)(6'“2 -log*/21 n) space.
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1 Introduction

A palindrome is a non-empty string that equals its reversed copy, i.e., a string that reads
the same both forward and backward. Throughout, we denote the language of palindromes
by PAL. Natural variants of PAL include the language of even-length palindromes PAL.,
and the language of palindromes of length greater than one PAL-;. Recognising PALY,
(often referred to as “palstar”), PALL, and PALF = {P\Py---P,: P, ePAL,1 <i<k}isa
classical problem of formal language theory, introduced by Knuth, Morris, and Pratt [27].!
In this problem, one is given an input string and must decide whether it is in the language.

Languages PAL.,, PALY,, and PAL* are context-free, and Valiant’s parser from 1975
recognizes them in O(n“) time, where n is the length of the input and w is the matrix
multiplication exponent. Only in 2018, Abboud, Backurs, and Vassilevska Williams showed
that Valiant’s parser is optimal if the current clique algorithms are optimal [1], meaning
that for general context-free languages, there is little hope of achieving a faster recognition
algorithm. The origins of the study of derivatives of the PAL languages are in fact in line
with the result of [1]: At one time, it was popularly believed that PAL, cannot be recognised
in linear time, and it was considered as a candidate for a “hard” context-free language (see

1 * ig a Kleene star.
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[27, Section 6]). However, [27] refuted this hypothesis by showing an O(n)-time recognition
algorithm for PAL},. Manacher [32] found another way to recognize PAL, in linear time,
and Galil [16] derived a real-time recognition algorithm (see also Slisenko [35]). Later, Galil
and Seiferas [17] showed a linear-time recognition algorithm for PALZ ;.

Recognition of PAL® appeared to be a much more intricate problem. Galil and Seiferas [17]
succeeded to design linear-time recognition algorithms for the cases k = 1,2, 3,4, but the
general question remained open for almost 40 years. Only in 2015, Kosolobov, Rubinchik,
and Shur [29] showed an O(nk)-time recognition algorithm for PAL¥ for all k& € N*t, which
was finally improved to optimal O(n) time by Rubinchik and Shur in 2020 [34]. A related
question is that of computing the palindromic length of a string T, which is defined to be the
smallest integer k such that T € PAL*. The first O(nlogn)-time algorithms for computing
the palindromic length were presented in [12, 25, 33]. Finally, Borozdin et al. [10] showed an
optimal O(n)-time algorithm for this problem.

Our contributions. In this work, we turn our attention to the space complexity of recognising
PAL* and computing the palindromic length. We start by presenting a characterization
of prefixes of a given string that belong to PALF. For k = 1, we refer to these prefixes as
prefiz-palindromes, and otherwise as k-palindromic prefizes. A crucial component of the linear
time algorithm by Borozdin et al. [10] is the following property: the prefix-palindromes of a
length-n string can be expressed as O(logn) sets of form {XQ* : a € {1,...,u}}, where u is
an integer. In order to encode k-palindromic prefixes, we introduce a notion of affine prefix
sets of order k. Intuitively, such a set consists of prefixes of the form XQ{*Q5?--- Q" with
Vi€ [1,k]: a; €{1,...,u;}, where u; are integers. That is, rather than a single repeating
substring @, we allow multiple different substrings @Q; of different lengths. An affine prefix
set of order k can then be encoded in O(k) space. By carefully analyzing the rich structure
of periodic substrings induced by k-palindromic prefixes, we show that they can be expressed
by a small number of affine prefix sets.

» Theorem 1.1. Let 0 < € < 1 be constant, T[1..n| a string, and k € N*. The set of prefizes
of T that belong to PAL® is the union of (’)(6k2/(2_5) -log"® n) affine prefix sets of order < k.

The remainder of the paper focuses on the main ideas behind Theorem 1.1. In the
full version [5], apart from explaining all details, we show a lower bound for the size of
the representation (Theorem 1.2), and provide read-only algorithms for computing affine
prefix sets and palindromic length (Theorems 1.3 and 1.4). The lower bound shows that our
representation is within a logn factor of being asymptotically optimal for constant k. It is
obtained by constructing a large family of strings uniquely identifiable by their palindromic
prefixes.

» Theorem 1.2. Let T[l .n] be a string and let k € NT. Encoding the lengths of the prefizes
of T that belong to PAL*, for each i € [1,k], requires Q(k™" - (logz n)*) bits of space.

The read-only algorithms directly implement the techniques used to show Theorem 1.1.

» Theorem 1.3. Let 0 < € < 1 be constant. Given a string T[1..n| and k € NT, there is a

read-only algorithm that returns a compressed representation of all prefizes of T that belong
to PAL", for each i € [1,k], in O(n - Gk>/(2=€) -log® n) time and (9(6’“2/(2_5) -log"n) space.

» Theorem 1.4. Given a string T[1..n], there is a read-only algorithm that computes the
palindromic length k of T in O(n - 6% -1og™*/?1 n) time and O(6% -log!*/?I n) space.
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O(k) O(k)

In particular, for £ = O(loglogn), the algorithm uses n log n time and log n space,
and for k = o(y/Togn), it uses n't°(1) time and sublinear n°(!) space. In the regime of small
palindromic length, this is an improvement over all previously-known algorithms [10, 34],
which require Q(n) space. It remains an intriguing open problem to achieve both linear time
and sublinear space. On the other hand, Theorem 1.2 does not imply a lower bound for the
algorithms of Theorems 1.3 and 1.4 because they have access to the input. This said, proving
an Q(logf (k) n) space lower bound for such algorithms appears out of reach with current
techniques. The only lower bound method for read-only string processing the authors are
aware of relies on deterministic branching programs [9], and shows that any sublinear-space

algorithm for longest common substring requires slightly superlinear time [28].

Related work. The problem of computing palindromes in small space has received significant
attention: the longest palindromic substring [8, 24], and all approximate prefix-palindromes [3,
6] have been studied. More broadly, small-space recognition of formal languages has been
explored for regular [19, 20, 21, 22, 11], Dyck [26, 30, 31], visibly pushdown [2, 14, 18, 7],
context-free [23], and DLIN/LL(k) languages [4].

2 Preliminaries

Series, strings, and substrings. For i,j € Z, we write [i,j] = [i,7+1) = (i —1,j] =
(i—1,7+1) to denote {h € Z | i < h < j}. A series a1,b1,c1,a2,ba,ca,... a1, by, ¢y 18
denoted by (a;,b;,¢;)i_;. The empty series is denoted by e. We use the dot-product to
denote the concatenation of two series, e.g., for t > 3 one can represent (ai,bi,ci)ﬁzl =
(az, by, ci)ﬁ;f “(aiybiyci)t_;_5. We may omit the subscript and superscript for series of length
one, e.g., (a1, bi,c1) = (a;,bi, ¢;)i—;-

A string T of length |T| = n is a sequence of n symbols from a set 3, which we call
the alphabet. The input string is also called the text. We denote the set of all length-n
strings by X", and we set £=" = (J _, ¥™ as well as ©* = [J;—,E". The empty string
is denoted by e. For i,j € [1,n], the i-th symbol in T is denoted by T[i]. The substring
Tli..jl=T[i..j+1)=T(—1..j]=T(i — 1..j + 1) is the empty string ¢ if j < 4, and the
string T[¢]T[i + 1] - -- T[j] otherwise. We may call a substring T'[i..j] a fragment of T to
emphasize that we mean the specific occurrence of T7i..j] that starts at a position i. For
example, in the string T = abcabc, the substrings T'[1..3] and T[4..6] are identical, but
T[1..3] and T'[4. .6] are distinct fragments. A string S is a prefiz of T if there is ¢ € [1, n] such
that S = T[1..i], in which case we may simply write T[..i]. Similarly, S is a suffiz of T if
there is ¢ € [1,n] such that S = T'[i..n], in which case we may simply write T'[i..]. We extend

this notion to the empty suffix T'[n+1..n] = T[n+ 1..] and the empty prefix T'[1..0] = T7[..0].

A substring (hence also a suffix or prefix) of T is proper if it is shorter than T. When
introducing a string S, we may simply say that S[1..m] is a string rather than saying that S
is a string of length m. The concatenation of two strings S[1..m] and T[1..n] is the string
S[1]S[2] - - - S[m|T[1]T[2] - - - T[n], denoted by either S - T or simply ST. For non-negative
integer a, we write T to denote the length-(an) string obtained by concatenating a copies
of T'. We extend this idea to non-negative rational exponents o € Q, for which we write T¢
to denote Tl . T[1..(an mod n)]. We only use this notation if an € N.

Palindromes and periodicities. For a string T'[1..n], we write rev(T) to denote its reverse,
ie., rev(T) =T[n|T[n —1]---T[1]. We then say that T is a palindrome if and only if T is
non-empty and T = rev(T). The set of all palindromes is denoted by PAL. For a positive
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integer k, the set PAL” contains all the strings that can be written as the concatenation of
exactly k palindromes. We refer to such strings as k-palindromic. If k = 1, and a string is a
one-palindromic prefix of another string, we also refer to it as prefiz-palindrome.

We define the forward cyclic rotation rot(T) = T[2..n]T[1]. More generally, a cyclic
rotation rot®(T') with shift s € Z is obtained by iterating rot (if s is positive) or the inverse
operation rot~! (if s is negative) exactly |s| times. A non-empty string T'[1..n] is primitive if
it is distinct from its non-trivial rotations, i.e., if T' = rot*(T’) holds only when n divides s. If
a string X can be represented as Y for some primitive string Y and integer a, then Y is
called the primitive root of X.

A string T'[1..n] has period p € NT if Vi € [1,n — p| : T[i] = T'[i + p], or equivalently if
T[1..n —p] = T(p..n]. The string T[1..n — p] = T(p..n] is a border of T. If T has period
p < n/2, then we say that T is p-periodic. If T has period p < n, then it can be written as
T = P*/PI P[1. .n mod p], where P = T[1..p]. We may alternatively use a rational exponent
and write T' = P™/P. Below, we provide some simple auxiliary lemmas regarding periodic
strings and palindromes (with proofs in the full version).

» Fact 2.1 (Periodicity Lemma [13]). If p and q are distinct periods of a string of length at
least p + q — ged(p, q), then ged(p, q) is a period of the string.

» Corollary 2.2 (Folklore). For a primitive string Q, the minimal period of Q* is |Q)|.

» Lemma 2.3. Assume that a palindrome P has a q-periodic prefiz of length m > 3q/2. If
|P| < 2m — q, then P is q-periodic.

Model of computation. We assume the word-RAM model of computation [15], using words
of size O(logn) when processing an input string of length n. The presented algorithms are
deterministic and read-only, i.e., they cannot write to the memory occupied by the input.
Space complexities are stated in number of words, ignoring the space occupied by the input.

3 Combinatorial Properties of Affine Prefix Sets

In this section, we study the combinatorial structure of k-palindromic prefixes of T. We start
with the definition of affine sets, which we will use as a scaffolding for our analysis.

» Definition 3.1 (Affine sets). A set of strings A is affine if there exist t € Ny, a string X,
primitive strings Q1, ..., Q¢, and positive integers £1,..., 4y and uq, ..., us such that

Vie[1,t]: 4; <wuy and A={XQ7 - Q¢ |Vr e [L1,t] : ar € [lr,u,]}.

The tuple (X, (Q;, ¢;, ui)fﬂ) is a representation of A, and t is the order of the representation.
The order of A is the minimal order achieved by any of its representations. We call {Q;} the
components of a representation, and £; (resp., u;) the exponent lower (resp., upper) bounds.

A representation generates (the strings of) the corresponding affine string set. If
(X,(Qi, liyuy)i_,) generates A and (X', (Q}, 05 u})!_,) generates B, then their concate-
nation is defined as (X, (Qi, £, ui)i_y - (Y, a,a) - (Q, €, u})i_,), where Y is a primitive string
and a is a positive integer such that Y* = X’ (i.e., Y is the primitive root of X’). The
concatenation generates A-B={A-B: A€ AAB € B}. (If X’ = ¢, then the concatenation
: t t’

18 <X7 (ingia ui)i:l : ( 2? é;, U;)2:1>)

In what follows, we consider affine prefiz sets, i.e., affine sets that contain only prefixes

of the given input string 7. We will show that a small number of affine prefix sets suffices

to represent the k-palindromic prefixes of T. The case where k = 1, i.e., the structure of
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Q) Q}

(a) An affine prefix set A of a string T' with representation (X, (Q1,,) - (Q2,,) - (Qs,,)) (drawn above T).
This representation is irreducible. The set A contains all the prefixes of T that end at positions drawn
in dotted lines. In this example, the set A has the alternative representation (X', (Q7,1,2) - (Q’,1,1) -
(Q2,2,4) - (Q3,1,2)). This representation is reducible because Q' has the same exponent upper and lower
bound, and because @2 has an exponent lower bound larger than 1.

Q1 Q1 Q2 O Q1 o oy Q1
X Q-
T =] l

(b) An affine prefix set A of a string 7" with representation (X, (Q1,1,2) - (Q2,1,3)) (drawn in black). If
this representation is strongly affine, then its expansion (X, (Q1,1,7) - (Q2,1,8)) is also a representation
of an affine prefix set of T' (drawn in gray).

Figure 1 Affine prefix sets.

prefix-palindromes, is well-understood: there are O(logn) groups of such palindromes, where
each group can be expressed as an arithmetic progression and a corresponding periodic prefix
of T (see [10, Lemma 5]). Below, we restate this result in the framework of affine prefix sets.

» Lemma 3.2. The prefiz-palindromes of a string T[1..n] can be partitioned into O(logn)
affine sets of order at most 1. Each set of order 1 has representation (U(VU)¢, (VU,1,u))
for some U € PALU {e}, V € PAL and integers £ > 1 and u > 1.

3.1 Reducing affine prefix sets

A single affine set may have multiple equivalent representations. For example, the affine set
S = {caba, cababa, cabababa} is represented by (c, (ab,1,3) and (a,1,1)), {(ca, (ba,1,3)).
Arguably, the latter representation is preferable, as it has a lower order and can thus be
encoded more efficiently. Hence we propose a way of potentially decreasing the order of a
representation by reducing it.

» Definition 3.3 (Irreducible representation). A representation (X, (Q;, 4, Uz’)§:1> of an affine
string set is irreducible if and only if Vr € [1,t] : 1 = £, < u, and Vr € [1,t) : |Qr] > |Qr+1]-

From now on, we say that Q, with r € [1,t] is fized if ¢, = u,, and flexible otherwise.
If there is some r € [1,t) such that |Q,| < |Q,+1], then we say that there is an inversion
between @, and Q,41. Thus, a representation is irreducible if and only if all components
are flexible and have unit lower bounds, and there are no inversions. As per this definition,
(ca, (ba, 1,3)) is the only irreducible representation of S from the previous example. (See
also Figure 1a.)

9:5
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Properties of flexible components. Now we show how to make an arbitrary representation
irreducible, possibly decreasing (but never increasing) its order. The reduction exploits the
structure of periodic substrings induced by flexible components.

» Lemma 3.4. Let (X, (Q;, ¢, ui)§:1> be a representation of an affine prefiz set, and consider
any r € [1,t) such that Q, is flexible. Then |Q.| is a period of every string Q‘T‘TQZ:T QT
that satisfies a, € Ng and Vj € (r,t] : a; € [€;,u;].

Proof. Let P = QQ% - Q% and S = Q' Qi -+ Qft. By the definition of an affine
prefix set, X PSS is a prefix of the underlying string 7T'. Since @, is flexible, it holds ¢, < u,.,
and thus X PQ..S is also a prefix of 7. If both X PS and X PQ,.S are prefixes of T, then S
is a prefix of @,.S. Hence Q,.S and S have periods |@Q,|. Consequently, Q%~S, for all a, € Ny,
also has period |Q,]. <

If two adjacent components @, and Q.41 are flexible, then the lemma allows us to obtain
the following lower bound on the length of Q..

» Lemma 3.5. Let (X, (Qi,éi,ui)§:1> be a representation of an affine prefiz set, and let
€ [1,t). If both Q, and Q.41 are flexible, then either Q, = Q11 or

t
Q) > QT+ | Y 1Q || + ged(1Q], 1Qr41))-

j=r+2

Proof. For flexible Q, and Q,41, let ¢ = |Q+|, ¢r+1 = |Qr+1], and p = ged (¢, gr41). Let
1= QN QNS - QY. By Lemma 3.4, both ¢, and ¢,41 are periods of Q). 1, and g, is
a period of Q,Q;. . Since ¢, is a period of Q,Q}., 1, it is also a period of Q,Q,41. Hence
Qr = Q41 if and only if ¢, = ¢,+1. For the sake of contradiction, assume that the lemma
does not hold, i.e., ¢, # ¢r41 and ¢, < |Q). ;| — ¢r4+1 + p. We make two observations.
First, Q). is of length |Q]., | > ¢ + ¢r+1 — p, and it has distinct periods ¢, and ¢,41.
The periodicity lemma (Fact 2.1) implies that p is a period of @;.,;, and thus also a period of
its prefix Qr41. If p < ¢r41, then @41 = Qry1[1. .p]q“rl/p, which contradicts the primitivity
of Qr41. Second, Q. is of length |Q]., 1] > ¢ + ¢r41 — p > ¢». Since ¢, is a period of
QrQ 1, we know that @, is a prefix of @, ;. Hence p is also a period of Q,. If p < ¢,
then Q, = Q,[1..p]?/?, which contradicts the primitivity of Q,..
We have shown that ged(qy, gr4+1) > max(gy, ¢-41). This is only possible if ged (g, ¢r11) =
qr = ¢r+1, which contradicts the assumption that g, # ¢.+1. Therefore, the lemma holds. <«

» Lemma 3.6. Let (X, (Qi,&,ui)ﬁzﬁ be an irreducible representation of an affine prefix
set A of a string of length n. Then it holds |A| = H§:1 u; and t < logyn.

Proof. Let E = {(a;)i_, | Vi € [1,#] : a; € [1,u;]} of cardinality |E| = [];_, u; be the set of
exponent configurations admitted by the representation (where [1,u;] = [¢;,u;] because the
representation is irreducible). Then A = {XQ{' Q%% -- Q¢ | (a;)i_; € E}. In order to show
|A| = |E|, it suffices to show that no two elements in F generate the same string.

For the sake of contradiction, assume that there are distinct sequences (a;)!_;, (b;)!_, € E
that generate the same string S = XQ{' Q32 --- Q% = XQ4 Q% --- Q% Let r € [1,1] be the
minimal index such that a, # b,., and assume w.l.o.g. that a,, > b,.. Then S has the prefix
XQ4 - QM1 Qbr = XQ - QU Qbr, and we can factorize the corresponding suffix in

T T

. _ ,V b I
two different ways as Q2 U Qr ' - Qft = Q) - b However, the two factorizations

have different lengths [Q2 =0 Qrit -+ Q7| > [QrQry1] > Qi -+ Q1| > |Qﬁﬁf Qb
where the second inequality is due to Lemma 3.5. Because of this contradiction, there cannot
be distinct sequences (a;)!_;, (b;)!_; € E that define the same string.



G. Bathie, J. Ellert, and T. Starikovskaya

Finally, it holds Vi € [1,¢] : u; > 2 for any irreducible representation, and thus |A| =
[T_, ui > 2". Since trivially |A| < n, it follows 2* < n or equivalently ¢ < log, . <

Transforming representations. Now we use the properties of flexible components to trans-
form an arbitrary representation into an irreducible one. We use the following operations.

» Lemma 3.7. Let p = (X, (Q;, 4, ui)le) be a representation of an affine prefix set A.

1. Ifthereisr € [1,t) such that Q, is flexible and Q.1 is fized, then lety = |fof| mod |Q,|.
A has representation

SWitChr(P) = <X> (Ql?guul)::_ll ' (Qr+la€r+laur+1) . (rOty(Qr)agr; UT‘) . (Qi7£i7ui)§:r+2>~

2. If there is r € [1,t) such that both Q, and Q,.+1 are flexible and |Q,| < |Qr+1]|, then
Qr = Q.11 and A has representation

merge,. (p) = (X, (Qi, Loy wi) {21+ (Qro b + Loty + i) (Qis by wg) o)
3. If there is r € [1,¢t] such that £, > 1, then A has representation

split,.(p) = (X, (Qis Liswi) 21 - (Qro b — 1,6 — 1) - (Qry Ly — £ + 1) - (Qi by ug)i, 1)
4. If Qy is fized, then A has representation truncate(p) = (X Q% (Qir1, iy1,uiv1)!Zh).

Proof. Statements (3) and (4) are trivial. For (2), if |Q,| < |Q,+1| and both @, and @,
are flexible, then Lemma 3.5 implies @, = @,+1. Hence the statement follows.

Finally, we show that statement (1) holds. Assume that Q. is flexible and Q1 is fixed.
Then Lemma 3.4 implies that |Q,| is a period of QTQf,:_*f, and thus Qﬁff = Q*Q,[1..y]
with z = [|QU 4 [/|Q,]) and y = |Q¥ | mod |Q,|. (Either z or y might be zero, but this is
irrelevant for the proof.) Let P = Q,[1..y] and S = Q,(y..|Q,|]. Any rotation of a primitive
string is primitive, and hence rot¥(Q,.) = SP is primitive. For any exponent a € [{,,u,],
it holds QeQL"! = (PS)“(PS)*P = (PS)*P(SP)® = Q)" (rot¥(Q,))". Hence the stated
transformation does not change the represented affine prefix set. |

The leftmost (i.e., lowest index) fixed component @, of a representation can either be
removed with truncate (if » = 1), or it can be moved further to the left with switch,_; (if
r > 1). By repeatedly applying truncate and switch, we obtain the following lemma.

» Lemma 3.8. Let p = (X, (Qi,&,ui);l) be a representation of an affine prefir set, and
let F={jel[lLt]|l; <uj}={j1,....J\p} with j1 < j2 <--- < jjp| be the indices of the
flezible components. Then the affine prefic set has a representation (X, (jS,fji,uji)glﬁ

such that jS is a rotation of Q;, for everyi € [1,|F|]. Both X and all the Q;, are functions
of X, Q1,...,Q¢, and £,... 4, i.e., they are independent of uy, ..., us.

After applying Lemma 3.8, we repeatedly apply merge to remove all inversions. Then, we
apply split until all flexible components have exponent lower bound 1. This may result in

new fixed components, which we remove with Lemma 3.8, resulting in the following lemma.

» Lemma 3.9. An affine prefix set represented by (X, (Qi,éi,ui);l) has an irreducible
representation of order |L| <t, where L = {|Q,| | r € [1,t] : £, < uy}.

9:7
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3.2 Strongly affine representations

To analyze the intricate structure of repetitive fragments induced by affine prefix sets, it is
helpful to assume that periodicity extends slightly beyond the region in question. To this end,
we define a strongly affine representation of an affine prefix set of T, in which the exponent
upper bound of each (flexible) component can be increased by five and still yield an affine
prefix set of T. A supplementary drawing is provided in Figure 1b.

» Definition 3.10 (Strongly affine representations). A representation p = (X, (Qy, i, u;)i_)
of an affine prefir set of a string T is strongly affine if and only if its periodic expansion
expand(p) = (X, (Qi, i, ul)i_) is also the representation of an affine prefiz set of T, where ul,
i € [1,t], is defined as follows: u; = w; if u; = €; and u;, = u; + 5 otherwise.

» Definition 3.11 (Canonical representation). A representation of an affine prefiz set is
canonical if and only if it is both strongly affine and irreducible.

It can be readily verified that, if p is strongly affine, then also truncate(p), split,.(p),
merge,.(p), and switch,.(p) are strongly affine (for any 7, assuming that the respective operation
is indeed applicable). We obtained Lemma 3.9 by applying a sequence of these operations,
and hence we have the following immediate corollary.

» Corollary 3.12. An affine prefix set with strongly affine representation (X, (Qi,éi,ui)zzﬁ
has a canonical representation of order |L| < t, where L = {|Q,| | r € [1,t] : £, < u,}.

Whether a representation p of an affine prefix set A of T is strongly affine does not only
depend on p, it also depends on what T looks like beyond the end of the longest prefix
represented by p. Therefore, one cannot hope to transform an arbitrary representation into
an equivalent strongly affine representation. However, by “removing” the last five copies of
each component and treating them separately, we show that we can cover an affine prefix set
of order t with at most 6 canonical representations.

» Lemma 3.13. An affine prefix set of order t can be partitioned into at most 6° affine prefix
sets, each of which has a canonical representation of order at most t.

Proof. Let (X, (Q;,¥i,u;)i_;) be a representation of an affine prefix set. We produce a set
of representations R = {(X, (Q;, ¢, ul)i_,) | Vr € [1,¢] : (¢, ul.) € B}, where Vr € [1,t], we
define B, = {(u,u) | u € [max({,u, — 4), u,]} U{(¢y, max(£,,u, —5))}. It is easy to see that
the affine sets generated by representations in R form a partition of the affine set generated
by (X, (Qi, li,u;)_,). By design, for any representation in R, and for any component Q,, we
know that Q.. is either fixed, or it has exponent lower bound ¢, and exponent upper bound
u, — 5. Hence the instances in R are strongly affine, and it follows from Corollary 3.12 that
each of them has an equivalent canonical representation of order at most ¢. Finally, it holds
Vi € [1,4] : |B;| < 6 and thus |R| = [['_,|Bi| < 6". <

By applying the technique from the proof above to the prefix-palindromes, i.e., to each of
the representations of order 1 produced by Lemma 3.2, we obtain the following result.

» Corollary 3.14. The set of prefiz-palindromes of a string T[1..n] can be partitioned into
O(logn) affine sets of order at most 1. Each set of order 1 has canonical representation
({UWVU)t, (VU,1,u)) for some U € PALU {e}, V € PAL and integers £ > 1 and u > 1.

» Corollary 3.15. Let (X, (Q;,4;,u;)i_1) be a canonical representation of an affine prefix set.
Then it holds Vr € [1,t] : |Q| > Z§:T+1|Q?j+4|.
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Q1
Q2 Q2 Q2 Q2 Q2 Q2
Q3:iQ3 Q3iQs3! iQ3iQ3! iQ3iQs Q3Qs Qs Qs [|Q3[Qs Qs Q3 Q3iQ3! Q3iQ3! iQ3iQs! iQ3iQs
S = ’ Q1 Q2 Q2 |Q3|Q3 Q2 Q1

Q3:Q3 Q3 Q3 Q3Qsi Q3:Qs Q3:Qs Q3 Qs Q3|Qs) Q303 23:Q3¢ Q3Qsi Q3:Qs3

Q2 Q2 Q2 Q2 Q2 Q2

42

Figure 2 Lemma 3.18 applied to an irreducible representation (X, (Q1,1,2)-(Q2,1,3)-(Qs,1,2)).
The drawing shows the longest prefix S = Q7Q3Q3 generated by the representation. By the lemma,

for any a; € [0,2], a2 € [0,3] and a3 € [0,2], it holds S = Q>~*1 Q5 2Q27 " . Q*Q3*Q%", where
each @); is the length-|Q;| suffix of S. The drawing highlights the case where a1 = az = a3 = 1.

Proof. If p = (X, (Q;, £;,u;)_,) is canonical, then clearly expand(p) = (X, (Qs, £i,u; +5)t_;)
is irreducible. Thus, the statement follows from Lemma 3.5 applied to expand(p). |

» Lemma 3.16. Let (X, (Q;,1,u;)!_,) be a canonical representation of an affine prefiz set,

and let h € [0,5]. Then (g, (Q;, 1,u; + h)!_5) is an irreducible representation of an affine
prefiz set of the string Q%, and, if h < 5, also of the string Q1.

Proof. Consider any h € [0,5]. Due to the strong affinity, (X, (Q:,1,u; + h)!_,) represents

an affine prefix set. Let (a;)!_, be a sequence of exponents with Vj € [2,t] : a; € [1,u; + h].

By Lemma 3.4, the string Q1Q5? -+ Q4" has period |Q1]|. Due to Lemma 3.5, it holds
|Q32Q5% --- QY| < |Q1Qa2] < Q3. Hence we have shown that Q32Q35° --- Q7" is a prefix
of @QF, and (e, (Q;,1,u; + h)!_,) is a representation of an affine prefix set of Q3. Since

(X,(Qi,1,u;)t_,) is irreducible, it is easy to see that also (e, (Q;, 1,u; + h)i_,) is irreducible.

If h < 5, then Lemma 3.5 invoked with (X, (Q;,1,u; + 5)i_,) implies |Q52Q5* - - Qy*| <
|Q1], and (e, (Q;,1,u; + h)i_,) indeed only generates strings of length less than |Q1]. <

» Corollary 3.17. Let (X, (Qi,1,u;)t_;) be a canonical representation of an affine prefix set.
Then (e, (Qi, 1,u;)t_,) is a canonical representation of an affine prefiz set of the string Q3.

Proof. By Lemma 3.16, (¢, (Q;,1,u; + 5)!_,) is an irreducible representation of an affine
prefix set of Q2. Hence (e, (Q;, 1,u;)!_,) is a canonical representation for @Q%. <
3.3 Reversing the structure of affine prefix sets

We first show that a periodic fragment of T" induced by an affine prefix set can be covered by
a combination of a forward and a “backward” affine prefix set (see Figure 2):

» Lemma 3.18. Let (X, (Qq,1,u;)!_;) be an irreducible representation of an affine prefic
set, let S = Q1'Q52 - Qf*, and for j € [1,t] let Q; be the length-|Q;| suffix of S. For any
sequence (a;)t_y with Vj € [1,t] : a; € [0,u;], it holds

_ Hu1—ai Huz2—as ur—a Aar AGt—1 ANai
S_Ql QQ ...Qtt to. tt Q7.
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Proof. If t = 1, then S = Q¥ = Q}* = Q"' " Q}*. Inductively assume that the lemma
holds for representations of order t — 1. Now we show that it holds for representations of
order t. If (X, (Q:,1,u;)!_;) is an irreducible representation of an affine prefix set, then
clearly (XQ7*, (Qi,1,u;)i_,) is an irreducible representation of another affine prefix set. This
representation is of order ¢t — 1, and hence the inductive assumption implies

S=Q . QymQyT...QuT M . Agt A?fll...Ag{

If a; = 0, then there is nothing left to do. Hence assume a; > 0. Since (X, (Q;,1,u;)i_;) is
an irreducible representation, Lemma 3.4 implies that |@Q1] and therefore also ¢ = a1 - |Q1] is
a period of S. Hence S has a border of length s — ¢, where s = |S|, and it holds

S —a] = [l qs] = QP - QETRQPTR QI QUG Q5

Finally, as mentioned before, S[s — g + 1..s] of length ¢ = a; - |Q1]| has period |Q1|. Hence
S[s—q+1..5] = (S[s — |Q1] + 1..5])* = Q%*, which concludes the proof. <

We now build on this characterization to convert irreducible representations of affine
prefix sets of S into irreducible representations of affine prefix sets of rev(.S).

» Corollary 3.19. Let (X, (Q;,1,u;)i_,) be a canonical representation of an affine prefix set,
let s =30 (u; +1)-|Qil, and for j € [1,] let Q; be the length-|Q;| suffiz of rot*(Q1). Then
(e, (rev(@i), 1,u;)t_,) represents an affine prefiz set of rev(rot*(Q1)).

Proof. Consider any sequence (a;)!_, of exponents admitted by the representation, i.e.,
Vj € [2,t] : aj € [1,u;]. By Lemma 3.16, (¢, (Q;, 1,u; +1)!_,) is an irreducible representation

of an affine prefix set of @1, which implies Q4[1..s] = ;2+1Q§3+1 . --Qt“tJrl. For this
representation, Lemma 3.18 implies that Q?t Af'_”ll e AgQ is a suffix of Qq[1..s]. Thus, its
reversal rev(QY Q77 - Q3?) = rev(Q52)rev(Q3?) - - - rev(QF*) is a prefix of rev(Q1][1..s]),
which is a prefix of rev(rot®(Q1)). <

4 Appending a Palindrome to an Affine Prefix Set

In this section, we show how to extend an affine prefix set A with a palindrome. This
amounts to computing the union of affine prefix sets where each new prefix is formed by
concatenating a prefix from A with a palindrome. We distinguish two cases, depending
on whether the appended palindrome lies within a periodic fragment of T'. In either case,
we may temporarily overextend A, producing sets that are not affine prefix sets. We then
restore validity by truncating the sets using the lemma below. For a set of strings A, denote

Alm = {Se€A:15] <mb.

» Lemma 4.1. Let (X,(Q;, 4, u;)i_,) be a representation of an affine prefix set A. For
m € N, we can express A" = Al,, as a union of at most t' <t affine prefix sets A’ = U§:1 Aj,
each with a representation of order at most t.

Proof Sketch. The proof is by induction. For the base case ¢t = 1, it is enough to reduce
the upper bound on the exponent of @J1. For ¢ > 1, the proof proceeds by finding a minimal
exponent a; > ¢; such that | XQ{'Q%?---Qyt| > m. If a; > uy, then A" = A. Otherwise,
we assume w.l.o.g. that A is irreducible (see Lemma 3.9). It follows that we do not need
to consider prefixes generated with an exponent larger than a; for Q1. We partition the
remaining prefixes into two sets, one of which can be further broken down using the inductive
hypothesis, reducing the problem to problems of smaller sizes until the result follows. <
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4.1 Appending a long palindrome

Assume that the affine prefix set to be extended is given in a canonical representation
(X, (Qi,1,u;)i_,). We first focus on appending long palindromes of length at least 2|Q1],
and then we show that the shorter palindromes can be handled recursively. Note that, for
a canonical representation, T has a prefix X Q71“+5. At the same time, the longest prefix
in the affine set is of length less than XQ;“‘|r1 by Corollary 3.15. This leads us to a case
distinction based on the center of the palindrome to be appended. If the center is before
position |XQ1f1+3|, then we can show that the entire palindrome is within the |Q1|-periodic
prefix of T[| X |+ 1. .n]. Otherwise, the left half of the palindrome contains position | X Q4 2|,

and we can use this position as an anchor point for the extension.

4.1.1 Appending a long palindrome within a run of Q,

We now focus on the case where the long palindrome to be appended is entirely within the
|Q1|-periodic prefix of T[|X| + 1..n]. We proceed in two steps. First (in Theorem 4.2), we
show how to append a palindrome under the assumption that the entire string has the form
X Q7 for some integer z. Secondly (Corollary 4.3), we truncate the result of the first step so
that it corresponds to X Q¢, where o € Q is the largest value such that X Q¢ is a prefix of T'.

» Theorem 4.2. Let (X, (Q;,1,u;)!_;) be a canonical representation of an affine prefiz set A.
Let s = Zzzz(ui +1) - |Qil, and for j € [1,t] let Q; be the length-|Q;| suffix of rot*(Q1). If
rot”(Q1) = rev(Q1) for somer € [s,s+ |Q1]), then

(X -Q1-Q1[l..r — 8], (rot"™%(Q1), 1, x) - (rev(Q;), Lu)iy) (1)
represents an affine prefiz set A of XQ”erB, for any positive integer x. Furthermore:

1. If Y € A, then there is a string Y € A and a palindrome P such that Y' =Y P.
2. ForY € A and P € PAL, if |P| > 2|Q1| and Y P is a prefix of XQ7™", then YP € A'.

Proof Sketch. The keystone of the proof is Corollary 3.19 which implies that a string
Q' = rev(Qq)rev(Q3)® - - - rev(Q;)*, where Vj € [2,1] : a; € [1,u;], is a prefix of

rev(rot®(Q1)) = rot™*(rev(Q1)) = rot *(rot" (Q1)) = rot" *(Q1).

Using this fact, we first establish that a string X.S” generated by the canonical representation
in Equation (1) is a prefix of XQ7">. Next, we show that S’ can be decomposed as SP,
where XS € A and P is a palindrome. It follows that P is a substring of a power of @1,
and the condition rot"(Q;) = rev(Q1) ensures P is a palindrome. Finally, we conclude by
considering any string S € A and a sufficiently long palindrome P such that SP is a prefix
of Q¥™. Due to XS € A, there is some sequence Vj € [1,1] : a; € [1,u;] of exponents such
that § = Q1 ~ @ HtQu>—2F1 ... Q="+ From this and the fact that P is a palindrome, we

show that X SP fits the structure required for membership in A’, completing the proof. <
By combining Theorem 4.2 and Lemma 4.1, we obtain:

» Corollary 4.3. Let (X, (Q:,1,u;)!_;) be a canonical representation of an affine prefiz set A.
Let o € Q be the largest possibly fractional exponent such that XQY is a prefiz of T', and
define S={S-P:S-Pisaprefiz of XQ},S € A, P € PAL, |P| > 2|Q1|}. There aret’ <t
affine prefic sets B;, i € [1,t], each of order < t, such that for B = Uf/:l B; we have S C B
and for every Y' € B, there is a string Y € A and a palindrome P such that Y' =Y P.
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4.1.2 Appending a long palindrome outside a run of Q,

» Theorem 4.4. Let (X, (Q;,1,u;)i_,) be a canonical representation of an affine prefix set A
and s = S _,(ui +1) - |Qq]. For j € [1,t], let Q; be the lAength-\Qj\ suffiz of rot*(Q1). For
any string P, (X - Q71“+2 “Prev(Q1)[1..|Q1| — s, (rev(Q:), 1,u;)t_,) represents an affine
prefiz set A of the string X - QU2 . P - rev(Q"1?), where A’ = {SWP -rev(W) | S €
A and SW = X - Q2.

Proof Sketch. Let ¢ = |Q1]. We can split the output representation into a concatenation

(X QU2 Porev(Q)[1..q — s, (rev(Q1),1,u1)) - (&, (rev(Q;), 1, u;)_y). (2)

We first apply Corollary 3.19 to deduce that Equation (2) represents an affine prefix set of the
string X -QY* 2. P-rev(Q**?). Secondly, we show that every element in A contributes exactly
one element to A’, and hence |A’| = | A|. It thus suffices to show that any string generated by
Equation (2) is in \A’. Tt then readily follows that Equation (2) generates exactly A’. To do
so, we consider any string S’ generated by Equation (2). Such a string must be of the form
S = XQUT2P - rev(W), where rev(W) = rev(Q1)[1..q — s] - rev(Q1)* rev(Q2)? - - - rev(Q;)™
for some exponents Vi € [1,¢] : a; € [1,u;]. By our previous observations, rev(W) is a
prefix of rev(Q;)"**2, and thus there is a unique string S such that SW = XQ’1“+2 and
S' = SWP -rev(W). It remains to be shown that S € A, which then implies S’ € A’. For
this purpose, we carefully analyze the length of S and show that a prefix of length |S| indeed
belongs to A, concluding the proof. |

For a fragment P = T'[z..y| of T, denote its center (z + y)/2 by cen(P).

» Corollary 4.5. Let (X, (Q;,1,u;)i_,) be a canonical representation of an affine prefiz set A,
and consider the set of strings A" ={S-P :S-P is a prefiz of T, S € A, P € PAL, cen(P) >
| XQU 3|}, There are t' = O(tlogn) affine prefix sets By, i € [1,t'], each of order <t +1,
such that both of the following properties hold for B = Uilzl B;:

1. A/ CB.

2. For every Y’ € B, there is a string Y € A and a palindrome P such that Y/ =Y P.

Proof Sketch. Consider any SP € A’, where SPisaprefixof T, S € A, P € PAL,
cen(P) > [ XQ"|. Dueto S € A, Corollary 3.15 implies |S| < | XQY*™!|. Let P' = T[z. 4],
where x = 14 |XQ""?| and y = 2 - cen(P) — . We claim that P’ € PAL. Indeed, the
starting position |S| + 1 of P is less than the starting position = of P’, and the centers of P
and P’ coincide with cen(P) —z = y — cen(P). We call P’ the core palindrome of SP. Note
that every core palindrome is a prefix of T[x..n] (which is independent of SP). Therefore,
by Corollary 3.14, the set of core palindromes can be represented as the union of O(logn)
affine prefix sets. Let C be any of these sets. We now describe how to compute the part of
A’ that contains strings of the form SP = SWP’ - rev(W), where S € A, P € PAL, and the
core palindrome of SP is some P’ € C. The procedure depends on the representation of C,
which, by Corollary 3.14, is covered by one of the following cases. Let ¢ = |Q1].

Case 1: C is given in strongly affine representation (U - (VU)¢, (VU,1,u)), where VU is
primitive and |VU| > ¢. In this case, we consider one fixed core palindrome in C and
apply Theorem 4.4 and Lemma 4.1 to obtain an affine prefix set generated by it. We then
show that the sets generated by other core palindromes have a similar representation,
which allows to union them and to obtain the final affine prefix set.

Case 2: C is given in representation (P’ ¢) of order 0, i.e., it contains a single core palin-
drome P’. We proceed exactly like in Case 1, but with a single palindrome.
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Case 3: C has strongly affine representation (U - (VU)*, (VU, 1,u)), where VU is primitive
and |VU| = q. For i € [1,u], let P, = U - (VU)**". We show that, if A’ contains some
SP=S-W-P;-rev(W) = XQ{" TP, - rev(W) with S € A, then the entire SP can be
written as XQ¢ for some o € Q. Hence we can simply apply Corollary 4.3 and obtain
that the affine prefix set generated by C is the union of at most ¢ affine prefix sets of
order at most t.

Case 4: C has strongly affine representation (U - (VU)*, (VU,1,u)), where VU is primitive
and |[VU| < q. We show that this case is impossible due to primitivity of Q;.

We call the created affine prefix sets B;. There are O(logn) core palindrome sets, each
handled by a single case. Each case creates < t representations of order < ¢t + 1. Hence,
there are O(tlogn) affine prefix sets B; in total, each of order <t + 1 Furthermore, the four
cases cover all possibilities, and hence A" C B = Uf,:l B;. The second property holds by
construction of the sets B;. |

4.1.3 Appending all long palindromes and recursion

» Lemma 4.6. Let (X, (Q:,1,u;)!_,) be a canonical representation of an affine prefiz set A
and A = {S-P| S e AP e PAL|P| > 2|Q1]|, and S - P is a prefix of T}. There are
t' = O(tlogn) affine prefix sets B;, 1 <i <t', each of order <t+ 1, such that A" C Ufllei
and for each string S’ € UleBi, there is a string S € A and P € PAL such that S' =S - P.

Proof. We consider the sets from Corollaries 4.3 and 4.5, defined by
Ay ={S-P:5-Pisaprefix of XQf,5 € A, P € PAL, |P| > 2|Q:|} and

Ay ={S-P:S5-Pisaprefixoof .S € A, P € PAL,cen(P) > |X| + (u1 + 3) - |Q1]},

where « is the largest (possibly fractional) exponent such that X Q¢ is a prefix of T. Due to
Corollaries 4.3 and 4.5, we can express (a superset of) A; U Ay as the union of O(tlogn)
affine prefix sets, each of order <t + 1, where every string in each of the prefix sets is the

concatenation of a string from A and a palindrome. It remains to be shown that A’ C A; UA,.

For the sake of contradiction, assume that there is some string SP € A\ (A; U Ay), where
S e A, PePAL and |P| > 2|Q1]. Due to SP ¢ A;, SP is not a prefix of XQ¢ and hence
it must be longer than XQf. Let m = | X Q| — |S|. We show a lower bound on m. Since
the given representation is strongly affine, it holds o > uy + 5. It is also irreducible, and
hence Corollary 3.15 implies |S| < [XQ¥'*!|. Therefore, it holds m > 4|Q,|. Note that P
does not have period |@1], but its length-m prefix, which is a suffix of Qf, does. Hence, by
Lemma 2.3, it follows that P is of length over 2m — |@Q1|, and therefore

cen(P) > [S] +|P|/2 > |S| +m — |Q1]/2 = [XQF| - |Q1]/2 > [XQ1* ™.
This implies SP € Ay, which contradicts the initial assumption. |

We have shown that appending palindromes of length at least 2|Q1| results in O(tlogn)
affine prefix sets of order < ¢+ 1. For appending shorter palindromes, we exploit properties of

strongly affine prefix sets that allow us to apply the previously described approach recursively.

» Lemma 4.7. Let (X, (Q:,1,u;)i_,) be a canonical representation of an affine prefix set A
and A" ={S-P:S-P is aprefixr of T,S € A, P € PAL} a set of strings. Then A’ is a union
of O((t +1)%logn) affine prefiz sets, each of order <t + 1.
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» Theorem 1.1. Let 0 < € < 1 be constant, T[1..n] a string, and k € N*. The set of prefizes
of T that belong to PAL¥ is the union of (9(6’“2/(2_6) -log® n) affine prefic sets of order < k.

Proof. We start with the empty affine prefix set representing PAL®. We proceed in k levels
k" € [0, k). The union of the affine prefix sets of level k&’ is exactly the set of all ¥’-palindromic
prefixes of T. For each affine prefix set of the current level &', we first apply Lemmas 3.9
and 3.13 to obtain at most 6% canonical representations of order < k’. Then, for each
of the representations, we append a palindrome using Lemma 4.7, resulting in at most
c- (k' +1)%logn affine prefix sets of order at most k' + 1, which we move to level k¥’ + 1.
Here, ¢ is a positive constant that depends on the precise complexity analysis of Lemma 4.7.
Hence, after processing level k — 1, the total number of affine prefix sets is bounded by

2;10(6’“/ e+ (K +1)2logn) < (k!)%-c*-6(/2) .1og" n. For all sufficiently large k (depending
only on € and ¢), the bound simplifies to 6r>/ (2= . log” n. (And for the remaining values of
k, we have (kD)2 - c* - 6(°/2) = 0(1).) <

» Remark 4.8. Lemmas 3.9 and 3.13 only work with the lengths of the components in the
representations of affine prefix sets and the exponents bounds. Since all affine prefix sets
are of small order, it is not difficult to see that these lemmas can be implemented efficiently.
To implement Lemma 4.7, we make use of two procedures: The first one computes the
longest prefix of a string of form XQ®, where (X, (Q;,1,u;)!_,) is a representation of one
of the sets, and the second computes a representation of the set of prefix-palindromes of
a string. In the read-only model, both procedures can be implemented in O(n) time and
O(logn) space. Bounding the number of calls by the number of the generated affine prefix
sets, we finally obtain Theorem 1.3. The algorithm of Theorem 1.3 can then be used to test
if the palindromic length of T" is at most k& by checking whether T is a k-palindromic prefix,
however, to achieve even better complexity, we run two copies of the algorithm, one from the
left and the other from the right, and then combine their results to obtain Theorem 1.4.
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