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Abstract
The game of Cat Herding is played on a graph between two players, the cat and the herder. The
game setup consists of the cat choosing a starting vertex for their cat token. Then, both players
alternate turns, beginning with the herder: they delete (any) one edge, called a cut, and the cat
moves along a path to a new vertex. While this game has been studied on finite graph arenas
regarding how optimally herder wins, we shift our attention to an infinite version of the game where
the cat may now survive indefinitely. We show that cat winning positions in an infinite tree can be
characterized by a second-order monadic statement, also amounting to having a complete infinite
binary tree minor, or having uncountably many distinct rays. We take advantage of the logical
characterization of cat winning positions to generalize a measure known as the cat number, to
ordinals.
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1 Introduction

Pursuit-evasion games is a family of games played on graphs that allow for modeling
problems arising from piratical applications, such as Robotics, Network Security, and Traffic
Management to mention a few. Many results on those games exist, that mostly focus
on algorithms and computational complexity of the problem. For a few examples, the
quintessential pursuit-evasion game of cops and robbers is known to be EXP-complete [11],
the game of firefighting is NP-hard [1], and a broader survey of complexity of pursuit-evasion
games can be found [6]. Some of these games also extend naturally to infinite versions,
either directly or with slight rules adjustments [15, 12, 14, 4], which are typically analyzed
through a lens of structural classifications, rather than algorithmic complexity. In the case
of firefighting, this gives open problems, such as whether one firefighter suffices to contain a
fire on a hexagonal infinite grid [9]. Such infinite games yield natural difficulties with finding
algorithmic results (what is the size of the input?). This paper introduces a novel approach
to tackling these difficulties, by taking a logical approach from theoretical computer science
to yield deeper insight to a particular pursuit-evasion game: the Cat Herding game.

The game of Cat Herding, introduced in [2], is played on a graph between two players,
the cat and the herder. The game setup consists of the cat choosing a starting vertex for
their cat token, which we also refer to as the cat. After this, both players alternate turns,
beginning with the herder: they delete (any) one edge, called a cut, and the cat moves along
a path to a new vertex. Note that in this context, a cut refers to a single edge cut, which
may or may not disconnect the graph. Note also that the cat may not stay still. Once the
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10:2 Cat Herding Game Played on Infinite Trees

cat is on an isolated vertex and cannot move (which must happen within |E| cuts), the game
terminates. The objective of the herder is to minimize the number of cuts required to isolate
the cat, while the objective of the cat is to maximize the number of cuts required to isolate
them. We also refer to the cat having no moves available as being captured.

While the introductory paper [2] introduces the game and analyzes it primarily on
complete graphs, in this paper we shift our attention to an infinite version of the game. Here,
we are concerned with if the cat can survive indefinitely. We will later find that this is not
equivalent to the cat surviving arbitrarily long, and we will also provide some analysis of
that. We will restrict our attention to trees due to our techniques being essentially with tree
automata. For a more complete picture of general infinite Cat Herding, we direct the reader’s
attention to [3]. This paper’s main objective is to show that a certain monadic second order
logic statement is satisfied on a given tree T if, and only if, the cat can win on that tree T .
We note that [5] analyzes infinite (locally finite) graphs and their localization numbers, and
their results are similarly related to ends and rays. We also show that cat-win trees and
trees that satisfy our Monadic Second Order Logic (MSO) statement are also equivalent to
having a complete infinite binary tree minor, or having uncountably many distinct rays. Our
argument allows us to also extract an explicit herder strategy on graphs that are herder-win,
and this strategy involves a notion of transfinite cat numbers. We show that there are graphs
with unbounded transfinite cat number (up to the countable ordinal). Our argument also
allows us to extract a decision procedure for deciding if regular trees (those with a structure
representable by a regular language) are cat-win or not.

The paper is organized as follows. In Section 2 we introduce the context of our study
and recall some known results on the Cat Herding game on finite arenas. Then Section 3
contains our first contribution where we make use of MSO for solving the Cat Herding game
on infinite tree arenas. Our second contribution on transfinite cat numbers is developed in
Section 4. We end this paper with perspectives on studying the Cat Herding on other kinds
of infinite arenas than trees.

2 The Cat Herding game

2.1 Basics on graphs and trees
For standard graph definitions of degree, paths, cycles, and complete graphs, we defer
to [20], as well as for other more technical notions that we briefly recall here. Given
a finite (undirected) graph G = (V (G), E(G)), where V (G) is the set of vertices and
E(G) ⊆ V (G) ×V (G) is the set of edges, a subgraph H is a minor of G when it is obtainable
through a sequence of vertex and edge deletions, along with edge contractions (where the
edge uv is deleted, vertices u, v are identified and their neighbourhoods are merged). Minors
can also be defined for infinite graphs by relaxing the former definition: we allow any set of
edges and vertices to be deleted, along with any connected set of vertices to be contracted to a
point analogously, etc. We also recall that any (finite or infinite) connected graph which does
not contain cycles is a tree graph. Formally, we define a tree as a structure T = (N, r, succ),
that arises from some tree graph G = (N,E), where r is a particular vertex called the root
and succ ⊆ N ×N is given by: (u, v) ∈ succ if (u, v) ∈ E and u is closer to r than vertex v.
For finite trees, the height is the length of a longest branch.

When working on trees, we may use the word “node” instead of ”vertex”. In the following,
we will write succ(u, v) instead of (u, v) ∈ succ, and we will write ≤ for the reflexive and
transitive closure of the binary relation succ. Namely, u ≤ v means either u = v, or u and v
are on a same path from the root r in the underlying tree graph and node u is closer to r
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than node v; we say that u is an ancestor of v (and v is a descendant of u). In an infinite
tree T = (N, r, succ), a ray (infinite branch) is an infinite sequence of vertices (vi)i∈N such
that succ(vi, vi+1), for all i.

2.2 Cat Herding game on finite graphs
The game of Cat Herding is played on a graph, where the cat begins by choosing a vertex to
start on. Then the players take turns, with the herder permanently deleting any edge from
the graph, and the cat moving along any nontrivial path to a new vertex. In a finite graph,
the game ends when the cat cannot move, and the score is the number of edges deleted over
the course of the game. The cat is trying to maximize this number, while the herder is trying
to minimize it. We will explore the infinite case on trees, but first we recall the main results
on the Cat Herding game when played on finite graphs as studied in [2].

▶ Definition 1. Let G = (V (G), E(G)) be a graph. For each v ∈ V (G), we define cat(G, v)
to be the minimum number of cuts to terminate the game (e.g., isolate the cat) played on
arena G when the cat starts at v, and we let cat(G) = maxv cat(G, v).

▶ Example 2. Actually, it can be shown by induction on the height of binary trees1 that
the cat number of any vertex is equal to its height in vertices, counting itself. For example,
consider playing on the graph B3 (the complete binary tree of height of 3 vertices). In
Figure 1, diagrammed herder cuts of edges correspond to the following play where the initial
position of the cat is vϵ. The herder makes any move, say deleting (vϵ, v0). The cat responds
by moving to the root of the subtree that was not cut, say v1. The herder may cut (vϵ, v1),
forcing the cat down a level again, say to v10. Finally the herder cuts (v1, v10), isolating the
cat in 3 cuts.

vϵ

v0 v1

v00 v01 v10 v11

c0

e1

c1

e2

c2

e3

Figure 1 An optimal game on B3. Vertex ci denotes the cat’s position on turn i, and ei denotes
the ith edge that the herder cut.

Regarding known results on the cat number, we know that it is monotonic with respect
to subgraphs.

▶ Theorem 3 ([2]). If H is a subgraph of G, then cat(H) ≤ cat(G). Further, if v ∈ V (H),
then cat(H, v) ≤ cat(G, v).

Next, we recall some preliminary values for the cat number of some known classes of
graphs. As we will be interested in trees, we start with paths and stars. Let us write Pn for
a path with n vertices.

1 a tree is binary if it is non-empty and its internal nodes have at most two children.
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10:4 Cat Herding Game Played on Infinite Trees

▶ Theorem 4 ([2]). For all n ≥ 2, cat(Pn) = ⌈log2 n⌉

Paths roughly correspond to binary search, providing some intuition for the log2 n term.
After one cut, cycles are paths. Let us write Cn the cycle graph with n vertices and Wn the
wheel graph with a cycle of n− 1 vertices and an extra vertex “in the middle” connected to
all of them.

▶ Theorem 5 ([2]). We have cat(C1) = 0 and for k > 1, cat(C2k+1) = cat(C2k) =
⌈log2 2k⌉ + 1.

For n ≥ 3, we have cat(Wn) = n+ 1.

Since the cat must move after a herder’s cut, we have the following result on stars. Let
us write Sn for the star graph with n vertices.

▶ Theorem 6 ([2]). For all n ≤ 2, cat(Sn) = 2.

The reader interested in more details may refer to [2].

3 Cat Herding played on Infinite Trees

In this section, we classify the cat-win infinite trees. Without loss of generality, for any
non-empty tree, fixing a node as the root does not change the game of Cat Herding (since
the cat can travel both ways along edges of the graph).

Since our analysis will rely on monadic second-order logic, we preliminarily recall which
logic we mean to use.

3.1 Monadic Second Order Logic on Trees
The Monadic Second-Order Logic (MSO) formulas we consider are meant to be interpreted
on trees of arbitrary degree. Our presentation is inspired from [19].

The syntax of our monadic second-order logic (MSO) is based on a set V ar composed of
first-order variables x, y, z, x′, y′ . . . and of second-order variables X,Y Z, . . . which are meant
to represent elements and sets, respectively. The full syntax of the logic MSO is given by :

φ,ψ := Succ(x, y) |X(x) |φ ∧ ψ | ¬φ | ∃X : φ | ∃x : φ

We also allow for the usual syntactic sugar for φ ∨ ψ,φ ⇒ ψ,φ ⇔ ψ,∀x : φ, and ∀X : φ.
Also x ≤ y is a short-cut for x = y ∨ x < y, and X ⊆ Y is a short cut for ∀x : X(x) ⇒ Y (x).

Further, we interpret MSO-formulas on an arbitrary tree T = (N, r, succ). We will use
symbols u, v, . . . for elements ranging over N and symbols V, V ′, . . . for subsets of N .

Given an MSO-formula φ and a valuation of the first-order and second-order variables
ν : V ar → 2N we write T, ν |= φ to express that formula φ holds in tree T for valuation ν,
and define it by induction over φ as follows – we take the convention to write ν[x 7→ v] for
the valuation that is as ν but that maps first-order variable x onto vertex v, and similarly
for ν[X 7→ V ].

T, ν |= Succ(x, y) whenever succ(ν(x), ν(y)) in T

T, ν |= X(x) whenever ν(x) ∈ ν(X)
T, ν |= ¬φ whenever T, ν ̸|= φ

T, ν |= φ ∧ ψ whenever T, ν |= φ and T, ν |= ψ

T, ν |= ∃x : φ whenever there exists v ∈ N such that T, ν[x 7→ v] |= φ

T, ν |= ∃X : φ whenever there exists V ⊆ N such that T, ν[X 7→ V ] |= φ
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With a very standard construction, and thanks to second-order quantification, one can
define a formula written x ≤ y, whose semantics is the reflexive and transitive closure of the
binary relation succ (see Section 3.3).

In the following, and for succinctness of MSO-statements, we use formulas of the form
x ≤ y with the following semantics.

T, ν |= x ≤ y whenever ν(x) ≤ ν(y) in T

Finally, we let the formula x < y := x ≤ y ∧ ¬(y ≤ x).
As for a closed2 MSO-formula φ, the valuation plays no role, we simply write T |= φ.

Also we loosely write T, [x 7→ v] |= φ to set the value of free occurrences of variable x to v in
φ, and similarly for second-order variables.

We end this section by recalling the major result on MSO over infinite trees, namely
Rabin’s Theorem, that holds for the class of infinite complete trees with a countable degree3.
This theorem will be useful to establish that solving the Cat Herding game over an infinite
countable-degree regular tree arena is decidable, as studied in the next section.

▶ Theorem 7 ([17, 10]). For every d ∈ N, one can decide if an input MSO-formula holds in
Td, the complete tree of degree d.

We now focus on playing the Cat Herding on infinite graphs that have a tree structure.

3.2 MSO for Cat Herding game on infinite tree arenas
We present the core MSO-formulas over trees we will need to analyze the Cat Herding game.
In our explanation for each of them, the term “path” relates to a path in the tree graph
underlying the tree under concern.

HasDiPath(X,x, y) := x ≤ y ∧ ∀z : (z ≤ y ∧ x ≤ z ⇒ X(z))
// y is a descendant of x and X contains the unique path
from x to y

DiPath(X,x, y) := HasDiPath(X,x, y) ∧ ∀Y : (HasDiPath(Y, x, y) ⇒ X ⊆ Y )
// since X is the minimal set achieving HasDiPath, X is
// exactely composed of the vertices between (and including).
// x and y.

Path(Z, x, y) := ∃X∃Y : (∀z : Z(z) ⇔ (X(z) ∨ Y (z)))∧
(∃z : DiPath(X, z, x) ∧ DiPath(Y, z, y))
//Z is a set of vertices that includes a path from x to y.

DB(x, y, z) := ∃X∃Y : Path(X,x, y) ∧ Path(Y, x, z)∧
(∀x′ : X(x′) ∧ Y (x′) ⇒ x′ = x)
// there are edge-disjoint x, y- and x, z-paths
//(DB means “disjoint branches”).

2 that is all variables are under the scope of a quantifier.
3 the degree of a tree is the maximum number of children of the nodes in the tree.

FSTTCS 2025



10:6 Cat Herding Game Played on Infinite Trees

We finally introduce the main formula DBChildin(X,x) whose meaning will be further
investigated and that plays a central role in characterizing cat winning positions in an infinite
tree.

DBChildin(X,x) := ∃y∃z : x < y ∧ x < z ∧X(y) ∧X(z) ∧ DB(x, y, z) (1)

We now establish a few lemmas for the proof of our main result (Theorem 15) of a logical
characterization of all trees where the cat has a winning strategy (that is, the cat can survive
indefinitely). From now on and up to Lemma 14 included, we fix a tree T = (N, r, succ).
For each natural number i, we define Vi ⊆ N as follows.

V0 := N , and
for each i > 0, Vi := {v ∈ N |T, [X 7→ Vi−1, x 7→ v] |= DBChildin(X,x)}.

▶ Lemma 8. For every i ≥ 0 and v ∈ N , we have v ∈ Vi if, and only if, v is the root of a
binary tree minor of T of height i.

Proof. We proceed by induction on i. The case i = 0 is trivial, as a vertex itself is a binary
tree minor of height 0. Let i > 0.

(⇐) Suppose v ∈ N is the root of a complete binary tree minor of height i. We must
show v ∈ Vi. We proceed by observing the left and right children from v in this minor, say
u0, u1. These nodes are both a root of complete binary tree minor of height i− 1. Nodes
u0 and u1 are the good candidates to set the two existential quantified variables y and z in
formula DBChildin(X,x): indeed, they are both descendants of v with edge-disjoint paths
(by construction), and by induction, we have u0, u1 ∈ Vi−1, giving us that v ∈ Vi.

(⇒) Suppose that v ∈ Vi. There must be u0, u1 such that v < u0, v < u1, u0, u1 ∈ Vi−1,
and there are edge-disjoint v, u0 and v, u1-paths. By induction, since u0, u1 ∈ Vi−1, both
u0, u1 must be roots of complete binary tree minors of height i− 1. Combined with edge-
disjoint v, u0 and v, u1-paths, v must be the root of a binary tree minor of height i. ◀

We now extend our semantics to capture what we loosely call here “transfinite iterations”
of DBChildin, and that corresponds to the fix-point of a well-identified function in Lemma 12.

▶ Definition 9. As earlier, let V0 := N . Then, for every successor ordinal α + 1, let
Vα+1 := {v ∈ N |T, [X 7→ Vα, x 7→ v] |= DBChildin(X,x)}, and for every limit ordinal
α = {β|β < α}, let Vα :=

⋂
β∈α Vβ.

▶ Lemma 10. For evry ordinal α, we have v ∈ Vα if, and only if, for all β < α, v has
edge-disjoint descendant paths to a pair of vertices in Vβ.

Proof. We proceed by transfinite induction on α.
This is vacuously true for α = 0. If α+ 1 is a successor ordinal, then v ∈ Vα+1 implies

there are edge-disjoint descendant paths to vertices in Vα. But vertices in Vα must have
descendant paths to vertices in Vβ for every β < α. Composing these paths, we obtain
edge-disjoint paths to every β < α, as well as edge-disjoint paths to a pair of vertices in
Vα, thus giving every ordinal β < α + 1. Conversely, if v has edge-disjoint paths to pairs
of vertices in Vβ for all β < α+ 1, then in particular v has edge-disjoint paths to a pair of
vertices in Vα since α < α+ 1, and thus v ∈ Vα+1.

If α is a limit ordinal, then v ∈ Vβ+1 gives the paths to vertices in Vβ , for any β < α.
Conversely, if v has a pair of edge-disjoint paths to all β < α, then it is in all Vβ by induction,
and thus is in the intersection, so is in Vα. ◀
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With the sets Vα and the preliminary properties expressed, we can consider the following
function f over the complete lattice (2N ,⊆).

f : 2N → 2N
V 7→ {v ∈ N |T, [X 7→ V, x 7→ v] |= DBChildin(X,x)}

One can verify that the function f is ⊆-monotonic. By the Knaster-Tarski Theorem [18],
the function f has a greatest fix-point, that we write νV.f(V )4.

▶ Lemma 11. If β ≤ α, then Vα ⊆ Vβ.

Proof. We show that Vα is contained within all Vβ for β ≤ α by transfinite induction on α.
If α is a limit ordinal or 0, this is trivial. Otherwise, we only need to show that Vα+1 ⊆ Vα,

as this implies Vα+1 ⊆ Vα ⊆ Vβ for all β ≤ α, the same as all β < α+ 1. As such, we must
show that f(Vα) ⊆ Vα. For w ∈ f(Vα), we know that there are two edge-disjoint descendant
paths to u, v ∈ Vα. Each of these must have edge-disjoint paths to vertices in Vβ for all β < α

by Lemma 10. By combining these paths, we obtain that w ∈ Vα as was to be desired. ◀

With no surprise, we obtain the following.

▶ Lemma 12. For every α ≤ |N |, νV.f(V ) ⊆ Vα. Further,
⋂
α≤|N | Vα = νV.f(V ).

Proof. This a fairly standard proof, one may skip reading.
Since there is no set of all ordinals, we must bound the ordinals. However, each non-

stabilizing iteration of f removes at least one vertex, thus Vα need only be computed up and
including to the order of N , making this a well-defined set.

We show νV.f(V ) ⊆ Vα for all ordinals α by transfinite induction. Observe α = 0 is
trivial. If α + 1 is a successor ordinal, then we observe that w ∈ νV.f(V ) implies w has
edge-disjoint paths to u, v also in the fix-point. But then u, v ∈ Vα by induction. Thus
w ∈ Vα+1. Finally if α = {β|β < α} is a limit ordinal, then v ∈ νV.f(V ) implies v ∈ Vβ
for all β < α by induction. Thus v in the fix-point implies v in the limit ordinal. Now,⋂
α≤|N | Vα ⊇ νV.f(V ) follows immediately from the first argument.

We now show
⋂
α≤|N | Vα ⊆ νV.f(V ). We show f(

⋂
α≤|N | Vα) =

⋂
α≤|N | Vα, so that⋂

α≤|N | Vα is a fix-point, and by νX being a greatest fix-point, we obtain the subset relation.
If v ∈

⋂
α≤|N | Vα, then v has edge-disjoint descendant path pairs to vertices in Vα for all

α (using v ∈ Vα+1). Thus v ∈ f(
⋂
α≤|N | Vα). Conversely, if v ∈ f(

⋂
α≤|N | Vα), then v has

edge-disjoint descendant paths to x, y ∈
⋂
α≤|N | Vα. Trivially v ∈ V0. Next, v ∈ Vα implies

v ∈ Vα+1 since v has paths to x, y ∈ Vα. Finally, for limit ordinal α, if v ∈ Vβ for all β < α,
then by definition v ∈ Vα. Thus v ∈

⋂
α≤|N | Vα, and

⋂
α≤|N | Vα is a fix-point of f . ◀

We will show that property νV.f(V ) = ∅ characterizes the herder-win trees, namely trees
where herder has a strategy to capture the cat (whichever node the cat starts at). In service
of this, we will provide herder strategies when a given rooted subtree has bounded ordinal
Vα vertices. To do so, we will make frequent use of a herder strategy to force the cat off of a
ray.

▶ Lemma 13. If R is a ray in tree T , then within finitely many moves, the herder may
capture the cat, or force the cat off of R.

4 a classical notation, as for mu-calculus [13].
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10:8 Cat Herding Game Played on Infinite Trees

Proof. If the cat is not initially on R, then the herder disconnects R from the cat. On a cat
move to x along this ray, the herder deletes the next vertex along the ray, isolating the cat to
finitely many vertices of R. After finitely many moves, the herder may separate all of these
vertices, and then make a passing move if necessary to force the cat off of the last one the
cat has access to, and finally make a cut separating the cat from that vertex. Observe that
as only the cat’s initial move may choose how many vertices of R remain accessible after the
herder’s cut, removing the cat’s access to this ray must be attainable within ω cuts – recall
that ω is the least infinite ordinal greater than all the finite ordinals. ◀

We further explain how herder captures the cat on subtrees of bounded Vα.

▶ Lemma 14. Let α be an ordinal, and let v0 ∈ N . If for all v ≥ v0, v ̸∈ Vα, then the herder
can capture the cat starting at v0.

Proof. Regardless of α’s type, the herder begins by cutting v0 from its parent if any, otherwise
herder cuts an edge outgoing v0. If the game does not terminate here, on the cat move to
v > v0, we split the argument on the type of ordinal α.

If α = 0, the property trivially holds as it cannot be that v ̸∈ V0(= V ).
If α is a successor ordinal, then consider where descendants in Vα−1 lie in the subtree

below v0. If ever two incomparable u, u′ ∈ Vα−1, then their deepest common ancestor
necessarily below or equal to v0 would be in Vα, a contradiction. Thus all elements of Vα−1
are comparable, and thus lie on a single ray (or path). Apply Lemma 13 to force the cat
off of all elements of Vα−1, and apply the (transfinite) induction hypothesis on the resulting
tree the cat is on, since all its vertices are outside Vα−1.

If α = {β|β < α} is a limit ordinal, then consider the set of v0-rooted rays R =
{R|R is a ray, Vβ ∩ R ≠ ∅ for all β < α}. If R contains at least two distinct rays, then
there must be a first vertex at which they deviate, say r. By Lemma 10, r must be in Vα, a
contradiction. Thus at most one ray may contain vertices in

⋂
β<α Vβ . We follow Lemma 13

to remove the cat’s access to this ray, and let x ≥ v0, be the new cat position. Now, every
descendant vertex w ≥ x is outside some Vβw , with βw < α. We show supw≥x{βw} < α.

Suppose for contradiction supw≥v{βw} = α. By Lemma 11, there must be infinitely many
β < α such that Vβ ̸= ∅. Choose a representative w ≥ x with wβ ∈ Vβ , so that wβ is as close
to the root as possible. Suppose β < β′ have incomparable representatives wβ , wβ′ . Then
their least common ancestor should have been the candidate for β. Thus every representative
is comparable, and they must lie on the same ray. But then we have another cat-accessible
ray r with R ∩ Vβ ̸= ∅ for all β < α, a contradiction with the earlier herder-play. Thus
{βw|w ≥ v} is bounded, say by β < α. We now use the transfinite induction where vertex
x /∈ Vβ can be used as the new root v0 of Lemma 14.

Thus the ordinal has been reduced for the entire subtree and the cat’s location may again
be interpreted as a root. ◀

Note that these ray-themed arguments are reminiscent of the argument that the cat
wins implies the existence of an infinite binary tree minor, but here the greatest fix-point
characterization naturally leads us to reason about particular transfinite sets, yielding us a
(transfinite) constructive herder strategy for capturing the cat.

We introduce the key formula ECW(x) (for “Exists Cat Winning”) that characterizes the
nodes the cat can start at and win by only downwards moves in tree. We will then make use
the formula ECW(x) (see formula CatWin(x) in Equation (3)) to describe the set of nodes the
cat can start at and survive indefinitely.

ECW(x) := ∃X : X(x) ∧ ∀y : X(y) ⇒ DBChildin(X, y) (2)
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We can now state our first main theorem.

▶ Theorem 15. Let T be a tree with a designated root. The following are equivalent.
1. The cat wins the game of Cat Herding on T .
2. T |= ∃x : ECW(x).
3. T contains a complete infinite binary tree minor.
4. T has uncountably many distinct rays from the root.

Proof. We show more directions than necessary, as some provide different clarity on the
argument.

(1) ⇒ (2). Argue by contrapositive as follows. Negating the logical statement of cat-
win graphs, we obtain T |= ∀x : ∀X : X(x) ⇒ ∃y : X(y) ∧ ¬DBChildin(X, y). This
property in particular would hold for X 7→ νV.f(V ) (the greatest fix-point of f) if
non-empty, so that we must have T |= ∃y : X(y) ∧ ¬DBChildin(X, y). The latter yields
νV.f(V ) ̸⊆ f(νV.f(V )), a contradiction for the fix-point. Therefore νV.f(V ) = ∅. By
Lemma 12,

⋂
α≤|N | Vα = ∅, so that that for every node v ∈ N , we have v ̸∈ Vαv

for some
αv. Apply Lemma 14 with v0 the root of T , to conclude that herder can capture the cat.
Observe that Lemma 14 provides an explicit herder strategy for capturing the cat.
(2) ⇒ (3). We must construct some injective mapping h from the infinite binary tree
on {0, 1}∗ to a subtree of T . Let v ∈ N be a vertex such that T, [x 7→ v] |= ECW(x), and
let V ⊆ N be such that T, [x 7→ v,X 7→ V ] |= X(x) ∧ ∃y : X(y) ⇒ DBChildin(X, y). We
define the mapping h such that h(s) ∈ V , every s ∈ {0, 1}∗.
We proceed by induction over s ∈ {0, 1}∗.
h(ϵ) := v ∈ V – the full binary tree minor we construct is rooted at v.
Let node s ∈ {0, 1}∗ be such that h(s) has already been defined and therefore h(s) ∈ V .
Then, we know that T, [x 7→ h(s), X 7→ V ] |= X(x) ∧ ∃y : X(y) ⇒ DBChildin(X, y),
which in particular entails T, [x 7→ h(s), X 7→ V ] |= DBChildin(X,x). By definition of
formula DBChildin(X,x), node h(s) has descendant nodes u0, u1 in V on two different
branches, that we naturally use to define h(s0) and h(s1) respectively.

Note that by construction h is injective, as h(s0) and h(s1) are disjoint and that we
target vertices deeper and deeper in the tree. Say a node is h-hit if it is in the image of h.
The complete infinite binary tree minor of T is obtained by contracting all edges with at
most one h-hit node.
(3) ⇒ (4). Immediate from the uncountability of the set of all infinite binary sequences,
corresponding to rays.
(4) ⇒ (1) by contrapositive. We must show that if the herder wins, then the rays R are
countable. Observe the ith cut may remove the cat from accessing infinitely much of a
given ray R. Let Ri to be the set of rays which the cat could access infinitely much of
before the ith cut, but only finitely much after the ith cut. We argue Ri is countable and⋃
i Ri = R. By contradiction, if there exists an ith cut that makes Ri uncountable, then

the cat made a bad move. Suppose the cat instead went to just on the other side of the
herder cut. Then we get uncountably many rays available now, but the herder’s cut may
change. If iterating this process to get successively better cat moves happens to move
the cat’s choices upwards (towards the root), it must terminate, and Ri is countable. If
downwards (away from the root), get uncountably many rays with same prefix, for any
prefix length. In the limit, obtain ray π. Then enumerate all rays starting with π, then 1
ray deviating at depth 1, then 1, 2, 1, 2, 3, . . . . A given ray R has R = π or R deviates
from π at depth d. But depth d deviations are countable, and our enumeration of R
checks depth d infinitely many times, so R is counted. Thus R is countable, as was to be

FSTTCS 2025



10:10 Cat Herding Game Played on Infinite Trees

shown. Alternately, the cat can make a strategy that never lets Ri be uncountable, so
that Ri is always countable, and there are finitely many of them. Thus

⋃
i Ri is countable.

But R =
⋃
i Ri since clearly Ri ⊆ R, and if R ∈ R, then since the herder won after i

steps, the cat must have access to at most one vertex of R, and so the cat must have had
access to infinitely many vertices of R removed at some point, say i. Thus R ∈ Ri for
some i. We have thus counted the set of all rays.
(2) ⇒ (1). We include this direction to make the cat’s winning strategy explicit. Since
T |= ∃x : ECW(x), we have a node v0 ∈ N and a set V ⊆ N such that T, [x 7→ v0, X 7→
V ] |= X(x) ∧ ∃y : X(y) ⇒ DBChildin(X, y). Thus V ̸= ∅. The cat’s strategy will be to
always play to a vertex v ∈ V and has all herder cuts incomparable or ancestors of the
cat’s current position. This is possible, since on any herder cut when the cat is at v
and T, [x 7→ v,X 7→ V ] |= DBChildin(X,x). By expanding formula DBChildin(X,x), we
get T, [x 7→ v,X 7→ V ] |= ∃y∃z : x < y ∧ x < z ∧X(y) ∧X(z) ∧ DB(x, y, z), so that that
there are u0, u1 with T, [x 7→ v, y 7→ u0, z 7→ u1, X 7→ V ] |= DB(x, y, z). The latter implies
that no single edge cut from the herder could remove the cat’s path to both u0 and u1,
and the herder only gets one cut as u0, u1 > x, and all previous cuts were ancestors or
incomparable. Thus the cat can move to u0 or u1, and u0, u1 ∈ V are both promised,
giving the invariant the cat seeks. Note this also corresponds to playing on a root of a
complete infinite binary tree minor, so that (3) ⇒ (1) could have been shown instead
similarly.

It follows that conditions (1)-(4) are equivalent. ◀

As a final matter of logical completeness, we provide our second main theorem (The-
orem 16), by considering the following formula that characteres all nodes that the cat can
start at and still win.

CatWin(x) := ∃y∃z : DB(x, y, z) ∧ ECW(y) ∧ ECW(z) (3)

It is clear that the formula ECW(x) ⇒ CatWin(x) always holds, but the reciprocal does
not. To see this, consider a complete binary tree where the topmost edges are subdivided
once; formally, the set of nodes is (0 + 00 + 1 + 11)(0 ∪ 1)∗. The cat starting at node 0 can
win by moving to vertex 00 or 11 (depending on herder’s first cut), and because either if
these two nodes satisfies ECW(x), the cat can survive indefintely. However, the node 0 the cat
started from itself does not satisfy ECW(x): indeed, any two branches from 0 both cross edge
(0, 00) and therefore cannot be disjoint as required by Equation (2) for ECW(x).

▶ Theorem 16. T, [x 7→ v0] |= CatWin(x) if, and only if, the cat can win when starting at v0.

Proof. In this proof, we may abuse notation and conflate ECW, CatWin ⊆ N as a set of nodes
with the predicate.

(⇐) By contrapositive, suppose T, [x 7→ v0] |= ¬CatWin(x). Then T, [x 7→ v0] |=
∀y∀z : DB(x, y, z) ⇒ (¬ECW(y) ∨ ¬ECW(z)). Since by assumption v0 /∈ CatWin, and because
ECW ⊆ CatWin, v0 /∈ ECW so that all vertices from ECW below v0 are on a same branch.
The herder’s strategy is to cut this branch from v0. The resulting tree fails condition 2 of
Theorem 15, and so the herder wins now.

(⇒) Suppose v0 ∈ CatWin. Then on the cat starting at v0, after any cut, the cat may
move to a vertex satisfying ECW (using edge-disjointness of x, u and x, v-paths). Then the
strategy of (2 implies 1) in Theorem 15 gives the cat a way to win once in ECW. ◀
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3.3 Decidable cases for infinite tree arenas
Note that the case where the arena is some complete d-ary tree Td is solved immediately:
For the tree T1 is an infinite rooted path that herder in one initial cut can make finite, so
that T1 is herder-win. For Td where d ≥ 2, there is an infinite binary tree minor and by
Theorem 15, we necessarily have Td |= ∃x : ECW(x).

The setting becomes interesting for a tree arena A that is not a complete tree Td, but
that a regular set of nodes of some complete tree Td: Suppose that the arena A is a regular
subset of nodes of some tree Td. In such a case, A is definable by some unary MSO-predicate
A(·). Now, to decide whether the cat wins the game on A or not consists in evaluating the
formula ∃x : ECW(x) “inside” the A part of the tree Tα. This is classically expressed by the
relativization of ∃x : ECW(x) w.r.t. A(·).

Preliminary to formally defining it, we introduce convenient notations for first-order and
second-order (existential) quantifiers. For every MSO-formula φ, we let:

∃ψ(·)xφ := ∃x : (ψ(x) ∧ φ)
∃ψ(·)Xφ := ∃X : ((∀x : X(x) ⇒ ψ(x)) ∧ φ

Such quantifiers require the quantified object is confined within the set defined by the unary
predicate ψ(·). Using such quantifiers, Formally, the relativization of an MSO-formula φ
w.r.t. a unary MSO-predicate ψ(·), written ⟨φ|ψ(·)⟩, can be inductively defined as follows.

⟨Succ(x, y)|ψ(·)⟩ := Succ(x, y)
⟨X(x)|ψ(·)⟩ := X(x)

⟨¬φ|ψ(·)⟩ := ¬⟨φ|ψ(·)⟩
⟨φ ∧ ψ|ψ(·)⟩ := ⟨φ|ψ(·)⟩ ∧ ⟨ψ|ψ(·)⟩

⟨∃x : φ|ψ(·)⟩ := ∃ψ(·)x : ⟨φ|ψ(·)⟩)

⟨∃X : φ|ψ(·)⟩ := ∃ψ(·)X : ⟨φ|ψ(·)⟩)

Notice that by the propagation of the formula ψ(·) down the syntactic tree of the original
formula φ, the quantifier alternation depth (q.a.d for short) of the formula ⟨φ|ψ(·)⟩ is at
most the sum of the q.a.d of each formula, plus one since the outermost quantifier of the
propagated formula might occur in the scope of a dual quantifier in the original formula.

We can now formally define the Cat Herding Problem we consider.

Cat Herding Problem
Input: A degree d ∈ N and an MSO-formula A(·).
Output: Td |= ⟨(∃x : ECW(x))|A(·)⟩?

By Rabin’s Theorem [17] we know that the Cat Herding Problem is decidable. We
below provide an upper bound for it.

Note that when resorting to alternating automata constructions [16], model checking an
MSO-formula on the tree Td requires some nested exponential-time operations that depend
on its quantifier alternation depth (shortly written q.a.d in the remaining of the paper). The
q.a.d of an MSO-formula is the maximum number of alternations between existential and
universal quantifiers along any path in the formula’s parse tree.

In particular, when the MSO-formula with q.a.d k has an existential outermost quantifier
and is expressed only with atomic formulas based on the binary symbol Succ, the model
checking can be done in (k + 1)-EXPTIME. The original result comes from the logic SdS,
the monadic second-order theory with d-successors, see [17].

FSTTCS 2025



10:12 Cat Herding Game Played on Infinite Trees

It therefore remains to determine the q.a.d of our formula ⟨∃x : ECW(x)|A(·)⟩ to obtain
an upper bound complexity. However, we preliminary need to translate every occurrence of
atomic formulas of the form x ≤ y in terms of the Succ predicate. This is a classic translation
that we recall here.

A formula x ≤ y holds of two nodes u and v in a tree T = (N, r, succ) if v belongs to the
descendants of u in T . We can characterize these descendants as the smallest set containing
u and that is closed by the succ relation – recall that set V ⊆ N is succ-closed whenever
{w ∈ N | ∃v ∈ V, succ(v, w)} ⊆ V . We can express the succ-closeness in MSO:

isSuccClosed(X) := ∀y : (∃x : X(x) ∧ Succ(x, y)) ⇒ X(y) (4)

We now define the descendants of x, namely the smallest succ-closed set that contains x:

isDescendantsOf(X,x) := X(x) ∧ isSuccClosed(X)∧
∀Y : (Y (x) ∧ isSuccClosed(Y ) ⇒ ∀y : (X(y) ⇒ Y (y))) (5)

The atomic formula x ≤ y now translates as follows.

x ≤ y := ∃X(isDescendantsOf(X,x) ∧X(y))

Note that the q.a.d of the formula x ≤ y is 2 (this can be seen by drawing the its parse
tree) with an exitential outermost quantifier.

Noticing that formula ∃x : ECW(x) as written in (2) has q.a.d 3, it can be verified that by
replacing in ∃x : ECW(x) every occurrence of an atomic formula of the y ≤ z by its translation
yields a formula with a q.a.d equal to 6. Assuming that the input formula A(·) expressed only
with predicate Succ (no occurrence of ≤) has q.a.d equal to a, we get that the translation of
the main formula ⟨(∃x : ECW(x))|A(·)⟩ has a q.a.d of at most 6 + a+ 1.

Because this MSO-formula has an existential outermost quantifier, the Cat Herding
Problem can be solved in (a+ 8)-EXPTIME.

4 Transfinite Cat Numbers

We introduce some transfinite structures including ordinals, which loosely correspond to the
cat number, or the height of binary minors (binary minors of height α rooted at vertices in
Vα). We show with a brief construction that for any given countable ordinal α, there exists
an infinite tree with vertices in Vα, but still herder-win.

T0 = Tα+1 =

Tα Tα

Tlim{βi} =

...
...

Tβ1

Tβ2

Tβ1

Tβ2

Figure 2 Binary tree constructions for every countable ordinal α.

Consider the tree constructions as depicted in Figure 2. Note that all Tα are herder-win,
as every such tree allows the herder to have strategies to reduce the cat to a sub-tree Tα′

with α′ < α within finitely many moves. Further, the root of every tree Tα is in Vα. This is
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trivial for T0. For successor ordinals, the root contains at least two edge-disjoint paths to
vertices in Vα−1 inductively. For limit ordinals α = lim{βi}, every β < α has some βi with
β ≤ βi, and so the root having edge-disjoint paths to vertices in Vβi

is sufficient to show the
root is in Vβ for all β < α, and thus the root is in Vα. Because this argument does not rely
on the particular βi sequence chosen, limit ordinals may enjoy distinct trees, but we may
still conclude that the root of any tree constructed this way has a root in Vα.

Recall that the supremum of all countable ordinals is ω1. We observe that any tree
construction from countable ordinal trees with no vertices of infinite degree must be countable
(by breadth first search). Thus the construction involves a countable sequence of countable
ordinals, which must be countable, and thus below ω1. The only hope for more is to allow
infinite degree vertices. Indeed, once this is allowed, providing a branch from the root to tree
Tβ for every β < α puts the root vertex in Vα, for any limit ordinal α. This allows for the
construction of any given ordinal that is still herder-win (make a passing move, cut cat onto
smaller ordinal tree), but we have to give up on having binary trees, so this construction is
not viable for the automatic analysis we do later.

We may also investigate whether these constructions are regular. Write L(Tα) for
the language of addresses in tree Tα, and write Pref(L) for the prefix language of L.
Then, we observe that L(T0) = ϵ, L(Tα+1) = Pref((0 ∪ 1)L(Tα)), and L(Tlim{βi}) =
Pref(0i1L(Tβi

) ∪ 1i0L(Tβi
)). Thus this limit ordinal construction does not yield a regular

language (as there are infinitely many non-isomorphic sub-trees).

We will push an interpretation of the set of nodes Vα to a representation of the cat
number. This requires generalizing our notion of cat number to ordinals. If T is an infinite
tree where the cat is captured in exactly n cuts under optimal herder play, we say that
cat(T ) = n. We generalize this notion to transfinite ordinals, which to our knowledge has
never been investigated in the literature.

▶ Definition 17. Let T = (N, r, succ) be a tree for a game of Cat Herding, v ∈ N and α be
an ordinal. We define ordinal cat(T, v) as follows – we write Tc = (Nc, r, succ) for the tree
resulting from a single cut c in T .

If for every cut c in T and every β < α, the cat can move to a vertex v′ ∈ Nc such that
cat(Tc, v′) ≥ β, then cat(T, v) ≥ α.

Conversely, if there exists a cut c and β < α such that all reachable vertices v′ ∈ Nc we
have cat(Tc, v′) < β, then cat(T, v) < α.

We observe that the transfinite ordinal cat numbers are loosely connected to the transfinite
sets Vα (the Vα are not sensitive to rays, providing a factor of error of ω).

▶ Lemma 18. Let T = (N, r, succ) be a tree, v ∈ N and α be an ordinal. If v ∈ Vα, then
cat(T, v) ≥ α, otherwise cat(T, v) ≤ αω.

Proof. If v ∈ Vα, then there are edge-disjoint descendant paths to v′ ∈ Vβ for all β < α. The
herder cannot block both with their edge cut, so cat(T, v) ≥ α by Definition 17. Otherwise
v ̸∈ Vα, then the herder’s strategy is to cut above the cat – write T ′ for the remaining
tree. If there exists β < α such that for all v′ ∈ V (T ′), cat(T, v′) < β, then by definition
cat(T, v) < α ≤ αω. If instead for every β < α there is a reachable vertex vβ such that
cat(T ′, vβ) ≥ β, we have seen (proof of Lemma 14) that the set {vβ}β<α of all those vertices
must lie on a single ray from v. However, within finitely many moves (< ω from the ray
argument in Lemma 13), the herder can force the cat to a vertex v′ /∈ Vβ , for some β < α.
The resulting play involves the cat being captured in at most βω. Given that β may be
unbounded, or α = β + 1, the overall score for is at most βω + ω ≤ αω. ◀
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10:14 Cat Herding Game Played on Infinite Trees

Changing the construction of Figure 2’s case of successor ordinal to the same as the limit
ordinal with βi = α, we obtain a new family of trees witnessing the upper bound as tight, as
all vertices along the two main rays are in Vα+1, so the herder must take at least ω moves
(using the lower bound) to remove the cat’s access to the Vα+1, pushing them to the next
lowest ordinal. The given construction also witnesses the lower bound, as the root of each
Tα is in Vα, but no children vertices are.

▶ Definition 19. Let T = (N, r, succ) be a tree. We define cat(T ) = supv∈N{cat(T, v)}.

▶ Corollary 20. If α is a countable ordinal, then there exists a herder-win binary tree T with
cat(T ) ≥ α. If α is any ordinal, then there exists a (possibly locally infinite) herder-win tree
T with cat(T ) ≥ α.

Proof. Consider building a binary tree Tα as done in Figure 2 (we recall that for a limit
ordinal α the resulting tree is sensitive to the chosen {βi} that reaches α). Still whichever Tα is
obtained, we have argued that its root belongs to Vα, so that, by Lemma 18, cat(T ) ≥ α. ◀

5 Conclusion and Discussion

We have approached the recently introduced pursuit-evasion game Cat Herding [2] through
the lens of logic, and demonstrated how logic can help in many respects.

First, the logic allows to extend the setting to particular infinite arenas, namely trees,
and is amenable to finding decision procedures for the infinite class of regular infinite tree
arenas. We have introduced the Cat Herding Problem and shown an upper bound for
it. To our knowledge, these results are new. They pave the way to follow-up questions such
as the complexity lower bounds – we currently are not aware of any concrete approach to
tackle it. Also, one may consider variants where the “the cat may not stay sill” constraint is
relaxed, and that do not reduce to the original problem.

Second, and interestingly, our construction involving the formula DBChildin(X,x) mo-
tivates a notion of transfinite cat numbers, and while we provided some rough bounds on the
cat numbers of vertices, our arguments exhibit a factor of ω on the bounds, leaving a natural
future direction to tighten up a procedure for labeling all nodes with their cat ordinal.

Beyond immediate future direction, it remains to better understand how the logical
setting could be used beyond infinite-tree arenas. In a large class of infinite graphs, such
as the Caucal Hierarchy [7], our logical approach does not help to solve Cat Herding on
arbitrary graphs of this hierarchy: playing Cat Herding on a given graph of the hierarchy
obviously cannot reduce to playing Cat Herding in the complete binary tree – recall that in
the complete binary tree, the cat can survive indefinitely, while single rays do belong to the
hierarchy. Since, playing a cut in a graph of the hierarchy can be reflected as a “regular” set
of cuts in the complete binary tree, there might be well-tuned new games to study on the
complete binary tree that would provide the missing counterpart of playing Cat herding in
those graphs. Also, it might be the case that by using the logic MSO2 that also quantifies
over edge sets, one may find a way to accurately trace back herder’s cut – note that links
between MSO2 and MSO are tight for a large class of graphs [8].
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